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� ¡®â  ¯à®¤®«¦ ¥â ¨áá«¥¤®¢ ­¨¥, ­ ç â®¥ ¢ [1], [2]. � ¤ ­­®© áâ âì¥ ¤®ª § ­  á¨­£ã«ïà­®áâì
(¢ëà®¦¤¥­­®áâì) « £à ­¦¨ ­®¢ ¯®¢®à®â  ¯¥à¢®£® ¨ ¢â®à®£® ¯®àï¤ª®¢ ¢ (¯á¥¢¤®)à¨¬ ­®¢ëå ¬­®-
£®®¡à §¨ïå ¨ à áá¬®âà¥­ë à §«¨ç­ë¥ ¨§®¯¥à¨¬¥âà¨ç¥áª¨¥ § ¤ ç¨ ¤«ï íâ¨å äã­ªæ¨®­ «®¢.

1. �¨­£ã«ïà­®áâì äã­ªæ¨®­ «®¢ ¯®¢®à®â 

�¥®à¨ï ¢ à¨ æ¨®­­ëå § ¤ ç á ¢ëáè¨¬¨ ¯à®¨§¢®¤­ë¬¨ ¤«ï ­¥¢ëà®¦¤¥­­ëå « £à ­¦¨ ­®¢
¢®áå®¤¨â ª à ¡®â ¬ �.�. �áâà®£à ¤áª®£® (á¬. [3]). �®¯ëâª¨ [4], [5] á®§¤ âì  ­ «®£ â ª®© â¥®à¨¨
¤«ï ¢ à¨ æ¨®­­ëå § ¤ ç á ¢ëà®¦¤¥­­ë¬¨ « £à ­¦¨ ­ ¬¨, ª®â®àë¥ ¨¬¥îâ ¢ ¦­®¥ §­ ç¥­¨¥
¤«ï ¯à¨«®¦¥­¨© ¢ â¥®à¥â¨ç¥áª®© ä¨§¨ª¥, áâ «ª¨¢ îâáï á ¯à¨­æ¨¯¨ «ì­ë¬¨ âàã¤­®áâï¬¨, á¢ï-
§ ­­ë¬¨ ¢ ¯¥à¢ãî ®ç¥à¥¤ì á â¥¬, çâ® ãà ¢­¥­¨ï �©«¥à {� £à ­¦  ¤«ï íªáâà¥¬ «¥© ­¥ ¨¬¥îâ
­®à¬ «ì­®© ä®à¬ë. �á«¥¤áâ¢¨¥ íâ®£® ­¥ ã¤ ¥âáï ¯®«ãç¨âì ¯®«­®£®  ­ «®£  ãà ¢­¥­¨© � ¬¨«ì-
â®­  ®â­®á¨â¥«ì­® ª ­®­¨ç¥áª¨å ¯¥à¥¬¥­­ëå. � íâ®¬ ¯ à £à ä¥ ¤®ª §ë¢ ¥âáï, çâ® « £à ­¦¨-
 ­ë ¯®¢®à®â  ¯¥à¢®£® ¨ ¢â®à®£® ¯®àï¤ª®¢ ¢ (¯á¥¢¤®)à¨¬ ­®¢ëå ¯à®áâà ­áâ¢ å ¯à®¨§¢®«ì­®©
à §¬¥à­®áâ¨ ï¢«ïîâáï ¢ëà®¦¤¥­­ë¬¨.

� (¯á¥¢¤®)à¨¬ ­®¢®¬ ¬­®£®®¡à §¨¨ (Mn; g) ¢¤®«ì £« ¤ª®© ªà¨¢®© 
 : ]t0; t1[!Mn ¨§ ¥¥ ª á -
â¥«ì­®£® ¢¥ªâ®à  � = _
 ¯®áâà®¨¬ ª®¢ à¨ ­â­ë¬ ¤¨ää¥à¥­æ¨à®¢ ­¨¥¬ ®â­®á¨â¥«ì­® á¢ï§­®áâ¨
�¥¢¨-�¨¢¨âa r (¬¥âà¨ç¥áª®© á¢ï§­®áâ¨ ¡¥§ ªàãç¥­¨ï ([6], á. 153)) ¢¥ªâ®àë ¢ëáè¨å ªà¨¢¨§­
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 ([7], c. 480). � £à ­¦¨ ­ë äã­ªæ¨®­ «®¢ ¯®¢®à®â  ¯¥à¢®£® ¨ ¢â®à®£® ¯®àï¤ª®¢ ¯à¨
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�¥®à¥¬  1. � £à ­¦¨ ­ë ¯®¢®à®â  L�(x; �; �
1

; : : : ; �
�
) ¯¥à¢®£® ¨ ¢â®à®£® ¯®àï¤ª®¢ ï¢«ïîâáï

á¨­£ã«ïà­ë¬¨ (¢ëà®¦¤¥­­ë¬¨), â. ¥. ¤«ï ­¨å áâ àè¨© £¥áá¨ ­ det
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� � 0.

�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ¯®ª § âì, çâ® ¬ âà¨æë £¥áá¨ ­®¢ ¨¬¥îâ á®¡áâ¢¥­­ë¥ ¢¥ªâ®-
àë, ®â¢¥ç îé¨¥ ­ã«¥¢®¬ã á®¡áâ¢¥­­®¬ã §­ ç¥­¨î.

