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1. �¥®à¨ï ä¨«ìâà æ¨®®© ª®á®«¨¤ æ¨¨ (��) ¨§ãç ¥â ª¢ §¨áâ æ¨® àë¥ ¢§ ¨¬®á¢ï§ -
ë¥ ¯à®æ¥ááë ¤¥ä®à¬¨à®¢ ¨ï ¯®à¨áâ®© áà¥¤ë ¨ ä¨«ìâà æ¨¨  áëé îé¨å ¥¥ ¦¨¤ª®áâ¥©. � 
 å®¤¨â è¨à®ª®¥ ¯à¨¬¥¥¨¥ ¢ £¥®¬¥å ¨ª¥ ¨ å¨¬¨ç¥áª®© â¥å®«®£¨¨ ([1], á. 619{668). �® ¬®-
£¨å á«ãç ïå ¯®à¨áâ ï áà¥¤  áç¨â ¥âáï ç¨áâ® ã¯àã£®©,   ¥¥ ¤¥ä®à¬ æ¨¨ | ¬ «ë¬¨. �à¨ íâ®¬
¬®¤¥«ì �� ¢ª«îç ¥â ¢ á¥¡ï ([1], á. 355{358; [2], á. 41{42; [3], á. 7{10) ãà ¢¥¨¥ ¡¥§ë¥àæ¨®®£®
¤¢¨¦¥¨ï (ª¢ §¨à ¢®¢¥á¨ï) áà¥¤ë ¢ æ¥«®¬

r � � �rp+ (m�1 + (1�m)�2)F = 0; (1)

§ ª® �ãª 

� = � � � + 2� "; (2)

§ ª® ä¨«ìâà æ¨¨

q = �K(rp� �1F ); (3)

ãá«®¢¨¥ ¥à §àë¢®áâ¨ ¯à®æ¥áá 

div q +
@�

@t
= 0; (4)

£à ¨çë¥ ¨  ç «ìë¥ ãá«®¢¨ï. �¤¥áì � | â¥§®à íää¥ªâ¨¢ëå  ¯àï¦¥¨© ¢ ¯®à¨áâ®© ¬ -
âà¨æ¥ ([2], á. 27); p | ¤ ¢«¥¨¥ ¦¨¤ª®áâ¨; m | ¯®à¨áâ®áâì; �1, �2 | ¯«®â®áâ¨ ¦¨¤ª®áâ¨ ¨
â¢¥à¤®© ä §ë; F | ¢¥ªâ®à ¯«®â®áâ¨ ¬ áá®¢ëå á¨«; " | â¥§®à ¤¥ä®à¬ æ¨©:

2 "ij =
@ui
@xj

+
@uj
@xi

;

u | ¢¥ªâ®à á¬¥é¥¨© ¯®à¨áâ®© áà¥¤ë; � = divu; � | ¥¤¨¨çë© â¥§®à; q | áª®à®áâì ä¨«ì-
âà æ¨¨; �, �, K | ¯®«®¦¨â¥«ìë¥ ª®áâ âë; x = (x1; x2; x3) | à ¤¨ãá-¢¥ªâ®à â®çª¨ áà¥¤ë; xi
| ¤¥ª àâ®¢ë ª®®à¤¨ âë; t | ¢à¥¬ï.

�à ¨çë¥ ãá«®¢¨ï ¤«ï ¯®à¨áâ®© áà¥¤ë ¨ ä¨«ìâà æ¨®®£® ¯®â®ª  ®¡ëç® ¯à¨¨¬ îâ ¢
¢¨¤¥ ([1], á. 358)

� � n� pn = �(x; t); x 2 ��; (5)

u = 0; x 2 �u; (6)

p = p0(x; t); x 2 �p; (7)

q � n = 0; x 2 �q; (8)

£¤¥ �� [ �u = �p [ �q = @
 | ¤¢  ¥§ ¢¨á¨¬ëå à §¡¨¥¨ï £à ¨æë ®¡« áâ¨ 
, § ïâ®©  áë-
é¥®© ¯®à¨áâ®© áà¥¤®©,   ¯®¤¬®¦¥áâ¢ ; n | ¢¥èïï ®à¬ «ì ª @
.

