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� ª ¨§¢¥áâ®, ¢ ª« áá¨ç¥áª¨å ¯à®áâëå ¬®¤ã«ïàëå  «£¥¡à å �¨ ¢á¥ â®àë á®¯àï¦¥ë ¬¥-
¦¤ã á®¡®© ®â®á¨â¥«ì® £àã¯¯ë  ¢â®¬®àä¨§¬®¢. �¥à¢ë© ¯à¨¬¥à ¥ª« áá¨ç¥áª®© ¯à®áâ®©  «£¥-
¡àë �¨ |  «£¥¡à  �¨ââ  ®¡« ¤ ¥â ¤¢ã¬ï à §ë¬¨ ®à¡¨â ¬¨ â®à®¢. �¯¨á ¨¥ â®à®¢ ¢ ¯à®áâëå
¥ª« áá¨ç¥áª¨å p- «£¥¡à å �¨ ¯®«ãç¥® ¢ [1], [2]. �á«¨ ¢¬¥áâ® £àã¯¯ë  ¢â®¬®àä¨§¬®¢ ¢§ïâì
£àã¯¯ã, ¯®à®¦¤¥ãî ®¡®¡é¥ë¬¨ íªá¯®¥æ¨ «ìë¬¨ ®â®¡à ¦¥¨ï¬¨, â® ®ª §ë¢ ¥âáï, çâ®
¢ p- «£¥¡à å �¨ ª àâ ®¢áª®£® â¨¯  ¢á¥ ¬ ªá¨¬ «ìë¥ â®àë á®¯àï¦¥ë. � [3] ¯®«ãç¥ â ª®©
¦¥ à¥§ã«ìâ â ¤«ï à¥£ã«ïàëå ¯®¤ «£¥¡à � àâ   ¢ ¯à®¨§¢®«ì®© p- «£¥¡à¥ �¨. �á«¨  «£¥¡à 
�¨ ¥ ï¢«ï¥âáï p- «£¥¡à®©, â®   «®£¨çë¥ à¥§ã«ìâ âë ¤®ª § ë ¤«ï â®à®¢, «¥¦ é¨å ¢ãâà¨
¬ ªá¨¬ «ì®© ¯®¤ «£¥¡àë, ¢ [4] ¢ á«ãç ¥  «£¥¡àë � áá¥å ã§  ¨ ¢ [5] ¢ á«ãç ¥ «î¡®©  «£¥¡àë
�¨ ª àâ ®¢áª®£® â¨¯ .

�« ¢ë© à¥§ã«ìâ â ¤ ®© à ¡®âë: «î¡®© â®à ¢ p-§ ¬ëª ¨¨  «£¥¡àë � áá¥å ã§  ¬®¦¥â
¡ëâì ¯®«ãç¥ á ¯®¬®éìî ª®¥ç®£® ç¨á«  ¯¥à¥áâà®¥ª ¨§ ®¤®£® áâ ¤ àâ®£® â®à , «¥¦ é¥£®
¢ãâà¨ ¬ ªá¨¬ «ì®© ¯®¤ «£¥¡àë.

�á¥ ®á®¢ë¥ ®¯à¥¤¥«¥¨ï ¨ ®¡®§ ç¥¨ï ¬®¦®  ©â¨ ¢ [6]{[8].

1. �à¥¤¢ à¨â¥«ìë¥ á¢¥¤¥¨ï

�ã¤¥¬ ¯à¨¬¥ïâì ¬¥â®¤ ¯¥à¥áâà®©ª¨ â®à®¢ ¢ â®¬ ¢¨¤¥, ª ª ® ¨§«®¦¥ ¢ à ¡®â¥ [5]. �ãâì ¥£®
§ ª«îç ¥âáï ¢ á«¥¤ãîé¥¬.

