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���������������� ��������� � An+1

� áá¬®âà¥­® à á¯à¥¤¥«¥­¨¥ £¨¯¥à¯«®áª®áâ­ëå í«¥¬¥­â®¢ ¢ (n + 1)-¬¥à­®¬  ää¨­­®¬ ¯à®-
áâà ­áâ¢¥, ­  ª®â®à®¬ § ¤ ­® ¯®«¥ ®á­ é îé¥£® ¢¥ªâ®à . �ë¢¥¤¥­ë ä®à¬ã«ë â¥­§®à®¢ ªàãç¥-
­¨ï ¨ ªà¨¢¨§­ë  ää¨­­®© á¢ï§­®áâ¨, ¨­¤ãæ¨à®¢ ­­®© ­  à á¯à¥¤¥«¥­¨¨ ¯à®¨§¢®«ì­ë¬ ¯®«¥¬
­®à¬ «¥©. �§ãç¥­® áâà®¥­¨¥ à á¯à¥¤¥«¥­¨ï, ª®£¤  â¥­§®à ªà¨¢¨§­ë, á®®â¢¥âáâ¢ãîé¨© ¯®«î
­®à¬ «¥© ~L (Li = �LikLk n+1), à ¢¥­ ­ã«î.

1. �ãáâì ­  à á¯à¥¤¥«¥­¨¨ £¨¯¥à¯«®áª®áâ­ëå í«¥¬¥­â®¢, ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ª®-
â®à®£® ®â­®á¨â¥«ì­® à¥¯¥à  ­ã«¥¢®£® ¯®àï¤ª  ¨¬¥îâ ¢¨¤

!n+1
i = Li�!

�; i; j; : : : = 1; n; �; �; : : : = 1; n+ 1;

£¤¥, ¢®®¡é¥ £®¢®àï, Lij 6= Lji, § ¤ ­® ¯®«¥ ®á­ é îé¥£® ¢¥ªâ®à 

~� = �i~ei + ~en+1; d�i + �l!i
l � �i!n+1

n+1 + !i
n+1 = �i�!

�:

�¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¤¢¨¦¥­¨ï à¥¯¥à  (M;~e1; ~e2; : : : ; ~en; ~en+1) ¨¬¥îâ ¢¨¤

d ~M = !i~ei + !n+1~en+1;

d~ei = !k
i ~ek + !n+1

i ~en+1;

d~en+1 = !k
n+1~ek + !n+1

n+1~en+1:

�§ íâ¨å ãà ¢­¥­¨© ¯®«ãç ¥¬ ãà ¢­¥­¨ï ¤¢¨¦¥­¨ï à¥¯¥à  (M;~e1; ~e2; : : : ; ~en; ~�): 1

d ~M = !i~ei + !n+1~�;

d~ei = !k
i ~ek + !n+1

i ~�;

d~� = �i�!
�~ei + !n+1

n+1~�:

�®¬¯®­¥­âë ¤¢¨¦¥­¨ï à¥¯¥à  (M;~e1; ~e2; : : : ; ~en; ~�) ã¤®¢«¥â¢®àïîâ ®¡ëç­ë¬ áâàãªâãà­ë¬
ãà ¢­¥­¨ï¬. � ç áâ­®áâ¨,

d!i = !k ^ !i
k +Ri

��!
� ^ !�; (1)

d!i
j = !k

j ^ !i
k +Ri

j��!
� ^ !�; (2)

£¤¥ Ri
�� = �n+1

[� �i�],

Ri
j�� = Lj[��

i
�]: (3)

�§ ãà ¢­¥­¨© (1), (2) ¢¨¤­® [1], çâ® ä®à¬ë !i, !i
j ï¢«ïîâáï á«®¥¢ë¬¨ ä®à¬ ¬¨  ää¨­-

­®© á¢ï§­®áâ¨, ®¯à¥¤¥«ï¥¬®© ­  à áá«®¥­­®¬ ¬­®£®®¡à §¨¨, ¡ §®© ª®â®à®£® ï¢«ï¥âáï ¨áå®¤­®¥

1�áì ~en+1 á®¢¬¥é ¥âáï á ¢¥ªâ®à®¬ ~�.
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 ää¨­­®¥ ¯à®áâà ­áâ¢® An+1,   á«®ï¬¨ | í«¥¬¥­âë à á¯à¥¤¥«¥­¨ï. � ª¨¬ ®¡à §®¬, ª ¦¤®-
¬ã ®á­ é îé¥¬ã ¯®«î ¢¥ªâ®à®¢ ~� á®®â¢¥âáâ¢ã¥â ­¥ª®â®à ï (¨­¤ãæ¨à®¢ ­­ ï)  ää¨­­ ï á¢ï§-
­®áâì. �®à¬ ¬¨, ®¯à¥¤¥«ïîé¨¬¨ á¢ï§­®áâì, ï¢«ïîâáï ä®à¬ë !i, !i

