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u(m1;:::;mn)(x) +
� m1X
i1=0

� � �
mnX
in=0

�
a(i1;:::;in)(x)u(i1;:::;in)(x) = f(x); (1)

£¤¥ x = (x1; : : : ; xn) | â®çª¨ ­¥ª®â®à®© ®¡« áâ¨ D ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢ , mk, ik, k = 1; n,

| æ¥«ë¥ ­¥®âà¨æ â¥«ì­ë¥ ç¨á« , u(i1;:::;in)(x) =
@i1+���+inu(x)

@x1
i1 :::@xnin

,
h m1P
i1=0

� � �
mnP
in=0

i
=

P
i1+���+in�r�1

, r =

m1 + � � �+mn.
�à ¢­¥­¨ï (1) ¢áâà¥ç îâáï ¢ ¯à¨«®¦¥­¨ïå: ä¨«ìâà æ¨ï ¦¨¤ª®áâ¨ ¢ ¯®à¨áâëå áà¥¤ å [1],

¯®£«®é¥­¨¥ ¯®ç¢¥­­®© ¢« £¨ ª®à­ï¬¨ à áâ¥­¨© ([2], á. 262), ¨­â¥£à «ì­ë¥ ¯à¥¤áâ ¢«¥­¨ï ¯à¥-
®¡à §®¢ ­¨© ¤¨ää¥à¥­æ¨ «ì­ëå ®¯¥à â®à®¢ ([3], á. 5{13), â¥®à¨ï  ¯¯à®ªá¨¬ æ¨¨ ¨ ®â®¡à ¦¥-
­¨© ([4], áá. 63, 109) ¨ ¤à. �¡§®à ¬­®£¨å à¥§ã«ìâ â®¢ ¨¬¥¥âáï ¢ ¬®­®£à ä¨¨ [5]. � ¤ ­­®© áâ âì¥
¯à¨¢®¤ïâáï ãá«®¢¨ï ­  ª®íää¨æ¨¥­âë ¢ (1), ®¡¥á¯¥ç¨¢ îé¨¥ ¢®§¬®¦­®áâì ¯®­¨¦¥­¨ï ¯®àï¤ª 
ãà ¢­¥­¨ï. �à¨ íâ®¬ ­¥ ¡ã¤¥¬ ¯¨á âì ¢ ãà ¢­¥­¨¨  à£ã¬¥­â x ¨ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§­ ç¥­¨ï

(x1; : : : ; t; : : : ; xn) = (x1; : : : ; xj�1; t; xj+1; : : : ; xn);

(i1; : : : ; k; : : : ; in) = (i1; : : : ; ij�1; k; ij+1; : : : ; in);� m1X
i1=0

� � �
kX

ij=0

� � �
mnX
in=0

�
=
� m1X
i1=0

� � �

mj�1X
ij�1=0

kX
ij=0

mj+1X
ij+1=0

� � �
mnX
in=0

�
;

a(i1;:::;ij�1;k;ij+1;:::;in) = a(i1;:::;k;:::;in); u(i1;:::;ij�1;k;ij+1;:::;in) = u(i1;:::;k;:::;in):

1. �­ ç «  ­ ©¤¥¬ ãá«®¢¨ï, ¯®§¢®«ïîé¨¥ ¯à¥¤áâ ¢¨âì (1) ¢ ¢¨¤¥ á¨áâ¥¬ë ¤¢ãå ãà ¢­¥­¨©,
®¤­® ¨§ ª®â®àëå á®¤¥à¦¨â ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¨áª®¬®© äã­ªæ¨¨ «¨èì ¯® ®¤­®© ­¥§ ¢¨á¨¬®©
¯¥à¥¬¥­­®©.

�¥®à¥¬  1. �ãáâì ¯à¨ ­¥ª®â®à®¬ j (1 � j � n) â ª®¬, çâ® mj > 1, ª®íää¨æ¨¥­âë ãà ¢-

­¥­¨ï ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ @
ij a(i1;:::;in)

@x
ij

j

, f 2 C(D), ik = 0;mk, k = 1; n. �á«¨ ¢ë¯®«­¥­ë

â®¦¤¥áâ¢ 

a(i1;:::;in) � C ij
mj

@mj�ij

@x
mj�ij
j

a(i1;:::;mj;:::;in) �

mj�1X
i=ij

a(m1;:::;i;:::;mn)C
ij
i

@i�ij

@x
i�ij
j

a(i1;:::;mj ;:::;in) � 0; (2)

ik = 0;mk, k 6= j, ij = 0;mj � 1, i1+� � �+ij�1+ij+1+� � �+in < r�mj, â® ãà ¢­¥­¨¥ (1) ¯à¨­¨¬ ¥â
¢¨¤

u(m1;:::;0;:::;mn) +
� m1X
i1=0

� � �

mj�1X
ij�1=0

mj+1X
ij+1=0

� � �
mnX
in=0

�
a(i1;:::;mj ;:::;in)u(i1;:::;0;:::;in) = v;
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£¤¥ äã­ªæ¨ï v ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï

@mj

@x
mj

j

v +
mj�1X
ij=0

a(m1;:::;ij ;:::;mn)
@ij

@x
ij
j

v = f: (3)

�®ª § â¥«ìáâ¢®. �à¥®¡à §ã¥¬ (1) á ¯®¬®éìî ¯à ¢¨«  �¥©¡­¨æ  á«¥¤ãîé¨¬ ®¡à §®¬:

@mj

@x
mj

j

�
u(m1;:::;0;:::;mn) +

� m1X
i1=0

� � �

mj�1X
ij�1=0

mj+1X
ij+1=0

� � �
mnX
in=0

�
a(i1;:::;mj ;:::;in)u(i1;:::;0;:::;in)

�
+

+
� m1X
i1=0

� � �

mj�1X
ij=0

� � �
mnX
in=0

�
a(i1;:::;in)u(i1;:::;in) �

�

� m1X
i1=0

� � �

mj�1X
ij�1=0

mj+1X
ij+1=0

� � �
mnX
in=0

�mj�1X
ij=0

C ij
mj

@mj�ij

@x
mj�ij
j

a(i1;:::;mj;:::;in)u(i1;:::;in) = f:

�á«¨ ¢¢¥áâ¨ äã­ªæ¨î

v = u(m1;:::;0;:::;mn) +
� m1X
i1=0

� � �

mj�1X
ij�1=0

mj+1X
ij+1=0

� � �
mnX
in=0

�
a(i1;:::;mj;:::;in)u(i1;:::;0;:::;in); (4)

â® ãà ¢­¥­¨¥ (1) § ¯¨è¥âáï ¢ ¢¨¤¥

@mj

@x
mj

j

v +
� m1X
i1=0

� � �

mj�1X
ij�1=0

mj+1X
ij+1=0

� � �
mnX
in=0

�mj�1X
ij=0

�
a(i1;:::;in) �C ij

mj

@mj�ij

@x
mj�ij
j

a(i1;:::;mj ;:::;in)

�
u(i1;:::;in) +

+
mj�1X
ij=0

a(m1;:::;ij ;:::;mn)u(m1;:::;ij ;:::;mn) = f: (5)

�§ (4) ­ å®¤¨¬

u(m1;:::;ij ;:::;mn) =
@ij

@x
ij
j

�
v �

� m1X
i1=0

� � �

mj�1X
ij�1=0

mj+1X
ij+1=0

� � �
mnX
in=0

�
a(i1;:::;mj;:::;in)u(i1;:::;0;:::;in)

�
=

=
@ij

@x
ij
j

v �

� m1X
i1=0

� � �

mj�1X
ij�1=0

mj+1X
ij+1=0

� � �
mnX
in=0

� ijX
i=0

C i
ij

@ij�i

@x
ij�i

j

a(i1;:::;mj ;:::;in)u(i1;:::;i;:::;in):

�®¤áâ ¢¨¢ íâ® ¢ëà ¦¥­¨¥ ¢ (5), ¯®«ãç¨¬

@mj

@x
mj

j

v +
mj�1X
ij=0

a(m1;:::;ij ;:::;mn)
@ij

@x
ij
j

v +

+
� m1X
i1=0

� � �

mj�1X
ij�1=0

mj+1X
ij+1=0

� � �
mnX
in=0

�mj�1X
ij=0

�
a(i1;:::;in) � C ij

mj

@mj�ij

@x
mj�ij
j

a(i1;:::;mj;:::;in)

�
u(i1;:::;in) �

�

mj�1X
ij=0

ijX
i=0

� m1X
i1=0

� � �

mj�1X
ij�1=0

mj+1X
ij+1=0

� � �
mnX
in=0

�
a(m1;:::;ij ;:::;mn)C i

ij

@ij�i

@x
ij�i

j

a(i1;:::;mj;:::;in)u(i1;:::;i;:::;in) = f:

� ¯®á«¥¤­¥© áã¬¬¥ ¯®¬¥­ï¥¬ ¯®àï¤®ª áã¬¬¨à®¢ ­¨ï ¨ ¯¥à¥®¡®§­ ç¨¬ ¨­¤¥ªáë áã¬¬¨à®¢ ­¨ï:

mj�1X
ij=0

ijX
i=0

aij ; i =
mj�1X
i=0

mj�1X
ij=i

aij ; i =
mj�1X
ij=0

mj�1X
i=ij

ai; ij :
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�®£¤  ãà ¢­¥­¨¥ (5) (  §­ ç¨â, ¨ (1)) § ¯¨è¥âáï ¢ ¢¨¤¥

@mj

@x
mj

j

v +
mj�1X
ij=0

a(m1;:::;ij ;:::;mn)
@ij

@x
ij
j

v +

+
� m1X
i1=0

� � �

mj�1X
ij�1=0

mj+1X
ij+1=0

� � �
mnX
in=0

�mj�1X
ij=0

�
a(i1;:::;in) � C ij

mj

@mj�ij

@x
mj�ij
j

a(i1;:::;mj;:::;in) �

�

mj�1X
i=ij

a(m1;:::;i;:::;mn)C
ij
i

@i�ij

@x
i�ij
j

a(i1;:::;mj ;:::;in)

�
u(i1;:::;i;:::;in) = f:

�ç¥¢¨¤­®, ¥á«¨ ¢ë¯®«­ïîâáï ãá«®¢¨ï (2), â® ¤«ï äã­ªæ¨¨ v ¯®«ãç¨¬ ãà ¢­¥­¨¥ (3).

�á«¨ (3) à¥è ¥âáï ¢ ª¢ ¤à âãà å, â® ¤«ï äã­ªæ¨¨ u ¯®«ãç¨¬ ãà ¢­¥­¨¥ (4), ¢ ª®â®à®¬
®âáãâáâ¢ã¥â ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® ¯¥à¥¬¥­­®© xj , â. ¥. ¯®àï¤®ª ¨áå®¤­®£® ãà ¢­¥­¨ï ¡ã¤¥â
¯®­¨¦¥­ ­  mj ¥¤¨­¨æ.