�ãáâì K |  «£¥¡à ¨ç¥áª¨ § ¬ªãâ®¥ ¯®«¥ å à ªâ¥à¨áâ¨ª¨ p > 0, K0 | ¯à®áâ®¥ ¯®¤¯®«¥, L
| ª®¥ç®¬¥à ï  «£¥¡à  �¨ ¡¥§ æ¥âà , eL | ¥¥ p-§ ¬ëª ¨¥ ¢ p- «£¥¡à¥ �¨ DerL, T | â®à
¢  «£¥¡à¥ eL, � | ®¤¨ ¨§ ª®à¥© ¥£® ¯à¨á®¥¤¨¥®£® ¯à¥¤áâ ¢«¥¨ï   L. � §¨á ft1; : : : ; tm; tg
â®à  T ¢ë¡¨à ¥âáï â ª, çâ®

1) ¡ §¨áë¥ í«¥¬¥âë â®à®¨¤ «ìë;
2) Ker � = ht1; : : : ; tmi.

�à¨ íâ®¬ �(t) = k 2 K�

0 . �á«¨ Z | ª®à¥¢®© ¢¥ªâ®à, á®®â¢¥âáâ¢ãîé¨© ª®àî �, â® ® ®¯à¥¤¥«ï¥â
ãá¥ç¥®¥ íªá¯®¥æ¨ «ì®¥ ®â®¡à ¦¥¨¥

expZ =
p�1X
j=0

1
j!
(adZ)j :

�â® ®â®¡à ¦¥¨¥ ¯¥à¥¢®¤¨â â®à T ¢  ¡¥«¥¢ã ¯®¤ «£¥¡àã

expZ(T ) = Ker � � ht� kZi;

ª®â®à ï ¥ ï¢«ï¥âáï p-¯®¤ «£¥¡à®©. �¥ p-§ ¬ëª ¨¥ á®¤¥à¦¨â ¥¤¨áâ¢¥ë© ¬ ªá¨¬ «ìë© â®à,
ª®â®àë© ®¡®§ ç ¥âáï ç¥à¥§ eZ(T ). �£® à §¬¥à®áâì ¥ ¬¥ìè¥, ç¥¬ à §¬¥à®áâì â®à  T . �ã¤¥¬
£®¢®à¨âì, çâ® â®à eZ(T ) ¯®«ãç¥ ¨§ â®à  T á ¯®¬®éìî ¯¥à¥áâà®©ª¨.

� ¡®â  ¢ë¯®«¥  ¯à¨ ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨© (£à â ò96-01-
01756).
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2. �¥à¥áâà®©ª¨ ¢ãâà¥¨å â®à®¢

�ãáâì L =W1(n) |  «£¥¡à  � áá¥å ã§ , â. ¥.  «£¥¡à  �¨ á¯¥æ¨ «ìëå ¤¨ää¥à¥æ¨à®¢ ¨©
 «£¥¡àë à §¤¥«¥ëå áâ¥¯¥¥© A1(n), L0 | ¥¥ ¬ ªá¨¬ «ì ï ¯®¤ «£¥¡à , eL | p-§ ¬ëª ¨¥
 «£¥¡àë L, F | £àã¯¯  ã¨¯®â¥âëå  ¢â®¬®àä¨§¬®¢  «£¥¡àë L. � ª ¨§¢¥áâ® ([7], [8]), F-
®à¡¨â  «î¡®£® ¢ãâà¥¥£® (â. ¥. «¥¦ é¥£® ¢ L0) â®à  ®¯à¥¤¥«ï¥âáï ¥£® á®¤¥à¦ ¨¥¬

cont T = f(x) =
n�1X
i=1

�ix
(pi)

á â®ç®áâìî ¤® íª¢¨¢ «¥â®áâ¨

f(x) �
f("x)
"

(" 2 K�):

�¥®à¥¬  1. �«ï «î¡ëå ¤¢ãå ¢ãâà¥¨å â®à®¢ T1 ¨ T2 áãé¥áâ¢ã¥â ¯¥à¥áâà®©ª , ¯¥à¥¢®-

¤ïé ï â®à T1 ¢ â®à, ¯à¨ ¤«¥¦ é¨© F-®à¡¨â¥ â®à  T2.