j.
�®íää¨æ¨¥­âë Ri

j�� (3) ï¢«ïîâáï ª®¬¯®­¥­â ¬¨ â¥­§®à  ªà¨¢¨§­ë,   ¢¥«¨ç¨­ë Ri
�� ®¡à §ã-

îâ â¥­§®à ªàãç¥­¨ï. �¥­§®à, ¯®«ãç¥­­ë© á¢¥àâë¢ ­¨¥¬ ¯® ¨­¤¥ªá ¬ k ¨ m ª®¬¯®­¥­â â¥­§®à 
Rk
jlm, ¨¬¥¥â á«¥¤ãîé¥¥ áâà®¥­¨¥:

Rjk = Rl
jkl = Lj[k�

l
l]:

�¡®§­ ç¨¬ Rj = Rl
jln+1. �¥«¨ç¨­ë Rj ã¤®¢«¥â¢®àïîâ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬

rRj +Rjl!
l
n+1 �Rj!

n+1
n+1 = eRj�!

�:

�à¨ ¯®¬®é¨ Rj ¨ â¥­§®à  Rjk áâà®ïâáï ¢¥«¨ç¨­ë 1

bRi = RilRl (RilRlj = �ij);

r bRi � bRi!n+1
n+1 + !i

n+1 = bRi
�!

�;

ª®â®àë¥ ®¯à¥¤¥«ïîâ ¨­¢ à¨ ­â­®¥ ­ ¯à ¢«¥­¨¥, ­¥ «¥¦ é¥¥ ¢ £¨¯¥à¯«®áª®áâ­®¬ í«¥¬¥­â¥.
� ª ç¥áâ¢¥ ®á­ é îé¥£® ¢¥ªâ®à  ¬®¦­® ¢ë¡à âì «î¡ãî ­®à¬ «ì ¨ ¤«ï ­¥¥ ¨§ãç¨âì á¢ï§-

­®áâì, ¨­¤ãæ¨à®¢ ­­ãî íâ®© ­®à¬ «ìî.

2. �ãáâì à¥£ã«ïà­®¥ (¢ á¬ëá«¥ jLij j 6= 0) à á¯à¥¤¥«¥­¨¥ ®á­ é¥­® ¯®«¥¬ ­®à¬ «¥©

~L = Li~ei + ~en+1 (Li = �LikLk n+1);

rLi � Li!n+1
n+1 + !i

n+1 = Li
�!

�:

�®£¤  Ri
jkl(L) = Lj[kL

i
l], R

i
jkn+1(L) = Lj[kL

i
n+1], £¤¥

Li
l = LikLmjLj n+1Lkml � LijLjn+1 l;

Li
n+1 = LikLmjLjn+1Lkmn+1 � LijLjn+1n+1:

�á«¨ â¥­§®à ªà¨¢¨§­ë, á®®â¢¥âáâ¢ãîé¨© ¯®«î ­®à¬ «¥© ~L, à ¢¥­ ­ã«î, â® à á¯à¥¤¥«¥­¨¥
¨¬¥¥â á«¥¤ãîé¥¥ áâà®¥­¨¥: ¢á¥ ­®à¬ «¨ ~L ¯à¨­ ¤«¥¦ â ®¤­®© á¢ï§ª¥ ¯ à ««¥«ì­ëå ¯àï¬ëå,
  ¢á¥ í«¥¬¥­âë à á¯à¥¤¥«¥­¨ï, æ¥­âàë ª®â®àëå «¥¦ â ­  ®¤­®© ¯àï¬®© ¨§ íâ®© á¢ï§ª¨, ¯ à «-
«¥«ì­ë ¬¥¦¤ã á®¡®©.

�¥©áâ¢¨â¥«ì­®, ¯ãáâì Ri
jkl = 0 ¨ Ri

jkn+1 = 0. �®£¤  Lj[kL
i
l] = 0, â. ¥. LjkL

i
l � LjlL

i
k = 0.

�«¥¤®¢ â¥«ì­®, Li
j = 0. � ãç¥â®¬

Lj[kL
i
n+1] = 0; â. ¥. LjkL

i
n+1 � Ljn+1L

i
k = 0; (4)

¯®«ãç ¥¬ Li
n+1 = 0.