1) � áá¬®âà¨¬ á­ ç «  « £à ­¦¨ ­ ¯®¢®à®â  ¯¥à¢®£® ¯®àï¤ª . �«ï ®¯à¥¤¥«¨â¥«ï �à ¬ 
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�¢¥àâª¨ ¤ îâ á«¥¤ãîé¨¥ §­ ç¥­¨ï:
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®¡à §ãîâ ®àâ®£®­ «ì­ãî âà®©ªã â ª¨å á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢.

�®-¢¨¤¨¬®¬ã, ®¡­ àã¦¥­­ ï á¨âã æ¨ï ¡ã¤¥â á®åà ­ïâìáï ¨ ¢ á«ãç ¥ « £à ­¦¨ ­  ¯®¢®à®â 
¯à®¨§¢®«ì­®£® ¯®àï¤ª  � = 1; : : : ; n � 1, ¤«ï ª®â®à®£® ª á â¥«ì­ë© ¢¥ªâ®à ¨ ¢¥ªâ®àë ªà¨¢¨§­
¤® ¯®àï¤ª  � ¢ª«îç¨â¥«ì­® ï¢«ïîâáï á®¡áâ¢¥­­ë¬¨ ¢¥ªâ®à ¬¨, ®â¢¥ç îé¨¬¨ ­ã«¥¢®¬ã á®¡-
áâ¢¥­­®¬ã §­ ç¥­¨î.

2. �§®¯¥à¨¬¥âà¨ç¥áª¨¥ § ¤ ç¨

�áá«¥¤®¢ ­¨¥ á¢®©áâ¢ íªáâà¥¬ «¥© äã­ªæ¨®­ «®¢ ¯®¢®à®â  á â®çª¨ §à¥­¨ï ¤¨ää¥à¥­æ¨ «ì-
­®© £¥®¬¥âà¨¨ (¯á¥¢¤®)à¨¬ ­®¢ëå ¬­®£®®¡à §¨© ¯à¥¤áâ ¢«ï¥â ¨­â¥à¥á ¢ à ¬ª å ®¡é¥© â¥®à¨¨
¢ëà®¦¤¥­­ëå « £à ­¦¨ ­®¢,   â ª¦¥ ¤«ï ¯à¨«®¦¥­¨©. � ª, ­ ¯à¨¬¥à, ¢ [4] à áá¬ âà¨¢ «áï
á«ãç ©, ª®£¤  ®¡®¡é¥­­®¥ ¤¥©áâ¢¨¥ ¤«ï â®ç¥ç­®© à¥«ïâ¨¢¨áâáª®© ç áâ¨æë ¢ª«îç ¥â äã­ªæ¨®-
­ « ¤«¨­ë ¨ äã­ªæ¨®­ « ¯®¢®à®â  ¯¥à¢®£® ¯®àï¤ª  4-¬¥à­®£® ¯à®áâà ­áâ¢  �¨­ª®¢áª®£®. �à¨
íâ®¬ á®¡áâ¢¥­­ë¥ ¢¥ªâ®àë ¬ âà¨æë £¥áá¨ ­ , ®â¢¥ç îé¨¥ ­ã«¥¢®¬ã á®¡áâ¢¥­­®¬ã §­ ç¥­¨î,
®¯à¥¤¥«ïîâ ¯¥à¢¨ç­ë¥ « £à ­¦¥¢ë á¢ï§¨ â¥®à¨¨ â ª¨å ç áâ¨æ. �¡®§­ ç¨¬ ç¥à¥§
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¢ à¨ æ¨®­­ë¥ ¯à®¨§¢®¤­ë¥ äã­ªæ¨®­ «®¢ ¤«¨­ë ¨ ¯®¢®à®â  ¯¥à¢®£® ¨ ¢â®à®£® ¯®àï¤ª®¢.
�®áª®«ìªã �`i = �e0rt(e0h�; �i)�1=2�i � e0(e0h�; �i)�1=2 �

1

i (§¤¥áì á¯à ¢  ª®¢ à¨ ­â­ë¥ ª®¬¯®-

­¥­âë ¢¥ªâ®à®¢), ®âáî¤  ¨¬¥¥¬ �`i�
i = 0. � ª¨¬ ®¡à §®¬, äã­ªæ¨®­ « ¤«¨­ë â ª¦¥ á¨­£ã«ïà-

