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�¤¨¬ ¨§ ¤®áâ â®ç® à á¯à®áâà ¥ëå ¯à¨¥¬®¢ à¥è¥¨ï ®¡à âëå § ¤ ç ¬ â¥¬ â¨ç¥áª®©
ä¨§¨ª¨ ï¢«ï¥âáï á¢¥¤¥¨¥ íâ¨å § ¤ ç ª § ¤ ç ¬ ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï. �¯à ¢«ïîé¨¬¨
¢®§¤¥©áâ¢¨ï¬¨ ¬®¦® áç¨â âì ®¯à¥¤¥«ï¥¬ë¥ ª®íää¨æ¨¥âë, í«¥¬¥âë ¯à ¢ëå ç áâ¥© ¨«¨
 ç «ì®-ªà ¥¢ëå ãá«®¢¨© ãà ¢¥¨© á ç áâë¬¨ ¯à®¨§¢®¤ë¬¨. �¤ ª® ¢ àï¤¥ à¥ «ìëå ¯à®-
¡«¥¬ ¥¨§¢¥áâë¥ ¯ à ¬¥âàë ï¢«ïîâáï äãªæ¨ï¬¨, ®¡« ¤ îé¨¬¨ ¤®áâ â®ç®© áâ¥¯¥ìî £« ¤-
ª®áâ¨. �â® âà¥¡®¢ ¨¥ ¢ëâ¥ª ¥â ¨§ ä¨§¨ç¥áª®£® á¬ëá«  ¨áá«¥¤ã¥¬ëå § ¤ ç. �¬¥áâ¥ á â¥¬, ¤®-
áâ â®ç® ¬®éë¥ ¬¥â®¤ë ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï, ®á®¢ ë¥   ¨á¯®«ì§®¢ ¨¨ ¯à¨æ¨¯ 
¬ ªá¨¬ã¬  �.�.�®âàï£¨ , ¥£® á«¥¤áâ¢¨© ¨ ¬®¤¨ä¨ª æ¨©, ®à¨¥â¨à®¢ ë   ª« ááë à §àë¢-
ëå ã¯à ¢«¥¨©. �®íâ®¬ã  ªâã «ì®© ï¢«ï¥âáï ¯à®¡«¥¬  à §à ¡®âª¨ ¬¥â®¤®¢ à¥è¥¨ï § ¤ ç
®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï ¢ ª« áá¥ £« ¤ª¨å ã¯à ¢«ïîé¨å ¢®§¤¥©áâ¢¨© á ãç¥â®¬ â ª¨å ®£à ¨-
ç¥¨©   ã¯à ¢«¥¨ï, ª®â®àë¥ å à ªâ¥àë ¤«ï ®¡à âëå § ¤ ç ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨.

� ¯à¥¤« £ ¥¬®© à ¡®â¥ à §¢¨¢ ¥âáï ®¤® ¨§  ¯à ¢«¥¨© ¤ ®£® ¯®¤å®¤    ¯à¨¬¥à¥ § -
¤ ç¨ ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï  ç «ì®-ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ ¯®«ã«¨¥©®© £¨¯¥à¡®«¨ç¥áª®©
á¨áâ¥¬ë ¯¥à¢®£® ¯®àï¤ª .

�á®¡¥®áâìî íâ®£® ª« áá  § ¤ ç ï¢«ï¥âáï ¥á¯à ¢¥¤«¨¢®áâì ¢ ¨å ãá«®¢¨© ®¯â¨¬ «ì®áâ¨
¢¨¤  ª« áá¨ç¥áª®£® (¯®â®ç¥ç®£®) ¯à¨æ¨¯  ¬ ªá¨¬ã¬  �.�.�®âàï£¨ . �  íâ®â ä ªâ ¡ë«®
®¡à é¥® ¢¨¬ ¨¥,  ¯à¨¬¥à, ¢ [1], £¤¥ á¯¥æ¨ «ìë¬ ®¡à §®¬ áª®áâàã¨à®¢  ª®âà¯à¨¬¥à ¤«ï
¯à®áâ¥©è¥£® ¢ à¨ â  £¨¯¥à¡®«¨ç¥áª¨å á¨áâ¥¬. � [2] ¤®ª §  ¤¨ää¥à¥æ¨ «ìë© («¨¥ à¨§®-
¢ ë©) ¯à¨æ¨¯ ¬ ªá¨¬ã¬ . � à ¡®â¥ [3] ¯®«ãç¥® ¥ª« áá¨ç¥áª®¥ ãá«®¢¨¥ ®¯â¨¬ «ì®áâ¨ ¢¨¤ 
¢ à¨ æ¨®®£® ¯à¨æ¨¯  ¬ ªá¨¬ã¬ . �¯â¨¬ «ì®¥ £à ¨ç®¥ ã¯à ¢«¥¨¥ ¤®áâ ¢«ï¥â ¬ ªá¨¬ã¬
¢ á¯¥æ¨ «ìëå § ¤ ç å ã¯à ¢«¥¨ï  ç «ìë¬¨ ãá«®¢¨ï¬¨ á¨áâ¥¬ë ®¡ëª®¢¥ëå ¤¨ää¥à¥-
æ¨ «ìëå ãà ¢¥¨©, ¯®áâà®¥®©   å à ªâ¥à¨áâ¨ª å ¨áå®¤®© £¨¯¥à¡®«¨ç¥áª®© á¨áâ¥¬ë.

� ¤ ®© à ¡®â¥ § ¤ ç  ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï  ç «ì®-ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ ¯®«ã«¨-
¥©ëå £¨¯¥à¡®«¨ç¥áª¨å ãà ¢¥¨© à áá¬ âà¨¢ ¥âáï ¢ ª« áá¥ £« ¤ª¨å ã¯à ¢«ïîé¨å ¢®§¤¥©-
áâ¢¨©, áâ¥á¥ëå ¯®â®ç¥çë¬¨ ( ¬¯«¨âã¤ë¬¨) ¨«¨ ¨â¥£à «ìë¬¨ ®£à ¨ç¥¨ï¬¨. �¬¥®
â ª®© ª« áá äãªæ¨© å à ªâ¥à¥ ¤«ï ®¡à âëå § ¤ ç ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨. � ¤ ç  ¨áá«¥¤ã-
¥âáï á ¯®¬®éìî ¥áâ ¤ àâëå ¢ãâà¥¨å ¢ à¨ æ¨© ¤®¯ãáâ¨¬ëå ã¯à ¢«¥¨©. � à ¡®â¥ [4] íâ®â
â¨¯ ¢ à¨ æ¨© ¡ë« ¨á¯®«ì§®¢  ¤«ï ¯®«ãç¥¨ï ¥®¡å®¤¨¬ëå ãá«®¢¨© ®¯â¨¬ «ì®áâ¨ ¢ § ¤ ç¥
®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï á¨áâ¥¬ ¬¨ ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© á § ¯ §¤ë-
¢ ¨¥¬.

