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1. �¢¥¤¥­¨¥

� ¤ ç  ã¯ ª®¢ª¨ ¢ ¯®«®áã (���) ä®à¬ã«¨àã¥âáï á«¥¤ãîé¨¬ ®¡à §®¬. �ãáâì ¨¬¥¥âáï ¯®-
«ã¡¥áª®­¥ç­ ï ¯®«®á  è¨à¨­ë W ¨ á¯¨á®ª ¯àï¬®ã£®«ì­ëå ¯à¥¤¬¥â®¢ S = fai j i = 1; : : : ; ng.
�à¥¤¬¥â ai 2 S ¨¬¥¥â è¨à¨­ã wi �W ¨ ¢ëá®âã hi. �à¥¡ã¥âáï ã¯ ª®¢ âì ¢á¥ ¯à¥¤¬¥âë ¨§ á¯¨áª 
S ¢ ¯®«®áã ¬¨­¨¬ «ì­®© ¢ëá®âë. �¯ ª®¢ ­­ë¥ ¯à¥¤¬¥âë ­¥ ¤®«¦­ë ¯¥à¥ªàë¢ âì ¤àã£ ¤àã£ ,
¨å áâ®à®­ë ¤®«¦­ë ¡ëâì ¯ à ««¥«ì­ë áâ®à®­ ¬ ¯®«®áë, ¢à é¥­¨¥ ¯à¥¤¬¥â®¢ ­¥ ¤®¯ãáª ¥âáï.
� «¨â¥à âãà¥ íâ  § ¤ ç  ¢áâà¥ç ¥âáï â ª¦¥ ¯®¤ ­ §¢ ­¨¥¬ \¤¢ã¬¥à­ ï ®àâ®£®­ «ì­ ï § ¤ ç 
ã¯ ª®¢ª¨".

�¥âàã¤­® § ¬¥â¨âì, çâ® ç áâ­ë¬¨ á«ãç ï¬¨ à áá¬ âà¨¢ ¥¬®© § ¤ ç¨ ï¢«ïîâáï ¨§¢¥áâ­ë¥
NP -âàã¤­ë¥ § ¤ ç¨ ã¯ ª®¢ª¨ ¢ ª®­â¥©­¥àë (¯à¨ hi � const; i = 1; : : : ; n) ¨ § ¤ ç  ¬­®£®¯à®æ¥á-
á®à­®£® à á¯¨á ­¨ï (¯à¨ wi � const; i = 1; : : : ; n). � á¨«ã íâ®£® § ¤ ç  ã¯ ª®¢ª¨ ¢ ¯®«®áã â ª¦¥
NP -âàã¤­ .

�¬¥¥âáï ¬­®¦¥áâ¢® à ¡®â, ¯®á¢ïé¥­­ëå  ­ «¨§ã ­ ¨åã¤è¥£® ¯®¢¥¤¥­¨ï ¯à¨¡«¨¦¥­­ëå  «-
£®à¨â¬®¢ ¤«ï à¥è¥­¨ï ��� [1]. �®à §¤® ¬¥­ìè¥¥ ª®«¨ç¥áâ¢® áâ â¥© á®¤¥à¦¨â  ­ «¨§ áà¥¤­¥£®
¯®¢¥¤¥­¨ï â ª¨å  «£®à¨â¬®¢. � ­ áâ®ïé¥© áâ âì¥ ¤«ï ¨áá«¥¤®¢ ­¨ï ¯®¢¥¤¥­¨ï ¯à¨¡«¨¦¥­­®£®
 «£®à¨â¬  ­  á¯¨áª å á® á«ãç ©­ë¬¨ §­ ç¥­¨ï¬¨ wi ¨ hi ¯à¨¬¥­ï¥âáï  á¨¬¯â®â¨ç¥áª¨ â®ç­ë©
¯®¤å®¤, ¯à¥¤«®¦¥­­ë© ¢ [2]. �à¥¤¯®« £ ¥âáï §­ ª®¬áâ¢® ç¨â â¥«ï á à ¡®â®© [3].

� à §¤¥«¥ 2 ¯à¨¢®¤ïâáï ®á­®¢­ë¥ ®¯à¥¤¥«¥­¨ï, ®¡®§­ ç¥­¨ï ¨ ä®à¬ã«¨àãîâáï ­¥ª®â®àë¥
¯à¥¤¢ à¨â¥«ì­ë¥ ãâ¢¥à¦¤¥­¨ï. � §¤¥« 3 á®¤¥à¦¨â ä®à¬ã«¨à®¢ªã ¨ ¤®ª § â¥«ìáâ¢® ®á­®¢­ëå
ãâ¢¥à¦¤¥­¨©, ª á îé¨åáï ãá«®¢¨©  á¨¬¯â®â¨ç¥áª®© â®ç­®áâ¨ ¯à¥¤«®¦¥­­®£®  «£®à¨â¬  ¤«ï
���. � à §¤¥«¥ 4 à áá¬ âà¨¢ ¥âáï ®¡®¡é¥­¨¥ ���, á¢ï§ ­­®¥ á ¢¢¥¤¥­¨¥¬ ç áâ¨ç­®£® ¯®àï¤ª 
­  ¬­®¦¥áâ¢¥ ¯à¥¤¬¥â®¢. � §¤¥« 5 ¯®á¢ïé¥­ ¨áá«¥¤®¢ ­¨î á¢ï§¨ ��� á § ¤ ç¥© ª «¥­¤ à­®£®
¯« ­¨à®¢ ­¨ï á ­¥áª« ¤¨àã¥¬ë¬ ®£à ­¨ç¥­­ë¬ à¥áãàá®¬.

2. �á­®¢­ë¥ ®¯à¥¤¥«¥­¨ï ¨ ¯à¥¤¢ à¨â¥«ì­ë¥ á¢¥¤¥­¨ï

� ¯®¬­¨¬ àï¤ ®¯à¥¤¥«¥­¨©, á®¤¥à¦ é¨åáï ¢ [3].
�ãáâì ¨¬¥¥âáï ­¥ª®â®àë©  «£®à¨â¬ A ¤«ï à¥è¥­¨ï ®¯â¨¬¨§ æ¨®­­®© § ¤ ç¨ ­  ¬¨­¨¬ã¬.