­ë©.
�à ¢­¥­¨ï �©«¥à {� £à ­¦  �`i = 0, � �

�
i = 0 ®¯à¥¤¥«ïîâ á®®â¢¥âáâ¢¥­­® £¥®¤¥§¨ç¥áª¨¥

ªà¨¢ë¥ ¨ á¢®¡®¤­ë¥ (¡¥§ãá«®¢­ë¥) íªáâà¥¬ «¨ ¯®¢®à®â  (���). � á«ãç ¥, ª®£¤  ¢ àì¨à®¢ ­-
­ë¥ ªà¨¢ë¥ ¢ ¤¢ãåâ®ç¥ç­®© ¢ à¨ æ¨®­­®© § ¤ ç¥ ¯®¤ç¨­¥­ë ¤®¯®«­¨â¥«ì­®¬ã ¨­â¥£à «ì­®¬ã
ãá«®¢¨î, áâ æ¨®­ à­ë¥ ªà¨¢ë¥ äã­ªæ¨®­ «  ¤«¨­ë ¨ ¯®¢®à®â  ­ §ë¢ ¥¬ ¨§®¯¥à¨¬¥âà¨ç¥áª¨¬¨
íªáâà¥¬ «ï¬¨ ¤«¨­ë (���) ¨, á®®â¢¥âáâ¢¥­­® | ¨§®¯¥à¨¬¥âà¨ç¥áª¨¬¨ íªáâà¥¬ «ï¬¨ ¯®¢®à®â 
(���). �à¨ ¢ àì¨à®¢ ­¨¨ ­ ¤® ­¥ ¤®¯ãáª âì ¨§®âà®¯­ëå ­ ¯à ¢«¥­¨© h�; �i = 0 ¨ â®ç¥ª ã¯«®-
é¥­¨ï (n� 1)-£® ¯®àï¤ª  (G1 = 0) ¤«ï ¯®¢®à®â  ¯¥à¢®£® ¯®àï¤ª , ¨ â®ç¥ª ã¯«®é¥­¨ï (n� 1)-£®
¨ (n� 2)-£® ¯®àï¤ª®¢ (G1 = G2 = 0) ¤«ï ¯®¢®à®â  ¢â®à®£® ¯®àï¤ª .

�¥®¤¥§¨ç¥áª¨¥ ªà¨¢ë¥ ¨¬¥îâ ¬ ªá¨¬ «ì­®¥ ã¯«®é¥­¨¥ ¯®àï¤ª  n�1. �­¨ ¤®áâ ¢«ïîâ äã­ª-
æ¨®­ «ã ¯®¢®à®â  ¯¥à¢®£® ¯®àï¤ª  ¬¨­¨¬ «ì­®¥ ­ã«¥¢®¥ §­ ç¥­¨¥. �å ¥áâ¥áâ¢¥­­® ­ §ë¢ âì
âà¨¢¨ «ì­ë¬¨ ��� ¨«¨ ��� ¯¥à¢®£® ¯®àï¤ª .
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�à¨¢ë¥ á ã¯«®é¥­¨¥¬ ([7]; [8], á. 125) ¯®àï¤ª  n� 2 (2-£¥®¤¥§¨ç¥áª¨¥ ªà¨¢ë¥) ¨¬¥îâ ¯ à «-
«¥«ì­ãî á®¯à¨ª á îéãîáï ¯«®áª®áâì E2(�; �1). �¤®«ì íâ¨å ªà¨¢ëå ¢ë¯®«­ïîâáï ¤¨ää¥à¥­æ¨-
 «ì­ë¥ ãà ¢­¥­¨ï ¢¨¤  �

2

i = a(t)�i+ a1(t) �
1

i (á¯à ¢  ­¥ª®â®àë¥ äã­ªæ¨¨ ¯ à ¬¥âà  ­  ªà¨¢®©).

�­¨ ¤®áâ ¢«ïîâ äã­ªæ¨®­ «ã ¯®¢®à®â  ¢â®à®£® ¯®àï¤ª  ¬¨­¨¬ «ì­®¥ ­ã«¥¢®¥ §­ ç¥­¨¥. �å
¥áâ¥áâ¢¥­­® ­ §ë¢ âì âà¨¢¨ «ì­ë¬¨ ��� ¨«¨ ��� ¢â®à®£® ¯®àï¤ª .

�¥®à¥¬  2. �«ï ¯¥à¢®£® ¯®¢®à®â  ¯ãçª¨ ��� ¨ ��� á®¢¯ ¤ îâ.

�®ª § â¥«ìáâ¢®. � à ¡®â¥ [1] ¡ë«¨ ¨áá«¥¤®¢ ­ë ��� ¨ ��� ¯¥à¢®£® ¯®àï¤ª  ¯à¨ ãá«®¢¨¨
ä¨ªá¨à®¢ ­¨ï ¤«¨­ë, â. ¥. íªáâà¥¬ «¨ ¢ à¨ æ¨®­­®© § ¤ ç¨

extremum �
1

[
]; `[
] =
_

` | const :

�å ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¨¬¥îâ ¢¨¤ c0�si + c1� �
1
i = 0, c0; c1 | const. � á«ãç ïå c0 = 0

¨«¨ c1 = 0 ¯®«ãç ¥¬ ãà ¢­¥­¨ï ��� ¯¥à¢®£® ¯®àï¤ª  ¨«¨ £¥®¤¥§¨ç¥áªãî ªà¨¢ãî (âà¨¢¨ «ì­ãî
���). � ®áâ «ì­ëå á«ãç ïå ãà ¢­¥­¨ï ��� ¯¥à¢®£® ¯®àï¤ª  ¢ª«îç îâ ®¤­ã áãé¥áâ¢¥­­ãî
¯®áâ®ï­­ãî, ª®â®à ï § ¢¨á¨â ®â ä¨ªá¨à®¢ ­­®© ¤«¨­ë.