�®ª § â¥«ìáâ¢®. � §¨áë© â®à®¨¤ «ìë© í«¥¬¥â â®à  T1 ¨¬¥¥â ¢¨¤ t = y

y0
d

dx
, £¤¥ y |

¬®£®ç«¥ ¡¥§ á¢®¡®¤®£® ç«¥  ¨§  «£¥¡àë à §¤¥«¥ëå áâ¥¯¥¥© A1(n), ¨ cont y = cont T1 = f .
�î¡®© ª®à¥¢®© ¢¥ªâ®à â®à  T1, á®®â¢¥âáâ¢ãîé¨© á®¡áâ¢¥®¬ã § ç¥¨î k 2 K0, ¨¬¥¥â ¢¨¤

Z = c
y(k+1)

y0
d

dx
(�1 � k � p� 2);

£¤¥ c ¯à¨ ¤«¥¦¨â  «£¥¡à¥ ª®áâ â C(T1) â®à  T1. � á ¡ã¤ãâ ¨â¥à¥á®¢ âì â®«ìª® ¥ã«¥¢ë¥
§ ç¥¨ï k.

�á«¨ 1 � k � p� 2, â® Zp = 0, ¯®íâ®¬ã bt = expZ(t) = t� kZ = y�kcy(k+1)

y0
d

dx
| â®à®¨¤ «ìë©

í«¥¬¥â. �à¨ íâ®¬ cont bt = cont t, â. ª. cont y(k+1) = 0.
� ¬¥â¨¬, çâ® expZ ¢ íâ®¬ á«ãç ¥ ï¢«ï¥âáï ã¨¯®â¥âë¬  ¢â®¬®àä¨§¬®¬  «£¥¡àë L (íâ®

ãâ¢¥à¦¤¥¨¥ ï¢«ï¥âáï   «®£®¬ â¥®à¥¬ë 1 ¨§ à ¡®âë [4]), ¨ £àã¯¯  F ¯®à®¦¤ ¥âáï â ª¨¬¨
 ¢â®¬®àä¨§¬ ¬¨. � íâ®¬ á«ãç ¥ ¯¥à¥áâà®©ª  ¥ ¨§¬¥ï¥â F-®à¡¨âë â®à  T1.

�á«¨ k = �1, â® Z = c

y0
d

dx
, ¨ à¥§ã«ìâ â ¯¥à¥áâà®©ª¨ § ¢¨á¨â ®â â®£®, ¡ã¤¥â «¨ ®¡à â¨¬ë¬ ¢

 «£¥¡à¥ A1(n) ¬®¦¨â¥«ì c.
� áá¬®âà¨¬ á«ãç ©, ª®£¤  í«¥¬¥â c ¥®¡à â¨¬, â. ¥. c(0) = 0. � íâ®¬ á«ãç ¥

Z 2 L0; Zp = cp�1c1t; £¤¥ c1 =
�
1
y0

d

dx

�p

c 2 C(T1); Zp2 = 0:

�®íâ®¬ã bt = (t+ Z)p = t+ Z + Zp = y+c+cp�1c1y

y0
d

dx
| â®à®¨¤ «ìë© í«¥¬¥â ¢ L0. �¥à¥áâà®©ª ,

á®®â¢¥âáâ¢ãîé ï ª®à¥¢®¬ã í«¥¬¥âã Z, ¯¥à¥¢¥«  â®à T1 = hti ¢ â®à bT = hbt i. �à¨ íâ®¬
cont bt = cont y + cont c = cont t+ cont c:

�«¥¬¥â c ¨¬¥¥â ¢¨¤

c = �+
� p�1X

i=1

f (p�i)x(i)
�
@p� (§¤¥áì @ = d

dx
);

£¤¥ � ¯à¨ ¤«¥¦¨â  «£¥¡à¥ C0 ª®áâ â áâ ¤ àâ®£® â®à 


x d

dx

�
. �ç¥¢¨¤®, cont c = cont �. �á«¨

¢§ïâì � = cont T2� cont T1, â® cont bt = cont T2. �®íâ®¬ã â®à bT á®¯àï¦¥ á â®à®¬ T2 ®â®á¨â¥«ì®
£àã¯¯ë F .