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâ 93-013-17300).
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� ç «ìë¥ ãá«®¢¨ï ¢ á®®â¢¥âáâ¢¨¨ á (4) ¤®áâ â®ç® § ¤ âì «¨èì ¤«ï á¬¥é¥¨© áà¥¤ë

u(x; 0) = u0(x): (9)

� ¤ «ì¥©è¥¬ ¯®«®¦¨¬ ¤«ï ¯à®áâ®âë F = 0.
�®¤¥«ì (1){(9) �� ®¡« ¤ ¥â àï¤®¬ \¯«®å¨å" á¢®©áâ¢, á¨«ì® § âàã¤ïîé¨å ¥¥ ç¨á«¥ãî

à¥ «¨§ æ¨î. �¥ª®â®àë¥ ¨§ ¨å ¯à®ï¢«ïîâáï ¢ á«ãç ïå à §àë¢®© ¯® t  £àã§ª¨ �(x; t) ¨ á¢ï§ ë
á ®á®¡¥®áâï¬¨ à¥ ªæ¨¨ ã¯àã£®©  áëé¥®© ¯®à¨áâ®© áà¥¤ë   â ª¨¥ à §àë¢ë ([3], á. 11{12).
�à¨ áª çª¥  £àã§ª¨ ®¡ê¥¬ë¥ ¤¥ä®à¬ æ¨¨ ¨§-§  ä¨«ìâà æ¨®®£® á®¯à®â¨¢«¥¨ï á®åà ïîâ-
áï, ® ¢®§¬®¦¥ áª ç®ª á¤¢¨£®¢ëå ¤¥ä®à¬ æ¨©. �à¨ íâ®¬, ¢®-¯¥à¢ëå, áª®à®áâì á¬¥é¥¨© ¯®à¨-
áâ®© ¬ âà¨æë ¡¥áª®¥ç , çâ® § âàã¤ï¥â ¤¨áªà¥â¨§ æ¨î § ¤ ç¨ ¯® ¢à¥¬¥¨,   ¢®-¢â®àëå, ¯®«¥
¤ ¢«¥¨ï ¯®á«¥ áª çª  à áá®£« áã¥âáï á ãá«®¢¨ï¬¨ (7), (8). �¥©áâ¢¨â¥«ì®, £à ¤¨¥â áª çª  ¤ -
¢«¥¨ï r[p] ¯®«®áâìî ®¯à¥¤¥«ï¥âáï áª çª®¬ ¢¥ªâ®à  á¬¥é¥¨© [u] | ¢ëâ¥ª îé¨¬ ¨§ (1), (2)
á®®â®è¥¨¥¬ r[p] = �r2[u] | ¨ ¯®íâ®¬ã ¢®¢á¥ ¥ ®¡ï§  ã¤®¢«¥â¢®àïâì (7), (8). �®«¥¥ â®£®,
â. ª. [�] = 0, â® r2[p] = 0, ¨ ¢ á¨«ã (7), (8) ¤®«¦® ¡ëâì [p] = 0 ¢ 
. �ª § ë¥ ¯à®â¨¢®à¥ç¨ï £®-
¢®àïâ ® â®¬, çâ® ¢ ¬¥áâ å à áá®£« á®¢ ¨ï ¤®«¦ë áãé¥áâ¢®¢ âì ¯®£à ¨çë¥ á«®¨, ¢ ª®â®àëå
[�] 6= 0. � íâ® â ª¦¥ ¥®¡å®¤¨¬® ãç¨âë¢ âì ¯à¨ ç¨á«¥®¬ à¥è¥¨¨ § ¤ ç¨ (1){(9).

�¤ ª®  ¨¡®«¥¥ áãé¥áâ¢¥ë© ¥¤®áâ â®ª à áá¬ âà¨¢ ¥¬®© ¬®¤¥«¨ § ª«îç ¥âáï ¢ â®¬,
çâ® íª¢¨¢ «¥â ï (1){(9) § ¤ ç  ®¯à¥¤¥«¥¨ï ¯®«ï áª®à®áâ¥© _u = @u=@t(x; t�) ¯® § ¤ ®¬ã
¢ ä¨ªá¨à®¢ ë© ¬®¬¥â ¢à¥¬¥¨ t� ¯®«î ¯¥à¥¬¥é¥¨© u(x; t�) ï¢«ï¥âáï ¥ª®àà¥ªâ®© ([3],
á. 17). �¥©áâ¢¨â¥«ì®, ¨§ (1){(4) ¢¨¤®, çâ® § ¤ ¨¥ u(x; t�) ®¯à¥¤¥«ï¥â div _u(x; t�) = s(u) =
K div(�r2u+ (�+ �)r�). �®«®áâìî ¦¥ _u(x; t�)  å®¤¨âáï ¨§ à¥è¥¨ï ªà ¥¢®© § ¤ ç¨

8>><
>>:
�r2 _u+ (�+ �)rs(u)�r _p = 0; div _u = s; _� = � s � + 2� _";

_� � n� _pn = _�(x; t�); x 2 ��; _u = 0; x 2 �u;