�¡®§­ ç¨¬ ç¥à¥§ FA(S), F �(S) §­ ç¥­¨ï æ¥«¥¢ëå äã­ªæ¨© ­  à¥è¥­¨¨ ¨­¤¨¢¨¤ã «ì­®© § ¤ ç¨
S, ¯®«ãç ¥¬®¬ á ¯®¬®éìî  «£®à¨â¬  A, ¨ ®¯â¨¬ «ì­®¬ à¥è¥­¨¨ á®®â¢¥âáâ¢¥­­®. �ã¤¥¬ £®¢®-
à¨âì, çâ®  «£®à¨â¬ A ã¤®¢«¥â¢®àï¥â ®æ¥­ª ¬ ("n; �n) ­  ª« áá¥ § ¤ ç Kn à §¬¥à­®áâ¨ n, ¥á«¨
¤«ï ¢á¥å S 2 Kn ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

PrfFA(S) > (1 + "n)F
�(S)g � �n:

�«£®à¨â¬ A ­ §ë¢ ¥âáï  á¨¬¯â®â¨ç¥áª¨ â®ç­ë¬ ­  ª« áá¥ § ¤ ç K, ¥á«¨ áãé¥áâ¢ãîâ â ª¨¥
¯®á«¥¤®¢ â¥«ì­®áâ¨ ("n), (�n), çâ® ¤«ï «î¡®£® n  «£®à¨â¬ A ã¤®¢«¥â¢®àï¥â ®æ¥­ª ¬ ("n; �n) ­ 
¯®¤¬­®¦¥áâ¢¥ Kn � K § ¤ ç à §¬¥à­®áâ¨ n ¨ ¯à¨ íâ®¬ "n ! 0, �n ! 0, ª®£¤  n!1.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(ª®¤ ¯à®¥ªâ®¢ 96-01-01591 ¨ 97-01-00890).
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� à ¬¥âàë "n ¨ �n ¬®¦­® à áá¬ âà¨¢ âì ª ª ®æ¥­ª¨ ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ ¨ ¢¥à®-

ïâ­®áâ¨ ­¥áà ¡ âë¢ ­¨ï  «£®à¨â¬  á®®â¢¥âáâ¢¥­­®.
�¥®âà¨æ â¥«ì­ãî äã­ªæ¨î f æ¥«®ç¨á«¥­­®£®  à£ã¬¥­â  r 2 Ib = f1; 2; : : : ; Bg ¡ã¤¥¬ ­ §ë-

¢ âì b- á¨¬¬¥âà¨ç­®© (b{á¨¬¬¥âà¨ç­®©), ¥á«¨ f(r) � f(b� r) (á®®â¢¥âáâ¢¥­­® f(r) = f(b� r))
¯à¨ r = 1; : : : ; bb=2c ¨ f(r) = 0 ¯à¨ r > b.

�¥âàã¤­® § ¬¥â¨âì, çâ® ª« áá B- á¨¬¬¥âà¨ç­ëå äã­ªæ¨© ¢ª«îç ¥â ¢ á¥¡ï B-á¨¬¬¥âà¨ç­ë¥
äã­ªæ¨¨, ­¥ã¡ë¢ îé¨¥ äã­ªæ¨¨, äã­ªæ¨¨ á ¯®áâ®ï­­ë¬ §­ ç¥­¨¥¬ ­  á¥£¬¥­â¥ [1; B].

�ã­ªæ¨î f ¡ã¤¥¬ ­ §¢ âì B-à¥£ã«ïà­®© ¯à¨ B = 2Q, Q æ¥«®¥, ¥á«¨ ®­  ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥
áã¬¬ë 2k-á¨¬¬¥âà¨ç­ëå äã­ªæ¨© f (k), k 2 IQ,

f(r) =
QX
k=1

f (k)(r); r 2 IB:

� [3] ¯®ª § ­®, çâ® à §«®¦¥­¨¥ B-à¥£ã«ïà­®© äã­ªæ¨¨ f ­  2k-á¨¬¬¥âà¨ç­ë¥ á®áâ ¢«ïîé¨¥
¬®¦¥â ¡ëâì § ¯¨á ­® ¢ ¢¨¤¥

f(r) =
QX

k=kr

f (k)(r); r 2 IB;

£¤¥
kB = Q; kr = minfk j r < 2kg = dlog2 (r + 1)e; 1 � r < B:

� ª®¥ à §«®¦¥­¨¥ ¡ã¤¥¬ ­ §ë¢ âì ª ­®­¨ç¥áª¨¬.
�ã¤¥¬ ­ §ë¢ âì b-á¢ï§ª®© ¯à¥¤¬¥â ¢¥á  b «¨¡® ¯ àã ¯à¥¤¬¥â®¢ á ¢¥á ¬¨ r ¨ b � r ¯à¨ r =

1; : : : ; bb=2c.
� [3] ¯à¥¤«®¦¥­ ¯à¨¡«¨¦¥­­ë©  «£®à¨â¬ A1 ã¯ ª®¢ª¨ ¯à¥¤¬¥â®¢ ¢ ª®­â¥©­¥àë. � á«ãç ¥

B = 2Q, Q æ¥«®¥,  «£®à¨â¬ A1 ¯®á«¥¤®¢ â¥«ì­® ¤«ï k = Q;Q � 1; : : : ; 1 ®¡à §ã¥â á¯¨á®ª 2k-
á¢ï§®ª ¨ ã¯ ª®¢ë¢ ¥â íâ®â á¯¨á®ª ¢ ª®­â¥©­¥àë ¯® ¯à¨­æ¨¯ã  «£®à¨â¬  NFD (\á«¥¤ãîé¨©
¯à¨£®¤­ë© á ¯à¥¤¢ à¨â¥«ì­ë¬ ã¯®àï¤®ç¥­¨¥¬ ¯® ­¥¢®§à áâ ­¨î"). �à¥¤¬¥âë ¯®¤á¯¨áª  S0 � S,
­¥ ¢®è¥¤è¨¥ ¢ ¯®«­®áâìî § ¯®«­¥­­ë¥ ª®­â¥©­¥àë,  «£®à¨â¬ A1 ã¯ ª®¢ë¢ ¥â á ¯®¬®éìî NF{
 «£®à¨â¬  (\á«¥¤ãîé¨© ¯à¨£®¤­ë©"). �¯¨á ­¨¥  «£®à¨â¬®¢ NFD ¨ NF ¬®¦­® ­ ©â¨ ¢ [1].

� á«ãç ¥ B- á¨¬¬¥âà¨ç­ëå á¯¨áª®¢,   â ª¦¥ ¯à¨ B 6= 2Q, Q æ¥«®¥, ¨á¯®«ì§ã¥âáï ã¯à®é¥­­ ï
¢¥àá¨ï  «£®à¨â¬  A1: á­ ç «  § ¯®«­ï¥¬ ª®­â¥©­¥àë B-á¢ï§ª ¬¨,   ®áâ ¢è¨¥áï ¯à¥¤¬¥âë ai 2
S0 à §¬¥é ¥¬ á ¯®¬®éìî NF - «£®à¨â¬ .

�«ï à¥è¥­¨ï § ¤ ç ã¯ ª®¢ª¨ ¢ ª®­â¥©­¥àë á® á«ãç ©­ë¬¨ ¢¥á ¬¨ ¯à¥¤¬¥â®¢ ¢ [3] ¯à¨¬¥­ï¥â-
áï ¬®¤¨ä¨æ¨à®¢ ­­ë© ¯à¨¡«¨¦¥­­ë©  «£®à¨â¬ eA1, ª®â®àë© ¨á¯®«ì§ã¥â à¥è¥­¨¥, ¯®«ãç¥­­®¥
á ¯®¬®éìî  «£®à¨â¬  A1 ¤«ï ­¥ª®â®à®£® ®æ¥­®ç­®£® á¯¨áª  eS ¯à¨ ãá«®¢¨¨, çâ® ®­ ¬ ¦®à¨àã¥â
¨áå®¤­ë© á¯¨á®ª S.