�à¨¬¥¥¨¥ ¢ãâà¥¨å ¢ à¨ æ¨© ¤«ï ¨áá«¥¤ã¥¬®£® ª« áá  § ¤ ç ¯à¨¢®¤¨â ª ®¢®¬ã ãá«®-
¢¨î ®¯â¨¬ «ì®áâ¨ ¨ ¯®§¢®«ï¥â ¯®áâà®¨âì ª®áâàãªâ¨¢ë© ¢ à¨ â ¬¥â®¤  ã«ãçè¥¨ï ¤®¯ã-
áâ¨¬ëå ã¯à ¢«¥¨©. �¨á«¥ ï à¥ «¨§ æ¨ï ¬¥â®¤  ¯à®¢¥¤¥  ¤«ï ¨««îáâà â¨¢®£® ¯à¨¬¥à 
®¯à¥¤¥«¥¨ï  ç «ì®£® ¯à®ä¨«ï ¢®«ë ¯® ¨§¢¥áâë¬ ¤ ë¬  ¡«î¤¥¨© ¢ ª®¥çë© ¬®¬¥â
¢à¥¬¥¨.

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâë ò99-01-00400, 00-01-81130) ¨ ¯à®£à ¬¬ë \�¨¢¥àá¨â¥âë �®áá¨¨ | äã¤ ¬¥â «ìë¥ ¨áá«¥¤®-
¢ ¨ï" (¯à®¥ªâ 990345).
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1. �®áâ ®¢ª  § ¤ ç¨

� áá¬®âà¨¬ § ¤ çã ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï á¨áâ¥¬®© ¯®«ã«¨¥©ëå £¨¯¥à¡®«¨ç¥áª¨å
ãà ¢¥¨©

@x

@t
+A(s; t)

@x

@s
= f(x; s; t); (1)

(s; t) 2 P; P = S � T; S = [s0; s1]; T = [t0; t1]:

�¤¥áì x = x(s; t) | n-¬¥à ï ¢¥ªâ®à-äãªæ¨ï, A(s; t) | ª¢ ¤à â ï ¬ âà¨æ  à §¬¥à®áâ¨ n�n.
�¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¬®¦® áç¨â âì, çâ® á¨áâ¥¬  (1) § ¯¨á   ¢ ¨¢ à¨ â®¬ ¢¨¤¥, â. ª.
¯à®¨§¢®«ìãî á¨áâ¥¬ã ¯®«ã«¨¥©ëå £¨¯¥à¡®«¨ç¥áª¨å ãà ¢¥¨© ¬®¦® ¯à¥®¡à §®¢ âì ª ¨-
¢ à¨ â®© ä®à¬¥ ([5], á. 25{28). �®íâ®¬ã ¢ ¤ «ì¥©è¥¬ ¬ âà¨æã A(s; t) ¡ã¤¥¬ áç¨â âì ¤¨ £®-
 «ì®©.

�®¯®«¨â¥«ì® ¯à¥¤¯®«®¦¨¬, çâ® ¤¨ £® «ìë¥ í«¥¬¥âë ai(s; t), i = 1; 2; : : : ; n, ¬ âà¨-
æë A(s; t) § ª®¯®áâ®ïë ¢ ¯àï¬®ã£®«ì¨ª¥ P . �ãáâì ¤«ï ®¯à¥¤¥«¥®áâ¨ ai(s; t) > 0, i =
1; 2; : : : ;m1; ai(s; t) = 0, i = m1 + 1, m1 + 2; : : : ;m2; ai(s; t) < 0, i = m2 + 1;m2 + 2; : : : ; n. �®-
áâ ¢¨¬ ¤¢¥ ¤¨ £® «ìë¥ ¯®¤¬ âà¨æë: A+(s; t) à §¬¥à®áâ¨ m1 � m1 ¨ A�(s; t) à §¬¥à®áâ¨
(n � m2) � (n � m2) ¨§ ¯®«®¦¨â¥«ìëå ¨ ®âà¨æ â¥«ìëå ¤¨ £® «ìëå í«¥¬¥â®¢ ¬ âà¨æë
A á®®â¢¥âáâ¢¥®. �§ ¢¥ªâ®à  á®áâ®ï¨ï x = x(s; t) ¢ë¤¥«¨¬ ¤¢  ¯®¤¢¥ªâ®à : x+ = x+(s; t) ¨
x� = x�(s; t), á®®â¢¥âáâ¢ãîé¨å ¯®«®¦¨â¥«ìë¬ ¨ ®âà¨æ â¥«ìë¬ ¤¨ £® «ìë¬ í«¥¬¥â ¬
¬ âà¨æë A

x+ = (x1; x2; : : : ; xm1
); x� = (xm2+1; xm2+2; : : : ; xn):

� áá¬®âà¨¬  ç «ì®-ªà ¥¢ë¥ ãá«®¢¨ï ¤«ï á¨áâ¥¬ë (1)

x+(s0; t) =M(t)x�(s0; t) + g(1)(t); t 2 T;
x�(s1; t) = N(t)x+(s1; t) + g(2)(t); t 2 T; (2)

x(s; t0) = p(u(s); s); s 2 S: (3)

�¤¥áì M(t) ¨ N(t) | ¯àï¬®ã£®«ìë¥ ¬ âà¨æë à §¬¥à®áâ¨ á®®â¢¥âáâ¢¥® m1 � (n � m2) ¨
(n�m2)�m1, u = u(s) | r-¬¥à ï ¢¥ªâ®à-äãªæ¨ï ã¯à ¢«¥¨ï.