�ª §ë¢ ¥âáï, çâ® ãª § ­­ë¥ ¢ëè¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¨¬¥îâ â ª¦¥ ��� ¯à¨
ãá«®¢¨¨ ä¨ªá¨à®¢ ­¨ï ¯¥à¢®£® ¯®¢®à®â  ¯¥à¢®£® ¯®àï¤ª  áà¥¤¨ ¢á¥å ¤ã£ á ä¨ªá¨à®¢ ­­ë¬¨
ª®­æ ¬¨ p0, p1. �¥©áâ¢¨â¥«ì­®, à áá¬®âà¨¬ ¤¢ãåâ®ç¥ç­ãî ¢ à¨ æ¨®­­ãî § ¤ çã

extremum `[
]; �
1

[
] =
_

�
1

| const :

�®¯ãáâ¨¬, çâ® xh =
_
x h(t) | ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢­¥­¨ï ªà¨¢®©

_

 , ­  ª®â®à®© äã­ªæ¨®­ «

¤«¨­ë ¤®áâ¨£ ¥â íªáâà¥¬ «ì­®£® §­ ç¥­¨ï.
�à®¢ àì¨àã¥¬ íâã ªà¨¢ãî ¯ãçª®¬ ¤®¯ãáâ¨¬ëå ªà¨¢ëå


 : xh(t; "1; "2) =
_
x h(t) + "1�

h
1
(t) + "2�

h
2
(t):

�¤¥áì "1, "2 | ¬ «ë¥ ¯ à ¬¥âàë, �h
1
(t), �h

2
(t) | £« ¤ª¨¥ ¢¥ªâ®à-äã­ªæ¨¨, ª®â®àë¥ ã¤®¢«¥â¢®-

àïîâ ­  ª®­æ å ª á ­¨î ¯¥à¢®£® ¯®àï¤ª :

�h
1;2(t0) = �h

1;2(t1) = _�h
1;2(t0) = _�h

1;2(t1) = 0:

�  íâ®â ¯ãç®ª ¢ ¤ ­­®© § ¤ ç¥ ­ «®¦¥­® ¨­â¥£à «ì­®¥ ãá«®¢¨¥ ¯®áâ®ï­áâ¢  ¯¥à¢®£® ¯®¢®à®â 

F ("1; "2) = �
1

[
] = �
1

[
_

 + "1�1 + "2�2] =

_

�
1

:

�§ ­¥£® ­ å®¤¨¬

F"2(0; 0) =
@F (0; 0)
@"2

= � �
1

[�2] =
Z t1

t0

� �
1
i�

i
2
dt:

� á«ãç ¥ � �
1

[�2] = 0 ¤«ï ¢á¥å ãª § ­­ëå ¤®¯ãáâ¨¬ëå ¢¥ªâ®à-äã­ªæ¨© �h
2
(t) ¯®«ãç ¥¬ � �

1
i = 0.

�®¯ãáâ¨¬, çâ® áãé¥áâ¢ã¥â ¢¥ªâ®à-äã­ªæ¨ï �h
2
(t) â ª ï, çâ® � �

1

[�2] 6= 0. � íâ®¬ á«ãç ¥

F"2(0; 0) 6= 0. �®£¤  ª ãà ¢­¥­¨î F ("1; "2) =
_

�
1

¯à¨¬¥­¨¬  â¥®à¥¬  ® ­¥ï¢­®© äã­ªæ¨¨. � 

®á­®¢ ­¨¨ íâ®© â¥®à¥¬ë ¤ ­­®¥ ãà ¢­¥­¨¥ «®ª «ì­® à §à¥è¨¬® ¢ ª« áá¥ £« ¤ª¨å äã­ªæ¨©, â. ¥.
áãé¥áâ¢ã¥â äã­ªæ¨ï "2("1), "2(0) = 0 â ª ï, çâ® F ("1; "2("1)) =

_

�
1

¤«ï ¢á¥å ¤®áâ â®ç­® ¬ «ëå

§­ ç¥­¨© "1. �à®¬¥ â®£®,

"0
2
(0) = �F"1(0; 0)

F"2(0; 0)
= �

� �
1

[�1]

� �
1

[�2]
:
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�®áª®«ìªã ¯® ¯®áâ ­®¢ª¥ § ¤ ç¨ ­  ªà¨¢®©
_

+"1�1+"2("1)�2 äã­ªæ¨®­ « `[
] ¤®«¦¥­ ¤®áâ¨£ âì

íªáâà¥¬ «ì­®£® §­ ç¥­¨ï, â® ­¥®¡å®¤¨¬®

d

d"1
`[
_

 +"1�1 + "2("1)�2]

���
"2=0

= �`[�1] + "0
2
(0)�`[�2] = 0:

�¢¥¤¥¬ ®¡®§­ ç¥­¨¥
_
c = ��`[�2]=� �

1

[�2] ¨ § ¯¨è¥¬ ¯à¥¤ë¤ãé¥¥ à ¢¥­áâ¢® ¢ ¢¨¤¥ �`[�1] +
_
c � �

1

[�1] = 0. �®á«¥¤­¥¥ à ¢¥­áâ¢® ¨¬¥¥â â®¦¤¥áâ¢¥­­ë© å à ªâ¥à ¤«ï ¢á¥å £« ¤ª¨å ¢¥ªâ®à-

äã­ªæ¨© �h
1
(t), ã¤®¢«¥â¢®àïîé¨å ­  ª®­æ å ª á ­¨î ¯¥à¢®£® ¯®àï¤ª . �®íâ®¬ã �`i+

_
c � �

1
i = 0.

