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1. �®áâ ­®¢ª  § ¤ ç¨

� áá¬®âà¨¬ á¨áâ¥¬ã

LU � K(y)Uxx +Uyy +A(x; y)Ux +B(x; y)Uy + C(x; y)U = 0; (1)

£¤¥ yK(y) > 0 ¯à¨ y 6= 0, K(y), A(x; y), B(x; y) | § ¤ ­­ë¥ ç¨á«®¢ë¥ äã­ªæ¨¨, C(x; y) =
(Cik(x; y)), i; k = 1; n, | ª¢ ¤à â­ ï ¬ âà¨æ , U = (u1; u2; : : : ; un), n � 2, ¢ ®¡« áâ¨ D, ®£à -
­¨ç¥­­®© ¯à®áâ®© ªà¨¢®© �®à¤ ­  �, «¥¦ é¥© ¢ ¯®«ã¯«®áª®áâ¨ y > 0 á ª®­æ ¬¨ ¢ â®çª å
A1(a1; 0) ¨ A2(a2; 0), a1 < a2, å à ªâ¥à¨áâ¨ª ¬¨ A1C1, C1E, EC2, C2A2 á¨áâ¥¬ë (1) ¯à¨ y < 0,
£¤¥ E(e; 0), a1 < e < a2, C1(a1+e2

; yc1), yc1 < 0 ¨ C2(a2+e2
; yc2), yc2 < 0:

�¡®§­ ç¨¬ D+ = D \ fy > 0g, D1 = D \ fy < 0 ^ x < eg ¨ D2 = D \ fy < 0 ^ x > eg. �
¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ®

K(y) 2 C(D+) ^ C(Di) ^ C2(Di n EAi); Cjk(x; y) 2 C(D+) ^ C(Di); j; k = 1; n;

A(x; y); B(x; y) 2 C1(D+) ^ C(Di) ^ C1(Di n EAi); i = 1; 2:

�«ï á¨áâ¥¬ë (1) ¢ ®¡« áâ¨ D à áá¬®âà¨¬ § ¤ çã �¥««¥àáâ¥¤â  (§ ¤ çã G).

� ¤ ç  G: � ©â¨ äã­ªæ¨î U(x; y), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬

U(x; y) 2 C(D) ^ C1(D) ^ C2(D+ [D1 [D2); (2)

LU(x; y) � 0; (x; y) 2 D+ [D1 [D2; (3)

U(x; y) = �(x; y); (x; y) 2 �; (4)

U(x; y) = 	(x; y); (x; y) 2 A1C1 [A2C2; (5)

£¤¥ �, 	 | § ¤ ­­ë¥ ¤®áâ â®ç­® £« ¤ª¨¥ ¢¥ªâ®à-äã­ªæ¨¨, ¯à¨ç¥¬ �(A1) = 	(A1) ¨ �(A2) =
	(A2).

� ¤ ­­®© à ¡®â¥ ãáâ ­®¢«¥­ë íªáâà¥¬ «ì­ë¥ á¢®©áâ¢  ¬®¤ã«ï

jU(x; y)j =
vuut nX

i=1

u2i (x; y)

à¥è¥­¨© § ¤ ç¨ �¥««¥àáâ¥¤â  ¤«ï á¨áâ¥¬ë (1) ¢ ®¡« áâïå í««¨¯â¨ç­®áâ¨, £¨¯¥à¡®«¨ç­®áâ¨ ¨
¢ æ¥«®¬ ¢ á¬¥è ­­®© ®¡« áâ¨ D, ¨ ¯à¨¢®¤ïâáï ¯à¨¬¥­¥­¨ï íâ¨å á¢®©áâ¢ ¯à¨ ¨áá«¥¤®¢ ­¨¨
§ ¤ ç¨ G.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­â ò 99-01{00934.

22



B [1] ¡ë«¨ ¯®«ãç¥­ë íªáâà¥¬ «ì­ë¥ á¢®©áâ¢  ¬®¤ã«ï à¥è¥­¨© § ¤ ç¨ T ¤«ï á¨áâ¥¬ë (1),
ª®£¤ K(y) = y, A(x; y) = B(x; y) � 0, (Cik(x; y)), i; k = 1; n, n � 2, | ®âà¨æ â¥«ì­®-®¯à¥¤¥«¥­­ ï
¬ âà¨æ , ª®¬¯®­¥­âë ª®â®à®© ¢ ®¡« áâ¨ í««¨¯â¨ç­®áâ¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

(n� 1)(Cik(x; y) + Cki(x; y)) � 2(Cii(x; y)Ckk(x; y))
1=2; i 6= k;

  ¢ £¨¯¥à¡®«¨ç¥áª®© ®¡« áâ¨ ¤®áâ â®ç­® ¬ «ë, ¨ ¤®ª § ­  ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï. �á«¨ £à -
­¨ç­ë¥ äã­ªæ¨¨ ¤®áâ â®ç­® £« ¤ª¨¥ ¨ ªà¨¢ ï � ®ª ­ç¨¢ ¥âáï ®àâ®£®­ «ì­® ª ®á¨ Ox ¨«¨ áª®«ì
ã£®¤­® ¬ «ë¬¨ ¤ã£ ¬¨ \­®à¬ «ì­®©" ªà¨¢®© á¨áâ¥¬ë (1), ­  ®á­®¢¥ â¥®à¥¬ë ¥¤¨­áâ¢¥­­®áâ¨
¬¥â®¤®¬ ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯®«ãç¥­  â¥®à¥¬  áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï § ¤ ç¨ T. � [2]-[4]
¯à¨ ­¥ª®â®àëå ®£à ­¨ç¥­¨ïå ­  ªà¨¢ãî �, ¯à¨ ãá«®¢¨¨, çâ® ¬ âà¨æë A, B ¨ C ¤®áâ â®ç­®
¬ «ë, ¤®ª § ­  ®¤­®§­ ç­ ï à §à¥è¨¬®áâì § ¤ ç¨ T ¢ ¯à®áâà ­áâ¢¥ W 1

2 (D). � ¤ ­­®© à ¡®â¥
íâ¨ ®£à ­¨ç¥­¨ï á­ïâë. �â¬¥â¨¬, çâ® ¢ [5]{[8] § ¤ ç¨ �¥««¥àáâ¥¤â  ¨ �à¨ª®¬¨ ¨áá«¥¤®¢ ­ë
¤«ï á¨áâ¥¬ ãà ¢­¥­¨© á¬¥è ­­®£® â¨¯  ¯¥à¢®£® ¯®àï¤ª . �­ «®£ § ¤ ç¨ �à¨ª®¬¨ ¤«ï á¨áâ¥¬ë
¢ëáè¥£® ¯®àï¤ª  ¨§ãç¥­ ¢ [9].

�¥ª®â®àë¥ íªáâà¥¬ «ì­ë¥ á¢®©áâ¢  ¬®¤ã«ï à¥è¥­¨© á¨áâ¥¬ë (1) ãáâ ­®¢«¥­ë ¢ [10], [11].

2. �ªáâà¥¬ «ì­ë¥ á¢®©áâ¢  ¬®¤ã«ï à¥è¥­¨© ¢ ®¡« áâ¨ í««¨¯â¨ç­®áâ¨

�¥¬¬  1. �ãáâì 1) ¢ ®¡« áâ¨ D+ ª®íää¨æ¨¥­âë á¨áâ¥¬ë (1) ­¥¯à¥àë¢­ë ¨ ®£à ­¨ç¥­ë,

C(x; y) | ­¥¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ ï ¬ âà¨æ ; 2) U(x; y) 2 C2(D+). �®£¤  ¬®¤ã«ì jU(x; y)j
à¥è¥­¨ï U(x; y) á¨áâ¥¬ë (1), ®â«¨ç­®£® ®â ¯®áâ®ï­­®£®, ­¥ ¬®¦¥â ¤®áâ¨£ âì «®ª «ì­®£®

¬ ªá¨¬ã¬  ­¨ ¢ ®¤­®© â®çª¥ ®¡« áâ¨ D+.

�¥¬¬  2. �ãáâì 1) ¢ ®¡« áâ¨ D+ ª®íää¨æ¨¥­âë á¨áâ¥¬ë (1) ®£à ­¨ç¥­ë ¨ C(x; y) |
­¥¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ ï ¬ âà¨æ ; 2) U(x; y) 2 C(D+) ^ C1(D+ [ A1E [ EA2) ^ C2(D+);
3) max

D+

jU(x; y)j = jU(Q)j > 0. �®£¤ , ¥á«¨ Q = (x0; 0), a1 < x0 < a2, x0 6= e, â®

lim
y!0+0

@jU(x0; y)j
@y

< 0:

�®ª § â¥«ìáâ¢® «¥¬¬ 1, 2 ¯à¨¢¥¤¥­® ¢ [10], [11].