� «¥¥ áç¨â ¥¬, çâ® ª« áá K2
n á®áâ®¨â ¨§ § ¤ ç ã¯ ª®¢ª¨ ¤¢ã¬¥à­ëå ¯à¥¤¬¥â®¢ (¯àï¬®ã£®«ì-

­¨ª®¢) ¢ ¯®«®áã á® á«¥¤ãîé¥© ¬®¤¥«ìî ä®à¬¨à®¢ ­¨ï á«ãç ©­®£® á¯¨áª  S: ¯à®¨§¢®¤¨âáï á¥à¨ï
n ­¥§ ¢¨á¨¬ëå ¨á¯ëâ ­¨©, ¢ ª ¦¤®¬ ¨§ ª®â®àëå ®ç¥à¥¤­®© ¯à¥¤¬¥â ai, i = 1; : : : ; n, ¯à¨­¨¬ ¥â
á¢®¨ à §¬¥àë | è¨à¨­ã wi ¨ ¢ëá®âã hi | ¢ á®®â¢¥âáâ¢¨¨ á ®¤¨­ ª®¢®© ¤¨áªà¥â­®© äã­ªæ¨¥©
à á¯à¥¤¥«¥­¨ï

pwh = Prfwi = w; hi = hg � 0; w = 1; : : : ;W; h = 1; : : : ;H;
WX
w=1

HX
h=1

pwh = 1:

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï:
Sh = fai j hi = h; i = 1; : : : ; ng | ¯®¤á¯¨á®ª, á®áâ®ïé¨© ¨§ ¯à¥¤¬¥â®¢ ¢ëá®âë h, h = 1; : : : ;H;
(�wh) | ¬ âà¨æ  á ª®¬¯®­¥­â ¬¨ �wh = 2(n lnnpwh(1 � pwh))1=2, £¤¥ w = 1; : : : ;W , h =

1; : : : ;H;eA2 |  «£®à¨â¬, á®áâ®ïé¨© ¢ ¯®á«¥¤®¢ â¥«ì­®¬ ¯à¨¬¥­¥­¨¨ ª ¯®¤á¯¨áª ¬ S1; : : : ; SH ®¯¨-
á ­­®£® à ­¥¥  «£®à¨â¬  eA1 à¥è¥­¨ï ®¤­®¬¥à­®© § ¤ ç¨ ã¯ ª®¢ª¨ ¢ ª®­â¥©­¥àë (¯à¨ íâ®¬ ¯®¤
¢¥á®¬ ¯à¥¤¬¥â  ¯®­¨¬ ¥âáï ¥£® è¨à¨­ );
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�p = 1
WH

WP
w=1

HP
h=1

whpwh | ®â­®è¥­¨¥ ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ¯«®é ¤¨ ¯àï¬®ã£®«ì­¨ª ,

§ ¤ ¢ ¥¬®£® à §¬¥à ¬¨ ¯à¥¤¬¥â , ª ¬ ªá¨¬ «ì­® ¢®§¬®¦­®© ¯«®é ¤¨ ¯à¥¤¬¥â ;
F heA1

| ª®«¨ç¥áâ¢® ª®­â¥©­¥à®¢, ¯®«ãç¥­­®¥ ¢ à¥§ã«ìâ â¥ ¯à¨¬¥­¥­¨ï  «£®à¨â¬  eA1 ª á¯¨áªã
Sh, h = 1; : : : ;H;

F eA2

=
HP
h=1

hF heA1

| ¢ëá®â  ¯®«®áë, ¯®«ãç¥­­ ï ¢ à¥§ã«ìâ â¥ ã¯ ª®¢ª¨ ¯à¥¤¬¥â®¢ á¯¨áª  S á

¯®¬®éìî  «£®à¨â¬  eA2.
�®¢®à¨¬, çâ®  «£®à¨â¬ eA2 áà ¡ âë¢ ¥â ¯à¨¬¥­¨â¥«ì­® ª ª®­ªà¥â­®© à¥ «¨§ æ¨¨ á«ãç ©­®£®

á¯¨áª  S, ¥á«¨ ¤«ï ¢á¥å w = 1; : : : ;W , h = 1; : : : ;H ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

j�S(w; h) � npwhj � �wh; (1)

£¤¥ �S(w; h) | ç¨á«® ¯à¥¤¬¥â®¢ è¨à¨­ë w ¨ ¢ëá®âë h ¢ á¯¨áª¥ S.
� âà¨æã ­ §®¢¥¬W -à¥£ã«ïà­®© (W - á¨¬¬¥âà¨ç­®©,W -á¨¬¬¥âà¨ç­®©, ­¥ã¡ë¢ îé¥©), ¥á«¨

W -à¥£ã«ïà­  (W - á¨¬¬¥âà¨ç­ , W -á¨¬¬¥âà¨ç­ , ­¥ã¡ë¢ îé ï) ª ¦¤ ï áâà®ª  ¬ âà¨æë. � -
¯®¬­¨¬, çâ® ¢ á«ãç ¥ W -à¥£ã«ïà­®© ¬ âà¨æë ¯à¥¤¯®« £ ¥¬, çâ® W = 2Q, Q æ¥«®¥.

3. �á«®¢¨ï  á¨¬¯â®â¨ç¥áª®© â®ç­®áâ¨

�¥¬¬  1. �á«¨ WH = o(n= lnn), â® ¢¥à®ïâ­®áâì ­¥áà ¡ âë¢ ­¨ï  «£®à¨â¬  eA2 ®£à ­¨-

ç¥­  ¢¥«¨ç¨­®© o
�

1
n lnn

�
.

�®ª § â¥«ìáâ¢®. �¡®§­ ç¨¢ ç¥à¥§ �Awh á®¡ëâ¨¥, ¯à®â¨¢®¯®«®¦­®¥ (1), ¨¬¥¥¬

� eA2

= Pr
n W[
w=1

H[
h=1

�Awh

o
�

WX
w=1

HX
h=1

Pr( �Awh):

�à¨ ®æ¥­¨¢ ­¨¨ ¢¥à®ïâ­®áâ¨ ­¥áà ¡ âë¢ ­¨ï  «£®à¨â¬  ¯®­ ¤®¡ïâáï ­¥à ¢¥­áâ¢  ¤«ï ¢¥-

à®ïâ­®áâ¥© ¡®«ìè¨å ®âª«®­¥­¨© áã¬¬ë Sn =
nP
i=1

�i ­¥§ ¢¨á¨¬ëå á«ãç ©­ëå ¢¥«¨ç¨­ �1; : : : ; �n,

à á¯à¥¤¥«¥­­ëå ¯® § ª®­ã �¥à­ã««¨

Prf�i = 1g = p; Prf�i = 0g = 1� p; i = 1; : : : ; n:

�à¨ � = o(n2=3) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® [3]

PrfjSn � npj � �g � c exp
�
� �2

2np(1� p)

�
;

£¤¥ c = 2(1 + o(1)). �®á¯®«ì§®¢ ¢è¨áì íâ¨¬ ­¥à ¢¥­áâ¢®¬ (¯®áª®«ìªã �wh = o(n2=3)), á ãç¥â®¬
ãá«®¢¨ï «¥¬¬ë ¯®«ãç¨¬

� eA2

� c
WX
w=1

HX
h=1

exp
�
� �2

wh

2npwh(1� pwh)

�
= c

WX
w=1

HX
h=1

exp
�
�4n lnnpwh(1� pwh)