� ª¨¬ ®¡à §®¬, ¯ãçª¨ ��� ¨ ���, ¤«ï ª®â®àëå äã­ªæ¨®­ « ¯¥à¢®£® ¯®¢®à®â  ¨ ¨§®¯¥à¨-
¬¥âà¨ç¥áª¨¥ ãá«®¢¨ï ï¢«ïîâáï ¢§ ¨¬­ë¬¨, á®¢¯ ¤ îâ.

�«ï ¯®¢®à®â  ¢â®à®£® ¯®àï¤ª  ¬®¦­® áâ ¢¨âì ª ª ¡¥§ãá«®¢­ãî ¢ à¨ æ¨®­­ãî § ¤ çã, â ª ¨
à §«¨ç­ë¥ ¨§®¯¥à¨¬¥âà¨ç¥áª¨¥ § ¤ ç¨ ¯à¨ ãá«®¢¨¨ ¯®áâ®ï­áâ¢  ¤«¨­ë ¨ (¨«¨) ¯¥à¢®£® ¯®¢®à®-
â . �à¨¬¥­ïï à ááã¦¤¥­¨ï ¯à¥¤ë¤ãé¥© â¥®à¥¬ë (¨«¨ «¥¬¬ë ®¡ ¨§®¬¥âà¨ç¥áª¨å ¯®áâ®ï­­ëå [1],
[9]), ¬®¦­® ¯®«ãç¨âì á®®â¢¥âáâ¢ãîé¨¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï íªáâà¥¬ «¥©. � ¯à¨¬¥à,
¤«ï äã­ªæ¨®­ «  ¯®¢®à®â  ¢â®à®£® ¯®àï¤ª  ¨§®¯¥à¨¬¥âà¨ç¥áª ï § ¤ ç 

extremum �
2

[
]; �
1

[
] =
_

�
1

| const; `[
] =
_

` | const

¯®à®¦¤ ¥â ¯ãç®ª ��� ¢â®à®£® ¯®àï¤ª  á ¤¨ää¥à¥­æ¨ «ì­ë¬¨ãà ¢­¥­¨ï¬¨ ¢¨¤  c2� �
2
i+c1� �

1
i+

+c�`i = 0, c1; c2; c | const. �à¨ c = c1 = 0 ¯®«ãç¨¬ ãà ¢­¥­¨ï ��� ¢â®à®£® ¯®àï¤ª  � �
2
i = 0.

� ª ¨ ¢ á«ãç ¥ â¥®à¥¬ë 2, ¬®¦­® ¯®ª § âì, çâ® ¯®á«¥¤­¨¥ ãà ¢­¥­¨ï ®¯¨áë¢ îâ ¯ãçª¨ ¨§®¯¥à¨-
¬¥âà¨ç¥áª¨å íªáâà¥¬ «¥© ¤«ï ¤«¨­ë ¨«¨ ¯¥à¢®£® ¯®¢®à®â  á ¢§ ¨¬­ë¬¨ ¨§®¯¥à¨¬¥âà¨ç¥áª¨¬¨
ãá«®¢¨ï¬¨ ­  ¯¥à¢ë© ¨ ¢â®à®© ¯®¢®à®âë ¨«¨ ¤«¨­ã ¨ ¢â®à®© ¯®¢®à®â.

� à¨ æ¨®­­ë¥ ¯à®¨§¢®¤­ë¥ äã­ªæ¨®­ «  ¯¥à¢®£® (¢â®à®£®) ¯®¢®à®â  ¢ª«îç îâ ¢¥ªâ®àë
ªà¨¢¨§­ë âà¥âì¥£® (¯ïâ®£®) ¯®àï¤ª . � ¯¨áë¢ ï ï¢­ë¥ ¢ëà ¦¥­¨ï íâ¨å ¯à®¨§¢®¤­ëå (¨å ¬®¦-
­® ­ ©â¨ ¢ [1], [10]), ¯®«ãç¨¬ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï á®®â¢¥âáâ¢ãîé¨å íªáâà¥¬ «¥©. �â¨
ãà ¢­¥­¨ï ®ª §ë¢ îâáï ¨­¢ à¨ ­â­ë¬¨ ®â­®á¨â¥«ì­® ¢ë¡®à  ¯ à ¬¥âà  ªà¨¢®© ¨ ¢ë¡®à  «®-
ª «ì­ëå ª®®à¤¨­ â ¬­®£®®¡à §¨ï. �¨¤ íâ¨å ãà ¢­¥­¨© ¨¬¥¥â ¤®áâ â®ç­® á«®¦­ë© å à ªâ¥à ¨,
çâ® á«¥¤ã¥â ®á®¡® ¯®¤ç¥àª­ãâì, ®­¨ ­¥ ¨¬¥îâ ¢ ®¡é¥¬ á«ãç ¥ ­®à¬ «ì­®© ä®à¬ë.