�«¥¤áâ¢¨¥ 1. �«ï «î¡®£® ¢ãâà¥¥£® â®à  T áãé¥áâ¢ã¥â ¯¥à¥áâà®©ª , ª®â®à ï ¯¥à¥¢®¤¨â
áâ ¤ àâë© â®à T0 =



x d

dx

�
¢ â®à, ¯à¨ ¤«¥¦ é¨© F-®à¡¨â¥ â®à  T .
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�®ªà¥âë¥ ¢ëç¨á«¥¨ï ¢ë£«ï¤ïâ á«¥¤ãîé¨¬ ®¡à §®¬. � ª ¯®ª § ® ¢ [7], â®à T á®¯àï¦¥
á â®à®¬ hDf i, £¤¥

Df = (x+ f + xfp�1@pf)
d

dx
; f = cont T:

� ª ç¥áâ¢¥ ª®à¥¢®£® í«¥¬¥â  ¬®¦® ¢§ïâì Z = f d

dx
:

h
x
d

dx
; Z

i
= �Z:

�à¨ íâ®¬

Zp = xfp�1(@pf)
d

dx
; Zp2 = 0; expZ

�
x
d

dx

�
= (x+ f)

d

dx
;h

(x+ f)
d

dx

ip
= x

d

dx
+ Z + Zp = (x+ f + xfp�1@pf)

d

dx
= Df :

� ª¨¬ ®¡à §®¬,

ef
d
dx

�D
x
d

dx

E�
= hDf i:

�ç¨âë¢ ï, çâ® £àã¯¯  F ¯®à®¦¤ ¥âáï ãá¥ç¥ë¬¨ íªá¯®¥æ¨ «ìë¬¨ ®â®¡à ¦¥¨ï¬¨, á®®â-
¢¥âáâ¢ãîé¨¬¨ ¨«ì¯®â¥âë¬ ª®à¥¢ë¬ ¢¥ªâ®à ¬, ¯®«ãç ¥¬

�«¥¤áâ¢¨¥ 2. �î¡®© ¢ãâà¥¨© â®à ¬®¦® ¯¥à¥¢¥áâ¨ ¢ «î¡®© ¤àã£®© ¢ãâà¥¨© â®à á
¯®¬®éìî ª®¥ç®£® ç¨á«  ¯¥à¥áâà®¥ª.

� áá¬®âà¨¬ â¥¯¥àì ¯¥à¥áâà®©ªã ¢ãâà¥¥£® â®à  T = hti, á®®â¢¥âáâ¢ãîéãî âà §¨â¨¢®¬ã
ª®à¥¢®¬ã ¤¨ää¥à¥æ¨à®¢ ¨î

Z =
c

y0
d

dx
(c(0) 6= 0):

�¡®§ ç¨¬ c(0) = 1
�
(� 2 K�). � íâ®¬ á«ãç ¥ eD = expZ(t) = t + Z = c+y

y0
d

dx
| âà §¨â¨¢®¥

¤¨ää¥à¥æ¨à®¢ ¨¥. �£® ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

eD =
1
�
D =

1
�z0

d

dx
; £¤¥ D �

d

dx
(modL0):

�à ¢¥¨¥ �z0 = y0

c+y
¨¬¥¥â à¥è¥¨¥ z = 1

�
ln
�
1 + y

c

�
. �á«¨ cont y = �1x

(p) + � � � + �kx
(pk), â®

cont z = �1x
(p) + � � �+ �kx

(pk+1), £¤¥

�1 = �1 � �p�1; �2 = �2 � �1�
p�1;

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

�k = �k � �k�1�
p�1; �k+1 = ��k�

p�1:

�§ íâ®© á¨áâ¥¬ë ¯®«ãç¨¬ ª®íää¨æ¨¥âë

�1 = �1 + �p�1; �2 = �2 + �p1�
p�1 + �p

2
�1;

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

�k = �k + �pk�1�
p�1 + �p

2

k�2�
p2�1 + � � �+ �p

k�1

1 �p
k�1

�1 + �p
k
�1

¨  ©¤¥¬ ãà ¢¥¨¥, ª®â®à®¬ã ã¤®¢«¥â¢®àï¥â �,

�p
k+1

+ (�1�)
pk + (�2�)

pk�1

+ � � � + (�k�)
p + �k+1� = 0:

�®£« á® [7] å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ ¤«ï ¤¨ää¥à¥æ¨à®¢ ¨ï D ¨¬¥¥â ¢¨¤

Dpn + (�1D)p
n�1

+ � � � + (�kD)p
n�k

+ (�k+1D)p
n�k�1

= 0:
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� à¥§ã«ìâ â¥ â ª®© ¯¥à¥áâà®©ª¨ â®à  T ¯®«ãç ¥âáï âà §¨â¨¢ë© â®à à §¬¥à®áâ¨ k + 1

eZ(T ) = hDpn�k�1

;Dpn�k ; : : : ;Dpn�1

i = T (z):