2npwh(1� pwh)

�
=

= c
WX
w=1

HX
h=1

1
n2

=
CWH

n2
=
o(n= lnn)

n2
= o

�
1

n lnn

�
: �

�¥®à¥¬  1. �á«¨ ¬ âà¨æ  (pwh) W{ á¨¬¬¥âà¨ç­ , â® ¯à¨ WH = o(n= lnn)  «£®à¨â¬eA2 ¯à¨¢®¤¨â ª  á¨¬¯â®â¨ç¥áª¨ â®ç­®¬ã à¥è¥­¨î ��� ¨§ ª« áá  K2
n; ¯à¨ íâ®¬ á¯à ¢¥¤«¨¢ë

á«¥¤ãîé¨¥ ®æ¥­ª¨ ¢¥à®ïâ­®áâ¨ ­¥áà ¡ âë¢ ­¨ï ¨ ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨:

� eA2

= o

�
1

n lnn

�
; " eA2

= O

 s
W

n= lnn

!
:
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�®ª § â¥«ìáâ¢®. �æ¥­ª  � eA2

= o
�

1
n lnn

�
! 0 ¯à¨ n ! 1 á«¥¤ã¥â ¨§ «¥¬¬ë 1. �âáî¤  á

¢¥à®ïâ­®áâìî, áâà¥¬ïé¥©áï ª 1 ¯à¨ n!1, eA2 ¨¬¥¥â ¤¥«® á® á¯¨áª®¬ S, ¢ ª®â®à®¬ ¤«ï ¢áïª¨å
w = 1; : : : ;W ¨ h = 1; : : : ;H ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 

dnpwh +�whe � �
S
(w; h) � bnpwh +�whc (2)

¨ ¢ ª ç¥áâ¢¥ ®æ¥­®ç­®£® ¬®¦¥â ¡ëâì ¢§ïâ á¯¨á®ª eS á å à ªâ¥à¨áâ¨ç¥áª®© äã­ªæ¨¥© �S(w; h) =
bnpwh +�whc. �§ïâë© ¢ â ª®¬ ¢¨¤¥ ®æ¥­®ç­ë© á¯¨á®ª ï¢«ï¥âáï W - á¨¬¬¥âà¨ç­ë¬ [3].

�«ï ¢ëç¨á«¥­¨ï ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ " eA2

= F eA2

=F �
S � 1 ¯®­ ¤®¡ïâáï ®æ¥­ª¨ ¢¥«¨ç¨­

F �
S ¨ F eA2

á®®â¢¥âáâ¢¥­­® á­¨§ã ¨ á¢¥àåã.
�¯â¨¬ «ì­®¥ §­ ç¥­¨¥ æ¥«¥¢®© äã­ªæ¨¨ F �

S ¤«ï ��� á® á¯¨áª®¬ S ­¥ ¬¥­ìè¥, ç¥¬
HP
h=1

h
P

w>B=2

�S(w; h) ¯«îá (¢ á«ãç ¥ ç¥â­ëå W )
HP
h=1

h�S(B=2; h)=2. �âáî¤ 

F �
S �

HX
h=1

h

� X
w>W=2

�S(w; h) + �S

��
W

2

�
; h

��
W + 1
2

��

¨ á ãç¥â®¬ (2)

F �
S �

HX
h=1

h

� X
w>W=2

(npwh ��wh) + (npbW=2c;h ��bW=2c;h

��
W + 1
2

��
:

�«ï ®æ¥­¨¢ ­¨ï á¢¥àåã ¢¥«¨ç¨­ë F eA2

¢®á¯®«ì§ã¥¬áï á¢®©áâ¢ ¬¨ ®æ¥­®ç­®áâ¨ á¯¨áª  eS ¨ ¥£®
W{ á¨¬¬¥âà¨ç­®áâ¨

F eA2

=
HX
h=1

hF heA2

�
HX
h=1

h

� X
w>W=2

�eS(w; h) + l�eS�jW2
k
; h
�nW + 1

2

om�
�

�
HX
h=1

h

� X
w>W=2

(npwh +�wh) + (npbW=2c;h +�bW=2c;h)
�
W + 1
2

��
+ 1:

�«ï ¢¥«¨ç¨­ë " eA2

¨¬¥¥¬

" eA2

=
F eA2

F �
S

� 1 �
2

HP
h=1

h
� P
w>W=2

�wh +�bW=2c;h
n
W+1
2

o
+ 1

2

�
HP
h=1

h
�P

w>W=2(npwh ��wh) + (npbW=2ch ��bW=2ch)
n
W+1
2

o� �

�

HP
h=1

h
�
2

P
w�W=2

�wh + 1
�

HP
h=1

h
�
n
� P
w>W=2

pwh + pbW=2ch
n
W+1
2

o�
� P

w�W=2

�wh

� :
� á¨«ãW{ á¨¬¬¥âà¨ç­®áâ¨ äã­ªæ¨¨ pwh ¤«ï ¢áïª®£® h = 1; : : : ;H á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ X

w>W=2

pwh + pbW
2
ch

�
W + 1
2

�
� 1
2
:

�à®¬¥ â®£®, X
w�W=2

�wh �
WX
w=1

�wh = 2
p
n lnn

WX
w=1

q
pwh(1� pwh) � 2

p
Wn lnn:
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� ãç¥â®¬ ¯®á«¥¤­¨å á®®â­®è¥­¨© ¨¬¥¥¬

" eA2

�

HP
h=1

(4
p
Wn lnn+ 1)h

HP
h=1

�
n
2
� 2

p
Wn lnn

�
h

=
8
q

W
n= lnn

�
1 + 1

4
p
Wn lnn

�
1� 4

q
W

n= lnn

�
8
q

W
n= lnn

�
1 + 1p

Wn lnn

�
1� 4

q
W

n= lnn

:

� ª¨¬ ®¡à §®¬, " eA2

= O
�q

W
n= lnn

�
. �® ãá«®¢¨î â¥®à¥¬ë ¨¬¥¥¬

W

n= lnn
� WH

n= lnn
! 0 ¯à¨ n!1;

â. ¥. W = o(n= lnn) ¨ " eA2

! 0 ¯à¨ n!1.