3. �§®¯¥à¨¬¥âà¨ç¥áª¨¥ § ¤ ç¨ ¤«ï äã­ªæ¨®­ «  ¯®¢®à®â  ­  ¯®¢¥àå­®áâïå

� á«ãç ¥ ¤¢ã¬¥à­®£® à¨¬ ­®¢  ¬­®£®®¡à §¨ï (M 2; g) ®¯à¥¤¥«¥­ â®«ìª® ®¤¨­ ¯®¢®à®â (¯¥à-
¢ë©). �®áª®«ìªã ªà¨¢ë¥ ­  ¬­®£®®¡à §¨ïå ¬¨­¨¬ «ì­®© à §¬¥à­®áâ¨ ¨¬¥îâ ã¯«®é¥­¨¥ ­¥ ¢ë-
è¥ ¯¥à¢®£® ¯®àï¤ª , â® ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¨§®¯¥à¨¬¥âà¨ç¥áª¨å íªáâà¥¬ «¥© ¯®¢®-
à®â  §­ ç¨â¥«ì­® ã¯à®é îâáï. � ª ¡ë«® ¯®ª § ­® [1], íâ¨ ãà ¢­¥­¨ï ¨¬¥îâ ïàª¨© £¥®¬¥âà¨ç¥-
áª¨© å à ªâ¥à | ¢¤®«ì ��� £¥®¤¥§¨ç¥áª ï ¨ £ ãáá®¢ë ªà¨¢¨§­ë ¯à®¯®àæ¨®­ «ì­ë: k1 = cK,
£¤¥ c | ­¥ª®â®à ï ¯®áâ®ï­­ ï (§ ¢¨áïé ï ®â ä¨ªá¨à®¢ ­­®© ¤«¨­ë íªáâà¥¬ «¨) ¨ K | £ ãá-
á®¢  ªà¨¢¨§­  ¬­®£®®¡à §¨ï. �à¨¬¥ç â¥«ì­®, çâ® §¤¥áì ¬®¦­® ¯®«ãç¨âì ãà ¢­¥­¨ï ��� ¨ ¢
­®à¬ «ì­®© ä®à¬¥. �¬¥­­®, ­  ®¡« áâïå ¬­®£®®¡à §¨ï, £¤¥ £ ãáá®¢  ªà¨¢¨§­  ­¥­ã«¥¢ ï ¨ á®-
åà ­ï¥â §­ ª, ¯®á«¥¤­¥¥ ãà ¢­¥­¨¥ íª¢¨¢ «¥­â­® á¨áâ¥¬¥ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢¨¤ 
r` �

1

i = h�; �i�1h�1; �1i�i + (K�1r`K) �
1

i (§¤¥áì ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¢¥¤¥âáï ¯® ¤«¨­¥ ` ¤ã£¨ ªà¨-

¢®©) á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ h�(0); �(0)i = 1, h�(0); �1(0)i = 0.
�â¨ ãà ¢­¥­¨ï ¨¬¥îâ ­®à¬ «ì­ãî ä®à¬ã ¨ ¯à¨¬¥­¥­¨¥ ª ­¨¬ áâ ­¤ àâ­ëå â¥®à¥¬ ¨§ â¥®à¨¨

¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯®§¢®«ï¥â à¥è âì ¤«ï ��� § ¤ çã �®è¨ [11].
� ãà ¢­¥­¨ï¬ ¨§®¯¥à¨¬¥âà¨ç¥áª¨å íªáâà¥¬ «¥© ¯®¢®à®â  ¢ ä®à¬¥ k1 = cK ¯à¨¢®¤ïâ ¨ ¤àã-

£¨¥ ¢ à¨ æ¨®­­ë¥ § ¤ ç¨. � ª, ¯à¨ ¨§ãç¥­¨¨ �.�ã ­ª à¥  áâà®­®¬¨ç¥áª®© § ¤ ç¨ \® âà¥å â¥-
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« å" ¢®§­¨ª«  ­¥®¡å®¤¨¬®áâì ®âëáª ­¨ï § ¬ª­ãâëå £¥®¤¥§¨ç¥áª¨å ªà¨¢ëå ­  ®¢ «ì­®© ¯®¢¥àå-
­®áâ¨. � íâ®© æ¥«ìî à áá¬ âà¨¢ « áì ¨§®¯¥à¨¬¥âà¨ç¥áª ï § ¤ ç 

min `[
]; 
[G] =
ZZ
G

K
p
det g dx1 ^ dx2 =

_


 = const;

£¤¥ 
 | § ¬ª­ãâ ï ªà¨¢ ï, ®£à ­¨ç¨¢ îé ï ®¡« áâì G ¯®¢¥àå­®áâ¨, 
 | ¨­â¥£à «ì­ ï £ ãá-
á®¢  ªà¨¢¨§­  íâ®© ®¡« áâ¨. �áâ ­®¢«¥­® ([12], á. 229), çâ® áâ æ¨®­ à­ë¥ ªà¨¢ë¥ íâ®© § ¤ ç¨
®¯¨áë¢ îâáï ãà ¢­¥­¨ï¬¨ k1 = cK.