�¥¬¬  3. �ãáâì 1) ¢ë¯®«­¥­ë ãá«®¢¨ï 1){3) «¥¬¬ë 2; 2) äã­ªæ¨ï jU(x; y)j ¨¬¥¥â ¨§®-

«¨à®¢ ­­ë© ¯®«®¦¨â¥«ì­ë© ¬ ªá¨¬ã¬ jU(Q)j ¢ â®çª¥ E; 3) ¢ ¬ «®© ®ªà¥áâ­®áâ¨ â®çª¨ E:
 ) äã­ªæ¨ï K(y)U2

x+U
2
y áã¬¬¨àã¥¬ ; ¡) ¯à®¨§¢®¤­ë¥ Ax ¨ By ­¥¯à¥àë¢­ë ¢¯«®âì ¤® £à ­¨æë;

¢) 2(e; Le) �Ax � By � 0, B(x; 0) � 0. �®£¤  ¢ «î¡®© ¢ëª®«®â®© ®ªà¥áâ­®áâ¨
�

U � A1A2 â®çª¨

E ­ ©¤¥âáï â®çª  Q1 = (x1; 0) 2
�

U â ª ï, çâ®

lim
y!0+0

@jU(x1; y)j
@y

< 0: (6)

�®ª § â¥«ìáâ¢®. � á¨«ã «¥¬¬ë 1 ¬®¤ã«ì jU(x; y)j à¥è¥­¨ï á¨áâ¥¬ë (1), ®â«¨ç­®£® ®â ¯®-
áâ®ï­­®£®, ­¥ ¬®¦¥â ¤®áâ¨£ âì ¬ ªá¨¬ã¬  ¢ ®¡« áâ¨ D+. �ãáâì â®çª  Q = E, â. ¥. jU(Q)j �
jU(E)j. �®¯ãáâ¨¬, çâ® áãé¥áâ¢ã¥â ¢ëª®«®â ï ®ªà¥áâ­®áâì

�

U 1 â®çª¨ E â ª ï, çâ® ¤«ï ¢á¥å

P (x; 0) 2
�

U 1 \A1A2

lim
y!0+0

@jU(x; y)j
@y

� 0:

� ®¡« áâ¨ D+ ¢¢¥¤¥¬ ¢¥ªâ®à e = (e1; e2; : : : ; en), ei = ui=jUj. �®£¤  U = jUje ¨ á¨áâ¥¬  (1)
¯à¨­¨¬ ¥â ¢¨¤

LU = L(jUje) = K(y)jUjxxe+ jUjyye+ jUjx(2Kex +Ae) + jUjy(2Key +Be) + jUjLe = 0: (7)
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�®«ãç¥­­®¥ ¢¥ªâ®à­®¥ ãà ¢­¥­¨¥ (7) ã¬­®¦¨¬ ­  ¢¥ªâ®à e áª «ïà­®. �®£¤  ¯®«ãç¨¬ í««¨¯â¨-
ç¥áª®¥ ¢ D+ ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® ¬®¤ã«ï jU(x; y)j

M(jUj) = (e; LU) = K(y)jUjxx + jUjyy +AjUjx +BjUjy + (e; Le)jUj = 0;

¯à¨ íâ®¬ (e; Le) � 0. � á ¬®¬ ¤¥«¥,

(e; Le) = K(y)(e; exx) + (e; eyy) +A(e; ex) +B(e; ey) + (e; Ce) =

= K(y)(e; exx) + (e; eyy) + (e; Ce) =

= �K(y)
�jUj�4[jUj2jUxj2 � (U;Ux)

2])� jUj�4[jUj2jUyj2 � (U;Uy)
2] + (e; Ce) � 0;

â. ª. (e; Ce) � 0 ¨ j(U;Up)j � jUj jUpj, p 2 fx; yg.
�ãáâì r 2 (0; jU(Q)j). �¨á«® r ¢®§ì¬¥¬ ­ áâ®«ìª® ¡«¨§ª¨¬ ª ç¨á«ã jU(Q)j, çâ®¡ë ªà¨¢ ï


, á®áâ ¢«¥­­ ï ¨§ «¨­¨¨ ãà®¢­ï jU(x; y)j = r, æ¥«¨ª®¬ «¥¦ «  ¢ U1 ¨ ¤«ï ¢á¥å â®ç¥ª (x; y),
¯à¨­ ¤«¥¦ é¨å ®¡« áâ¨ G, ®£à ­¨ç¥­­®© ªà¨¢®© 
 ¨ ®âà¥§ª®¬ A1A2, jU(x; y)j � r. �®áª®«ìªã
äã­ªæ¨ï U ï¢«ï¥âáï ¢ ®¡« áâ¨ D+ à¥è¥­¨¥¬ í««¨¯â¨ç¥áª®£® ãà ¢­¥­¨ï M(jUj) = 0, â® ¢ á¨«ã
â¥®à¥¬ë ® ¯à¥¤áâ ¢«¥­¨¨ à¥è¥­¨© í««¨¯â¨ç¥áª¨å ãà ¢­¥­¨© ([12], £«. 6) á«¥¤ã¥â áãé¥áâ¢®¢ -
­¨¥ â ª®© ªà¨¢®© 
. �à¨ç¥¬, ­¥ â¥àïï ®¡é­®áâ¨ à ááã¦¤¥­¨©, ¬®¦­® áç¨â âì, çâ® ªà¨¢ ï 

ï¢«ï¥âáï á¯àï¬«ï¥¬®© [13]. �¡®§­ ç¨¬ ç¥à¥§ B1 ¨ B2 â®çª¨ ¯¥à¥á¥ç¥­¨ï ªà¨¢®© 
 c ®âà¥§ª®¬
A1A2. � ®¡« áâ¨ G à áá¬®âà¨¬ äã­ªæ¨î v(x; y) = jU(x; y)j � r, ª®â®à ï ï¢«ï¥âáï à¥è¥­¨¥¬
í««¨¯â¨ç¥áª®£® ãà ¢­¥­¨ï

Lv = K(y)vxx + vyy +Avx +Bvy + (e; Le)v = �r(e; Le) � 0 (8)

¨ ã¤®¢«¥â¢®àï¥â £à ­¨ç­ë¬ ãá«®¢¨ï¬

v(x; y) = 0; (x; y) 2 
; (9)

@v(x; 0 + 0)
@y

� 0; x 2 B1E [EB2: (10)

�­â¥£à¨àãï â®¦¤¥áâ¢® 2vLv = (2Kvvx+Av2)x+(2vvy+Bv2)y�2(Kv2x+v
2
y)+v

2(2(e; Le)�Ax�By)
¯® ®¡« áâ¨ G á ãç¥â®¬ ãá«®¢¨© (8), (9), ¯®«ãç¨¬Z

B1E

�
2v(x; 0)vy(x; 0) +B(x; 0)v2(x; 0)

�
dx+

Z
EB2

�
2v(x; 0)vy(x; 0) +B(x; 0)v2(x; 0)

�
dx+

+
ZZ
G

[2(K(y)v2x + v2y)� (2(e; Le)�Ax �By)v
2]dx dy � 2r

ZZ
G

(e; Le) v dx dy = 0: (11)

�§ à ¢¥­áâ¢  (11) ¢ á¨«ã ­ «®¦¥­­ëå ­  ª®íää¨æ¨¥­âë ãá«®¢¨© ¨ ­¥à ¢¥­áâ¢  (10) á«¥¤ã¥â, çâ®
v(x; y) � 0 ¢ G, â. ¥. jU(x; y)j � const ¢ G, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î ¨§®«¨à®¢ ­­®áâ¨ ¬ ªá¨¬ã¬ 

¢ â®çª¥ E. �«¥¤®¢ â¥«ì­®, ¢ «î¡®© ®ªà¥áâ­®áâ¨
�

U � A1A2 â®çª¨ E áãé¥áâ¢ã¥â â®çª  Q1 2
�

U
â ª ï, çâ® á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® (6).

�ëïá­¨¬, ­ áª®«ìª® áãé¥áâ¢¥­­® ãá«®¢¨¥ (e; Le) � 0 ¤«ï «¥¬¬ 1{3. � áá¬®âà¨¬ ¢ ª¢ ¤à â¥
D = f(x; y) 2 R2 : 0 < x; y < �=k; k > 0g á¨áâ¥¬ã, § ¯¨á ­­ãî ¯® ª®¬¯®­¥­â ¬ ¨áª®¬®£® à¥è¥­¨ï
U = (u1; u2),

u1xx + u1yy + k2u1 + k2u2 = 0;

u2xx + u2yy + k2u1 + k2u2 = 0:
(12)

�«ï íâ®© á¨áâ¥¬ë

(e; Le) = (e; Ce)� jUj�4
2X

p=1

�jUj2jUpj2 � (U;Up)
2
�
: (13)
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�¨áâ¥¬  (12) ¨¬¥¥â à¥è¥­¨¥ u1(x; y) = u2(x; y) = sinkx sinky. �¥£ª® ¢¨¤¥âì, çâ® ¬®¤ã«ì
jU(x; y)j = p

2 sinkx sinky ¤®áâ¨£ ¥â á¢®¥£® ­ ¨¡®«ìè¥£® ¯®«®¦¨â¥«ì­®£® §­ ç¥­¨ï ¢ D ¢ â®çª¥
(�=2k; �=2k) 2 D. �  ­ ©¤¥­­ëå à¥è¥­¨ïå u1 ¨ u2 á®®â­®è¥­¨¥ (13) ¨¬¥¥â ¢¨¤

(e; Le) = (e; Ce) = k2(e1 + e2)
2 = 2k2 > 0:

�«¥¤®¢ â¥«ì­®, ­ àãè¥­¨¥ ãá«®¢¨ï (e; Le) � 0 áãé¥áâ¢¥­­® ¢«¨ï¥â ­  á¯à ¢¥¤«¨¢®áâì «¥¬¬ 1{3.