�¥®à¥¬  2. �á«¨ ¬ âà¨æ  (pwh) W{à¥£ã«ïà­ , â® ¯à¨

WH=�p = o(n= lnn) (3)

 «£®à¨â¬ eA2 ¯à¨¢®¤¨â ª  á¨¬¯â®â¨ç¥áª¨ â®ç­®¬ã à¥è¥­¨î § ¤ ç¨ ã¯ ª®¢ª¨ ¯à¥¤¬¥â®¢ ¢

¯®«®áã ¨§ ª« áá  K2
n; ¯à¨ íâ®¬ á¯à ¢¥¤«¨¢ë ®æ¥­ª¨ ª ç¥áâ¢   «£®à¨â¬ 

� eA2

= o

�
1

n lnn

�
; " eA2

= O

�s
WH=�p
n= lnn

�
:

�®ª § â¥«ìáâ¢®. � ãç¥â®¬ á®®â­®è¥­¨ï (3) ¨ «¥¬¬ë 1 ¤«ï ¢¥à®ïâ­®áâ¨ ­¥áà ¡ âë¢ ­¨ïeA2 ¨¬¥¥¬

� eA2

= o

�
1

n lnn

�
! 0 ¯à¨ n!1:

�â ª, á ¢¥à®ïâ­®áâìî, áâà¥¬ïé¥©áï ª 1 ¯à¨ n ! 1,  «£®à¨â¬ eA2 ¨¬¥¥â ¤¥«® á® á¯¨áª®¬ S, ¢
ª®â®à®¬ ¤«ï ¢áïª¨å w = 1; : : : ;W ¨ h = 1; : : : ;H

dnpwh ��whe � �S(w; h) � bnpwh +�whc:
�¯à¥¤¥«¨¬ á¯¨á®ª eS ¯® ¥£® å à ªâ¥à¨áâ¨ç¥áª®© äã­ªæ¨¨

�eS(w; h) = b'�p(Q)wh

�c+ Q�1X
k=kw

d'�p(k)wh

�e; w = 1; : : : ;W; h = 1; : : : ;H;

£¤¥
'(x) = nx+ 2(nx lnx)1=2;

kw =

(
minfk j w < 2kg = dlog2(w + 1)e ¯à¨ 1 � w < W;

Q ¯à¨ w =W;

  fp(k)wh; w = 1; : : : ;Wg, k = 1; : : : ; Q, | á®¢®ªã¯­®áâì 2k-á¨¬¬¥âà¨ç­ëå á®áâ ¢«ïîé¨å ¢ ª ­®­¨-
ç¥áª®¬ à §«®¦¥­¨¨ W -à¥£ã«ïà­®© áâà®ª¨ ¬ âà¨æë (pwh).

�¡¥¦¤ ¥¬áï, çâ® á¯¨á®ª eS ï¢«ï¥âáï ®æ¥­®ç­ë¬:

�S(w; h) � bnpwh +�whc � bnpwh + 2(n lnnpwh)
1=2c =

�
n

QX
k=kw

pkwh + 2
�
n lnn

QX
k=kw

pkwh

�1=2�
�

�
�
n

QX
k=kw

pkwh + 2(n lnn)1=2
QX

k=kw

(pkwh)
1=2

�
=
� QX
k=kw

'
�
p
(Q)
wh

�� � �eS(w; h):
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�¥¬¬  2. � ãá«®¢¨ïå ¤®ª §ë¢ ¥¬®© â¥®à¥¬ë á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

F �
S � nH�p(1� 2b"n);

F eA2

� nH�p(1 + 2b"n + b" 2n= lnn);
£¤¥ b"n = �

WH=�p
n= lnn

�1=2
.

�®ª § â¥«ìáâ¢®. �æ¥­ª  á­¨§ã

F �
S �

1
W

WX
w=1

HX
h=1

wh�S(w; h) >
1
W

WX
w=1

HX
h=1

wh(npwh ��wh) �

� nH�p � 2
p
n lnn
W

WX
w=1

HX
h=1

wh
p
pwh �

� nH�p � 2
p
n lnn
W

� WX
w=1

HX
h=1

wh �
WX
w=1

HX
h=1

whpwh

�1=2

�

� nH�p � 2H
p
n lnn

q
WH�p = nH�p(1� 2b"n):

�æ¥­ª  á¢¥àåã

F eA2

=
HX
h=1

F heA1

�
HX
h=1

h

�
1
W

WX
w=1

w�eS(w; h)� �
�

HX
h=1

h

�
1 +

1
W

WX
w=1

w

� QX
k=kw

'
�
p(k)wh

�
+Q� kw

��
=

=
HX
h=1

h

�
1 +

S1
W

+
1
W

WX
w=1

w
QX

k=kw

�
np

(k)
wh + 2

�
n lnnp(k)wh(1� p

(k)
wh)
�1=2�� �

�
HX
h=1

h

�
W +

n

W

WX
w=1

wpwh +
2
p
n lnn
W

WX
w=1

w
q
(Q� kw + 1)pwh

�
�

�WH2 + nH�p+
2
p
n lnn
W

S;

£¤¥ S1 =
WP
w=1

w(Q� kw) �W 2=4;

S =
WX
w=1

HX
h=1

wh
q
(Q� kw + 1)pwh �

�
� WX
w=1

HX
h=1

whpwh �
WX
w=1

HX
h=1

wh(Q� kw + 1)
�1=2

�WH
q
WH�p;

®âªã¤ 

F eA2

� nH�p + 2
p
n lnnH

q
WH�p +WH2 = nH�p(1 + 2b"n + b" 2n= lnn): �

�à®¤®«¦¨¬ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë. �æ¥­¨¬ ®â­®á¨â¥«ì­®¥ ®âª«®­¥­¨¥ §­ ç¥­¨ï æ¥«¥¢®©
äã­ªæ¨¨ F eA2

, ¯®«ãç¥­­®£® ¢ à¥§ã«ìâ â¥ à ¡®âë  «£®à¨â¬  eA2, ®â ®¯â¨¬ «ì­®£® §­ ç¥­¨ï F �
S ,

" eA2

=
F eA2

F �
S

� 1 � nH�p(1 + 2b"n + b" 2n= lnn)
nH�p(1� 2b"n) � 1 =

4b"n + b" 2n= lnn)
1� 2b"n = O(b"n):

�®áª®«ìªã b"n = q
WH=�p
n= lnn

, â® " eA2

= O
�q

WH=�p
n= lnn

�
! 0 ¯à¨ n!1: �.
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4. �ç¥â ç áâ¨ç­®£® ¯®àï¤ª 

� áá¬®âà¨¬ â¥¯¥àì ª« áá § ¤ ç ã¯ ª®¢ª¨ ¢ ¯®«®áã ¤¢ã¬¥à­ëå ¯à¥¤¬¥â®¢, ­  ¬­®¦¥áâ¢¥ ª®â®-
àëå § ¤ ­ ç áâ¨ç­ë© ¯®àï¤®ª � ¢ ¢¨¤¥ ®à¨¥­â¨à®¢ ­­®£® £à ä  ¡¥§ ª®­âãà®¢. �ãáâì  «£®à¨â¬
A�

2 á®áâ®¨â ¢ ¯®á«¥¤®¢ â¥«ì­®¬ ¯à¨¬¥­¥­¨¨  «£®à¨â¬  eA2 ª ¯®¤¬­®¦¥áâ¢ ¬ ¯à ¢¨«ì­®£® à §-
¡¨¥­¨ï á¯¨áª  S = fai j i = 1; : : : ; ng, â. ¥. â ª®£® à §¡¨¥­¨ï (S�), � = 1; : : : ;�, çâ® ¨§ ai � aj ,
ai 2 S�

0

, aj 2 S�
00

á«¥¤ã¥â 1 � �0 < �00 � �. �« áá K�
n á«ãç ©­ëå á¯¨áª®¢ ®¡à §ã¥¬ á ¯®¬®-

éìî áå¥¬ë n ¯®á«¥¤®¢ â¥«ì­ëå ­¥§ ¢¨á¨¬ëå ¨á¯ëâ ­¨©: ­  i-¬ è £¥ ¯à¥¤¬¥â ai ¯à¨­¨¬ ¥â ¢¥á
wi = w, ¤«¨­ã hi = h ¨ ¯®¬¥é ¥âáï ¢ ¯®¤¬­®¦¥áâ¢® S�i á®£« á­® ¤¨áªà¥â­®¬ã à á¯à¥¤¥«¥­¨î

pwh� = Prfwi = w; hi = h; �i = �g � 0;

w = 1; : : : ;W ; h = 1; : : : ;H; � = 1; : : : ;�;
WX
w=1

HX
h=1

�X
�=1

pwh� = 1:

�ã¤¥¬ £®¢®à¨âì, çâ® á¯¨á®ª S ®¡« ¤ ¥â ­¥ª®â®àë¬ á¢®©áâ¢®¬, ¥á«¨ ¨¬ ®¡« ¤ ¥â ¢¥ªâ®à
(p1h�; p2h�; : : : ; pWh�) ¤«ï ¢á¥å h = 1; : : : ;H; � = 1; : : : ;�.