� ¤ ç  ®¡ ®âëáª ­¨¨ § ¬ª­ãâ®© «¨­¨¨ ¯®¢¥àå­®áâ¨, ®å¢ âë¢ îé¥© ­ ¨¡®«ìèãî ¯«®é ¤ì
¯à¨ § ¤ ­­®© ¤«¨­¥, à áá¬ âà¨¢ « áì �.�¨­¤¨­£®¬ ([13], á. 128). �ªáâà¥¬ «ï¬¨ íâ®© § ¤ ç¨
á«ã¦ â ªà¨¢ë¥ ¯®áâ®ï­­®© £¥®¤¥§¨ç¥áª®© ªà¨¢¨§­ë (®ªàã¦­®áâ¨ � à¡ã). � ª¨¬ ®¡à §®¬, ­ 
¯®¢¥àå­®áâïå ¯®áâ®ï­­®© £ ãáá®¢®© ªà¨¢¨§­ë ®ªàã¦­®áâ¨ � à¡ã ï¢«ïîâáï ¨§®¯¥à¨¬¥âà¨ç¥-
áª¨¬¨ íªáâà¥¬ «ï¬¨ ¯®¢®à®â .

��� ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¢®§­¨ª îâ ¢ ¤¨ää¥à¥­æ¨ «ì­®© £¥®¬¥âà¨¨ ª á â¥«ì­ëå à á-
á«®¥­¨©. �«ï â®£® çâ®¡ë ªà¨¢ ï ¢ áä¥à¨ç¥áª®¬ ª á â¥«ì­®¬ à áá«®¥­¨¨ T�(M 2) á ¬¥âà¨ª®©
� á ª¨ gS ¤¢ã¬¥à­®£® ­¥¯«®áª®£® à¨¬ ­®¢  ¬­®£®®¡à §¨ï (M 2; g) ¡ë«  £¥®¤¥§¨ç¥áª®©, ­¥®¡å®-
¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¥¥ ¯à®¥ªæ¨ï ­  ¡ §¨á­®¥ ¬­®£®®¡à §¨¥ M 2 ¡ë«  ¨§®¯¥à¨¬¥âà¨ç¥áª®©
íªáâà¥¬ «ìî ¯®¢®à®â  [14], [15].

�  ¯®¢¥àå­®áâïå á ­ã«¥¢®© £ ãáá®¢®© ªà¨¢¨§­®© (â®àá å) ¤¢ãåâ®ç¥ç­ ï ¡¥§ãá«®¢­ ï,   â ª¦¥
¨§®¯¥à¨¬¥âà¨ç¥áª ï § ¤ ç  ¤«ï äã­ªæ¨®­ «  ¯®¢®à®â  ¨¬¥îâ ¬®é­ë¥ ¯ãçª¨ à¥è¥­¨©. �  â -
ª¨å ¯®¢¥àå­®áâïå ¢áïª ï £« ¤ª ï ªà¨¢ ï ï¢«ï¥âáï áâ æ¨®­ à­®© ªà¨¢®© ¢ à¨ æ¨®­­®© § ¤ ç¨.

� à¨ æ¨®­­ë¥ § ¤ ç¨ ¤«ï äã­ªæ¨®­ «  ¯®¢®à®â  ­  ¯®¢¥àå­®áâïå ¬®¦­® áâ ¢¨âì ¯®áà¥¤-
áâ¢®¬ ¨á¯®«ì§®¢ ­¨ï â¥®à¥¬ë � ãáá {�®­­í. �ãáâì ¢ ¥¢ª«¨¤®¢®© ¯«®áª®áâ¨ E2 á ¤¥ª àâ®¢ë¬¨
¯àï¬®ã£®«ì­ë¬¨ ª®®à¤¨­ â ¬¨ x, y § ¤ ­  £« ¤ª ï ¡¥§ á ¬®¯¥à¥á¥ç¥­¨© ªà¨¢ ï 
0, ®£à ­¨ç¨¢ -
îé ï ®¡« áâì D � E2. �ã¤¥¬ ¨áª âì ¢«®¦¥­¨¥ f : D ! E3 â ª®¥, çâ®¡ë ­  ¢«®¦¥­­®© ¯®¢¥àå­®-
áâ¨ f(D) ªà¨¢ ï 
 = f(
0) ¨¬¥«  íªáâà¥¬ «ì­ë© ¯®¢®à®â. �®áà¥¤áâ¢®¬ ä®à¬ã«ë � ãáá {�®­­í
�[
] + 
[D] = 2� íâ  § ¤ ç  ¯à¨¢®¤¨â ª ®âëáª ­¨î íªáâà¥¬ «ì­ëå ¯®¢¥àå­®áâ¥© äã­ªæ¨®­ « 
¨­â¥£à «ì­®© £ ãáá®¢®© ªà¨¢¨§­ë


[f ] =
ZZ
D

K
p
det g dx ^ dy:

�¤¥áì K = (det g)�1=2(fxxfyy � f 2xy), det g = 1 + f 2x + f 2y .

�¥®à¥¬  3. �áïª ï £« ¤ª ï ¯®¢¥àå­®áâì z = f(x; y) ª« áá  C4(D) ï¢«ï¥âáï áâ æ¨®­ à­®©

¯®¢¥àå­®áâìî ¤«ï äã­ªæ¨®­ «  ¨­â¥£à «ì­®© ¯®«­®© ªà¨¢¨§­ë.