3. �ªáâà¥¬ «ì­ë¥ á¢®©áâ¢  ¬®¤ã«ï à¥è¥­¨© ¢ ®¡« áâ¨ £¨¯¥à¡®«¨ç­®áâ¨

� ®¡« áâïå D1 ¨ D2 ¯¥à¥©¤¥¬ ¢ å à ªâ¥à¨áâ¨ç¥áª¨¥ ª®®à¤¨­ âë (�; �)

� = x+
Z y

0

q
�K(t)dt; � = x�

Z y

0

q
�K(t)dt:

�®£¤  á¨áâ¥¬  (1) ¯à¨¬¥â ¢¨¤

L0U � U�� + aU� + bU� + cU = 0; (14)

£¤¥

a(�; �) =
1
4K

�
A+B

p�K � K 0

2
p�K

�
; c(�; �) =

C

4K
;

b(�; �) =
1
4K

�
A�B

p�K +
K 0

2
p�K

�
:

�¡« áâì D1 ®â®¡à §¨âáï ¢ ®¡« áâì �1, ®£à ­¨ç¥­­ãî ®âà¥§ª ¬¨ A1E(� = �), EC1(� = e) ¨
C1A1(� = a1), a ®¡« áâì D2 | ¢ ®¡« áâì �2, ®£à ­¨ç¥­­ãî ®âà¥§ª ¬¨ EA2(� = �), A2C2(� = a2)
¨ C2E(� = e). �à¨ íâ®¬ §  ®¡à § ¬¨ â®ç¥ª E, A1, A2, C1 ¨ C2 ®áâ ¢«¥­ë â¥ ¦¥ ®¡®§­ ç¥­¨ï
¯à®®¡à §®¢.

�ãáâì � = a�, � = exp(
R
b d�), �� = b��, �� = exp(

R
a d�), hi = a� + ab� cii, h�i = b� + ab� cii.

�ã­ªæ¨¨ a(�; �), a�(�; �), b(�; �), c(�; �) ­¥¯à¥àë¢­ë ¢ �1, ªà®¬¥, ¡ëâì ¬®¦¥â, ®âà¥§ª  A1E, ¨
ã¤®¢«¥â¢®àïîâ ®¤­®¬ã ¨§ ãá«®¢¨©

(A1) �(�; �) �
Z �

a1

0@j�tj+ �

vuut nX
i;k=1

c2ik

1A dt > 0; a1 < � < � � e;

(B1) �(�; �) �
Z �

a1

�

vuut nX
i=1

�
h2i +

nX
k 6=i

c2ik

�
dt > 0; a1 < � < � � e:

�ã­ªæ¨¨ b(�; �), b�(�; �), a(�; �), c(�; �) ­¥¯à¥àë¢­ë ¢ �2, ªà®¬¥, ¡ëâì ¬®¦¥â, ®âà¥§ª  EA2, ¨
ã¤®¢«¥â¢®àïîâ ®¤­®¬ã ¨§ ãá«®¢¨©

(A2) ��(�; �) +
Z a2

�

0@j��t j+ ��

vuut nX
i;k=1

c2ik

1A dt < 0; e � � < � < a2;

(B2) ��(�; �) +
Z a2

�

��

vuut nX
i=1

�
h�2i +

nX
k 6=i

c2ik

�
dt < 0; e � � < � < a2:

�¯à¥¤¥«¥­¨¥ 1. �¥£ã«ïà­ë¬ ¢ �i, i = 1; 2, à¥è¥­¨¥¬ á¨áâ¥¬ë (14) ­ §®¢¥¬ äã­ªæ¨î
U(�; �), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬ 1) U(�; �) 2 C(�i) ^ C1(�i), U�� 2 C(�i); 2) L0U(�; �) � 0,
(�; �) 2 �i; 3) ¯à®¨§¢®¤­ ï U� (U�) ­¥¯à¥àë¢­  ­  �1 nA1E (�2 n A2E).

25



�¥¬¬  4. �ãáâì 1) ª®íää¨æ¨¥­âë á¨áâ¥¬ë (14) ¢ ®¡« áâ¨ �i, i = 1; 2, ®¡« ¤ îâ ®â¬¥-

ç¥­­®© ¢ëè¥ £« ¤ª®áâìî ¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (Ai) ¨«¨ (Bi); 2) U(�; �) | à¥£ã«ïà­®¥ ¢

�i à¥è¥­¨¥ á¨áâ¥¬ë (14), à ¢­®¥ ­ã«î ­  å à ªâ¥à¨áâ¨ª¥ AiCi; 3) max
�i

jU(�; �)j = jU(Q)j > 0.

�®£¤  ¬ ªá¨¬ã¬ jU(Q)j ¤®áâ¨£ ¥âáï â®«ìª® ­  ®âà¥§ª¥ AiE n Ai.

�®ª § â¥«ìáâ¢® «¥¬¬ë ¯à®¢®¤¨âáï  ­ «®£¨ç­® [10], [11].

�«¥¤áâ¢¨¥ 1. �á«¨

�(�; �) �
Z �

a1

�(t; �)
nX
i=1

�
jhij+

nX
k 6=i

jcikj
�
dt > 0; a1 < � < � � e; (15)

¨

��(�; �) +
Z a2

�

��(t; �)
nX
i=1

�
jh�i j+

nX
k 6=i

jcikj
�
dt < 0; e � � < � < a2;

â® ¤«ï á¨áâ¥¬ë (14) á¯à ¢¥¤«¨¢  «¥¬¬  4.

�¥©áâ¢¨â¥«ì­®, ¯ãáâì ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® (15). �®£¤ 

�(�; �) �
Z �

a1

�(t; �)
� nX
i=1

�
h2i +

nX
k 6=i

c2ik

�� 1
2

dt � �(�; �) �
Z �

a1

�(t; �)
nX
i=1

�
jhij+

nX
k 6=i

jcikj
�
dt > 0;

çâ® ¢«¥ç¥â á¯à ¢¥¤«¨¢®áâì «¥¬¬ë 4.

�«¥¤áâ¢¨¥ 2. �á«¨

hi = a� + ab� cii = a� + ab� c0 = h;

�(�; �) �
Z �

a1

�

0@jhj+
vuut nX

i=1

nX
k 6=i

c2ik

1A dt > 0; a1 < � < � � e;
(16)

¨

h�i = b� + ab� cii = b� + ab� c0 = h�;

��(�; �) +
Z a2

�

��

0@jh�j+
vuut nX

i=1

nX
k 6=i

c2ik

1Adt < 0; e � � < � < a2;
(17)

â® «¥¬¬  4 â ª¦¥ á¯à ¢¥¤«¨¢ .

� ¬¥ç ­¨¥ 1. �á«¨ ¢ (16), (17) h � 0 ¢ ®¡« áâ¨ �1, h� � 0 ¢ ®¡« áâ¨ �2, â® ­¥à ¢¥­áâ¢  ¢
íâ¨å ãá«®¢¨ïå à ¢­®á¨«ì­ë á®®â¢¥âáâ¢¥­­® á«¥¤ãîé¨¬:

�(a1; �) +
Z �

a1

�

0@c0 �
vuut nX

i=1

nX
k 6=i

c2ik

1A dt > 0; a1 < � < � � e;

��(�; a2)�
Z a2

�
��

0@c0 �
vuut nX

i=1

nX
k 6=i

c2ik

1A dt < 0; e � � < � < a2:
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4. �ªáâà¥¬ «ì­ë¥ á¢®©áâ¢  ¬®¤ã«ï à¥è¥­¨© ¢ á¬¥è ­­®© ®¡« áâ¨

�¯à¥¤¥«¥­¨¥ 2. �¥£ã«ïà­ë¬ ¢ D à¥è¥­¨¥¬ á¨áâ¥¬ë (1) ­ §®¢¥¬ äã­ªæ¨î U(x; y), ã¤®¢«¥-
â¢®àïîéãî ãá«®¢¨ï¬ (2), (3) ¨, ªà®¬¥ â®£®, ¯à®¨§¢®¤­ ï U� (U�) ­¥¯à¥àë¢­  ­  ¬­®¦¥áâ¢¥
D1 n A1E (D2 nA2E).