_p = _p0(x; t�); x 2 �p; @ _p=@n = 0; x 2 �q:

(10)

� ([3], áá. 16, 22{25) ¤   ¢ à¨ æ¨® ï ¯®áâ ®¢ª  íâ®© § ¤ ç¨, ¯à®¢¥¤¥  ¥¥ \à¥£ã«ïà¨§ æ¨ï
¯®¢ëè¥¨¥¬ £« ¤ª®áâ¨" [4] ¨ ¤®ª §   ¬®®â® ï áå®¤¨¬®áâì à¥£ã«ïà¨§®¢ ®© ¬¨¨¬¨§¨àã-
îé¥© ¯®á«¥¤®¢ â¥«ì®áâ¨ ª à¥è¥¨î ¨áå®¤®© § ¤ ç¨, ¥á«¨ ®® \¤®áâ â®ç® £« ¤ª®¥". � á®¦ -
«¥¨î, ¯®áâà®¥¨¥ â ª®© ¯®á«¥¤®¢ â¥«ì®áâ¨ áãé¥áâ¢¥® ®á«®¦ï¥âáï ¥ã¤®¡®© áâàãªâãà®©
¬®¦¥áâ¢  ¯à®¡ëå äãªæ¨©: ®¨ ¤®«¦ë ¯à¨ ¤«¥¦ âì ¯à®áâà áâ¢ã W 3

2 (
) ¨ ã¤®¢«¥â¢®àïâì
¤¨ää¥à¥æ¨ «ìë¬ ãá«®¢¨ï¬ ¢â®à®£® ¯®àï¤ª    �p ¨ �q.

2. �¨§¨ç¥áª¨ ¡®«¥¥ ¥áâ¥áâ¢¥®© ¨ ¯à ªâ¨ç¥áª¨ ¡®«¥¥ ã¤®¡®© ®ª §ë¢ ¥âáï à¥£ã«ïà¨§ æ¨ï
\ã¯àã£®©" § ¤ ç¨ (1){(9) ¢¢¥¤¥¨¥¬ ¬ «®© ¢ï§ª®áâ¨ ¯®à¨áâ®© ¬ âà¨æë.

�ã¤¥¬ ¨áå®¤¨âì ¨§ ¢ à¨ æ¨®®© â¥®à¨¨ �� ¢ï§ª®ã¯àã£®© áà¥¤ë â¨¯  �¥«ì¢¨ -�®©£â  [5].
�à¨ íâ®¬ ¢¬¥áâ® (2) ¡ã¤¥¬ ¨¬¥âì

� =
@F

@"
+
@'

@e
; e =

@"

@t
; (20)

£¤¥ F (") ¨ '("; e) | ã¯àã£¨© ¨ ¤¨áá¨¯ â¨¢ë© ¯®â¥æ¨ «ë. �à®¬¥ â®£®, ¤«ï ¯à®áâ®âë ¯®«®¦¨¬
¢ (7) p0 = 0. �à®ç¨¥ á®®â®è¥¨ï ¬®¤¥«¨ (1){(9) ®áâ ¢¨¬ ¡¥§ ¨§¬¥¥¨ï.

�¯à¥¤¥«¨¬ ¯à®áâà áâ¢  äãªæ¨©, ª®â®àë¥ ¯® ¤®¡ïâáï ¢ ¤ «ì¥©è¥¬,

V =
�
W 1

2 (
)
�n
; V0 = fv 2 V; v = 0; x 2 �ug;

W =
n
q = (qi)ni=1; qi 2 L2(
); kqk2W =

Z



(q2 + (div q)2)dx
o
:

�à®áâà áâ¢® W ¯®«®, ¨ ¤«ï q 2 W ¨¬¥¥â á¬ëá« § ç¥¨¥ ®à¬ «ì®© ª®¬¯®¥âë qn   @
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([6], áá. 13, 16),

W0 = fq 2W; qn = 0; x 2 �qg;

M = f(v; q); v 2 V0; q 2W0; div v + div q = 0g;

E =
n
e = (eij)

n
i;j=1; eij 2 L2(
); kek

2
E =

Z



eijeijdx
o
; Y =

�
L2(��)

�n
:

�¨á«® n ®§ ç ¥â §¤¥áì à §¬¥à®áâì ä¨§¨ç¥áª®£® ¯à®áâà áâ¢ .
�¢¥¤¥¬ äãªæ¨® «

J(t; u; v; q) =
Z



�
('+ e

@F

@"

�
dx�

Z
��

� � v d� +
Z



�
q2

2K

�
dx; (11)