�¤¥î ¯®¤å®¤  á ç «  ¨§«®¦¨¬ «¨èì ¤«ï áâ àâ®¢ëå ã¯à ¢«¥¨© u = u(s). �®§¬®¦ë ¤¢ 
â¨¯  ®£à ¨ç¥¨©   ã¯à ¢«ïîé¨¥ ¢®§¤¥©áâ¢¨ï:

¯®â®ç¥çë¥ (®£à ¨ç¥¨ï ¢ ª ¦¤®© â®çª¥ ®âà¥§ª )

u(s) 2 U � Er; s 2 S; (4)

¨ ¨â¥£à «ìë¥ Z
S

�j(u(s))ds � Lj; j = 1; 2; : : : ; k; (5)

£¤¥ ¯®¤¨â¥£à «ìë¥ äãªæ¨¨ ã¤®¢«¥â¢®àïîâ ¤®¯®«¨â¥«ì®¬ã ãá«®¢¨î

�j(�u) = ���j(u); � � 1:

�¥«ì § ¤ ç¨ á®áâ®¨â ¢ ¬¨¨¬¨§ æ¨¨ äãªæ¨® « 

J(u) =
Z
S

'(x(s; t1); s)ds+
ZZ

P

F (x; s; t)ds dt: (6)

� ¤ ç  ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï (1){(6) à áá¬ âà¨¢ ¥âáï ¯à¨ á«¥¤ãîé¨å ¯à¥¤¯®«®¦¥¨ïå:
1) ¤¨ £® «ìë¥ í«¥¬¥âë ai = ai(s; t); i = 1; 2; : : : ; n, ¬ âà¨æë A ¥¯à¥àë¢ë ¨ ¥¯à¥àë¢®

¤¨ää¥à¥æ¨àã¥¬ë ¢ P ;
2) ¢¥ªâ®à-äãªæ¨¨ p(u; s), g(1)(u(1)(t); t) ¨ g(2)(u(2)(t); t) ¥¯à¥àë¢ë, ¥¯à¥àë¢® ¤¨ää¥à¥-

æ¨àã¥¬ë ¯® á¢®¨¬ ¯¥à¥¬¥ë¬ ¨ ¨¬¥îâ ®£à ¨ç¥ë¥ ¯à®¨§¢®¤ë¥ ¯® u;
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3) ¢¥ªâ®à-äãªæ¨ï f = f(x; s; t) ¨ áª «ïàë¥ äãªæ¨¨ F = F (x; s; t), ' = '(x; s) ¥¯à¥àë¢ë
¯® á®¢®ªã¯®áâ¨ á¢®¨å  à£ã¬¥â®¢ ¨ ¨¬¥îâ ¥¯à¥àë¢ë¥ ¨ ®£à ¨ç¥ë¥ ç áâë¥ ¯à®¨§¢®¤ë¥
¯® ª®¬¯®¥â ¬ ¢¥ªâ®à  á®áâ®ï¨ï;

4) áâ àâ®¢®¥ ã¯à ¢«¥¨¥ u = u(s) ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬®   ®âà¥§ª¥ S;
5) í«¥¬¥âë ¬ âà¨æ M(t), N(t) ¨ äãªæ¨¨ g(1)(t), g(2)(t) ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë

  T .
�à¨ á¤¥« ëå ¯à¥¤¯®«®¦¥¨ïå ¬®¦®, ¢®®¡é¥ £®¢®àï, £ à â¨à®¢ âì «¨èì áãé¥áâ¢®¢ ¨¥

ªãá®ç®-¥¯à¥àë¢®£® à¥è¥¨ï  ç «ì®-ªà ¥¢®© § ¤ ç¨ (1){(3). �à¨ íâ®¬ ª®¬¯®¥âë ¢¥ªâ®à-
äãªæ¨¨ á®áâ®ï¨ï ¡ã¤ãâ ¤¨ää¥à¥æ¨àã¥¬ë ¢¤®«ì á®®â¢¥âáâ¢ãîé¨å å à ªâ¥à¨áâ¨ª á¨áâ¥¬ë
£¨¯¥à¡®«¨ç¥áª¨å ãà ¢¥¨© ([5], c. 53{59; [6], c. 467{469).

�¥è¥¨¥ ¡ã¤¥â áãé¥áâ¢®¢ âì ¢ ª« áá¥ ¥¯à¥àë¢ëå äãªæ¨©, ¥á«¨ ¯à¥¤¯®«®¦¨âì, çâ®
 ç «ì®-ªà ¥¢ë¥ ãá«®¢¨ï (2){(3) á®£« á®¢ ë, â. ¥.

p+(u(s0); s0) =M(t)p�(u(s0); s0) + g(1)(t0);

p�(u(s1); s1) = N(t)p+(u(s1); s1) + g(2)(t0):
(7)

�¤¥áì ª®¬¯®¥âë p+ ¨ p� ¢¥ªâ®à-äãªæ¨¨ p á®®â¢¥âáâ¢ãîâ ¯®«®¦¨â¥«ìë¬ ¨ ®âà¨æ â¥«ìë¬
¤¨ £® «ìë¬ í«¥¬¥â ¬ ¬ âà¨æë A. �à¥¡®¢ ¨¥ á®£« á®¢ ®áâ¨  ç «ì®-ªà ¥¢ëå ãá«®¢¨©
(7)  « £ ¥â, ¢®®¡é¥ £®¢®àï, ¤®¯®«¨â¥«ìë¥ ®£à ¨ç¥¨ï   ¤®¯ãáâ¨¬ë¥ ã¯à ¢«¥¨ï, ª®â®àë¥
¥®¡å®¤¨¬® ãç¨âë¢ âì ¯à¨ à¥ «¨§ æ¨¨ ç¨á«¥ëå ¬¥â®¤®¢. �«ï áãé¥áâ¢®¢ ¨ï ª« áá¨ç¥áª®£®
à¥è¥¨ï § ¤ ç¨ (1){(3) ¥®¡å®¤¨¬ë ¡®«¥¥ ¦¥áâª¨¥ ¯à¥¤¯®«®¦¥¨ï ® á®£« á®¢ ®áâ¨  ç «ì®-
ªà ¥¢ëå ãá«®¢¨© ¤® ¯¥à¢®£® ¯®àï¤ª  ¢ª«îç¨â¥«ì®.

�à¨æ¨¯¨ «ì®© ®á®¡¥®áâìî ¨áá«¥¤ã¥¬®© § ¤ ç¨ ï¢«ï¥âáï â®, çâ® ¤®¯ãáâ¨¬ë¥ ã¯à ¢«¥¨ï
¯à¨ ¤«¥¦ â ª« ááã ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ëå äãªæ¨©. �®®â¢¥âáâ¢¥® ¥ ¯à¨¬¥¨¬ë
¬¥â®¤ë ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï, ®á®¢ ë¥   ¨¤¥¥ ¨£®«ìç â®© ¢ à¨ æ¨¨. � á¨«ã  «¨ç¨ï
®£à ¨ç¥¨©   ã¯à ¢«ïîé¨¥ ¢®§¤¥©áâ¢¨ï ¢ ¤ ®© § ¤ ç¥ âàã¤® ¯à¨¬¥¨âì â ª¦¥ ¨ ¬¥â®¤ë
ª« áá¨ç¥áª®£® ¢ à¨ æ¨®®£® ¨áç¨á«¥¨ï.