�à®¢¥¤¥¬ ¢¥à®ïâ­®áâ­ë©  ­ «¨§  «£®à¨â¬  A�
2 ¤«ï W -à¥£ã«ïà­ëå á¯¨áª®¢. �¡®§­ ç¨¬

�wh� = 2(npwh�(1� pwh�) lnn)
1=2:

�ç¨â ¥¬, çâ®  «£®à¨â¬A�
2 áà ¡ âë¢ ¥â ­  ª®­ªà¥â­®© à¥ «¨§ æ¨¨ á«ãç ©­®£® á¯¨áª  S, ¥á«¨

¤«ï ¢áïª®© âà®©ª¨ ¨­¤¥ªá®¢ w, h, � ®áãé¥áâ¢¨«®áì á®¡ëâ¨¥ Awh�, â.¥. ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

j�S(w; h; �) � npwh�j < �wh�: (4)

�  «£®à¨â¬¥ A�
2 ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ®æ¥­®ç­ë© á¯¨á®ª á å à ªâ¥à¨áâ¨ç¥áª®© äã­ªæ¨¥© ¢¨¤ 

�eS(w; h; �) = b'(p(Q)wh�)c+
Q�1X
k=kw

d'(p(k)wh�)e;

w = 1; : : : ;W ; h = 1; : : : ;H; � = 1; : : : ;�; £¤¥ ¢ë¤¥«¥­­ë¥ ¤«ï «î¡®© ¯ àë (h; �) ¢¥ªâ®àë
(pk1h�; p

k
2h�; : : : ; p

k
Wh�), k = 1; : : : ; Q, | áãâì 2k-á¨¬¬¥âà¨ç­ë¥ á®áâ ¢«ïîé¨¥ ¢ ª ­®­¨ç¥áª®¬ à §-

«®¦¥­¨¨ W -à¥£ã«ïà­®£® ¢¥ªâ®à  (p1h�; p2h�; : : : ; pWh�).

�¥®à¥¬  3. �«£®à¨â¬ A�
2 ­  ª« áá¥ K�

n c W -à¥£ã«ïà­ë¬¨ á«ãç ©­ë¬¨ á¯¨áª ¬¨ ¯à¥¤¬¥-

â®¢ ¯à¨

WH�=�p = o(n= lnn) (5)

 á¨¬¯â®â¨ç¥áª¨ â®ç¥­ á ®æ¥­ª ¬¨

�A�

2

= o

�
1

n lnn

�
; "A�

2

= O

�s
WH�=�p
n= lnn

�
;

£¤¥

�p =
1

WH

WX
w=1

HX
h=1

whpwh; pwh =
�X
�=1

pwh�:

�®ª § â¥«ìáâ¢® ¯à®¢®¤¨¬ ¯® â®© ¦¥ áå¥¬¥, çâ® ¨ ¢ â¥®à¥¬¥ 2.

�A�

2

= Pr
n [
w;h;�

�Awh�

o
�

WX
w=1

HX
h=1

�X
�=1

Pr( �Awh�) �

� C1

WX
w=1

HX
h=1

�X
�=1

exp
�
�4n lnnpwh�(1� pwh�)

2npwh�(1� pwh�)

�
� C1WH�

n2
�

� C1WH�
n2�p

= o

�
1

n lnn

�
! 0 ¯à¨ n!1;
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£¤¥ �Awh� | á®¡ëâ¨¥, ¯à®â¨¢®¯®«®¦­®¥ (4).

F �
S �

1
W

WX
w=1

HX
h=1

�X
�=1

wh�S(w; h; �) >
1
W

WX
w=1

HX
h=1

�X
�=1

wh(npwh� ��wh�) �

� nH�p � 2
p
n lnn
W

WX
w=1

HX
h=1

�X
�=1

wh
p
pwh� �

� nH�p � 2
p
n lnn
W

� WX
w=1

HX
h=1

�X
�=1

wh �
WX
w=1

HX
h=1

�X
�=1

whpwh�

�1=2

�

� nH�p � 2
p
n lnn
W

�
WH�p

�W 2H2

2

�1=2

= nH�p(1�
p
2"�n );

£¤¥

"�n =
�
WH�=�p
n= lnn

�1=2

! 0 ¯à¨ n!1;

FA�

2

�
�X
�=1

HX
h=1

h

�
1
W

WX
w=1

w�eS(w; h; �)� �
�

�X
�=1

HX
h=1

h

�
1
W

WX
w=1

w

� Q�1X
k=kw

d'(p(k)wh�)e+ b'(p(Q)wh�)c
�
+ 1

�
�

�
�X
�=1

HX
h=1

h

�
1
W

WX
w=1

w

� QX
k=kw

'(p(k)wh�) +Q� kw

�
+ 1

�
�

�
�X
�=1

HX
h=1

h

�
1
W

WX
w=1

w

�
np

(k)
wh� +

QX
k=kw

2(n lnnp(k)wh�)
1=2

��
+

�X
�=1

HX
h=1

h

�
1 +

S1
W

�
�

� n

W

WX
w=1

HX
h=1

whpwh +
2
W

p
n lnn

�X
�=1

WX
w=1

HX
h=1

wh
�
(Q� kw + 1)pwh�

�1=2
+

+
�H(H + 1)

2

�
1 +

W

4

�
� nH�p +�WH2 +

2
p
n lnn
W

WX
w=1

HX
h=1

whpwh((Q� kw + 1)�pwh)1=2 =

= nH�p +�WH2 +
2
p
�n lnn
W

� S � nH�p +�WH2 + 2H
q
�WH�pn lnn =

= nH�p(1 + 2"�n + ("�n )
2= lnn);

"A�

2

=
FA�

2

F �
S

� 1 =
nH�p(1 + 2"�n + ("�n )

2= lnn)

1�p
2"�n

�

� 3:5"�n (1 + ("�n )
2=(3:5 lnn))

1� 1:5"�n
= O("�n )! 0 ¯à¨ n!1: �

� ¬¥ç ­¨¥. �ª®àà¥ªâ¨àã¥¬ ãá«®¢¨¥  á¨¬¯â®â¨ç¥áª®© â®ç­®áâ¨  «£®à¨â¬  A�

2 ­  á«ãç ©
¢¥á®¢, ¯à¨­¨¬ îé¨å §­ ç¥­¨ï ¢ æ¥«®ç¨á«¥­­®¬ á¥£¬¥­â¥ [1; R], R �W . �á«®¢¨¥ (5) § ¬¥­ï¥âáï
­  ¬¥­¥¥ ¦¥áâª¨¥ á®®â­®è¥­¨ï

�HR

�p
= o

�
n

lnn

�
;

�HW

R�p
= o(n);

¨«¨

�HR=�p = o(n=�n); (6)
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£¤¥ �n = max
�
1
R
; R lnn

W

	
. �à¨ íâ®¬ "A�

2

= O
�qRH�=�p

n= lnn

�
.