�®«¨ç¥áâ¢® â®¦¤¥áâ¢ ¢ ãá«®¢¨ïå (2) ¤«ï ä¨ªá¨à®¢ ­­®£® j à ¢­®

N = [(m1 + 1) : : : (mj�1 + 1)(mj+1 + 1) : : : (mn + 1)� 1]mj :

�á¥£® ¨¬¥¥âáï n ¢ à¨ ­â®¢ â®¦¤¥áâ¢ ¢¨¤  (2). �à¨ íâ®¬ ¢ ª ¦¤®¬ á«ãç ¥ ¯®àï¤®ª ãà ¢­¥­¨ï
¡ã¤¥â ¯®­¨¦¥­ ­  á®®â¢¥âáâ¢ãîé¥¥ §­ ç¥­¨¥ mj .

� ª¨¬ ®¡à §®¬, ¯à¨ ¢ë¯®«­¥­¨¨ â®¦¤¥áâ¢ (3) § ¤ ç  ¯®­¨¦¥­¨ï ¯®àï¤ª  ãà ¢­¥­¨ï ¢ ç áâ-
­ëå ¯à®¨§¢®¤­ëå á¢®¤¨âáï ª § ¤ ç¥ ®âëáª ­¨ï à¥è¥­¨ï ãà ¢­¥­¨ï ¢ëáè¥£® ¯®àï¤ª  á ¤¨ä-
ä¥à¥­æ¨à®¢ ­¨¥¬ «¨èì ¯® ®¤­®© ¨§ ¯¥à¥¬¥­­ëå. �¥®à¨ï ®¡ëª­®¢¥­­ëå «¨­¥©­ëå ¤¨ää¥à¥­-
æ¨ «ì­ëå ãà ¢­¥­¨© ­¥ ¯¥à¥­®á¨âáï ¤®á«®¢­® ­  á«ãç © (3). � ç áâ­®áâ¨, â¥®à¥¬  ® â®¬, çâ®
¢à®­áª¨ ­ mj à¥è¥­¨© ¨«¨ â®¦¤¥áâ¢¥­­® à ¢¥­ ­ã«î, ¨«¨ ¢ ­ã«ì ­¥ ®¡à é ¥âáï, ã¦¥ ­¥ ¨¬¥¥â
¬¥áâ . �¥©áâ¢¨â¥«ì­®, ¤®áâ â®ç­® à áá¬®âà¥âì à¥è¥­¨ï v1 = exp(x1x2), v2 = exp(x1x22) ãà ¢­¥-
­¨ï @2

@x21
v � x2(x2 + 1) @

@x1
v + x32v = 0, ¢à®­áª¨ ­ ª®â®àëå à ¢¥­

W (x1; x2) = x2(x2 � 1) exp[x2(x2 + 1)x1]:

�â®â ¯à¨¬¥à ¯à¨¢¥¤¥­ ¢ [6], â ¬ ¦¥ ¯à¥¤«®¦¥­  ­¥ª®â®à ï ¬®¤¨ä¨ª æ¨ï ãª § ­­®© ®¡é¥© â¥®-
à¨¨, ¤¥« îé ï ¥¥ ¯à¨£®¤­®© ¨ ¤«ï (3). �«ï ­ á ¦¥ ®á­®¢­ë¬ ï¢«ï¥âáï ¢®¯à®á ® à §à¥è¨¬®áâ¨
(3) ¢ ª¢ ¤à âãà å.

2. �ã¤¥¬ ¨áª âì ãá«®¢¨ï à §à¥è¨¬®áâ¨, ¯à¥¤¯®« £ ï, çâ®

@ij

@x
ij
j

a(m1;:::;ij ;:::;mn) 2 C(D); ij = 0;mj � 1: (6)

�¥®à¥¬  2. �ãáâì áãé¥áâ¢ã¥â â ª ï äã­ªæ¨ï c � c(x1; : : : ; xj�1; xj+1; : : : ; xn), çâ® ª®íä-
ä¨æ¨¥­âë ãà ¢­¥­¨ï (3) ã¤®¢«¥â¢®àïîâ (6) ¨ ¨¬¥îâ ¢¨¤

a(m1;:::;ij ;:::;mn) � C ij
mj

@
mj�ij

@x
mj�ij

j

k

k
; ij = 0;mj � 2; (7)

¯à¨ç¥¬ k � k(x1; : : : ; xn) = c exp
hZ

a
(m1;:::;mj�1;:::;mn)

mj
dxj

i
. �®£¤  à¥è¥­¨¥ (3) ¤ ¥âáï ä®à¬ã«®©

v =

Z
� � �

Z
(kf) dxj : : : dxj| {z }

mj

+
mj�1P
s=0

xsjAs

k
; (8)

£¤¥ As � As(x1; : : : ; xj�1; xj+1; : : : ; xn), s = 0;mj � 1, | ¯à®¨§¢®«ì­ë¥ ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨.
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�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, ã¬­®¦¨¬ ®¡¥ ç áâ¨ ãà ¢­¥­¨ï (3) ­  äã­ªæ¨î k =
k(x1; : : : ; xn):

k
@mj

@x
mj

j

v +
mj�1X
ij=0

ka(m1;:::;ij ;:::;mn)
@ij

@x
ij
j

v = kf: (9)