2. �ãâà¥¨¥ ¢ à¨ æ¨¨

�¤¥ï ¯à¥¤¯®« £ ¥¬®£® ¯®¤å®¤  ®á®¢     ¯à¨¬¥¥¨¨ ¥áâ ¤ àâëå ¢ãâà¥¨å ¢ à¨ -
æ¨© ¤®¯ãáâ¨¬ëå ã¯à ¢«¥¨©. � àì¨àã¥¬®¥ ã¯à ¢«¥¨¥ áâà®¨âáï ¯® ¯à ¢¨«ã

u"(s) = u(s+ "�(s)) (8)

¤«ï ®£à ¨ç¥¨© (4) ¨«¨

u"(s) = �(s)u(s+ "�(s)); �(s) = (1 + " _�(s))
1
� ; (9)

¤«ï ®£à ¨ç¥¨© (5). �¤¥áì " 2 [0; 1] | ¯ à ¬¥âà, å à ªâ¥à¨§ãîé¨© ¬ «®áâì ¢ à¨ æ¨¨; �(s) ¢ë-
¡à   â ª¨¬ ®¡à §®¬, çâ®¡ë äãªæ¨ï u"(s) ¡ë«  ¤®¯ãáâ¨¬®©, â. ¥. ã¤®¢«¥â¢®àï«  ¨â¥£à «ìë¬
®£à ¨ç¥¨ï¬ (5); �(s) | ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ ïäãªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬

s0 � s+ �(s) � s1; s 2 S;
¤«ï ¢ à¨ â  (8) ¨«¨

s0 � s+ �(s) � s1; s 2 S;
j _�j � 1; �(s0) = �(s1) = 0

¤«ï ¢ à¨ â  (9).
�  ¤®¯ãáâ¨¬ëå ¯à®æ¥áá å fu; xg ¨ feu = u+�u; ex = x+�xg à áá¬®âà¨¬ ä®à¬ã«ã ¯à¨à é¥¨ï

æ¥«¥¢®£® äãªæ¨® « 

�uJ(u) =
Z
S

�'(x(s; t1); s)ds+
ZZ

P

�F (x; s; t)ds dt:
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�à®¤¥« ¥¬ àï¤ ¤®áâ â®ç® áâ ¤ àâëå ®¯¥à æ¨©, ®¡ëç® ¨á¯®«ì§ã¥¬ëå ¯à¨ ¢ë¢®¤¥ ¥®¡-
å®¤¨¬ëå ãá«®¢¨© ®¯â¨¬ «ì®áâ¨ ¯¥à¢®£® ¯®àï¤ª :

| ¤®¡ ¢¨¬ ã«¥¢®¥ á« £ ¥¬®¥ZZ
P

h (s; t);�xt +A(s; t)�xs ��f(x; s; t)ids dt;

£¤¥  (s; t) | ¯®ª  ¯à®¨§¢®«ì ï ¢¥ªâ®à-äãªæ¨ï;
| ¯à¨¬¥¨¬ ª ¤ ®¬ã á« £ ¥¬®¬ã ä®à¬ã«ã ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬; ¥á«¨ ¢¥ªâ®à-

äãªæ¨¨ á®áâ®ï¨ï ¥ ï¢«ïîâáï ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë¬¨, â® ¥®¡å®¤¨¬® ¯à¨¬¥¨âì
®¡®¡é¥ë© ¢ à¨ â ä®à¬ã«ë ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬, ¢ ª®â®à®¬ ®¯¥à â®à ¢ «¥¢®© ç áâ¨
(1) ¯®¨¬ ¥âáï ¢ á¬ëá«¥ ¤¨ää¥à¥æ¨à®¢ ¨ï ª®¬¯®¥â ¢¥ªâ®à  á®áâ®ï¨ï ¢¤®«ì á®®â¢¥âáâ¢ã-
îé¨å å à ªâ¥à¨áâ¨ª ([7], ác. 10, 37);

| ¯à¥¤áâ ¢¨¬ ¯à¨à é¥¨¥ �'(x(s; t1); s) ¯® ä®à¬ã«¥ �¥©«®à  ¯¥à¢®£® ¯®àï¤ª ;
| ¢¢¥¤¥¬ áª «ïàë¥ äãªæ¨¨

H(x; s; t) = h (s; t); f(x; s; t)i � F (x; s; t);

h(u(s); s) = h (s; t0); p(u(s); s)i;
| ¯à¥¤áâ ¢¨¬ ¯à¨à é¥¨¥ �H(x; s; t) = H(ex; s; t) � H(x; s; t) â ª¦¥ ¯® ä®à¬ã«¥ �¥©«®à 

¯¥à¢®£® ¯®àï¤ª ;
| ¯®âà¥¡ã¥¬, çâ®¡ë äãªæ¨ï  =  (s; t) ã¤®¢«¥â¢®àï«  á®¯àï¦¥®© § ¤ ç¥

 t + (AT )s = �Hx(x; s; t);

 (s; t1) = �'x(x(s; t1); s); s 2 S;
 +(s1; t) = N1(t) 

�(s1; t);  �(s0; t) =M1(t) 
+(s0; t); t 2 T;

N1(t) = �(A+)�1NTA�; M1(t) = �(A�)�1MTA+:

�®£¤  ä®à¬ã«  ¯à¨à é¥¨ï ¯à¨¬¥â ¢¨¤

�J(u) = �
Z
S

�uh(u(s); s)ds+ �;

� =
Z
S

o'(k�x(s; t1)k)ds�
ZZ

P

oH(k�x(s; t)k)ds dt:

�ë¡¨à ï ¢ àì¨àã¥¬®¥ ã¯à ¢«¥¨¥ ¯® ¯à ¢¨«ã (8), ¯®«ãç¨¬

�J(u) = �"
Z
S

hhu; _u(s)i�(s)ds + �1; (10)

£¤¥

�1 = � �
Z
S

hhu; o(")ids �
Z
S

o(k�uk)ds:

�«ï ®æ¥ª¨ ®áâ â®ç®£® ç«¥  �1 ¨á¯®«ì§ã¥âáï â®â ä ªâ, çâ® äãªæ¨ï �x = �x(s; t) ã¤®¢«¥-
â¢®àï¥â á¨áâ¥¬¥ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© á ®¤®à®¤ë¬¨ ãá«®¢¨ï¬¨   ¡®ª®¢ëå £à ¨æ å

�xt +A(s; t)�xs = �f(x; s; t);

�x(s; t0) = �p(u(s); s); s 2 S; (11)

�x+(s0; t) =M(t)�x�(s0; t); �x�(s1; t) = N(t)�x+(s1; t); t 2 T:
�¥à¥å®¤ï ª ¨â¥£à «ì®¬ã ¢ à¨ âã § ¤ ç¨ (11), ¢ ª®â®à®¬ ¨â¥£à¨à®¢ ¨¥ ®áãé¥áâ¢«ï¥âáï

¢¤®«ì å à ªâ¥à¨áâ¨ª á¨áâ¥¬ë, ¯®«ãç¨¬ ®æ¥ªã

k�x(s; t)k � "; (s; t) 2 P: (12)
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� ª¨¬ ®¡à §®¬, ®ª®ç â¥«ìë© ¢ à¨ â ä®à¬ã«ë ¯à¨à é¥¨ï ¨¬¥¥â ¢¨¤

�J(u) = �"
Z
S

�(s)hhu; _u(s)ids+ o("):

�ä®à¬ã«¨àã¥¬ ¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ®¯â¨¬ «ì®áâ¨.