�¥®à¥¬  1. �ãáâì 1) C(x; y) | ­¥¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ ï ¬ âà¨æ  ¢ D+; 2) ¢ë¯®«­¥-
­® ãá«®¢¨¥ 3) «¥¬¬ë 3; 3) ª®íää¨æ¨¥­âë á¨áâ¥¬ë (1) ¢ ®¡« áâïå D1 ¨ D2 ¢ å à ªâ¥à¨áâ¨ç¥-

áª¨å ª®®à¤¨­ â å (�; �) ã¤®¢«¥â¢®àïîâ á®®â¢¥âáâ¢¥­­® ãá«®¢¨ï¬ (A1) ¨ (A2) ¨«¨ (B1) ¨ (B2);
4) U(x; y) |- à¥£ã«ïà­®¥ ¢ D à¥è¥­¨¥ á¨áâ¥¬ë (1), à ¢­®¥ ­ã«î ­  å à ªâ¥à¨áâ¨ª å A1C1 ¨

A2C2; 5) max
D

jU(x; y)j = jU(Q)j > 0: �®£¤  ¬ ªá¨¬ã¬ jU(Q)j ¤®áâ¨£ ¥âáï â®«ìª® ­  ªà¨¢®© �.

�®ª § â¥«ìáâ¢®. �ãáâì max
D

jU(x; y)j = jU(Q)j > 0: �®áª®«ìªã ¢ë¯®«­¥­ë ãá«®¢¨ï «¥¬¬ë

4, â® â®çª  Q 2 D+. � á¨«ã «¥¬¬ë 1 â®çª  Q =2 D+. �®£¤  Q 2 �[A1E[EA2[E. �ãáâì Q 2 A1E,
â. ¥. Q = (x0; 0), a1 < x0 < e. � íâ®© â®çª¥ ¨§ «¥¬¬ë 4 á«¥¤ã¥â, çâ® @jU(x0; 0� 0)j=@y � 0,   íâ®
á®£« á­® «¥¬¬¥ 2 ¯à®â¨¢®à¥ç¨â ­¥à ¢¥­áâ¢ã @jU(x0; 0 + 0)j=@y < 0. �á«¨ â®çª  Q 2 EA2, â®,
à ááã¦¤ ï  ­ «®£¨ç­®, ¯®«ãç¨¬ ¯à®â¨¢®à¥ç¨¥. �«¥¤®¢ â¥«ì­®, Q 2 �[E. �®¯ãáâ¨¬, çâ® Q =2 �.
�®£¤  Q � E. � íâ®¬ á«ãç ¥ E ï¢«ï¥âáï ¥¤¨­áâ¢¥­­®© â®çª®© ¨§®«¨à®¢ ­­®£® £«®¡ «ì­®£®
¯®«®¦¨â¥«ì­®£® ¬ ªá¨¬ã¬  äã­ªæ¨¨ jU(x; y)j. �¨­¨¨ ãà®¢­ï jU(x; y)j = r äã­ªæ¨¨ jU(x; y)j,
£¤¥ r 2 (0; jU(Q)j), ¢ ¬ «®© ®ªà¥áâ­®áâ¨ â®çª¨ E ¡ã¤ãâ à á¯®« £ âìáï ¢ ®¡« áâ¨ D+ ¢ ¢¨¤¥
ª®­æ¥­âà¨ç¥áª¨å «¨­¨© ¢®ªàã£ â®çª¨ E á ª®­æ ¬¨ ­  A1E [ EA2. �®ª ¦¥¬ íâ®. �®¯ãáâ¨¬
¯à®â¨¢­®¥, â. ¥. ¢ ¬ «®© ®ªà¥áâ­®áâ¨ â®çª¨ E ­  ®á¨ y = 0 áãé¥áâ¢ãîâ â®çª¨ x1 ¨ x2 â ª¨¥, çâ®
x1 < x2 < e ¨ jU(x1; 0)j = jU(x2; 0)j. �®£¤  ¢®§¬®¦­  «¨­¨ï ãà®¢­ï jU(x; y)j = jU(x2; 0)j = d > 0.
�ã­ªæ¨ï jU(x; 0)j ¢ ­¥ª®â®à®© â®çª¥ x0 2 (x1; x2) ¨¬¥¥â ¯®«®¦¨â¥«ì­ë© ¬ ªá¨¬ã¬ jU(x0; 0)j =
max

x1�x�x2
jU(x; 0)j. �ãáâì G+ | ®¡« áâì, ®£à ­¨ç¥­­ ï ®âà¥§ª®¬ E1E2 ®á¨ y = 0, E1 = (x1; 0),

E2 = (x2; 0) ¨ «¨­¨¥© ãà®¢­ï jU(x; y)j = d, â ª ï, çâ® jU(x; y)j � d ¯à¨ ¢á¥å (x; y) 2 G+.
� á¨«ã ¯à¨­æ¨¯  íªáâà¥¬ã¬  ¤«ï í««¨¯â¨ç¥áª¨å ãà ¢­¥­¨© max

G+

jU(x; y)j = jU(x0; 0)j. � «¥¥
¨§ â®çª¨ E2 ¯à®¢¥¤¥¬ å à ªâ¥à¨áâ¨ªã á¨áâ¥¬ë (1) ¤® ¯¥à¥á¥ç¥­¨ï á å à ªâ¥à¨áâ¨ª®© A1C1

¢ â®çª¥ C ¨ à áá¬®âà¨¬ ®¡« áâì G�, ®£à ­¨ç¥­­ãî «¨­¨ï¬¨ A1C, CE2 ¨ E2A1. �® «¥¬¬¥ 4
max
G�

jU(x; y)j > 0 ¤®áâ¨£ ¥âáï ­  ®âà¥§ª¥ A1E2. �¥ â¥àïï ®¡é­®áâ¨ à ááã¦¤¥­¨©, ¬®¦­® áç¨â âì,

çâ® íâ®â ¬ ª¬¨¬ã¬ ¤®áâ¨£ ¥âáï ¢ â®çª¥ (x0; 0). �®£¤  @jU(x0; 0+0)j=@y < 0 ¯® «¥¬¬¥ 2,   á ¤àã£®©
áâ®à®­ë, @jU(x0; 0 � 0)j=@y � 0 ­  ®á­®¢ ­¨¨ «¥¬¬ë 4. �§ ¯®«ãç¥­­®£® ¯à®â¨¢®à¥ç¨ï á«¥¤ã¥â,
çâ® ¢ ¬ «®© ®ªà¥áâ­®áâ¨ â®çª¨ E äã­ªæ¨ï jU(x; 0)j ¯à¨ x! e ¬®­®â®­­® ¢®§à áâ ¥â ª §­ ç¥­¨î
jU(Q)j.

�ãáâì [b1; e), £¤¥ a1 � b1 < e, ¯à®¬¥¦ãâ®ª ®á¨ y = 0, £¤¥ jU(x; 0)j ¢®§à áâ ¥â ¯à¨ x ! e � 0.
�®ª ¦¥¬, çâ® @jU(x; 0)j=@y � 0 ¯à¨ ¢á¥å x 2 [b1; e). �ãáâì � | «î¡ ï â®çª  ¨§ [b1; e). �§ â®çª¨
K = (�; 0) ®¯ãáâ¨¬ ¯¥à¯¥­¤¨ªã«ïà á ª®­æ®¬ ¢ â®çª¥ N 2 D1, ç¥à¥§ â®çªã N ¯à®¢¥¤¥¬ å à ª-
â¥à¨áâ¨ªã á¨áâ¥¬ë (1) ¤® ¯¥à¥á¥ç¥­¨ï á å à ªâ¥à¨áâ¨ª®© A1C1 ¢ â®çª¥ M . �¡®§­ ç¨¬ ç¥à¥§
H ®¡« áâì, ®£à ­¨ç¥­­ãî å à ªâ¥à¨áâ¨ª ¬¨ NM , MA1 ¨ ®âà¥§ª ¬¨ A1K, KN . �­ «®£¨ç­®
«¥¬¬¥ 4 ¬®¦­® ¯®ª § âì, çâ® max

H
jU(x; y)j > 0 ¤®áâ¨£ ¥âáï â®«ìª® ­  ®âà¥§ª¥ A1K,   ¨¬¥­­®,

| ¢ â®çª¥ K. �®£¤  ¢ íâ®© â®çª¥ @jU(�; 0 � 0)j=@y � 0. �«¥¤®¢ â¥«ì­®, @jU(x; 0 � 0)j=@y =
@jU(x; 0 + 0)j=@y � 0 ­  [b1; e) ¢ á¨«ã ¯à®¨§¢®«ì­®áâ¨ â®çª¨ � 2 [b1; e). �­ «®£¨ç­® ¯®ª §ë¢ -
¥âáï, çâ® áãé¥áâ¢ã¥â ®âà¥§®ª (e; b2], £¤¥ e < b2 < a2, â ª®©, çâ® @jU(x; 0 � 0)j=@y � 0 ¯à¨ ¢á¥å
x 2 (e; b2]. �®£¤  @jU(x; 0 � 0)j=@y = @jU(x; 0 + 0)j=@y � 0 ¯à¨ ¢á¥å x 2 (b1; e) [ (e; b2). � ¤àã£®©
áâ®à®­ë, ¢ á¨«ã «¥¬¬ë 2 ­  (b1; e) ¨«¨ ­  (e; b2) ­ ©¤¥âáï â®çª  x1 â ª ï, çâ® @jU(x1; 0)j=@y < 0,
  íâ® ¯à®â¨¢®à¥ç¨â ­¥à ¢¥­áâ¢ã @jU(x; 0)j=@y � 0 ­  [b1; e)[ (e; b2]. �«¥¤®¢ â¥«ì­®, ¬ ªá¨¬ã¬ ­¥
¤®áâ¨£ ¥âáï ¢ â®çª¥ E ¨ â®çª  Q 2 �.