�ëà ¦¥­¨¥, áâ®ïé¥¥ ¢ «¥¢®© ç áâ¨ ãà ¢­¥­¨ï (9), ï¢«ï¥âáï â®ç­®© ¯à®¨§¢®¤­®© ¯®àï¤ª  mj ¯®
¯¥à¥¬¥­­®© xj ®â äã­ªæ¨¨ kv ¯à¨ ãá«®¢¨ïå

ka(m1;:::;ij ;:::;mn) � C ij
mj

@mj�ij

@x
mj�ij
j

k; ij = 0;mj � 1;

ª®â®àë¥ ¢ á¨«ã (7) ¨¬¥îâ ¬¥áâ®. �á«¨ ij = mj � 1, â® íâ® â®¦¤¥áâ¢® ¯à¨¬¥â ¢¨¤

ka(m1;:::;mj�1;:::;mn) � mj

@

@xj
k:

�âáî¤  Z
a(m1;:::;mj�1;:::;mn)

mj

dxj = ln jkj+ 
(x1; : : : ; xj�1; xj+1; : : : ; xn):

� ª ç¥áâ¢¥ 
 ¬®¦­®, ®ç¥¢¨¤­®, ¢§ïâì «î¡ãî ­¥¯à¥àë¢­ãî äã­ªæ¨î.
�®«®¦¨¬ 
(x1; : : : ; xj�1; xj+1; : : : ; xn) � � ln c(x1; : : : ; xj�1; xj+1; : : : ; xn), ®âáî¤ , ¢ ç áâ­®áâ¨,

á«¥¤ã¥â

k = c(x1; : : : ; xj�1; xj+1; : : : ; xn) exp
� Z

a(m1;:::;mj�1;:::;mn)

mj

dxj

�
;

çâ® á®¢¯ ¤ ¥â á ¯à¥¤¯®«®¦¥­¨¥¬ â¥®à¥¬ë. � ª¨¬ ®¡à §®¬, ãà ¢­¥­¨¥ (9) ¯à¨ ãá«®¢¨ïå (7) ¯à¨-
­¨¬ ¥â ¢¨¤ @

mj

@x
mj

j

(kv) = kf . �à®¨­â¥£à¨à®¢ ¢ ¥£® mj à § ¯® ¯¥à¥¬¥­­®© xj , ¯®«ãç¨¬ (8).

�¥®à¥¬  3. �á«¨ ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï (3) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (6) ¨ ¢ë¯®«­ïîâ-
áï â®¦¤¥áâ¢ 

a(m1;:::;ij ;:::;mn) � C
ij
mj�1

@mj�1�ij

@x
mj�1�ij
j

a(m1;:::;mj�1;:::;mn); ij = 0;mj � 2; (10)

â® ¥£® à¥è¥­¨¥ v ­ å®¤¨âáï ¨§ ãà ¢­¥­¨ï

@

@xj
v + a(m1;:::;mj�1;:::;mn)v =

Z
� � �

Z
f dxj : : : dxj| {z }

mj�1

+
mj�2X
s=0

xsjAs; (11)

£¤¥ As � As(x1; : : : ; xj�1; xj+1; : : : ; xn), s = 0;mj � 2, | ¯à®¨§¢®«ì­ë¥ ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨.

�®ª § â¥«ìáâ¢®. �¡¥¤¨âìáï ¢ á¯à ¢¥¤«¨¢®áâ¨ íâ®£® ãâ¢¥à¦¤¥­¨ï ¬®¦­® ­  ®á­®¢¥ â®-
¦¤¥áâ¢

mj�1X
ij=0

a(m1;:::;ij ;:::;mn)
@ij

@x
ij
j

v �
@mj�1

@x
mj�1
j

�
a(m1;:::;mj�1;:::;mn)v

�
;

¢ë¯®«­ïîé¨åáï ¯à¨ ãá«®¢¨ïå (10). �â® á«¥¤ã¥â ¨§ á®®â­®è¥­¨©

@mj�1

@x
mj�1
j

�
a(m1;:::;mj�1;:::;mn)v

�
=

mj�1X
ij=0

C
ij
mj�1

@mj�1�ij

@x
mj�1�ij
j

a(m1;:::;mj�1;:::;mn)
@ij

@x
ij
j

v:

�à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (10) ãà ¢­¥­¨¥ (3) ¯à¨¬¥â ¢¨¤

@mj

@x
mj

j

v +
@mj�1

@x
mj�1
j

�
a(m1;:::;mj�1;:::;mn)v

�
= f
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¨«¨, çâ® â® ¦¥ á ¬®¥,
@mj�1

@x
mj�1
j

�
@

@xj
v + a(m1;:::;mj�1;:::;mn)v

�
= f:

�à®¨­â¥£à¨à®¢ ¢ íâ® ãà ¢­¥­¨¥mj�1 à § ¯® ¯¥à¥¬¥­­®© xj , ¯®«ãç¨¬ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë.
�ç¥¢¨¤­®, «¨­¥©­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ (11) à¥è ¥âáï ¢ ª¢ ¤à âãà å.

�¥®à¥¬  4. �á«¨ ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï (3) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (6) ¨ ¢ë¯®«­ïîâ-
áï â®¦¤¥áâ¢ 

mj�t�1X
k=1

(�1)kCt
k+t

@k

@xkj
a(m1;:::;k+t;:::;mn) � 0; t = 0;mj � 2;

â® ¥£® à¥è¥­¨¥ ­ å®¤¨âáï ¨§ ãà ¢­¥­¨ï (11).