�®­ïâ­®, çâ® ¯à¨ R = W ãá«®¢¨ï (5) ¨ (6) á®¢¯ ¤ îâ,   ¯à¨ R < W ª« áá  á¨¬¯â®â¨ç¥áª¨
â®ç­® à¥è ¥¬ëå § ¤ ç áâ ­®¢¨âáï è¨à¥. �¥©áâ¢¨â¥«ì­®, ¯à¨ R � p

W= lnn ¨¬¥¥¬ 
n = 1=R �p
lnn=W ,   ¯à¨ R � pW= lnn ¨¬¥¥¬ 
n = (R lnn)=W � plnn=W ¨, â ª¨¬ ®¡à §®¬, ¥á«¨ R < W ,

â®
p
W= lnn � 
n < lnn.

�à¨¢¥¤¥¬ ¡¥§ ¤®ª § â¥«ìáâ¢   ­ «®£ â¥®à¥¬ë 1 ¤«ï ª« áá  K�
n .

�¥®à¥¬  4. �«£®à¨â¬ A�
2 ­  ª« áá¥ K�

n cW - á¨¬¬¥âà¨ç­ë¬¨ á«ãç ©­ë¬¨ á¯¨áª ¬¨ ¯à¥¤-

¬¥â®¢ ¯à¨

WH� = o(n= lnn)

 á¨¬¯â®â¨ç¥áª¨ â®ç¥­ á ®æ¥­ª ¬¨

�A�

2

= o

�
1

n lnn

�
; "A�

2

= O

�s
W

n= lnn

�
:

5. �¢ï§ì á § ¤ ç¥© ª «¥­¤ à­®£® ¯« ­¨à®¢ ­¨ï

� áá¬®âà¨¬ ç áâ­ë© á«ãç © § ¤ ç¨ ª «¥­¤ à­®£® ¯« ­¨à®¢ ­¨ï (���) ¢ ãá«®¢¨ïå ®£à -
­¨ç¥­­ëå à¥áãàá®¢, ä®à¬ã«¨à®¢ªã ª®â®à®© ¬®¦­® ­ ©â¨ ¢ [5]. �à¥¤¯®« £ ¥¬, çâ® ¢ë¯®«­¥­ë
á«¥¤ãîé¨¥ ãá«®¢¨ï:

| ¨¬¥¥âáï ®£à ­¨ç¥­­ë© ­¥áª« ¤¨àã¥¬ë© à¥áãàá ®¤­®£® ¢¨¤ , ¨­â¥­á¨¢­®áâì ¢ë¤¥«¥­¨ï
ª®â®à®£® ¯®áâ®ï­­  ­  ¢á¥¬ ¯à®âï¦¥­¨¨ ¢à¥¬¥­¨ ¢ë¯®«­¥­¨ï ¯à®¥ªâ ;

| ­  ¬­®¦¥áâ¢¥ à ¡®â ­¥ § ¤ ­® ®â­®è¥­¨¥ ¯à¥¤è¥áâ¢®¢ ­¨ï;
| ­ ç «ì­ë¥ ¨ ¤¨à¥ªâ¨¢­ë¥ áà®ª¨ ¢ë¯®«­¥­¨ï à ¡®â ®âáãâáâ¢ãîâ, ¨­â¥­á¨¢­®áâì ¯®âà¥-

¡«ï¥¬®£® à ¡®â®© à¥áãàá  ¯®áâ®ï­­  ­  ¢á¥¬ ¯à®âï¦¥­¨¨ ¢à¥¬¥­¨ ¢ë¯®«­¥­¨ï à ¡®âë.
�á«¨ ª ¦¤®© à ¡®â¥ á®¯®áâ ¢¨âì ¯àï¬®ã£®«ì­¨ª, è¨à¨­  ¨ ¢ëá®â  ª®â®à®£® à ¢­ë á®®â-

¢¥âáâ¢¥­­® ¨­â¥­á¨¢­®áâ¨ ¯®âà¥¡«¥­¨ï à¥áãàá  ¨ ¤«¨â¥«ì­®áâ¨ ¢ë¯®«­¥­¨ï à ¡®âë, â® § ¤ çã
­ å®¦¤¥­¨ï ¤®¯ãáâ¨¬®£® à á¯¨á ­¨ï ¬®¦­® ¨­â¥à¯à¥â¨à®¢ âì ª ª ãª« ¤ªã ¯àï¬®ã£®«ì­¨ª®¢
¢ ¯®«ã¡¥áª®­¥ç­ãî ¯®«®áã, è¨à¨­  ª®â®à®© à ¢­  ¨­â¥­á¨¢­®áâ¨ ¢ë¤¥«¥­¨ï à¥áãàá . �à¨ íâ®¬
ª ¦¤ë© ¨áå®¤­ë© ¯àï¬®ã£®«ì­¨ª à §à¥è ¥âáï à §à¥§ âì £®à¨§®­â «ì­ë¬¨ «¨­¨ï¬¨ ­  ¯®«®áë,
ª®â®àë¥ ¡ã¤¥¬ ­ §ë¢ âì «®¬â¨ª ¬¨. �® ¢áïª®© ¤®¯ãáâ¨¬®© ãª« ¤ª¥ á®¢®ªã¯­®áâì ¢¥àâ¨ª «ì-
­ëå ¯à®¥ªæ¨© «®¬â¨ª®¢ ®¡à §ã¥â ®âà¥§®ª, à ¢­ë© ¢ëá®â¥ ¯àï¬®ã£®«ì­¨ª . �®¯ãáª îâáï â ª¦¥
£®à¨§®­â «ì­ë¥ á¬¥é¥­¨ï «®¬â¨ª®¢. �ç¥¢¨¤­®, íâ  § ¤ ç  ï¢«ï¥âáï NP -âàã¤­®©. �¥©áâ¢¨â¥«ì-
­®, ¥á«¨ ¬ë à áá¬®âà¨¬ ���, ¢ ª®â®à®© ¤«¨â¥«ì­®áâ¨ ¢á¥å à ¡®â à ¢­ë, â® ¯®«ãç¥­­ ï § ¤ ç 
¡ã¤¥â íª¢¨¢ «¥­â­  § ¤ ç¥ ã¯ ª®¢ª¨ ¢ ª®­â¥©­¥àë.