�¥®à¥¬  1. �ãáâì ¯à®æ¥áá fu; xg ï¢«ï¥âáï ®¯â¨¬ «ìë¬ ¢ § ¤ ç¥ (1){(4), (6). �®£¤  ¢áî¤ã
  ®âà¥§ª¥ S ¢ë¯®«ï¥âáï ãá«®¢¨¥

hhu; _u(s)i = 0; s 2 S: (13)

� ¬¥ç ¨¥. �á«¨ ãá«®¢¨ï (2)-(3)   ¡®ª®¢ëå £à ¨æ å ¯àï¬®ã£®«ì¨ª  P ï¢«ïîâáï â ª¦¥
ã¯à ¢«ï¥¬ë¬¨, â. ¥. ¨¬¥îâ ¢¨¤

x+(s0; t) =M(t)x�(s0; t) + g(1)(u(1)(t); t); t 2 T;
x�(s1; t) = N(t)x+(s1; t) + g(2)(u(2)(t); t); t 2 T;

â®   «®£¨çë¬¨ à ááã¦¤¥¨ï¬¨ ¬®¦® ¯®«ãç¨âì ãá«®¢¨ï ®¯â¨¬ «ì®áâ¨

hh(1)
u(1)

; _u(1)(t)i = 0; hh(2)
u(2)

; _u(2)(t)i = 0; t 2 T;

£¤¥

h(1)(u(1)(t); t) = hA+ +(s0; t); g
(1)(u(1)(t); t)i;

h(2)(u(2)(t); t) = hA� �(s1; t); g(2)(u(2)(t); t)i:

�à¨ íâ®¬ ¯®¤ ¤®¯ãáâ¨¬ë¬¨ ¯®¨¬ îâáï £« ¤ª¨¥ ã¯à ¢«¥¨ï u(1) ¨ u(2), ã¤®¢«¥â¢®àïîé¨¥ ãá«®-
¢¨ï¬ â¨¯  ¢ª«îç¥¨ï

u(1)(t) 2 U (1) � Er1 ; u(2)(t) 2 U (2) � Er2 ; t 2 T:

� áá¬®âà¨¬ â¥¯¥àì á«ãç © ¨â¥£à «ìëå ®£à ¨ç¥¨©   äãªæ¨î u(s). �«ï § ¤ ç¨ (1){(3),
(5){(6) ä®à¬ã«  ¯à¨à é¥¨ï (10) ¯à¨¬¥â ¢¨¤

�J(u) = �"
Z
S

hhu; _u(s)�(s)ids � "

�

Z
S

hhu; u(s) _�(s)ids+ �1:

�® ¢â®à®¬ã á« £ ¥¬®¬ã ¯à¨¬¥¨¬ ä®à¬ã«ã ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬, ãç¨âë¢ ï ¤®¯®«¨â¥«ì-
ë¥ ®£à ¨ç¥¨ï   äãªæ¨î �(s): �(s0) = �(s1) = 0:

�®áª®«ìªã ¢ ¤ ®¬ á«ãç ¥ â ª¦¥ á¯à ¢¥¤«¨¢  ®æ¥ª  ¢¨¤  (12), â® ®ª®ç â¥«ì® ¨¬¥¥¬

�J(u) = �"
Z
S

�
hhu; _u(s)i � 1

�
hhu; uis

�
�(s)ds+ o("):

�¥®à¥¬  2. �ãáâì ¯à®æ¥áá fu; xg ï¢«ï¥âáï ®¯â¨¬ «ìë¬ ¢ § ¤ ç¥ (1){(3), (5){(6). �®£¤ 
¢áî¤ã   ®âà¥§ª¥ S ¢ë¯®«ï¥âáï ãá«®¢¨¥

hhu; _u(s)i � 1
�
hhu; uis = 0; s 2 S:
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3. �å¥¬  ç¨á«¥®£® ¬¥â®¤ 

�®«ãç¥ë¥ à¥§ã«ìâ âë ¯®§¢®«ïîâ ¯®áâà®¨âì ¬¥â®¤ë ã«ãçè¥¨ï ¤®¯ãáâ¨¬ëå £« ¤ª¨å ã¯à -
¢«¥¨©. �áâ ®¢¨¬áï ¯®¤à®¡¥¥    «£®à¨â¬ å, ¨á¯®«ì§ãîé¨å ¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ®¯â¨¬ «ì-
®áâ¨ ¢ ä®à¬¥ (13).

�¢¥¤¥¬ áª «ïàãî äãªæ¨î
!(u(s); s) = hhu; _u(s)i:

�ãáâì § ¤ ®  ç «ì®¥ ¯à¨¡«¨¦¥¨¥ ¨§ ª« áá  ¤®¯ãáâ¨¬ëå äãªæ¨© u0 = u0(s) ¨ á
¯®¬®éìî ¬¥â®¤  ¢ëç¨á«¥® uk(s); k = 1; 2; : : : �à¨ íâ®¬ ã¯à ¢«¥¨¨ ¢ëç¨á«ïîâáï à¥è¥¨ï
xk = xk(s; t),  k =  k(s; t) ¨áå®¤®© ¨ á®¯àï¦¥®© á¨áâ¥¬ £¨¯¥à¡®«¨ç¥áª¨å ãà ¢¥¨©, áâà®¨â-
áï !k(s) = !(uk(s); s). �á«¨ !k(s) = 0, s 2 S, â® ã¯à ¢«¥¨¥ uk(s) ã¤®¢«¥â¢®àï¥â ¥®¡å®¤¨¬®¬ã
ãá«®¢¨î ®¯â¨¬ «ì®áâ¨, ¨  «£®à¨â¬ § ª ç¨¢ ¥â á¢®î à ¡®âã. � ¯à®â¨¢®¬ á«ãç ¥ ¢ë¤¥«¨¬
®¡« áâ¨


+
k = fs 2 S : !k(s) > 0g; 
�k = fs 2 S : !k(s) < 0g:

�¯à¥¤¥«¨¬ £« ¤ªãî äãªæ¨î

�k(s) =

8>><
>>:
�k(s) > 0; s 2 
+

k ;

�k(s) < 0; s 2 
�k ;

0; s =2 
+
k

T

�k :

(14)

�®áâà®¨¬ ®¤®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ã¯à ¢«¥¨© uk"(s) = uk(s+ "�k(s)) ¨ à¥è¨¬ § ¤ çã
®¤®¬¥à®© ¬¨¨¬¨§ æ¨¨

"k : J(uk"k ) = min
"2[0;1]

J(uk" ):

�«¥¤ãîé¥¥ ¯à¨¡«¨¦¥¨¥  å®¤¨âáï ¯® ä®à¬ã«¥

uk+1 = uk"k ; k = 0; 1; 2; : : :

�ä®à¬ã«¨àã¥¬ ãâ¢¥à¦¤¥¨¥ ® áå®¤¨¬®áâ¨ ¬¥â®¤ .