�®ª § â¥«ìáâ¢® ¬®¦¥â ¡ëâì ¯®áâà®¥­® ­  ¨¤¥¥ ¯®á«¥¤®¢ â¥«ì­®£® ¯®­¨¦¥­¨ï ¯®àï¤ª  à á-
á¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï ­  ¥¤¨­¨æã á ¯à¨¢«¥ç¥­¨¥¬ ¬¥â®¤  ¬ â¥¬ â¨ç¥áª®© ¨­¤ãªæ¨¨. �¥à¥-
¯¨è¥¬ ãà ¢­¥­¨¥ (3) ¢ ¢¨¤¥

@mj

@x
mj

j

v +
mj�1X
ij=1

a(m1;:::;ij ;:::;mn)
@ij

@x
ij
j

v + a(m1;:::;0;:::;mn)v = f:

�ç¨âë¢ ï, çâ®

a(m1;:::;ij ;:::;mn)
@ij

@x
ij
j

v =
@

@xj

�
a(m1;:::;ij ;:::;mn)

@ij�1

@x
ij�1
j

v

�
�

@

@xj
a(m1;:::;ij ;:::;mn)

@ij�1

@x
ij�1
j

v; ij � 1;

¯¥à¥¯¨è¥¬ ¥£®

@mj

@x
mj

j

v +
mj�1X
ij=1

�
@

@xj

�
a(m1;:::;ij ;:::;mn)

@ij�1

@x
ij�1
j

v

�
�

@

@xj
a(m1;:::;ij ;:::;mn)

@ij�1

@x
ij�1
j

v

�
+ a(m1;:::;0;:::;mn)v = f:

�¤¥« ¢ § ¬¥­ã ¨­¤¥ªá  áã¬¬¨à®¢ ­¨ï ij ­  ij +1 ¨ á®¢¥àè¨¢ ­¥ª®â®àë¥ ®ç¥¢¨¤­ë¥ ¯à¥®¡à -
§®¢ ­¨ï, ¯à¥¤áâ ¢¨¬ ¥£® á«¥¤ãîé¨¬ ®¡à §®¬:

@

@xj

�
@mj�1

@x
mj�1
j

v +
mj�2X
ij=0

a(m1;:::;ij+1;:::;mn)
@ij

@x
ij
j

v

�
�

mj�2X
ij=1

@

@xj
a(m1;:::;ij+1;:::;mn)

@ij

@x
ij
j

v �

�
@

@xj
a(m1;:::;1;:::;mn)v + a(m1;:::;0;:::;mn)v = f:

� «¥¥, ãç¨âë¢ ï

@

@xj
a(m1;:::;ij+1;:::;mn)

@ij

@x
ij
j

v =
@

@xj

�
@

@xj
a(m1;:::;ij+1;:::;mn)

@ij�1

@x
ij�1
j

v

�
�

�
@2

@x2j
a(m1;:::;ij+1;:::;mn)

@ij�1

@x
ij�1
j

v; ij � 1;

§ ¯¨è¥¬ ¥£® ¢ ¢¨¤¥

@

@xj

�
@mj�1

@x
mj�1
j

v +
mj�2X
ij=0

a(m1;:::;ij+1;:::;mn)
@ij

@x
ij
j

v �

mj�3X
ij=0

@

@xj
a(m1;:::;ij+2;:::;mn)

@ij

@x
ij
j

v

�
+

+
mj�3X
ij=1

@2

@x2j
a(m1;:::;ij+2;:::;mn)

@ij

@x
ij
j

v +

+
�
@2

@x2j
a(m1;:::;2;:::;mn) �

@

@xj
a(m1;:::;1;:::;mn) + a(m1;:::;0;:::;mn)

�
v = f: (12)
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� â¥¬, ¯à¨¬¥­ïï ª® ¢â®à®© áâà®ª¥ (12) â®«ìª® çâ® ¨§«®¦¥­­ë© ¯à¨¥¬, ¯®«ãç¨¬ ­¥ª®â®àë©
 ­ «®£ (12). �à®¤®«¦ ï íâã ¯à®æ¥¤ãàã, ®ª®­ç â¥«ì­® ¯®«ãç¨¬

@

@xj

�
@mj�1

@x
mj�1
j

v +
mj�2X
ij=0

a(m1;:::;ij+1;:::;mn)
@ij

@x
ij
j

v + � � �+

+ (�1)k
mj�1�kX
ij=0

@k�1

@xk�1j

a(m1;:::;ij+k;:::;mn)
@ij

@x
ij
j

v + : : : +

+ (�1)mj
@mj�2

@x
mj�2
j

a(m1;:::;mj�1;:::;mn)
@ij

@x
ij
j

v

�
+

mj�1X
k=0

(�1)k
@k

@xkj
a(m1;:::;ij+1;:::;mn)v = f

¨«¨

@

@xj

�
@mj�1

@x
mj�1
j

v +
mj�1X
k=1

mj�1�kX
ij=0

(�1)k�1
@k�1

@xk�1j

a(m1;:::;ij+k;:::;mn)
@ij

@x
ij
j

v

�
+

+
mj�1X
k=0

(�1)k
@k

@xkj
a(m1;:::;k;:::;mn)v = f:

�§¬¥­¨¬ ¯®àï¤®ª áã¬¬¨à®¢ ­¨ï ¢ ¤¢®©­®© áã¬¬¥

@

@xj

�
@mj�1

@x
mj�1
j

v +
mj�2X
ij=0

mj�1�ijX
k=1

(�1)k�1
@k�1

@xk�1j

a(m1;:::;ij+k;:::;mn)
@ij

@x
ij
j

v

�
+

+
mj�1X
k=0

(�1)k
@k

@xkj
a(m1;:::;k;:::;mn)v = f: (13)