�¥®à¥¬  2. �«ï «î¡®£® âà §¨â¨¢®£® â®à  T1 6= (0) ¢ p- «£¥¡à¥ �¨ eL áãé¥áâ¢ã¥â â ª®©

¢ãâà¥¨© â®à T2, çâ® â®à T1 ¯®«ãç ¥âáï ¨§ â®à  T2 á ¯®¬®éìî ®¤®© ¯¥à¥áâà®©ª¨.

�®ª § â¥«ìáâ¢®. � à ¡®â¥ [8] ¤®ª § ®, çâ® «î¡®© âà §¨â¨¢ë© â®à ¢  «£¥¡à¥ eL ¨¬¥¥â
¢¨¤

T1 = T (z) = hDpn�m ;Dpn�m+1

; : : : ;Dpn�1

i;

£¤¥ D = 1
z0

d

dx
| âà §¨â¨¢®¥ ¤¨ää¥à¥æ¨à®¢ ¨¥, 0 < ht(z) = m � n, cont z = b1x

(p) + � � � +
bmx

(pm) (bm 6= 0).
�á«¨ � | «î¡®© ¥ã«¥¢®© ª®à¥ì ãà ¢¥¨ï

�p
m

+ (b1�)
pm�1

+ (b2�)
pm�2

+ � � � + (bm�1�)
p + bm� = 0;

â® exp(�z) 2 A1(n) (â. ¥. ï¢«ï¥âáï ¬®£®ç«¥®¬,   ¥ àï¤®¬!). �ãáâì y = exp(�z)�1

�
. �®£¤ 

�(y) = y

y0
d

dx
2 L0 { â®à®¨¤ «ì®¥ ¤¨ää¥à¥æ¨à®¢ ¨¥, Z = 1

�y0
d

dx
| âà §¨â¨¢®¥ ª®à¥¢®¥

¤¨ää¥à¥æ¨à®¢ ¨¥: [�(y); Z] = �Z. �à®¬¥ â®£®,

�(y) + Z =
1 + �y

y0
d

dx
=

1
�z0

d

dx
=

1
�
D:

�â® ®§ ç ¥â, çâ® ¢ãâà¥¨© â®à T2 = h�(y)i á ¯®¬®éìî ¯¥à¥áâà®©ª¨, á®®â¢¥âáâ¢ãîé¥© ª®à¥-
¢®¬ã í«¥¬¥âã Z, ¯¥à¥å®¤¨â ¢ â®à

eZ(T2) = T1:

�«¥¤áâ¢¨¥ 3. �î¡®© âà §¨â¨¢ë© â®à ¬®¦¥â ¡ëâì ¯®«ãç¥ ¨§ áâ ¤ àâ®£® â®à  T0 =
hx d

dx
i á ¯®¬®éìî ª®¥ç®£® ç¨á«  ¯¥à¥áâà®¥ª.

�®ª § â¥«ìáâ¢® ¢ëâ¥ª ¥â ¨§ íâ®© â¥®à¥¬ë ¨ á«¥¤áâ¢¨ï 2 â¥®à¥¬ë 1.

�«¥¤áâ¢¨¥ 4. �î¡®© ¤®¯ãáâ¨¬ë© â®à ¬®¦¥â ¡ëâì ¯®«ãç¥ ¨§ áâ ¤ àâ®£® â®à  á ¯®¬®éìî
ª®¥ç®£® ç¨á«  ¯¥à¥áâà®¥ª.

�®ª § â¥«ìáâ¢®. �á«¨ T | ¢ãâà¥¨© â®à, â® íâ® ãâ¢¥à¦¤¥¨¥ á«¥¤áâ¢¨ï 2 â¥®à¥¬ë 1.
�á«¨ T | ¢¥è¨© â®à, â® ¢ à ¡®â¥ [8] ¤®ª § ®, çâ® ® âà §¨â¨¢ë©, ¯®íâ®¬ã ¯à¨¬¥¨¬®
á«¥¤áâ¢¨¥ 1 â¥®à¥¬ë 2.