�«¥¤áâ¢¨¥ 3.  ) �á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 1, â® jU(x; y)j � max
�

jU(x; y)j ¤«ï
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¢á¥å (x; y) 2 D.
¡) �á«¨ ª®íää¨æ¨¥­âë á¨áâ¥¬ë (1) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ â¥®à¥¬ë 1 ¨ ¢ ª« áá¥ à¥£ã«ïà-

­ëå ¢ D à¥è¥­¨© á¨áâ¥¬ë (1) áãé¥áâ¢ã¥â à¥è¥­¨¥ § ¤ ç¨ G, â® ®­® ¥¤¨­áâ¢¥­­®.

�¯à¥¤¥«¥­¨¥ 3. �¡®¡é¥­­ë¬ ¢ ®¡« áâ¨ D à¥è¥­¨¥¬ á¨áâ¥¬ë (1) ­ §®¢¥¬ äã­ªæ¨îU(x; y),
¥á«¨ áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì à¥£ã«ïà­ëå ¢ ®¡« áâ¨ D à¥è¥­¨© fUp(x; y)g á¨áâ¥¬ë (1),
à ¢­®¬¥à­® áå®¤ïé ïáï ª U(x; y) ¢ § ¬ª­ãâ®© ®¡« áâ¨ D.

�¥®à¥¬  2. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï 1) ¨ 2) â¥®à¥¬ë 1 ¨ U(x; y) | ®¡®¡é¥­­®¥ ¢ ®¡« -

áâ¨ D à¥è¥­¨¥ á¨áâ¥¬ë (1), à ¢­®¥ ­ã«î ­  å à ªâ¥à¨áâ¨ª å A1C1, A2C2. �®£¤  ¥á«¨

max
D

jU(x; y)j > 0, â® íâ®â ¬ ªá¨¬ã¬ ¤®áâ¨£ ¥âáï ­  ªà¨¢®© �.

�®ª § â¥«ìáâ¢®. �ãáâì max
D

jU(x; y)j = jU(Q)j =M > 0 ¨ Q =2 �. �®£¤  Q 2 Dn�. �®«®¦¨¬
E = f(x; y) 2 D n � �� jU(x; y)j = Mg. �­®¦¥áâ¢® E § ¬ª­ãâ® ¨ ­¥ ¨¬¥¥â ®¡é¨å â®ç¥ª á ªà¨¢®©
�. �®áª®«ìªã ¬­®¦¥áâ¢  � ¨ E § ¬ª­ãâë, ®£à ­¨ç¥­ë ¨ ­¥ ¨¬¥îâ ®¡é¨å â®ç¥ª, â® à ááâ®ï­¨¥
¬¥¦¤ã ­¨¬¨ ¡®«ìè¥ ­ã«ï. �®íâ®¬ã áãé¥áâ¢ã¥â ¯à®áâ ï ªà¨¢ ï �, «¥¦ é ï ¢ ®¡« áâ¨ D+, á
ª®­æ ¬¨ ¢ â®çª å A1 ¨ A2 â ª ï, çâ® � \ E = ; ¨ E � D�, £¤¥ D� | ®¡« áâì, ®£à ­¨ç¥­­ ï
ªà¨¢®© � ¨ å à ªâ¥à¨áâ¨ª ¬¨ á¨áâ¥¬ë (1). � ª ª ª U(x; y) | ®¡®¡é¥­­®¥ à¥è¥­¨¥ á¨áâ¥¬ë
(1), à ¢­®¥ ­ã«î ­  A1C1 [ A2C2, â® áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì à¥£ã«ïà­ëå ¢ D à¥è¥­¨©
fUp(x; y)g = f(up1; up2; : : : ; upn)g á¨áâ¥¬ë (1) â ª¨å, çâ® Up(x; y) = 0 ­  A1C1 [ A2C2 ¨ fUp(x; y)g
¢ D à ¢­®¬¥à­® áå®¤¨âáï ª U(x; y). �®áª®«ìªã ¢ ®¡« áâ¨ D� ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 1, â®
max
D�

jUp(x; y)j ¤®áâ¨£ ¥âáï ­  ªà¨¢®© �.
�ãáâì max

�
jU(x; y)j =M0. �á­®, çâ®M0 < M . �¡®§­ ç¨¬ " = (M�M0)=2. � á¨«ã à ¢­®¬¥à­®©

áå®¤¨¬®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fUp(x; y)g ¢ D� ¤«ï ¢§ïâ®£® " > 0 áãé¥áâ¢ã¥â â ª®© ­®¬¥à p0,
çâ® ¤«ï ¢á¥å p > p0, ¨ (x; y) 2 D� ¢ë¯®«­ï¥âáï ãá«®¢¨¥

jU(x; y)j � " < jUp(x; y)j < jU(x; y)j + ":

�âáî¤  max
D�

jUp(x; y)j > (M +M0)=2 ¯à¨ p > p0 ­  E, a jUp(x; y)j < (M +M0)=2 ¯à¨ p > p0 ­ 

ªà¨¢®© �. �«¥¤®¢ â¥«ì­®, max
D�

jUp(x; y)j ¯à¨ p > p0 ­¥ ¤®áâ¨£ ¥âáï ­  ªà¨¢®© �, çâ® ¯à®â¨¢®à¥ç¨â

â¥®à¥¬¥ 1.

�«¥¤áâ¢¨¥ 4.  ) �á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 2, â® jU(x; y)j � max
�

jU(x; y)j ¤«ï ¢á¥å

(x; y) 2 D.
¡) �á«¨ ª®íää¨æ¨¥­âë á¨áâ¥¬ë (1) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ â¥®à¥¬ë 2 ¨ ¢ ª« áá¥ ®¡®¡é¥­-

­ëå ¢ D à¥è¥­¨© á¨áâ¥¬ë (1) áãé¥áâ¢ã¥â à¥è¥­¨¥ § ¤ ç¨ G, â® ®­® ¥¤¨­áâ¢¥­­®.

5. �à¨¬¥àë

�¯à ¢¥¤«¨¢®áâì ¨§«®¦¥­­®© ¢ëè¥ â¥®à¨¨ ¯à®¤¥¬®­áâà¨àã¥¬ ­  ­¥ª®â®àëå ãà ¢­¥­¨ïå, ª®-
â®àë¥ ¡ë«¨ ¨§ãç¥­ë ¢ [14], [15].

�à¨¬¥à 1. � ®¡« áâ¨ D à áá¬®âà¨¬ § ¤ çã �¥««¥àáâ¥¤â  ¤«ï ãà ¢­¥­¨ï á¬¥è ­­®£® â¨¯ 

sgn y � !xx + !yy +M!x � �! = 0; (18)

£¤¥ M | ¢¥é¥áâ¢¥­­ ï ¯®áâ®ï­­ ï. �ãáâì Re! = u1, Im! = u2, � = � + i�. �®£¤  § ¤ ç 
�¥««¥àáâ¥¤â  ¤«ï ãà ¢­¥­¨ï (18) à ¢­®á¨«ì­  § ¤ ç¥ (2){(5) ¤«ï á¨áâ¥¬ë

sgn y � u1xx + u1yy +Mu1x � �u1 + �u2 = 0;

sgn y � u2xx + u2yy +Mu2x � �u1 � �u2 = 0:
(19)
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�à¨ � � 0, (x; y) 2 D+, M < �
q
2(�+

p
2j�j), (x; y) 2 D1 [ D2, ª®íää¨æ¨¥­âë á¨áâ¥¬ë (19)

ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ â¥®à¥¬ë 1.