� ª¨¬ ®¡à §®¬, ¯à¨ ¢ë¯®«­¥­¨¨ â®¦¤¥áâ¢ 

mj�1X
k=0

(�1)k
@k

@xkj
a(m1;:::;k;:::;mn) � 0 (14)

¯®àï¤®ª ãà ¢­¥­¨ï ¯®­¨¦ ¥âáï ­  ¥¤¨­¨æã ¯ãâ¥¬ ¨­â¥£à¨à®¢ ­¨ï (13) ¯® ¯¥à¥¬¥­­®© xj :

@mj�1

@x
mj�1
j

v +
mj�2X
ij=0

mj�1�ijX
k=1

(�1)k�1
@k�1

@xk�1j

a(m1;:::;ij+k;:::;mn)
@ij

@x
ij
j

v =
Z
f dxj + c1;

£¤¥ c1 � c1(x1; : : : ; xj�1; xj+1; : : : ; xn) | ¯à®¨§¢®«ì­ ï ­¥¯à¥àë¢­ ï äã­ªæ¨ï. �¤¥« ¢ § ¬¥­ã ¨­-
¤¥ªá  áã¬¬¨à®¢ ­¨ï k ­  k + 1, ¨¬¥¥¬

@mj�1

@x
mj�1
j

v +
mj�2X
ij=0

mj�ij�2X
k=0

(�1)k
@k

@xkj
a(m1;:::;ij+k+1;:::;mn)

@ij

@x
ij
j

v =
Z
f dxj + c1: (15)

�®àï¤®ª ãà ¢­¥­¨ï ¯®­¨¦¥­ ­  ¥¤¨­¨æã. �ëïá­¨¬, ª ª ¡ã¤¥â ¢ë£«ï¤¥âì ãá«®¢¨¥ ¯®­¨¦¥­¨ï

¯®àï¤ª  ­  ¥¤¨­¨æã ¤«ï ãà ¢­¥­¨ï (15), ¨£à îé¥¥ à®«ì (14). �¡®§­ ç¨¬ f1 =
Z
f dxj + c1.

�®íää¨æ¨¥­â ãà ¢­¥­¨ï ¯à¨ ¯à®¨§¢®¤­®© ¯®àï¤ª  ij ¨¬¥¥â ¢¨¤

mj�ij�2X
l=0

(�1)l
@l

@xlj
a(m1;:::;ij+l+1;:::;mn):

50



� ¯¨áë¢ ï ãá«®¢¨¥ (14) ¤«ï (15), ¯®«ãç¨¬

mj�2X
k=0

(�1)k
@k

@xkj

�mj�k�2X
l=0

(�1)l
@l

@xlj
a(m1;:::;k+l+1;:::;mn)

�
� 0

¨«¨
mj�2X
k=0

mj�k�2X
l=0

(�1)k+l @
k+l

@xk+l
j

a(m1;:::;k+l+1;:::;mn) � 0:

�¤¥« ¥¬ § ¬¥­ã ¨­¤¥ªá  áã¬¬¨à®¢ ­¨ï r = k + l

mj�2X
k=0

mj�2X
r=k

(�1)r
@r

@xrj
a(m1;:::;r+1;:::;mn) � 0

¨«¨

mj�2X
k=0

(k + 1)(�1)k
@k

@xkj
a(m1;:::;k+1;:::;mn) � 0: (16)

�à¨ ¢ë¯®«­¥­¨¨ íâ®£® â®¦¤¥áâ¢  ¯®«ãç¨¬ ãà ¢­¥­¨¥,  ­ «®£¨ç­®¥ (15), ¯®àï¤®ª ª®â®à®£® à ¢¥­
mj � 2,

@mj�2

@x
mj�2
j

v +
mj�3X
ij=0

mj�3�ijX
k=0

(�1)k
@k

@xkj

�mj�ij�k�3X
l=0

(�1)l
@l

@xlj
a(m1;:::;ij+k+l+2;:::;mn)

�
@ij

@x
ij
j

v =

=
Z
f1dxj + c2;

£¤¥ c2 � c2(x1; : : : ; xj�1; xj+1; : : : ; xn) | ¯à®¨§¢®«ì­ ï ­¥¯à¥àë¢­ ï äã­ªæ¨ï. �à¥®¡à §®¢ ¢ «¥-
¢ãî ç áâì íâ®£® ãà ¢­¥­¨ï, § ¯¨è¥¬ ¥£® ¢ ä®à¬¥

@mj�2

@x
mj�2
j

v +
mj�3X
ij=0

mj�3�ijX
k=0

mj�ij�k�3X
l=0

(�1)k+l @
k+l

@xk+l
j

a(m1;:::;ij+k+l+2;:::;mn)
@ij

@x
ij
j

v =
Z
f1dxj + c2:

�¤¥« ¥¬ § ¬¥­ã ¨­¤¥ªá  áã¬¬¨à®¢ ­¨ï r = k + l

@mj�2

@x
mj�2
j

v +
mj�3X
ij=0

mj�3�ijX
k=0

mj�ij�3X
r=k

(�1)r
@r

@xrj
a(m1;:::;ij+r+2;:::;mn)

@ij

@x
ij
j

v =
Z
f1dxj + c2:

�ç¨âë¢ ï, çâ®

mj�ij�3X
r=k

(�1)r
@r

@xrj
a(m1;:::;ij+r+2;:::;mn) = (k + 1)(�1)k

@k

@xkj
a(m1;:::;ij+k+2;:::;mn);