£¤¥ u; v 2 V0, q 2 W0, � 2 Y , 2eij = @vi=@xj + @vj=@xi. �¯à¥¤¥«¨¬ ®¯¥à â®à G(t) : V0 ! V0 ¤«ï
t 2 [0; T ] á«¥¤ãîé¨¬ ®¡à §®¬:

G(t)u = v; ¥á«¨ J(t; u; v; q) = inf
(v�;q�)2M

J(t; u; v�; q�): (12)

�¡®¡é¥®¥ à¥è¥¨¥ § ¤ ç¨ �� áà¥¤ë �¥«ì¢¨ -�®©£â  á®£« á® [5] ®¯à¥¤¥«ï¥âáï ª ª à¥è¥¨¥
§ ¤ ç¨ �®è¨

@u

@t
= G(t)u; u(x; 0) = u0(x): (13)

� ¬¥â¨¬, çâ® ®¯¥à â®à G á®£« á® (12) ®¯à¥¤¥«ï¥âáï ¨áå®¤ë¬¨ ¤ ë¬¨ § ¤ ç¨. �«ï á¨«ì®
¢ë¯ãª«®© ¯® e äãªæ¨¨ ' ¢ [5] ¤®ª §   ª®àà¥ªâ®áâì íâ®© § ¤ ç¨ ¨ ãáâ ®¢«¥  á¢ï§ì ®¡®¡é¥-
®£® à¥è¥¨ï á ª« áá¨ç¥áª¨¬. \�¯àã£ ï" § ¤ ç  ¢ à ¬ª å â ª®£® ¯®¤å®¤  ¯®«ãç ¥âáï ¯à¨ ' = 0.
�  ¥ª®àà¥ªâ . �¥ à¥£ã«ïà¨§®¢ ®¥ à¥è¥¨¥ u�(x; t) ®¯à¥¤¥«¨¬ ª ª à¥è¥¨¥ § ¤ ç¨ (11){(13)
¯à¨

' = '�(e) =

(
�jej2; jej � �;
1
�
jej2 � �2( 1

�
� �); jej > �;

£¤¥ � | ¯®«®¦¨â¥«ì®¥ ç¨á«®. �áâ ®¢¨¬ á¢ï§ì ¬¥¦¤ã à¥è¥¨¥¬ \ã¯àã£®©" § ¤ ç¨ (' = 0) ¨
u�. �®ª ¦¥¬ á ç « , çâ® ¤«ï ¢á¥å 0 < � � 1 ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® ku�kC1 � K á ¥ª®â®à®©
ª®áâ â®© K > 0.

� ª ª ª (0; 0) 2 M ¨ J�(t; u; 0; 0) = 0, â®   ¬¨¨¬ «¨ (v; q) ¢ à¨ æ¨®®© § ¤ ç¨ (12)
J�(t; u; v; q) � 0, á«¥¤®¢ â¥«ì®,Z




�
'�(e

�) + e�
@F

@"�

�
dx�

Z
��

� � v�d� � 0:

�âáî¤ , ¢ á¢®î ®ç¥à¥¤ì, á«¥¤ã¥â ¥à ¢¥áâ¢®Z


'�(e

�)dx �
Z


he�; @"F ("

�)idx+
Z
��

(�; v�)d� � c(k@"FkE ku
�kV kv

�kV + k�kY kv
�kV ): (14)

� ¬¥â¨¬, çâ® ¤«ï 0 < � � 1, je�j � � ¨¬¥¥¬

1
�
(�2 � je�j2) � �(�2 � je�j2);

¯®íâ®¬ã

�je�j2 �
1
�
je�j2 � �2

�
1
�
� �

�
:

�®

'�(e
�) =

(
�je�j2; je�j � �;
1
�
je�j2 � �2( 1

�
� �); je�j > �;
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â ª¨¬ ®¡à §®¬, Z



'�(e�)dx �
1
�
ke�k2E � j
j�2

�
1
�
� �

�
:

�à¨¬¥ïï ¥à ¢¥áâ¢® �®à , á ãç¥â®¬ ¢ëè¥ áª § ®£® ¯®«ãç ¥¬ ¨§ (14)

1
�
ckv�k2V � j
j�2

�
1
�
� �

�
� (k@"Fk ku�kV + k�k)kv�kV :

�«ï ¢á¥å v� á kv�kV > K1,K1 | ¯®«®¦¨â¥«ì ï ª®áâ â , ¨§ ¯®á«¥¤¥£® ¥à ¢¥áâ¢  ¯®«ãç ¥¬

kv�kV �
1
c

�
�k@"Fk ku

�kV + �k�k+
j
j�2(1� �2)

K1

�
� K2(�ku�kV + 1):