�à¨¬¥à 2. �«ï ãà ¢­¥­¨ï á¬¥è ­­®£® â¨¯  á ª®¬¯«¥ªá­ë¬ á¯¥ªâà «ì­ë¬ ¯ à ¬¥âà®¬

sgn y � !xx + !yy � �! = 0; (20)

£¤¥ � = �+ i�, ! = u1+ iu2, ¢ ®¡« áâ¨ D ¯®áâ ¢¨¬ § ¤ çã �¥««¥àáâ¥¤â . �­  à ¢­®á¨«ì­  § ¤ ç¥
(2){(5) ¤«ï á¨áâ¥¬ë

sgn y �Uxx +Uyy + CU = 0; (21)

£¤¥

C =
��� �
�� ��

�
; U = (u1; u2):

� å à ªâ¥à¨áâ¨ç¥áª¨å ª®®à¤¨­ â å (�; �) á¨áâ¥¬  (21) ¯à¨¬¥â ¢¨¤

[1� sgn(� � �)](U�� +U��)� 2[1 + sgn(� � �)]U�� + CU = 0; (22)

  ®¡« áâ¨ D, D+, D1 ¨ D2 á®®â¢¥âáâ¢¥­­® ®â®¡à ¦ îâáï ¢ ®¡« áâ¨ �, �+, �1 ¨ �2. � ¬¥â¨¬, çâ®
ª®íää¨æ¨¥­âë á¨áâ¥¬ë (22) ¢ ®¡« áâïå �1 ¨ �2 ­¥ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (A1), (A2) ¨ (B1),
(B2) ­¨ ¯à¨ ®¤­®¬ §­ ç¥­¨¨ ¯ à ¬¥âà  �. �¤­ ª® ¯à¨ ­¥ª®â®àëå ®£à ­¨ç¥­¨ïå ­  � á¯à ¢¥¤«¨¢ 
á«¥¤ãîé ï

�¥®à¥¬  3. �á«¨ ¢ ª« áá¥ à¥£ã«ïà­ëå ¢ D à¥è¥­¨© ãà ¢­¥­¨ï (20) áãé¥áâ¢ã¥â à¥è¥­¨¥

§ ¤ ç¨ �¥««¥àáâ¥¤â , â® ®­® ¥¤¨­áâ¢¥­­® ¯à¨ ¢á¥å �, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î

j�j < �2

(t2 � t1)2
�
p
2j�j; (23)

£¤¥ t2 = max
�

(� � �) = max
D

2y, t1 = min
�

(� � �) = min
D

2y.

�®ª § â¥«ìáâ¢®. �ãáâì U(�; �) | à¥£ã«ïà­®¥ ¢ � à¥è¥­¨¥ á¨áâ¥¬ë (22), à ¢­®¥ ­ã«î ­ 
A1C1 ¨ A2C2. �¢¥¤¥¬ ­®¢ãî äã­ªæ¨î v(�; �) = U(�; �) exp[�g(�; �)], ª®â®à ï ï¢«ï¥âáï à¥è¥­¨¥¬
á¨áâ¥¬ë

v�� + v�� + 2g�v� + 2g�v� + v

�
g�� + g�� + g2� + g2� +

C

2

�
= 0; � > �;

v�� + g�v� + g�v� + v

�
g�� + g�g� � C

4

�
= 0; � < �:

(24)

� «o¦¨¢ ­  ª®íää¨æ¨¥­âë á¨áâ¥¬ë (24) ãá«®¢¨ï (16), (17) ¨ ãá«®¢¨¥ 1) «¥¬¬ë 1, ¯®«ãç¨¬
­¥à ¢¥­áâ¢® (23), ¯à¨ ª®â®à®¬ áãé¥áâ¢ã¥â äã­ªæ¨ï g ¨ ¤«ï á¨áâ¥¬ë (21) á¯à ¢¥¤«¨¢ë ãá«®¢¨ï
â¥®à¥¬ë 1.

�à¨¬¥à 3. � ®¡« áâ¨ D à áá¬®âà¨¬ ãà ¢­¥­¨¥

!xx + sgn y � !yy � �! = 0; (25)

£¤¥ �| ª®¬¯«¥ªá­ë© ¯ à ¬¥âà, Re! = u1, Im! = u2, � = �+ i�. �­ «®£¨ç­® ¯à¨¬¥àã 2 ¬®¦­®
¯®ª § âì, çâ® ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï (23) ¤«ï ãà ¢­¥­¨ï (25) á¯à ¢¥¤«¨¢  â¥®à¥¬  1.

�à¨¬¥à 4. � ®¡« áâ¨ D à áá¬®âà¨¬ á¨áâ¥¬ã ¢¨¤ 

sgn y � jyjnUxx +Uyy + a0jyjn�12 Ux + C(x; y)U = 0; (26)

£¤¥ n > 0, a0 = const, C(x; y) = (Cik(x; y)), i; k = 1;m, m � 2, | ª¢ ¤à â­ ï ¬ âà¨æ .
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�¥®à¥¬  4. �á«¨ 1) n > 0, ja0j < n
2
; 2) U(x; y) | à¥£ã«ïà­®¥ ¢ D à¥è¥­¨¥ á¨áâ¥¬ë (26),

à ¢­®¥ ­ã«î ­  å à ªâ¥à¨áâ¨ª å A1C1 ¨ A2C2; 3) C(x; y) | ­¥¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ ï

¬ âà¨æ  ¢ D+; 4) ª®íää¨æ¨¥­âë Cik(�; �) ¢ ®¡« áâ¨ D1 ã¤®¢«¥â¢®àïîâ ­¥à ¢¥­áâ¢ ¬

hi =
(n� 2a0)2 + 4(n� 2a0)

16(�y)n+2 +
Cii

4(�y)n � 0;

mX
i=1

Cii +
mX
i=1

mX
k 6=i

jCikj � 1�m

16y2
[(n� 2a0)

2 + 4(n� 2a0)];

  ¢ ®¡« áâ¨ D2 | ­¥à ¢¥­áâ¢ ¬

h�i =
(n+ 2a0)2 + 4(n+ 2a0)

16(�y)n+2 +
Cii

4(�y)n � 0;

mX
i=1

Cii +
mX
i=1

mX
k 6=i

jCikj � 1�m

16y2
[(n+ 2a0)

2 + 4(n+ 2a0)];

â® max
D

jU(x; y)j ¤®áâ¨£ ¥âáï â®«ìª® ­  �.

6. �¡ ãá«®¢­®© à §à¥è¨¬®áâ¨ § ¤ ç¨ �¥««¥àáâ¥¤â 

� ¤ «ì­¥©è¥¬ ¯à¥¤¯®«®¦¨¬, çâ® K(y) = sgn yjyjm, m = const � 0, A(x; y); B(x; y) 2 C1(D+)^
C1(Di), Cik(x; y) 2 C(D+[Di), i = 1; 2, ¨ ¢ë¯®«­ïîâáï ãá«®¢¨ï â¥®à¥¬ë ® ¯à¨­æ¨¯¥ ¬ ªá¨¬ã¬ ;
� | ªà¨¢ ï ¨§ ª« áá  �ï¯ã­®¢ , x = x(s), y = y(s) | ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢­¥­¨ï ªà¨¢®© �, s
| ¤«¨­  ¤ã£¨ ªà¨¢®© �, ®âáç¨âë¢ ¥¬ ï ®â â®çª¨ A2, S | ¤«¨­  ªà¨¢®© �; �0 | \­®à¬ «ì­ ï"
ªà¨¢ ï á¨áâ¥¬ë (1), § ¤ ­­ ï ãà ¢­¥­¨¥¬ (x � (a2 + a1)=2)2 + 4ym+2=(m + 2)2 = (a2 + a1)2=4;
D0 | ®¡« áâì, ®£à ­¨ç¥­­ ï ªà¨¢ë¬¨ �0, A1C1, C1E, EC2, C2A2, �(x; y) = �(x(s); y(s)) = �(s),
0 � s � S.

�¯à¥¤¥«¥­¨¥ 4. �¥£ã«ïà­®¥ ¢ D à¥è¥­¨¥ á¨áâ¥¬ë (1), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬ (4){(5),
­ §®¢¥¬ à¥£ã«ïà­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ G ¤«ï á¨áâ¥¬ë (1).

�¯à¥¤¥«¥­¨¥ 5. � ¢­®¬¥à­ë© ¢ D ¯à¥¤¥« ¯®á«¥¤®¢ â¥«ì­®áâ¨ à¥£ã«ïà­ëå à¥è¥­¨© § ¤ ç¨
G ­ §®¢¥¬ ®¡®¡é¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ G.