�à ¢­¥­¨ï ¤¢¨¦¥­¨ï à¥¯¥à  (M;~e1; ~e2; : : : ; ~en; ~L) ¯à¨­¨¬ îâ ¢¨¤

d ~M = !i~ei + !n+1~L; d~ei = !k
i ~ek + Lik!

k~L; d~L = !n+1
n+1

~L:

�§ íâ¨å ãà ¢­¥­¨© ¢¨¤­®, çâ®, ¢®-¯¥à¢ëå, ¯à¨ á¬¥é¥­¨¨ æ¥­âà  M ¢ ¯à®¨§¢®«ì­®¬ ­ ¯à -
¢«¥­¨¨ ­®à¬ «ì ~L ¯¥à¥­®á¨âáï ¯ à ««¥«ì­®, ¢®-¢â®àëå, ¯à¨ á¬¥é¥­¨¨ æ¥­âà  ¢¤®«ì ­®à¬ «¨
~L, â. ¥. ¯à¨ !i = Li!n+1, í«¥¬¥­â ¯¥à¥­®á¨âáï ¯ à ««¥«ì­®. (�®á«¥¤­¨© ä ªâ ï¢«ï¥âáï å à ªâ¥-
à¨áâ¨ç¥áª¨¬ á¢®©áâ¢®¬ ­®à¬ «¨ ~L ¨ ¡ë« ­ ¬¨ ãáâ ­®¢«¥­ à ­¥¥ [2].)

� ®¡®à®â, ¯ãáâì ¨¬¥¥âáï á¥¬¥©áâ¢® ¯ à ««¥«ì­ëå ¯àï¬ëå ¨ ¨¬¥¥âáï â ª®¥ à á¯à¥¤¥«¥­¨¥,
çâ® ¥£® í«¥¬¥­âë, æ¥­âàë ª®â®àëå à á¯®«®¦¥­ë ­  ®¤­®© ¨ â®© ¦¥ ¯àï¬®©, ¯ à ««¥«ì­ë ¬¥¦¤ã
á®¡®©. �®£¤  ­®à¬ «¨ ~L â ª®£® à á¯à¥¤¥«¥­¨ï ª®««¨­¥ à­ë ãª § ­­ë¬ ¯àï¬ë¬ ¨ á®®â¢¥âáâ¢ã-
îé¨© ¨¬ â¥­§®à ªà¨¢¨§­ë à ¢¥­ ­ã«î.

1� ®¡é¥¬ á«ãç ¥ det kRijk 6= 0.
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�¥©áâ¢¨â¥«ì­®, ¯ãáâì ~e = ~en+1 = const ®¯à¥¤¥«ï¥â ¯ à ««¥«ì­®¥ ¯®«¥ ¯àï¬ëå, ¨ ¢¥ªâ®àë ~ej
à á¯®« £ îâáï ­  ¯ à ««¥«ì­ëå ¯«®áª®áâïå: ~ej = ~ej(x1; : : : ; xn). �®£¤  à ¤¨ãá-¢¥ªâ®à æ¥­âà M
¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

~M = ~P (x1; x2; : : : ; xn) + ~exn+1;

£¤¥ ¢¥ªâ®à ~P (x1; : : : ; xn) «¥¦¨â ¢ ¯«®áª®áâ¨, ­ âï­ãâ®© ­  ~ei(x1; : : : ; xn). �ëç¨á«¨¬

d ~M =
@ ~P

@xk
dxk + ~e dxn+1 = (aik~ei + ak~e)dx

k + ~e dxn+1 = !i~ei + !n+1~e;

£¤¥

!i = aikdx
k;

!n+1 = akdx
k + dxn+1:

(5)

� íâ®¬ á«ãç ¥ d~ej =
@~ej
@xk

dxk = (aijk~ei+ajk~e)dx
k = !i

j~ei+!
n+1
j ~en+1. �¤¥áì !i

j = aijkdx
k, !n+1

j = ajkdx
k.

�âáî¤  á ãç¥â®¬ (5) ¯®«ãç ¥¬
!n+1
j = ajkea

k
i !

i:

� ª¨¬ ®¡à §®¬, ä®à¬ë !n+1
j à áª« ¤ë¢ îâáï ¯® ä®à¬ ¬ !i, á«¥¤®¢ â¥«ì­®, Li n+1 = 0. �®íâ®¬ã

Li = �LikLk n+1 = 0 ¨ ¢¥ªâ®à ~L = Li~ei + ~en+1 = ~en+1 á®¢¯ ¤ ¥â á ¢¥ªâ®à®¬ ~en+1 = ~e.
�à¨ á¬¥é¥­¨¨ æ¥­âà  ¢ «î¡®¬ ­ ¯à ¢«¥­¨¨ ¨¬¥¥¬

d~L = (Li
k!

k + Li
n+1!

n+1)~ei + !n+1
n+1

~L = �~L:

�à ¢­¥­¨ï Li
k!

k + Li
n+1!

n+1 = 0 ã¤®¢«¥â¢®àïîâáï â®¦¤¥áâ¢¥­­®. �á«¥¤áâ¢¨¥ íâ®£®

Li
k = 0; Li

n+1 = 0;

¨ á®®â¢¥âáâ¢ãîé¨© â¥­§®à ªà¨¢¨§­ë ®¡à é ¥âáï ¢ ­ã«ì: Ri
j�� = Lj[�L

i
�] = 0.

�¨â¥à âãà 
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