3. �¥à¥áâà®©ª¨ ¢¥è¨å â®à®¢

�¨ää¥à¥æ¨à®¢ ¨¥ B = @p
n�1

+ � � � + @p + (1 + x)@ ï¢«ï¥âáï â®à®¨¤ «ìë¬, ¨ á®£« á®
[7] «î¡®¥ ¢¥è¥¥ â®à®¨¤ «ì®¥ ¤¨ää¥à¥æ¨à®¢ ¨¥ á®¯àï¦¥® á B. � ¯®¬¨¬, çâ®  «£¥¡à 
ª®áâ â C(B) ¤¨ää¥à¥æ¨à®¢ ¨ï B ¨§®¬®àä   «£¥¡à¥ à §¤¥«¥ëå áâ¥¯¥¥© ¢ëá®âë n� 1

C(B) = hy(i) j 0 � i � pn�1 � 1i; £¤¥ y = ln(1 + x):

�ãáâì g(x) =
pn�1

�1P
i=1

bix
(i), cont g = bpx

(p) + bp2x
(p2) + � � � + bpn�2x(p

n�2). �®£¤  ¬®£®ç«¥ ¢¨¤ 

u = �x+ g(y)(1 + x) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

Bu = �+ u:

�á«¨ ¯à¨ íâ®¬ � + b1 6= 0, â® u0 | ®¡à â¨¬ë© í«¥¬¥â, ¨ âà §¨â¨¢®¥ ¤¨ää¥à¥æ¨à®¢ ¨¥
Z = 1

u0
d

dx
ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

[B;Z] = �Z; (1)

â. ¥. ï¢«ï¥âáï ª®à¥¢ë¬ ¢¥ªâ®à®¬.
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�¡à â®, ¯ãáâì âà §¨â¨¢®¥ ¤¨ää¥à¥æ¨à®¢ ¨¥Z ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (1). �à¥¤áâ ¢¨¬
¥£® ¢ ¢¨¤¥ Z = 1

u0
d

dx
, £¤¥ u � �0x ¯® ¬®¤ã«î áâ àè¨å ç«¥®¢ (�0 6= 0). �ãáâì cont u = �1x

(p) +
�2x

(p2) + � � �+ �nx
(pn) ¨ � = �0 + �1 + �2 + � � �+ �n. �§ à ¢¥áâ¢  (1) á«¥¤ã¥â

Bu = �+ u: (2)

�®íâ®¬ã �+u
1+x

2 C(B). �ãáâì �+u
1+x

= b0 + g(y), £¤¥

g(x) =
pn�1

�1X
i=1

bix
(i); cont g = bpx

(p) + bp2x
(p2) + � � �+ bpn�2x(p

n�2):

�§ à ¢¥áâ¢  �+ u = (1 + x)(b0 + g(y)) á«¥¤ã¥â, çâ®

�n = 0; b0 = �; b1 = ��1 � �2 � � � � � �n�1; bp = ��2 � �3 � � � � � �n�1;

� � � � � � � � � � � � � � � � � � � � � � � �

bpn�3 = ��n�2 � �n�1; bpn�2 = ��n�1;

  ¬®£®ç«¥ u ¨¬¥¥â ¢¨¤ u = �x+ g(y)(1 + x).
�ãáâì ht(u) = k, cont u = �1x

(p) + � � � + �kx
(pk) (�k 6= 0). � ¯®¬¨¬ ®¡®§ ç¥¨ï à ¡®âë [8]:

T (u) = hZpn�1

; Zpn�2

; : : : ; Zpn�ki | âà §¨â¨¢ë© â®à, S(u) = T (u) � h�(u)i | ¬ ªá¨¬ «ìë©
¥âà §¨â¨¢ë© â®à, £¤¥ �(u) = u

u0
d

dx
.