�¥®à¥¬  5. �ãáâì ¢ ®¡« áâ¨ D ¯à¨ ãá«®¢¨¨, ª®£¤  ªà¨¢ ï � ®ª ­ç¨¢ ¥âáï ¢ â®çª å A1 ¨

A2 áª®«ì ã£®¤­® ¬ «ë¬¨ ¤ã£ ¬¨ \­®à¬ «ì­®©" ªà¨¢®©, áãé¥áâ¢ã¥â à¥£ã«ïà­®¥ à¥è¥­¨¥ § ¤ ç¨

G ¤«ï á¨áâ¥¬ë (1) ¯à¨ �(s) 2 C[0; S] ¨ äã­ªæ¨¨ 	(x) ¤®áâ â®ç­® £« ¤ª®© (â. ¥. äã­ªæ¨ï 	(x)
â ª®¢ , çâ® ¯à¨ ¤®áâ â®ç­® £« ¤ª®© äã­ªæ¨¨ �(s) ¢ë¯®«­¥­® ãá«®¢¨¥ â¥®à¥¬ë 5) ­  [a1; a1+e

2
][

[a2+e
2
; a2], 	(a1) = 	(a2) = �(0) = �(S) = 0. �®£¤  áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ ®¡®¡é¥­­®¥

à¥è¥­¨¥ U(x; y) § ¤ ç¨ G á £à ­¨ç­ë¬¨ ¤ ­­ë¬¨ U = � ­  � ¨ U = 	 ­  A1C1 [ A2C2 ¯à¨

¯à®¨§¢®«ì­®¬ ¯®¤å®¤¥ ªà¨¢®© � ª ®á¨ y = 0, §  ¨áª«îç¥­¨¥¬ á«ãç ¥¢, ª®£¤  ¢ ¤®áâ â®ç­® ¬ «ëå

®ªà¥áâ­®áâïå ª®­æ®¢ ªà¨¢®© � ¯à®¨§¢®¤­ ï dx=ds ¬¥­ï¥â §­ ª ¨ dy=ds = 0.

�à¥¤¢ à¨â¥«ì­® ãáâ ­®¢¨¬ á«¥¤ãîé¨¥ ¢á¯®¬®£ â¥«ì­ë¥ ãâ¢¥à¦¤¥­¨ï.

�¥¬¬  5. �á«¨ U(x; y) 2 C(D+) ^ C2(D+), U = 0 ­  ªà¨¢®© �, â® ¤«ï (x; y) 2 D+ [ �
á¯à ¢¥¤«¨¢  ®æ¥­ª 

jU(x; y)j � � max
a1�x�a2

jU(x; 0)j; 0 < � < 1:

�¥¬¬  6. �á«¨ D0+[�0 � D+, �0(x) 2 C[a1; a2], 	(x) 2 C3[a1; a1+e
2
][[a2+e

2
; a2], �0(0) = 	(0),

â® áãé¥áâ¢ã¥â ®¡®¡é¥­­®¥ à¥è¥­¨¥ U(x; y) § ¤ ç¨ G á £à ­¨ç­ë¬¨ ¤ ­­ë¬¨ U = �0 ­  �0 ¨
U = 	 ­  A1C1 [A2C2.
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�®ª § â¥«ìáâ¢®. �ãáâì f�0p(x)g = f('p01; 'p02; : : : ; 'p0n)g | ¯®á«¥¤®¢ â¥«ì­®áâì £« ¤ª¨å
¢¥ªâ®à-äã­ªæ¨© â ª¨å, çâ® �0(x) = lim

p
�0p(x) à ¢­®¬¥à­® ­  á¥£¬¥­â¥ [a1; a2] ¨ �0p(0) = �0(0).

�® ãá«®¢¨î â¥®à¥¬ë 5 áãé¥áâ¢ã¥â à¥£ã«ïà­®¥ ¢ D0 à¥è¥­¨¥ Up(x; y) § ¤ ç¨ G á ªà ¥¢ë¬¨ ¤ ­-
­ë¬¨ Up = �0p ­  �0 ¨ Up = 	 ­  A1C1 [ A2C2. �  ®á­®¢ ­¨¨ á«¥¤áâ¢¨ï ¨§ â¥®à¥¬ë 1 ¢ D0

¯®«ãç ¥¬ ®æ¥­ªã

jUp(x; y)�Uq(x; y)j � max
�0

j�0p � �0qj:

�âáî¤  ¢ëâ¥ª ¥â, çâ® ¢ D0 ¯®á«¥¤®¢ â¥«ì­®áâì fUp(x; y)g = f(up1; up2; : : : ; upn)g à¥£ã«ïà­ëå à¥è¥-
­¨© § ¤ ç¨ G à ¢­®¬¥à­® áå®¤¨âáï. �ãáâì lim

p
Up(x; y) = U(x; y). �à¥¤¥«ì­ ï äã­ªæ¨ï U(x; y)

­¥¯à¥àë¢­  ¢ D0, U = �0 ­  �0 ¨ U = 	 ­  A1C1 [A2C2.
�à¨ 	 = 0 ¤«ï íâ®© äã­ªæ¨¨ á¯à ¢¥¤«¨¢  ®æ¥­ª 

jU(x; y)j � max
�0

j�0(x)j: (27)

�¥¬¬  7. �ãáâì D0+ [ �0 � D+. �á«¨ �(s) 2 C[0; S] ¨ 	(x) 2 C3[a1; a1+e
2
] [ [a2+e

2
; a2], â®

áãé¥áâ¢ã¥â ®¡®¡é¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ G á £à ­¨ç­ë¬¨ ¤ ­­ë¬¨ U = � ­  � ¨ U = 	 ­ 

A1C1 [A2C2.

�®ª § â¥«ìáâ¢®. �«ï ¯®áâà®¥­¨ï â ª®£® à¥è¥­¨ï ¯à¨¬¥­¨¬  «ìâ¥à­¨àãîé¨© ¬¥â®¤ â¨¯ 
�¢ àæ . � ®¡« áâïå D+ ¨ D0 ¯®áâà®¨¬ ¤¢¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ à¥è¥­¨© á¨áâ¥¬ë (1). � á¨«ã
«¥¬¬ë 6 ¢ ®¡« áâ¨ D0 áãé¥áâ¢ã¥â ®¡®¡é¥­­®¥ à¥è¥­¨¥ Z0 = (z01 ; z

0
2 ; : : : ; z

0
n) § ¤ ç¨ G á ¤ ­­ë¬¨

Z0 = 0 ­  ªà¨¢®© �0 ¨ Z0 = 	 ­  A1C1 [A2C2.
� ®¡« áâ¨ D+ áãé¥áâ¢ã¥â à¥è¥­¨¥ § ¤ ç¨ �¨à¨å«¥ ¤«ï á¨áâ¥¬ë (1) á ¤ ­­ë¬¨ U0 = � ­  �

¨ U0 = Z0 ­  ®âà¥§ª¥ A1A2 [16]. �ãáâì Zp(x; y) | ®¡®¡é¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ G ¢ ®¡« áâ¨ D0

¤«ï á¨áâ¥¬ë (1) á £à ­¨ç­ë¬¨ ¤ ­­ë¬¨ Zp(x; y) = Up�1(x; y) ­  �0 ¨ Zp = 	 ­  A1C1 [A2C2,
£¤¥ p = 1; 2; : : : , Up(x; y) | à¥è¥­¨¥ § ¤ ç¨ �¨à¨å«¥ ¤«ï á¨áâ¥¬ë (1) ¢ ®¡« áâ¨ D+ á ¤ ­­ë¬¨
Up = � ­  � ¨ Up = Zp ­  A1A2. �®ª ¦¥¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâ¨ fUp(x; y)g ¨ fZp(x; y)g
à ¢­®¬¥à­® áå®¤ïâáï ¢ D+ ¨ D0. �¥©áâ¢¨â¥«ì­®,

jUp+1 �Upj � max
a1�x�a2

jZp+1(x; 0) � Zp(x; 0)j � max
D0

jZp+1(x; y)� Zp(x; y)j: (28)

� ¤àã£®© áâ®à®­ë, ¢ á¨«ã ®æ¥­ª¨ (27) ¨ «¥¬¬ë 5

jZp+1(x; y)� Zp(x; y)j � max
�0

jUp �Up�1j � � max
a1�x�a2

jUp(x; 0) �Up�1(x; 0)j � �max
D0

jZp � Zp�1j:

�à®¤®«¦ ï íâ® à ááã¦¤¥­¨¥, ¯®«ãç¨¬

jZp+1 � Zpj � �pmax
D0

jZ1 � Z0j: (29)

�§ ®æ¥­®ª (28) ¨ (29) ¢ëâ¥ª ¥â

jUp+1 �Upj � �pmax
D0

jZ1 � Z0j: (30)

�®£¤  ¨§ (29) ¨ (30) á«¥¤ã¥â, çâ® lim
p
Up(x; y) = U(x; y) à ¢­®¬¥à­® ¢ D0 ¨ lim

p
Zp(x; y) = Z(x; y)

à ¢­®¬¥à­® ¢ D+.
�ç¥¢¨¤­®, Z(x; y) � U(x; y) ¢ D0+. �«¥¤®¢ â¥«ì­®, äã­ªæ¨ï U(x; y) ï¢«ï¥âáï \ ­ «¨â¨ç¥-

áª¨¬" ¯à®¤®«¦¥­¨¥¬ äã­ªæ¨¨ Z(x; y) ¨ à¥£ã«ïà­ë¬ à¥è¥­¨¥¬ á¨áâ¥¬ë (1) ¢ ®¡« áâ¨ D+. �à®¬¥
â®£®, jU(x; y)j � max

�

j�(x)j ¯à¨ 	 = 0.
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�®ª § â¥«ìáâ¢® â¥®à¥¬ë 5. �ãáâì ªà¨¢ ï � ¯®¤å®¤¨â ª ®á¨ y = 0, ª ª, ­ ¯à¨¬¥à, ãª § ­®
­  à¨áã­ª¥

1. �ãáâì U = 	 = 0 ­  A1C1 [A2C2 ¨ �(s) = 0 ¯à¨ y < h. �®áâà®¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì ¤ã£
�p, p = 1; 2; : : : , ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬

1) � ¨ �p á®¢¯ ¤ îâ ¯à¨ y � h;
2) �p ®ª ­ç¨¢ ¥âáï ¢ â®çª å A1 ¨ A2 ¬ «ë¬¨ ¤ã£ ¬¨ cp ¨ c0p \­®à¬ «ì­ëå" ªà¨¢ëå;
3) �p | £« ¤ª ï ªà¨¢ ï ¨§ ª« áá  �ï¯ã­®¢ ;
4) ¤ã£¨ cp ¨ c0p áâï£¨¢ îâáï ¢ â®çª¨ A1 ¨ A2 á®®â¢¥âáâ¢¥­­® ¯à¨ p!1.