�§ ¯à¨¢¥¤¥­­®© ¯®áâ ­®¢ª¨ «¥£ª® § ¬¥â¨âì, çâ® ¡¥§ à §¡¨¥­¨ï ¯àï¬®ã£®«ì­¨ª®¢ ­  «®¬â¨ª¨
¯à¥¤«®¦¥­­ ï ��� ¢ â®ç­®áâ¨ á®¢¯ ¤ ¥â á ���. � §à¥è¥­¨¥ ¯¥à¥¬¥é¥­¨ï «®¬â¨ª®¢ ¯®§¢®«ï¥â
¢ àï¤¥ á«ãç ¥¢ ¯®áâà®¨âì ¨§ ®¯â¨¬ «ì­®£® à¥è¥­¨ï ��� (ª®â®à®¥, ®ç¥¢¨¤­®, ï¢«ï¥âáï ¤®¯ãáâ¨-
¬ë¬ à¥è¥­¨¥¬ ���) ¥é¥ ¡®«¥¥ ª®à®âª®¥ à á¯¨á ­¨¥ ¤«ï ���. �«¥¤®¢ â¥«ì­®, à¥è¥­¨¥ ���
¬®¦­® à áá¬ âà¨¢ âì ª ª ­¨¦­îî ®æ¥­ªã ¤«ï ���. �¥è¥­¨¥ ��� ¢ á¢®î ®ç¥à¥¤ì ï¢«ï¥âáï
¢¥àå­¥© ®æ¥­ª®© ¤«ï ���. �à¥¤áâ ¢«ï¥â ­¥á®¬­¥­­ë© ¨­â¥à¥á ®â­®è¥­¨¥ ®¯â¨¬ «ì­ëå §­ ç¥-
­¨© æ¥«¥¢ëå äã­ªæ¨© ��� ¨ ���.

�¡®§­ ç¨¬ ®¯â¨¬ «ì­ë¥ §­ ç¥­¨ï äã­ªæ¨®­ «®¢ ��� ¨ ��� ­  á¯¨áª¥ ¯à¥¤¬¥â®¢ S ç¥à¥§
���(S) ¨ ���(S) á®®â¢¥âáâ¢¥­­®. �ãáâì

� = sup
S

���(S)
���(S)

:

�§ ¤®ª § â¥«ìáâ¢  ¢¥àå­¥© ®æ¥­ª¨ ¤«ï ���(S), ¯®«ãç¥­­®© ¢ [7] á ¯®¬®éìî  «£®à¨â¬ 
NFDH, ¨¬¥¥¬ ®æ¥­ªã � � 3.

� ¤àã£®© áâ®à®­ë, ¢ [5] á®¤¥à¦¨âáï ¯à¨¬¥à á¯¨áª  à ¡®â, ¢ ª®â®à®¬ � � 6=5. � à ¡®â¥ [6]
íâ®â à¥§ã«ìâ â ãá¨«¥­ á«¥¤ãîé¨¬ ®¡à §®¬. � áá¬®âà¨¬ á¯¨á®ª ¨§ 9 ¯à¥¤¬¥â®¢, ¯à¥¤áâ ¢«¥­­ëå
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¢ ­¨¦¥á«¥¤ãîé¥© â ¡«¨æ¥ ¯à¨ ã¯ ª®¢ª¥ ¨å ¢ ¯®«®áã á è¨à¨­®© W = 12. � [6] ¤®ª § ­®, çâ®
¬¨­¨¬ «ì­ë¥ ¢ëá®âë ¯®«®á ¢ ��� ¨ ��� à ¢­ë á®®â¢¥âáâ¢¥­­® 4 ¨ 5. �â«¨ç¨¥ ¬¨­¨¬ «ì­ëå
§­ ç¥­¨© æ¥«¥¢ëå äã­ªæ¨© ®¡¥¨å § ¤ ç ¤«ï à áá¬ âà¨¢ ¥¬®£® á¯¨áª  á®áâ ¢«ï¥â 25 ¯à®æ¥­â®¢.
�  à¨áã­ª¥ ¯à¥¤áâ ¢«¥­ë â®ç­ë¥ à¥è¥­¨ï ®¡¥¨å § ¤ ç.

� ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

5
4
� � � 3:

�à¥¤¬¥â �¨à¨­  �ëá®â  �à¥¬ï
1 3 2 0
2 2 1 2
3 5 1 3
4 2 2 1
5 8 1 0
6 5 1 1
7 6 2 2
8 1 3 0
9 1 3 1

�¡®§­ ç¨¬ ç¥à¥§ eK2
n ª« áá § ¤ ç ª «¥­¤ à­®£® ¯« ­¨à®¢ ­¨ï á ¯®áâ®ï­­ë¬ ¯® ¢à¥¬¥­¨ ®¤-

­®â¨¯­ë¬ ­¥áª« ¤¨àã¥¬ë¬ ®£à ­¨ç¥­­ë¬ à¥áãàá®¬ ¨ à ¡®â ¬¨ | ¯àï¬®ã£®«ì­¨ª ¬¨ ¢ á«ãç ¥
®âáãâáâ¢¨ï ¤¨à¥ªâ¨¢­ëå á®¡ëâ¨©. �á«¨ ­  ¬­®¦¥áâ¢¥ à ¡®â ¤®¯®«­¨â¥«ì­® § ¤ ­® ®â­®è¥­¨¥
ç áâ¨ç­®£® ¯®àï¤ª , â® â ª®© ª« áá § ¤ ç ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ K�

n . �®®â¢¥âáâ¢ãîé¨¥ ¯à¨-
¡«¨¦¥­­ë¥  «£®à¨â¬ë ®¡®§­ ç¨¬ ç¥à¥§ eA2 ¨ A�

2 .
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�¯â¨¬ «ì­®¥ à á¯¨á ­¨¥: ���(S)=4
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�¯â¨¬ «ì­ ï ã¯ ª®¢ª : ���(S)=5

0

1

2

3

4

5

�¥¯®áà¥¤áâ¢¥­­® ¨§ ä®à¬ã«¨à®¢®ª § ¤ ç á«¥¤ã¥â

�¥¬¬  3. � ¤ ç  ã¯ ª®¢ª¨ ¢ ¯®«®áã ï¢«ï¥âáï ®æ¥­®ç­®© á¢¥àåã ¤«ï ��� ¨§ ª« áá  K�
n .

�¥¬ ­¥ ¬¥­¥¥, ¨§ â¥®à¥¬ 2 ¨ 3, ¯®«ãç¥­­ëå ¤«ï ��� áW -à¥£ã«ïà­ë¬¨ á«ãç ©­ë¬¨ á¯¨áª ¬¨,
¢ëâ¥ª îâ á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï ¤«ï ã¯®¬ï­ãâ®£® ç áâ­®£® á«ãç ï ���.

�¥®à¥¬  5. � á«ãç ¥ W -à¥£ã«ïà­ëå á«ãç ©­ëå á¯¨áª®¢ ¨§ ª« áá  K2
n  «£®à¨â¬ eA2 ¯à¨

WH=�p = o(n= lnn)

¯à¨¢®¤¨â ª  á¨¬¯â®â¨ç¥áª¨ â®ç­®¬ã à¥è¥­¨î ���.
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�¥®à¥¬  6. � á«ãç ¥ W{à¥£ã«ïà­ëå á«ãç ©­ëå á¯¨áª®¢ ¨§ ª« áá  K�
n  «£®à¨â¬ A�

2 ¯à¨

WH�=�p = o(n= lnn)

¯à¨¢®¤¨â ª  á¨¬¯â®â¨ç¥áª¨ â®ç­®¬ã à¥è¥­¨î ���.
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