�¥®à¥¬  3. �ãáâì ¢ ¤®¯®«¥¨¥ ª á¤¥« ë¬ à ¥¥ ¯à¥¤¯®«®¦¥¨ï¬   ¯ à ¬¥âàë § ¤ ç¨

1) æ¥«¥¢®© äãªæ¨® « J(u) ®£à ¨ç¥ á¨§ã   ¬®¦¥áâ¢¥ ¤®¯ãáâ¨¬ëå ¯à®æ¥áá®¢;
2) ¢¥ªâ®à-äãªæ¨¨ 'x(x(s; t1); s), Fx(x; s; t) ¨ ¬ âà¨ç ï äãªæ¨ï fx(x; s; t) ã¤®¢«¥â¢®àïîâ

ãá«®¢¨î �¨¯è¨æ  ¯® x á ®¤®© ª®áâ â®© ¤«ï ¢á¥å ¤®¯ãáâ¨¬ëå ¯à®æ¥áá®¢;
3) ¢¥ªâ®à-äãªæ¨ï pu(u(s); s) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  ¯® u ¤«ï ¢á¥å ¤®¯ãáâ¨¬ëå

ã¯à ¢«¥¨©;
4) ¤®¯ãáâ¨¬ë¥ ã¯à ¢«¥¨ï ¯à¨ ¤«¥¦ â ª« ááã ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ëå äãªæ¨©,

¯à®¨§¢®¤ ï ª®â®àëå ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  á ®¤®© ª®áâ â®©.

�®£¤  ¯®á«¥¤®¢ â¥«ì®áâì ã¯à ¢«¥¨©, £¥¥à¨àã¥¬ ï ¬¥â®¤®¬, ï¢«ï¥âáï à¥« ªá æ¨®®©

J(uk+1) < J(uk); k = 0; 1; 2; : : : ;

¨ áå®¤¨âáï ¢ á¬ëá«¥

�(uk) =
Z
S

�k(s)!k(s)ds! 0; k !1:

�«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç® ¢®á¯®«ì§®¢ âìáï â¥¬ ä ªâ®¬, çâ® ¯à¨ á¤¥« ëå ¯à¥¤¯®«®-
¦¥¨ïå ¨§ ä®à¬ã«ë ¯à¨à é¥¨ï (10) ¢ëâ¥ª ¥â ®æ¥ª 

J(uk+1)� J(uk) � �"�(uk) + L"2; L > 0:

�®ªà¥âë¥ ¢ à¨ âë ¬¥â®¤  ®â«¨ç îâáï á¯®á®¡ ¬¨ ª®áâàã¨à®¢ ¨ï äãªæ¨© �k(s). �
ç áâ®áâ¨, ¢ ¨§«®¦¥®¬ ¨¦¥ ¯à¨¬¥à¥ äãªæ¨ï, ®¯à¥¤¥«ïîé ï ¢ à¨ æ¨î, ¢ë¡à   ¢ ¢¨¤¥

�k(s) =
(s� s0)(s1 � s)!k(s)
(s1 � s0)max

s2S
!k(s)

:
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� ª®© á¯®á®¡ ¢ë¡®à  äãªæ¨¨ ®¡¥á¯¥ç¨¢ ¥â ¥¥ ¤®¯ãáâ¨¬®áâì ¨ ¢ë¯®«¥¨¥ (14), ®¤ -
ª® âà¥¡ã¥â ¤®¯®«¨â¥«ìëå ¯à¥¤¯®«®¦¥¨© ® ¡¥áª®¥ç®© ¤¨ää¥à¥æ¨àã¥¬®áâ¨ ã¯à ¢«¥¨©,
á®£« á®¢ ®áâ¨  ç «ì®-ªà ¥¢ëå ãá«®¢¨© ¨ ¥¨§¬¥®áâ¨ ã¯à ¢«¥¨©   ª®æ å ®âà¥§ª 
(�(s0) = �(s1) = 0). �â¬¥â¨¬, çâ® ¥á«¨ ¤«ï  ç «ì®£® ¯à¨¡«¨¦¥¨ï ãá«®¢¨ï á®£« á®¢ ¨ï (7)
¢ë¯®«¥ë, â® ¯®á«¥¤¥¥ âà¥¡®¢ ¨¥ ®¡¥á¯¥ç¨¢ ¥â ¢ë¯®«¥¨¥ ãá«®¢¨© á®£« á®¢ ¨ï   «î¡®©
¨â¥à æ¨¨.

� ª ç¥áâ¢¥ ¨««îáâà â¨¢®£® ¯à¨¬¥à  à áá¬®âà¨¬ § ¤ çã ¢®ááâ ®¢«¥¨ï  ç «ì®£® ¯à®-
ä¨«ï ¢®«ë ¯® ¨§¢¥áâë¬ å à ªâ¥à¨áâ¨ª ¬ ¢®«ë ¢ ª®¥çë© ¬®¬¥â ¢à¥¬¥¨.

4. �««îáâà â¨¢ë© ¯à¨¬¥à

� áá¬®âà¨¬ á¨áâ¥¬ã £¨¯¥à¡®«¨ç¥áª¨å ãà ¢¥¨© ¯¥à¢®£® ¯®àï¤ª  «¨¥ à¨§®¢ ®© â¥®à¨¨
\¬¥«ª®© ¢®¤ë" ([5], c. 569{572; [8])

�t + h0(s)vs = � _h0(s)v; vt + g�s = 0;

�(s; t0) = u(s); v(s; t0) = q(s):

�¤¥áì �(s; t) | ¯à®ä¨«ì ¢®«ë, v(s; t) | ¬ áá®¢ ï áª®à®áâì ç áâ¨æ ¢®¤ë, h0(s) | ¯à®ä¨«ì ¤ ,
q(s) | ¨§¢¥áâ ï äãªæ¨ï, t 2 [t0; t1], s 2 [s0; s1]: �¥¨§¢¥áâ®¥ ã¯à ¢«¥¨¥ u(s) |  ç «ìë©
¯à®ä¨«ì ¢®«ë.