�®ª § â¥«ìáâ¢®. � £à ­¦¨ ­L = K
p
f äã­ªæ¨®­ «  
[f ] § ¢¨á¨â ®â ¢â®àëå ¯à®¨§¢®¤­ëå

£à ä¨ª  f ¯®¢¥àå­®áâ¨ z = f(x; y). � ª ¨§¢¥áâ­® ([9], á. 205), áâ æ¨®­ à­ë¥ ¯®¢¥àå­®áâ¨ ¢ íâ®¬
á«ãç ¥ ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨ï¬ �©«¥à {�ã áá®­ 

�
[f ]
�f

=
@L

@f
� @

@x

@L

@fx
� @

@y

@L

@fy
+

@2

@x@y

@L

@fxy
+

@2

@x2
@L

@fxx
+

@2

@y2
@L

@fyy
= 0:

�¥¯®áà¥¤áâ¢¥­­ ï ¯à®¢¥àª  ¯®ª §ë¢ ¥â (¬ë ®¯ãáª ¥¬ ¨§-§  £à®¬®§¤ª®áâ¨), çâ® íâ¨ ãà ¢­¥­¨ï
ã¤®¢«¥â¢®àïîâáï ¤«ï ¢áïª®© äã­ªæ¨¨ f 2 C4(D).

�®é­®áâì ¯ãçª  áâ æ¨®­ à­ëå ªà¨¢ëå äã­ªæ¨®­ «  ¨­â¥£à «ì­®© ªà¨¢¨§­ë ¨¬¥¥â ïàª®¥
£¥®¬¥âà¨ç¥áª®¥ â®«ª®¢ ­¨¥. �¥©áâ¢¨â¥«ì­®, ¯®¢¥àå­®áâ¨, ª á îé¨¥áï ­  ªà¨¢®© 
 = f(
0), ¤®-
áâ ¢«ïîâ ¥© ®¤¨­ ª®¢ë© ¯®¢®à®â, ¯®áª®«ìªã ¨§ £¥®¬¥âà¨ç¥áª®£® á¬ëá«  £¥®¤¥§¨ç¥áª®© ªà¨-
¢¨§­ë ªà¨¢®© ­  ¯®¢¥àå­®áâ¨ ¢ëâ¥ª ¥â, çâ® £¥®¤¥§¨ç¥áª ï ªà¨¢¨§­  ªà¨¢®© 
 = f(
0) ­  ¢á¥å
ª á îé¨åáï ¢ àì¨àã¥¬ëå ¤®¯ãáâ¨¬ëå ¯®¢¥àå­®áâïå ®¤¨­ ª®¢ . �¤¥áì ¯à®á«¥¦¨¢ ¥âáï ¨­â¥à¥á-
­ ï  ­ «®£¨ï á â¥¬, çâ® áâ æ¨®­ à­ë¥ ªà¨¢ë¥ ¤«ï äã­ªæ¨®­ «  ¯®¢®à®â  ­  â®àá å, ¨¬¥îé¨¥
­  ª®­æ å ª á ­¨¥ ¯¥à¢®£® ¯®àï¤ª , ¨¬¥îâ á â®ç­®áâìî ¤® ªà â­ëå 2� ®¤¨­ ª®¢ë© ¯®¢®à®â.
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�à®¬¥ â®£®, â¥®à¥¬  3 ¯®ª §ë¢ ¥â, çâ® ¤«ï äã­ªæ¨®­ «  ¨­â¥£à «ì­®© ªà¨¢¨§­ë ¯®¢¥àå­®áâ¨
¢ à¨ æ¨®­­ ï § ¤ ç  ®âëáª ­¨ï áâ æ¨®­ à­ëå ¯®¢¥àå­®áâ¥© á íªáâà¥¬ «ì­ë¬ ¯®¢®à®â®¬ ªà ï
âà¥¡ã¥â ¤®¯®«­¨â¥«ì­ëå ¨§®¯¥à¨¬¥âà¨ç¥áª¨å ¨«¨ ¤àã£¨å ®£à ­¨ç¥­¨© £¥®¬¥âà¨ç¥áª®£® á®¤¥à-
¦ ­¨ï. �®®â¢¥âáâ¢ãîé¨¥ § ¤ ç¨ ¬®£ãâ ¡ëâì ¯à¥¤¬¥â®¬ ®â¤¥«ì­®£® ¨áá«¥¤®¢ ­¨ï.

�â¬¥â¨¬ â ª¦¥ ¯®«ãç¥­­ãî ­ ¬¨ ¬¥å ­¨ç¥áªãî ¨­â¥à¯à¥â æ¨î ¤«ï ¨§®¯¥à¨¬¥âà¨ç¥áª¨å
íªáâà¥¬ «¥© ¯®¢®à®â , ª®â®àë¥ ®¯¨áë¢ îâ à ¢­®¢¥á­ë¥ á®áâ®ï­¨ï ®¤­®à®¤­®©, ­¥à áâï¦¨¬®©
­¨â¨ ¢ ®âáãâáâ¢¨¥ ¯®¢¥àå­®áâ­®£® âà¥­¨ï ­  ¯®¢¥àå­®áâ¨ ­¥­ã«¥¢®© £ ãáá®¢®© ªà¨¢¨§­ë [16].
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