¯®á«¥¤­¥¥ á®®â­®è¥­¨¥ § ¯¨è¥¬ ¢ ä®à¬¥

@mj�2

@x
mj�2
j

v +
mj�3X
ij=0

mj�3�ijX
k=0

(k + 1)(�1)k
@k

@xkj
a(m1;:::;ij+k+2;:::;mn)

@ij

@x
ij
j

v =
Z
f1dxj + c2:

�¡®§­ ç¨¬ f2 =
Z
f1dxj + c2, ft =

Z
ft�1dxj + ct, t � 2. �«ï ¤ «ì­¥©è¨å à ááã¦¤¥­¨© ¡ã¤¥¬

¨á¯®«ì§®¢ âì à ¢¥­áâ¢®

n+1X
k=1

k(k + 1) : : : (k + i) =
(n+ 1) : : : (n+ i+ 2)

i+ 2
; n; i 2 N; (17)
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ª®â®à®¥ ­¥âàã¤­® ¤®ª § âì ¨­¤ãªæ¨¥© ¯® n, i. �à ¢­¥­¨¥, ¯®àï¤®ª ª®â®à®£® ¯®­¨¦¥­ ­  t ¥¤¨­¨æ
¯à¨ ¯®¬®é¨ ¨§«®¦¥­­®£® ¬¥â®¤ , ¡ã¤¥â ¨¬¥âì ¢¨¤

@mj�t

@x
mj�t

j

v +
mj�t�1X
ij=0

mj�ij�t�1X
k=0

(�1)k
(k + 1) : : : (k + t� 1)

(t� 1)!
@k

@xkj
a(m1;:::;ij+k+t;:::;mn)

@ij

@x
ij
j

v =

=
Z
ftdxj ; (18)

  á®®â¢¥âáâ¢ãîé¥¥ ãá«®¢¨¥, ¤®áâ â®ç­®¥ ¤«ï ¯®­¨¦¥­¨ï ¯®àï¤ª  íâ®£® ãà ¢­¥­¨ï ­  ¥¤¨­¨æã,
§ ¤ ¥âáï à ¢¥­áâ¢®¬

mj�t�1X
k=0

(�1)k
(k + 1)(k + 2) : : : (k + t)

t!
@k

@xkj
a(m1;:::;k+t;:::;mn) � 0: (19)

�«ï ¤®ª § â¥«ìáâ¢  íâ®£® ®¯ïâì ¨á¯®«ì§ã¥¬ ¬¥â®¤ ¬ â¥¬ â¨ç¥áª®© ¨­¤ãªæ¨¨. �à¨ t = 1
ãâ¢¥à¦¤¥­¨¥ á¯à ¢¥¤«¨¢®, â. ª. ãà ¢­¥­¨¥ (18) á®¢¯ ¤ ¥â á (15),   ãá«®¢¨¥ (19) | á â®¦¤¥áâ¢®¬
(16). �á«®¢¨¥ ¯®­¨¦¥­¨ï ¯®àï¤ª  ãà ¢­¥­¨ï (18) ­  ¥¤¨­¨æã,  ­ «®£¨ç­®¥ (16), ¯à¨¬¥â ¢¨¤

mj�t�1X
k=0

(�1)k
@k

@xkj

�mj�k�t�1X
l=0

(�1)l
(l + 1) : : : (l + t� 1)

(t� 1)!
@l

@xlj
a(m1;:::;l+k+t;:::;mn)

�
� 0

¨«¨
mj�t�1X

k=0

mj�k�t�1X
l=0

(�1)k+l (l + 1) : : : (l + t� 1)
(t� 1)!

@k+l

@xk+l
j

a(m1;:::;l+k+t;:::;mn) � 0:

�¤¥« ¥¬ § ¬¥­ã ¨­¤¥ªá  áã¬¬¨à®¢ ­¨ï r = k + l

mj�t�1X
k=0

mj�t�1X
r=k

(�1)r
(r � k + 1) : : : (r � k + t� 1)

(t� 1)!
@r

@xrj
a(m1;:::;r+t;:::;mn) � 0:

�§¬¥­¨¬ ¯®àï¤®ª áã¬¬¨à®¢ ­¨ï

mj�t�1X
r=0

� rX
k=0

(r � k + 1) : : : (r � k + t� 1)
(t� 1)!

�
(�1)r

@r

@xrj
a(m1;:::;r+t;:::;mn) � 0:

�á¯®«ì§ãï ä®à¬ã«ã (17), ¢ëç¨á«¨¬

rX
k=0

(r � k + 1) : : : (r � k + t� 1)
(t� 1)!

=
(r + 1) : : : (r + t� 1) + : : :+ 1 � 2 � : : : � (t� 1)

(t� 1)!
=

=
(r + 1) : : : (r + t� 1)(r + t)

t(t� 1)!
=
(r + 1) : : : (r + t)

t!
:

�®£¤  ãá«®¢¨¥ ¯®­¨¦¥­¨ï ¯®àï¤ª  á®¢¯ ¤¥â á (19). �ëïá­¨¬ ¢¨¤ ãà ¢­¥­¨ï, ¢ á®®â¢¥âáâ¢¨¨ á
(15), ¯®àï¤®ª ª®â®à®£® ¯®­¨¦¥­ ­  t+ 1,

@mj�t�1

@x
mj�t�1
j

v +
mj�t�2X
ij=0

mj�t�ij�2X
k=0

(�1)k
@k

@xkj

�mj�ij�k�t�2X
l=0

(�1)l
(l + 1) : : : (l + t� 1)

(t� 1)!
�

�
@l

@xlj
a(m1;:::;ij+k+l+t+1;:::;mn)

�
@ij

@x
ij
j

v =
Z
ftdxj + ct+1;
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£¤¥ ct+1 � ct+1(x1; : : : ; xj�1; xj+1; : : : ; xn),

@mj�t�1

@x
mj�t�1
j

v +
mj�t�2X
ij=0

mj�t�ij�2X
k=0

mj�ij�k�t�2X
l=0

(�1)k+l (l + 1) : : : (l + t� 1)
(t� 1)!