�à¥¤¯®«®¦¨¬, çâ® ¢ ª®¥çë© ¬®¬¥â ¢à¥¬¥¨ ¨§¢¥áâ¥ ¯à®ä¨«ì ¢®«ë | äãªæ¨ï �(s),
s 2 S. �®£¤  ¤  ï ®¡à â ï § ¤ ç  ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ ¬®¦¥â ¡ëâì ¨â¥à¯à¥â¨à®¢  
ª ª § ¤ ç  ¬¨¨¬¨§ æ¨¨ äãªæ¨® « 

J(u) =
1
2

Z
S

(�(u; s; t1)� �(s))2ds:

�à¨¢¥¤¥¬ ¬®¤¥«ì \¬¥«ª®© ¢®¤ë" ª ¨¢ à¨ â®© ä®à¬¥

x1t +
q
gh0(s)x1s = �a(s)(x1 � x2); x2t �

q
gh0(s)x2s = �a(s)(x1 � x2); (15)

x1(s; t0) =
p
gu(s) +

q
h0(s)q(s); x2(s; t0) =

p
gu(s)�

q
h0(s)q(s); x1(s0; t) = x2(s1; t) = 0:

�¤¥áì

x1(s; t) =
p
g�(s; t) +

q
h0(s)v(s; t); x2(s; t) =

p
g�(s; t)�

q
h0(s)v(s; t);

a(s) =
p
g _h0(s)

4
p
h0(s)

:

�®£¤ 

J(u) =
1
2

Z
S

�
x1(s; t) + x2(s; t)

2
p
g

� �(s)
�2

ds: (16)

�¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ®¯â¨¬ «ì®áâ¨ ¨¬¥¥â ¢¨¤

( 1(s; t0) +  2(s; t0)) _u(s) = 0

¢ á«ãç ¥ ¯®â®ç¥çëå ®£à ¨ç¥¨© ¨«¨

(�� 1)( 1(s; t0) +  2(s; t0)) _u(s)� ( 1s +  2s)u(s) = 0
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¢ á«ãç ¥ ¨â¥£à «ìëå ®£à ¨ç¥¨©, £¤¥  (s; t) | à¥è¥¨¥ á®¯àï¦¥®© § ¤ ç¨

 1t +
q
gh0(s) 1s = �a(s)( 1(s; t)�  2(s; t));

 2t �
q
gh0(s) 2s = �a(s)( 1(s; t)�  2(s; t));

 1(s; t1) =  2(s; t1) = � 1
2
p
g
(�(s; t1; u)� �(s; t1)); s 2 S;

 1(s1; t) =  2(s0; t) = 0; t 2 T:

�®áâà®¨¬ å à ªâ¥à¨áâ¨ç¥áªãî à §®áâãî á¥âªã, ã§«ë ª®â®à®© ï¢«ïîâáï ¯¥à¥á¥ç¥¨¥¬ å -
à ªâ¥à¨áâ¨ª, § ¤ ¢ ¥¬ëå ãà ¢¥¨ï¬¨

ds1(�; � ; t)
dt

=
q
gh0(s1(�; � ; t)); s1(�; � ; �) = �;

ds2(�; � ; t)
dt

= �
q
gh0(s2(�; � ; t)); s2(�; � ; �) = �:

(17)

� §®¡ì¥¬ ®âà¥§®ª T = [t0; t1]   N à ¢ëå ç áâ¥© [ti; ti+1], ¯®«®¦¨¢ ti = t0+ ih; i = 0; 1; : : : ; N ,
h = (t1 � t0)=N . �ãáâì s = s1(s0; t0; t) | å à ªâ¥à¨áâ¨ª  á¨áâ¥¬ë (15), ®¯à¥¤¥«¥ ï ¨§ ¯¥à¢®£®
ãà ¢¥¨ï (17). �®£¤  ¢ ª ç¥áâ¢¥ ã§«®¢ sj 2 S = [s0; s1] ¢ë¡¥à¥¬ â®çª¨

sj = s1(s0; t0; t0 + jh); j = 0; 1; : : : ;M;

¯à¨ç¥¬ M ã¤®¢«¥â¢®àï¥â ãá«®¢¨î sM�1 < s1 � sM . � ¬¥â¨¬, çâ® â ª®¥ ¯®áâà®¥¨¥ ¢®§¬®¦®
¤«ï «î¡®£® ª®¥ç®£® [s0; s1], â. ª. äãªæ¨ï h0 = h0(s) ¥ § ¢¨á¨â ®â ¢à¥¬¥¨ ¨ ®¯à¥¤¥«¥  ¢áî¤ã
  ç¨á«®¢®© ®á¨ s 2 (�1;+1).

�§ á¯®á®¡  ¯®áâà®¥¨ï à §®áâ®© á¥âª¨ á ã§« ¬¨ (sj ; ti), j = 0; 1; : : : ;M , i = 0; 1; : : : ; N ,
®ç¥¢¨¤®, çâ® ®  áâà®¨âáï ®¤®§ ç® ¤«ï «î¡®£® § ¤ ®£® ç¨á«  N > 0. �à¨ ¯à ªâ¨ç¥-
áª®© à¥ «¨§ æ¨¨ á¯®á®¡  ¯®áâà®¥¨ï å à ªâ¥à¨áâ¨ç¥áª®© à §®áâ®© á¥âª¨ ¯à¨¬¥ï«áï è¨à®ª®
¨§¢¥áâë© ¬¥â®¤ �ã£¥{�ãââ  ç¥â¢¥àâ®£® ¯®àï¤ª  â®ç®áâ¨.

�â¥£à¨àãï ãà ¢¥¨ï (15) ¢¤®«ì å à ªâ¥à¨áâ¨ª ¯® ä®à¬ã«¥ âà ¯¥æ¨©, ¡ã¤¥¬ ¨¬¥âì à §-
®áâãî áå¥¬ã

x1
i
j = x1

i�1
j�1 �

h

2
[aj�1(x1

i�1
j�1 � x2

i�1
j�1) + aj(x1

i
j � x2

i
j)];

x2
i
j = x2

i�1
j+1 �

h

2
[aj+1(x1i�1

j+1 � x2
i�1
j+1) + aj(x1ij � x2

i
j)];

£¤¥ aj = a(sj), xij = x(sj ; ti), i = 0; 1; : : : ; N , j = 0; 1; : : : ;M .
� áá¬ âà¨¢ ï ¤ ë¥ ¢ëà ¦¥¨ï ¥ï¢®© à §®áâ®© áå¥¬ë ª ª á¨áâ¥¬ã ¤¢ãå «¨¥©ëå

 «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© ®â®á¨â¥«ì® x1ij , x2
i
j , ¬®¦® ¯®«ãç¨âì ï¢ë¥ ä®à¬ã«ë ¯¥à¥à áç¥â 

à §®áâ®£® à¥è¥¨ï   i-¬ á«®¥ ¯® § ¤ ë¬ § ç¥¨ï¬   (i � 1)-¬ á«®¥. �«ï á®¯àï¦¥®©
§ ¤ ç¨ à §®áâ ï áå¥¬  ¬¥â®¤  å à ªâ¥à¨áâ¨ª   «®£¨ç .