�®íâ®¬ã ¤«ï «î¡ëå v� á¯à ¢¥¤«¨¢  ®æ¥ª 

kv�kV � K2(�ku�kV + 1) +K1 � K3(�ku�kV + 1):

�®«ì§ãïáì ¤«ï u� ¯à¥¤áâ ¢«¥¨¥¬

u�(t) = u0 +
Z t

0

v�(s)ds;

 å®¤¨¬

ku�(t)kV � ku0kV +
Z t

0

kv�(s)kV ds � ku0kV +K3

�
t+ �

Z t

0

ku�(s)kV ds
�
:

�à¨¬¥ïï «¥¬¬ã �à®ã®««  ([7], á. 191), ¨§ ¯®á«¥¤¥£® ¥à ¢¥áâ¢  ¡ã¤¥¬ ¨¬¥âì

ku�(t)kV � (ku0kV +K3 t) exp(�K3 t)

¤«ï «î¡®£® t 2 [0; T ], ®âªã¤ 

ku�kC � (ku0kV +K3T ) exp(�K3 T ) � K:

�á¯®«ì§ãï ¯®«ãç¥®¥ ¥à ¢¥áâ¢®, â ª ¦¥, ª ª ¢ [5], ¬®¦® ¯®ª § âì, çâ® ¢ë¯®«ï¥âáï ¡®«¥¥
á¨«ì®¥ ¥à ¢¥áâ¢®

ku�kC1 � K:

�£à ¨ç¥®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨ u� ãáâ ®¢«¥ . �§ ¥¥ ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ¨¥ ¯®¤¯®-
á«¥¤®¢ â¥«ì®áâ¨ (á á®åà ¥¨¥¬ ®¡®§ ç¥¨ï u�), á« ¡® áå®¤ïé¥©áï ¢ W 1

2 (0; T ;V ) ¯à¨ �! 0.
�à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ã¥â â ª®¥ k > 0, çâ® ¤«ï ¥ª®â®à®© ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨ ¨-

¤¥ªá®¢ � ¢ë¯®«ï¥âáï á®®â®è¥¨¥

mesfx 2 
 : je�(x)j > �g � k:

�®£¤ 
R



'�(e�)dx! +1 ¯à¨ �! 0,   § ç¨â,

J�(t; u�; v�; q�)! +1 ¯à¨ �! 0:

�â® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® (v�; q�) ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨

inf
(v;q)2M

J�(t; u
�; v; q);

¯®áª®«ìªã ¤«ï (0; 0) 2M ¨¬¥¥¬ 0 = J�(t; u�; 0; 0) � J�(t; u�; v�; q�). � ª¨¬ ®¡à §®¬, ¤«ï à áá¬ -

âà¨¢ ¥¬®© á« ¡® áå®¤ïé¥©áï ¯®á«¥¤®¢ â¥«ì®áâ¨ u� á¯à ¢¥¤«¨¢® á®®â®è¥¨¥

mesfx 2 
 : je�(x)j > �g ! 0

¯à¨ �! 0, ¯à¨ç¥¬ 2e�(x) = rv�(x) +rTv�(x).
�â®â ¢ë¢®¤ ¯®ª §ë¢ ¥â, çâ® u� | \à §ã¬®¥" ¯à¨¡«¨¦¥¨¥ ã¯àã£®© § ¤ ç¨. �¬¥®, ¯®á«¥-

¤®¢ â¥«ì®áâì u� 2 C1 â ª®¢ , çâ® ¢ â¥å â®çª å, £¤¥ â¥§®à áª®à®áâ¥© ¤¥ä®à¬ æ¨¨ ¯® ®à¬¥ E
¥ ¯à¥¢®áå®¤¨â �, äãªæ¨ï u� ¢ ®¡®¡é¥®¬ á¬ëá«¥ ã¤®¢«¥â¢®àï¥â ãà ¢¥¨ï¬ ��,  ç «ìë¬
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¨ £à ¨çë¬ ãá«®¢¨ï¬,   à¥®«®£¨ç¥áª®¥ á®®â®è¥¨¥ ¢ë¯®«ï¥âáï á  ¯¥à¥¤ § ¤ ®© â®ç®-
áâìî (à¥£ã«¨àã¥¬®© ¯ à ¬¥âà®¬ �). �¥à  ¬®¦¥áâ¢  â®ç¥ª, ¢ ª®â®àëå â®ç®áâì ¢ë¯®«¥¨ï
à¥®«®£¨ç¥áª®£® á®®â®è¥¨ï ¥¨§¢¥áâ , áå®¤¨âáï ª ã«î ¯à¨ �! 0:

�¨â¥à âãà 
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