�

�
@k+l

@xk+l
j

a(m1;:::;ij+k+l+t;:::;mn)
@ij

@x
ij
j

v = ft+1:

�¤¥« ¥¬ § ¬¥­ã ¨­¤¥ªá  áã¬¬¨à®¢ ­¨ï r = k + l ¨ ¨§¬¥­¨¬ ¯®àï¤®ª áã¬¬¨à®¢ ­¨ï, â®£¤ 

mj�t�ij�2X
k=0

mj�ij�k�t�2X
l=0

(�1)k+l (l + 1) : : : (l + t� 1)
(t� 1)!

@k+l

@xk+l
j

a(m1;:::;ij+k+l+t+1;:::;mn) =

=
mj�t�ij�2X

k=0

mj�ij�t�2X
r=0

(�1)r
(r � k + 1) : : : (r � k + t� 1)

(t� 1)!
@r

@xrj
a(m1;:::;ij+r+t+1;:::;mn) =

=
mj�t�ij�2X

r=0

� rX
k=0

(r � k + 1) : : : (r � k + t� 1)
(t� 1)!

�
(�1)r

@r

@xrj
a(m1;:::;ij+r+t+1;:::;mn) =

=
mj�t�ij�2X

r=0

(r + 1) : : : (r + t)
t!

(�1)r
@r

@xrj
a(m1;:::;ij+r+t+1;:::;mn):

�à ¢­¥­¨¥, ¯®àï¤®ª ª®â®à®£® ¯®­¨¦¥­ ­  t+ 1, ¥áâì

@mj�t�1

@x
mj�t�1
j

v +
mj�t�2X
ij=0

mj�t�ij�2X
k=0

(�1)k
(k + 1) : : : (k + t)

t!
@k

@xkj
a(m1;:::;ij+k+t+1;:::;mn)

@ij

@x
ij
j

v = ft+1:

�­® á®®â¢¥âáâ¢ã¥â (18), £¤¥ ¢¬¥áâ® t ¢§ïâ® t + 1. �à¨ t = mj � 1 ¯®«ãç¨¬ «¨­¥©­®¥ ãà ¢­¥­¨¥
¯¥à¢®© áâ¥¯¥­¨

@

@xj
v + a(m1;:::;mj�1;:::;mn)v =

Z
� � �

Z
f dxj : : : dxj| {z }

mj�1

+
mj�2X
s=0

xsjAs;

à §à¥è¨¬®¥ ¢ ª¢ ¤à âãà å. � ª¨¬ ®¡à §®¬, ¤«ï â®£® çâ®¡ë à¥è¨âì ãà ¢­¥­¨¥ á ¯®¬®éìî ¤ ­-
­®£® ¬¥â®¤ , ¤®áâ â®ç­® ¢ë¯®«­¥­¨ï á«¥¤ãîé¨å ãá«®¢¨©:

mj�1X
k=0

(�1)k
@k

@xkj
a(m1;:::;k;:::;mn) � 0;

mj�t�1X
k=0

(�1)k
(k + 1) : : : (k + t)

t!
@k

@xkj
a(m1;:::;k+t;:::;mn) � 0; t = 1;mj � 2:

�®¬¯ ªâ­¥¥ ®¡  íâ¨ ãá«®¢¨ï § ¯¨áë¢ îâáï ¢ ¢¨¤¥
mj�t�1X

k=1

(�1)kCt
k+t

@k

@xkj
a(m1;:::;k+t;:::;mn) � 0; t = 0;mj � 2: �

3. �à¨¬¥­ïï ¨§«®¦¥­­ë¥ à ááã¦¤¥­¨ï ª ª®­ªà¥â­ë¬ ãà ¢­¥­¨ï¬ ¢¨¤  (1), ¯®«ãç¨¬ ãá«®¢¨ï
¨å à §à¥è¨¬®áâ¨ ¢ ª¢ ¤à âãà å. � ¯à¨¬¥à, ¤«ï ãà ¢­¥­¨ï ¯ïâ®£® ¯®àï¤ª 

u(3 2) + a(3 1)u(3 1) + a(3 0)u(3 0) + a(2 2)u(2 2) + a(1 2)u(1 2) + a(0 2)u(0 2) + a(2 1)u(2 1) +

+ a(2 0)u(2 0) + a(1 1)u(1 1) + a(1 0)u(1 0) + a(0 1)u(0 1) + a(0 0)u(0 0) = f (20)

¯à¨¬¥­¥­¨¥ â¥®à¥¬ 2{4 ¯à¨¢®¤¨â ª ¤¢¥­ ¤æ â¨ ­ ¡®à ¬ â®¦¤¥áâ¢, ¯à¨ ¢ë¯®«­¥­¨¨ «î¡®£® ¨§
ª®â®àëå ãà ¢­¥­¨¥ (20) à¥è ¥âáï ¢ ª¢ ¤à âãà å.
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