�ãáâì Dp | ®¡« áâì, ®£à ­¨ç¥­­ ï ¤ã£®© �p ¨ å à ªâ¥à¨áâ¨ª ¬¨ A1C1, C1E ¨ EC2, C2A2.
�  ªà¨¢®© �p ®¯à¥¤¥«¨¬ äã­ªæ¨î �p(s) á«¥¤ãîé¨¬ ®¡à §®¬:

�p(s) =

(
�(s); y � h;

0; y < h:

�® ãá«®¢¨î ¢ ®¡« áâ¨ Dp áãé¥áâ¢ã¥â à¥£ã«ïà­®¥ à¥è¥­¨¥ Up(x; y) § ¤ ç¨ G á £à ­¨ç­ë¬¨
ãá«®¢¨ï¬¨ Up = �p ­  �p ¨ Up = 	 = 0 ­  A1C1 [A2C2.

�ãáâì Z(x; y) = (z1; z2; : : : ; zn) | ®¡®¡é¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ G ¢ ®¡« áâ¨ D�, à ¢­®¥ ­ã«î
­  A1C1[A2C2, £¤¥ D�

1 � D1, D�
2 � D2, D�

+ � D+[�. �®¦­® ­ ©â¨ ¯®áâ®ï­­ãîM , ­¥ § ¢¨áïéãî
®â p â ªãî, çâ® ­  ªà¨¢®© �p ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢® M jZj � jUpj � 0. �®£¤ 

M jZj � jUpj � 0 ¢ Dp: (31)
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�ãáâì Gp = Dp \D ¨ ¯®«®¦¨¬

Vp(x; y) =

(
Up(x; y); (x; y) 2 Dp;

0; (x; y) 2 D nDp:

�æ¥­¨¬ jVq � Vpj, £¤¥ q > p, ¢ D. �ãáâì Kp ¨ K 0
p | ¤¢  ªàã£  á æ¥­âà ¬¨ ¢ â®çª å A1 ¨ A2,

¢­ãâà¨ ª®â®àëå á®¤¥à¦ âáï á®®â¢¥âáâ¢¥­­® ¤ã£¨ cp ¨ c0p, ¯à¨ç¥¬ à ¤¨ãáë íâ¨å ªàã£®¢ áâà¥¬ïâáï
ª ­ã«î ¯à¨ p ! 1. �®«®¦¨¬ "p = max

Kp[K
0

p

jZ(x; y)j. �®£¤  ¨§ (31) ¢ëâ¥ª ¥â, çâ® ­  £à ­¨æ¥ Gp

¯à¨ y � 0 jVq � Vpj = jUq �Upj � 2M jZj � 2M"p. �®íâ®¬ã ¢áî¤ã ¢ Gp á¯à ¢¥¤«¨¢  ®æ¥­ª 
jVq �Vpj � 2M"p.

�«ï â®ç¥ª (x; y) 2 D [Dq n Dp jVqj � M"p,   ¤«ï (x; y) 2 D n Dq Vp(x; y) = Vq(x; y) = 0.
�®£¤  jVq �Vpj � 2M"p ¤«ï (x; y) 2 D. �®áª®«ìªã "p ! 0 ¯à¨ p ! 1, â® ¨§ ¯®á«¥¤­¥© ®æ¥­ª¨
á«¥¤ã¥â, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì fVp(x; y)g = f(vp1 ; vp2 ; : : : ; vpn)g à ¢­®¬¥à­® áå®¤¨âáï ¢ D. �®£¤ 
lim
p
Vp(x; y) = lim

p
Up(x; y) = U(x; y). �á­®, çâ® U(x; y) ¯à¨­¨¬ ¥â ­  � §­ ç¥­¨ï �(s),   ­ 

å à ªâ¥à¨áâ¨ª å A1C1 ¨ A2C2 äã­ªæ¨ï U = 0. � ®¡« áâ¨ D+ äã­ªæ¨ï U(x; y) ã¤®¢«¥â¢®àï¥â
á¨áâ¥¬¥ (1) ¨ ­¥¯à¥àë¢­  ¢ D. �à¨ íâ®¬ á¯à ¢¥¤«¨¢  ®æ¥­ª 

jU(x; y)j � max
�

j�j: (32)

2. �ãáâì �(s) ­¥¯à¥àë¢­  ­  [0; S] ¨ �(0) = �(S) = 0. �®áâà®¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì f�p(s)g
­¥¯à¥àë¢­ëå äã­ªæ¨©, ¨áç¥§ îé¨å ¢ ¤®áâ â®ç­® ¬ «ëå ®ªà¥áâ­®áâïå â®ç¥ª s = 0 ¨ s = S
â ª¨å, çâ® lim

p
�p(s) = �(s) à ¢­®¬¥à­® ­  [0; S]. �® äã­ªæ¨ï¬ �p(s) ¢ á¨«ã ¯. 1 ¯®áâà®¨¬ ¯®á«¥-

¤®¢ â¥«ì­®áâì fUp(x; y)g à¥è¥­¨© § ¤ ç¨ G. �®£¤  ¨§ (32) á«¥¤ã¥â jUq �Upj � max
�

j�q � �pj.
�âáî¤  á«¥¤ã¥â, çâ® ¢ D áãé¥áâ¢ã¥â à ¢­®¬¥à­ë© ¯à¥¤¥« lim

p
Up(x; y) = U(x; y).

� ®¡« áâ¨ D+ äã­ªæ¨ï U ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ (1), U = � ­  �, U = 0 ­  AC ¨ U(x; y)
­¥¯à¥àë¢­  ¢ D. �à®¬¥ â®£®, ¨¬¥¥â ¬¥áâ® ®æ¥­ª  jU(x; y)j � max

�

j�j.
3. �ãáâì 	(x) 6= 0,D� | ®¡« áâì ¨§ ¯. 1 á £à ­¨æ¥© @D� = ��[A1C1[C1E[EC2[C2A2, ¯à¨ç¥¬

D0[�0 � D�. �® «¥¬¬¥ 7 áãé¥áâ¢ã¥â ®¡®¡é¥­­®¥ à¥è¥­¨¥ U�(x; y) § ¤ ç¨ G, ­¥¯à¥àë¢­®¥ ¢ D �

á £à ­¨ç­ë¬¨ ¤ ­­ë¬¨ U� = 0 ­  �� ¨ U� = 	 ­  A1C1 [A2C2.
�ãáâì ��(s) = U� ­  �. �®£¤  à¥è¥­¨¥ ¨áª®¬®© § ¤ ç¨ G ¤«ï ®¡« áâ¨ D ®¯à¥¤¥«ï¥âáï ¯®

ä®à¬ã«¥U(x; y) =U�(x; y)+ eU(x; y), £¤¥ eU(x; y) | à¥è¥­¨¥ § ¤ ç¨ G ¢ ®¡« áâ¨ D á £à ­¨ç­ë¬¨
ãá«®¢¨ï¬¨ eU(x; y) = �(s)� ��(s) ­  �, eU = 0 ­  A1C1 [A2C2.

�¥è¥­¨¥ eU(x; y) § ¤ ç¨ G áãé¥áâ¢ã¥â, çâ® ¡ë«® ¯®ª § ­® ¢ ¯¯. 1, 2.

� ¬¥ç ­¨¥ 2. � ­¥¥  «ìâ¥à­¨àãîé¨© ¬¥â®¤ â¨¯  �¢ àæ  ¡ë« ¯à¨¬¥­¥­ ¤«ï ¤®ª § â¥«ì-
áâ¢  â¥®à¥¬ áãé¥áâ¢®¢ ­¨ï § ¤ ç¨ �à¨ª®¬¨ ¤«ï ãà ¢­¥­¨© � ¢à¥­âì¥¢ {�¨æ ¤§¥ [16], �à¨ª®¬¨
[17] ¨ ®¡é¥£® ãà ¢­¥­¨ï á¬¥è ­­®£® â¨¯  [18].

�¨â¥à âãà 
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