� â ¡«¨æ¥ 1 ¯à¨¢¥¤¥ë à¥§ã«ìâ âë ç¨á«¥ëå à áç¥â®¢ ¤«ï § ¤ ç¨ (15), (16) á ¯®â®ç¥çë¬¨
®£à ¨ç¥¨ï¬¨   ã¯à ¢«¥¨¥ ¯à¨ á«¥¤ãîé¨å ¤ ëå: h0(s) = 100 + s; t0 = 0 ( ç «ìë©
¬®¬¥â ¢à¥¬¥¨), t1 = 1 (ª®¥çë© ¬®¬¥â ¢à¥¬¥¨), s0 = �35, s1 = 100 (£à ¨æë ¨§¢¥áâ®£®
¯à®ä¨«ï ¢®«ë ¢ ª®¥çë© ¬®¬¥â ¢à¥¬¥¨), N = 200 (ç¨á«® á«®¥¢ ¯® ¢à¥¬¥¨). �®«ãç¥ë
§ ç¥¨ï sn = �7:0049, sk = 57:7786 | £à ¨æë ¥¨§¢¥áâ®£® ¯à®ä¨«ï ¢®«ë ¢  ç «ìë©
¬®¬¥â ¢à¥¬¥¨. �¨á«® ã§«®¢   ¨¦¥¬ á«®¥ L = 186.
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� ¡«¨æ  1

N s u�(s) u0(s) uk(s)
1 �7.0049 0 0 0
15 �2.68659 0.182966 0.389368 0.182907
30 2.04893 0.272162 0.743661 0.274374
45 6.89694 0.167753 0.960149 0.167696
60 11.8575 �0.134343 0.984524 �0.134399
75 16.9305 �0.538783 0.798495 �0.540512
90 22.116 �0.880605 0.430033 �0.694118
105 27.414 �0.998669 �0.0461359 �0.694401
120 32.8245 �0.822188 �0.520343 �0.693876
135 38.3475 �0.422877 �0.871755 �0.42353
150 43.983 0.00697698 �0.999951 �0.00739731
165 49.7311 0.253858 �0.856537 �0.00476781
186 57.9673 0 0 �0.000141325
� ç¥¨¥ J(u) 7:9e�33 12.6049 0.353959

�¤¥áì u�(s) | ®¯â¨¬ «ì®¥ ã¯à ¢«¥¨¥, u0(s) = sin 2�(s�sn)

sk�sn
|  ç «ì®¥ ã¯à ¢«¥¨¥, uk(s)

| ã¯à ¢«¥¨¥, ¯®«ãç¥®¥ §  124 ¨â¥à æ¨¨ ¯à¨¢¥¤¥ë¬ ¢ëè¥ ¬¥â®¤®¬.
� ¬¥â¨¬, çâ®   à¥§ã«ìâ âë ¢ëç¨á«¥¨© ¡®«ìè®¥ ¢«¨ï¨¥ ®ª §ë¢ ¥â ¢ë¡®à  ç «ì®£® ¯à¨-

¡«¨¦¥¨ï. �®-¯¥à¢ëå, ¥®¡å®¤¨¬® ¢ë¡¨à âì â®«ìª® â ª¨¥  ç «ìë¥ ¯à¨¡«¨¦¥¨ï, ª®â®àë¥
®å¢ âë¢ îâ ¢á¥ ¤®¯ãáâ¨¬ë¥ § ç¥¨ï ¨§ U , â. ª. ¯à¨ à¥ «¨§ æ¨¨ ¬¥â®¤  ®¢ëå § ç¥¨© äãª-
æ¨¨ u(s) ¥ ¢®§¨ª ¥â,   ¯¥à¥á®àâ¨à®¢ë¢ îâáï ã¦¥ ¨¬¥îé¨¥áï. �®-¢â®àëå, ã ¯®«ãç¥ëå á
¯®¬®éìî ¤ ®£® ¬¥â®¤  ã¯à ¢«¥¨©  ¡«î¤ îâáï ¥ª®â®àë¥ ãç áâª¨ ¯®áâ®ïáâ¢  (¢  è¥¬
á«ãç ¥ | íâ® ã§«ë 81{124 ¨ 150{186).

� ¡«¨æ  2

N s u�(s) u0(s) uk(s)
1 �7.0049 0 0 0
15 �2.68659 0.182966 �0.756446 0.183264
30 2.04893 0.272162 0.862138 0.262831
45 6.89694 0.167753 0.304083 0.167746
60 11.8575 �0.134343 �0.981848 �0.097254
75 16.9305 �0.538783 �0.175942 �0.538753
90 22.116 �0.880605 0.964541 �0.880567
105 27.414 �0.998669 0.445312 �0.983553
120 32.8245 �0.822188 �0.724738 �0.822158
135 38.3475 �0.422877 �0.917979 �0.422807
150 43.983 0.00697698 �0.0990014 0.00698626
165 49.7311 0.253858 0.758125 0.256037
186 57.9673 0 0 0.00199347
� ç¥¨¥ J(u) 7:9e�33 12.2178 0.00073

�¨á«¥ë¥ íªá¯¥à¨¬¥âë ¯®ª §ë¢ îâ, çâ® íâ®£® ¬®¦® ¨§¡¥¦ âì, ¯à¨¬¥ïï á¨«ì® ®áæ¨«-
«¨àãîé¨¥  ç «ìë¥ ¯à¨¡«¨¦¥¨ï. � ¯à¨¬¥à, ¯à¨ u0(s) = sin 20�(s�sn)

sk�sn
(â ¡«. 2) § ¤  ï â®ç-

®áâì à¥è¥¨ï § ¤ ç¨ ¤®áâ¨£ ¥âáï ¯®á«¥ 30 ¨â¥à æ¨© ¨ ¯®«ãç¥®¥ ã¯à ¢«¥¨¥ ®ç¥ì ¡«¨§ª® ª
®¯â¨¬ «ì®¬ã   ¢á¥© ®¡« áâ¨ ®¯à¥¤¥«¥¨ï.
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