� áá¬®âà¨¬ ¯¥à¥áâà®©ªã ®¤®¬¥à®£® â®à  T = hBi á ¯®¬®éìî ª®à¥¢®£® ¤¨ää¥à¥æ¨à®-
¢ ¨ï Z = 1

u0
d

dx
, ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨î (1). � ¬¥â¨¬, çâ® â®à hBi ¬®¦¥â ¡ëâì ¯®«ãç¥ ¨§

áâ ¤ àâ®£® â®à  T0 = hx d

dx
i ®¤®© ¯¥à¥áâà®©ª®© á ¯®¬®éìî ª®à¥¢®£® í«¥¬¥â  Z = d

dx
, â. ¥.

e
d
dx

�D
x
d

dx

E�
= hBi:

�¥®à¥¬  3. �ãáâì eT = eZ(T ). �á«¨  = �+1 = 0, â® eT = S(u),   ¥á«¨  6= 0, â® eT = T (�),
£¤¥ � = ln(1 + u=).

�®ª § â¥«ìáâ¢®. �§ ãá«®¢¨ï Z(u) = 1 á«¥¤ã¥â, çâ® Zpi(u) = 0 (i = 1; : : : ; n� 1). �®áª®«ìªã

Z �
1
�0

d

dx
(modL0);

â® (�0Z)p = @p � @pu

u0
@ � @p� �1

�0
@ (modL0). �âáî¤  á«¥¤ã¥â, çâ® (�0Z)p

2

� @p
2

�
�
�1
�0

�p
@p (modL),

¯®íâ®¬ã (�0Z)p
2

+ (�1Z)p � @p
2

(modL) ¨

(�0Z)
p2 + (�1Z)

p = @p
2

�
@p

2

u

u0
@ � @p

2

�
�2

�0

@ (modL0):

�® ¨¤ãªæ¨¨ ¯®«ãç ¥¬ á¨áâ¥¬ã á®®â®è¥¨©

(�0Z)
p = @p �

@pu

u0
@; (�1Z)

p + (�0Z)
p2 = @p

2

�
@p

2

u

u0
@; (�2Z)

p + (�1Z)
p2 + (�0Z)

p3 = @p
3

�
@p

3

u

u0
@;

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

(�n�2Z)
p + (�n�3Z)

p2 + � � �+ (�0Z)
pn�1

= @p
n�1

�
@p

n�1

u

u0
@:

�«®¦¨¢ íâ¨ à ¢¥áâ¢ , ¯®«ãç¨¬ á®®â®è¥¨¥

(�0 + � � �+ �n�2)pZp + (�0 + � � �+ �n�3)p
2

Zp2 + � � �+ (�0 + �1)p
n�2

Zpn�2

+ �p
n�1

0 Zpn�1

= B �B(u)Z:
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�âáî¤  á ãç¥â®¬ à ¢¥áâ¢  (2)  å®¤¨¬

B = �(u) + (�0 + �1 + � � �+ �n�1)Z + (�0 + �1 + � � �+ �n�2)pZp + � � �+ (�0 + �1)p
n�2

Zpn�2

+

+ �p
n�1

0 Zpn�1

: (3)

�ãáâì S = expZ(B) = B + Z. �®áª®«ìªã ¤¨ää¥à¥æ¨à®¢ ¨¥ Z ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

(�0Z)p
n

+ (�1Z)p
n�1

+ � � �+ (�kZ)p
n�k

= 0;

â® ¨§ [5] á«¥¤ã¥â, çâ® â®à eT ¨¬¥¥â ¡ §¨á fSpn�k�1

; Spn�k ; : : : ; Spn�1

g. �¤®¡¥¥ ¢ë¡à âì ¤àã£®© ¡ §¨á
fSpn�k�1

; Zpn�k ; : : : ; Zpn�1

g. �¥à¢ë© ¡ §¨áë© í«¥¬¥â á ãç¥â®¬ à ¢¥áâ¢  (3) ¨¬¥¥â ¢¨¤

S = B + Z + Zp + � � �+ Zpn�k�1

= �(u) + Z + pZp + � � �+ p
n�k�1

Zpn�k�1

+

+ (�0 + � � �+ �k�1)
pn�kZpn�k + � � �+ (�0 + �1)

pn�2

Zpn�2

+ �p
n�1

0 Zpn�1

:

�¡®§ ç¨¬ R = �(u) + Z. �á«¨  = 0, â® â®à eT ¨¬¥¥â ¡ §¨á f�(u); Zpn�k ; : : : ; Zpn�1

g, ¨ ¯®íâ®¬ã
á®¢¯ ¤ ¥â á S(u) = T (u) � h�(u)i. �á«¨  6= 0, â® R = +u

u0
d

dx
= 1

�0
d

dx
, £¤¥ � = ln(1 + u=). � íâ®¬

á«ãç ¥ â®à eT ¨¬¥¥â ¡ §¨á fRpn�k�1

; Rpn�k ; : : : ; Rpn�1

g, â. ¥. á®¢¯ ¤ ¥â á T (�).

�§ ¤®ª § ®© â¥®à¥¬ë á«¥¤ã¥â, ¢ ç áâ®áâ¨, çâ® ®¤®¬¥àë© â®à hBi ¬®¦¥â ¡ëâì ¯¥à¥áâà®¥
¢ ®¤®¬¥àë© ¢ãâà¥¨© â®à T0 = hx@i. �«ï íâ®£® ¢ ª ç¥áâ¢¥ ª®à¥¢®£® í«¥¬¥â   ¤® ¢§ïâì
Z = � d

dx
, â. ¥.

e�
d
dx (hBi) = T0:

�®à hBi ¬®¦¥â ¡ëâì ¯¥à¥áâà®¥ â ª¦¥ ¢ «î¡®© ¥ã«¥¢®© âà §¨â¨¢ë© â®à, â. ª. ¬®£®ç«¥
u, á®®â¢¥âáâ¢ãîé¨© ª®à¥¢®¬ã ¤¨ää¥à¥æ¨à®¢ ¨î Z = 1

u0
d

dx
, ¬®¦¥â ¨¬¥âì «î¡ãî ¢ëá®âã

k = ht(u) ¨ á®¤¥à¦ ¨¥ cont u á «î¡ë¬  ¡®à®¬ ¯ à ¬¥âà®¢ (�1; : : : ; �k). �,  ª®¥æ, â®à hBi
á ¯®¬®éìî ®¤®© ¯¥à¥áâà®©ª¨ ¬®¦¥â ¡ëâì ¯à¥®¡à §®¢  ¢ ¬ ªá¨¬ «ìë© ¥âà §¨â¨¢ë© â®à
S(u) = T (u)� h�(u)i.

�¥âà «¨§ â®à ¢ L â®à  T (u) ¨¬¥¥â ¢¨¤

L(u) =
Du(i)
u0

d

dx

��� 0 � i � pn�k � 1
E
:

�®áª®«ìªã L(u) �= W1(n � k), â® ¯® á«¥¤áâ¢¨î 1 â®à h�(u)i ¬®¦¥â ¡ëâì ¯¥à¥áâà®¥ ¢ «î¡®©
¢ãâà¥¨© â®à  «£¥¡àë �¨ L(u). �à¨ íâ¨å ¯¥à¥áâà®©ª å â®à T (u) ¥ ¬¥ï¥âáï,   â®à S(u)
¯¥à¥å®¤¨â ¢ ¥¬ ªá¨¬ «ìë© ¥âà §¨â¨¢ë© â®à.

�â® ª á ¥âáï ¬®£®¬¥àëå ¢¥è¨å â®à®¢, â® ®¨ ¥ ¬®£ãâ ¡ëâì ¯¥à¥áâà®¥ë ¢® ¢ãâà¥¨¥
â®àë ¯® á®®¡à ¦¥¨ï¬ à §¬¥à®áâ¨. �§ â¥®à¥¬ë 3 á«¥¤ã¥â, çâ® ¬®£®¬¥àë¥ ¢¥è¨¥ â®àë
¬®£ãâ ¡ëâì ¯¥à¥áâà®¥ë ª ª ¢ âà §¨â¨¢ë¥, â ª ¨ ¢ ¥âà §¨â¨¢ë¥ ¢¥è¨¥ â®àë.

�§ ¤®ª § ëå â¥®à¥¬ ¨ ¨å á«¥¤áâ¢¨© ¯®«ãç ¥âáï ®á®¢ ï

�¥®à¥¬  4. �î¡®© ¥ã«¥¢®© â®à ¢ p- «£¥¡à¥ �¨ eL ¬®¦¥â ¡ëâì ¯®«ãç¥ ¨§ áâ ¤ àâ®£®

¢ãâà¥¥£® â®à  T0 =


x d

dx

�
ª®¥çë¬ ç¨á«®¬ ¯¥à¥áâà®¥ª.
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