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G('; t; �) � 1
�2

Z 1

�1

Z 1

�1

ln j� � tj ln j� � � jp
(1� �2)(1� �2)

'(�; �)d� d� = f(t; �); �1 6 t; � 6 1; (0.1)

S('; t; �) � 1
�2

Z 1

�1

Z 1

�1

'(�; �)d� d�p
(1� �2)(1 � �2)(� � t)(� � �)

= f(t; �); �1 < t; � < 1; (0.2)

I(x; s; �) � 1
4�2

Z 2�

0

Z 2�

0
ctg

� � s

2
ctg

� � �

2
x(�; �)d� d� =

= y(s; �); �1 < s; � <1; (0.3)

H(x; s; �) � 1
�2

Z 2�

0

Z 2�

0

ln
����sin � � s

2

���� ln
����sin � � �

2

����x(�; �)d� d� =
= y(s; �); �1 < s; � <1; (0.4)

¨ ­¥ª®â®àëå ¨å ®¡®¡é¥­¨©. �¤¥áì f(t; �) ¨ y(s; �) | ¨§¢¥áâ­ë¥,   '(t; �) ¨ x(s; �) | ¨áª®¬ë¥
äã­ªæ¨¨ ¨§ ®¯à¥¤¥«ï¥¬ëå ­¨¦¥ äã­ªæ¨®­ «ì­ëå ¯à®áâà ­áâ¢, ¯à¨ç¥¬ á« ¡®á¨­£ã«ïà­ë¥ ¨­â¥-
£à «ë ¯®­¨¬ îâáï ª ª ­¥á®¡áâ¢¥­­ë¥,   á¨­£ã«ïà­ë¥ | ¢ á¬ëá«¥ £« ¢­®£® §­ ç¥­¨ï ¯® �®è¨{
�¥¡¥£ã [1].

�àã¤­®áâì à¥è¥­¨ï ãª § ­­ëå ãà ¢­¥­¨© (®á®¡¥­­® ­¥¯à¥àë¢­®£® ®¡à é¥­¨ï ®¯¥à â®à®¢ G,
S, I, H) á¢ï§ ­  ¢ ¯¥à¢ãî ®ç¥à¥¤ì á ¨å ­¥ª®àà¥ªâ­®áâìî [2] ¢ ¨§¢¥áâ­ëå ¯à®áâà ­áâ¢ å äã­ª-
æ¨©,   â ª¦¥ á ¨å á¨­£ã«ïà­®áâìî ¨ ¬­®£®¬¥à­®áâìî. �ªà âæ¥ ¯à¨ç¨­  ­¥ª®àà¥ªâ­®áâ¨ § -
ª«îç ¥âáï ¢ á«¥¤ãîé¥¬: à¥è¥­¨ï ãà ¢­¥­¨© (0.1) ¨ (0.4) ­¥ãáâ®©ç¨¢ë ®â­®á¨â¥«ì­® ¨áå®¤­ëå
¤ ­­ëå,   à¥è¥­¨¥ ãà ¢­¥­¨ï (0.2) ­¥ ¥¤¨­áâ¢¥­­®; ãà ¢­¥­¨¥ (0.3) à §à¥è¨¬® ­¥ ¢á¥£¤ ,   ¯à¨
¢ë¯®«­¥­¨¨ ãá«®¢¨© ¥£® à §à¥è¨¬®áâ¨ à¥è¥­¨¥ ­¥ ¥¤¨­áâ¢¥­­®.

� ¨á¯®«ì§®¢ ­¨¥¬ à ¡®â [3]{[5] ­¨¦¥
 ) § ¤ ç  à¥è¥­¨ï ãà ¢­¥­¨© (0.1){(0.4) áâ ¢¨âáï ª®àà¥ªâ­® ¯® �¤ ¬ àã ¯ãâ¥¬ á®®â¢¥âáâ¢ã-

îé¥£® ¯®¤¡®à  ¯à®áâà ­áâ¢ ¯à ¢ëå ç áâ¥© F = ffg, Y = fyg ¨ § ¢¨áïé¨å ®â ­¨å ¯à®áâà ­áâ¢
¨áª®¬ëå í«¥¬¥­â®¢ � = f'g, X = fxg;

¡) ¯à¥¤« £ îâáï ï¢­ë¥ ¯à¥¤áâ ¢«¥­¨ï à¥è¥­¨© íâ¨å ãà ¢­¥­¨© ¢ â¥à¬¨­ å ¤¢ã¬¥à­ëå àï¤®¢
�ãàì¥;

¢) ¢ëç¨á«ïîâáï ­®à¬ë ®¯¥à â®à®¢ G, S, I, H ¨ ®¡à â­ëå ª ­¨¬ ¢ àï¤¥ äã­ªæ¨®­ «ì­ëå
¯à®áâà ­áâ¢.

�«¥¤ã¥â ®â¬¥â¨âì, çâ® ª ãà ¢­¥­¨ï¬ ¢¨¤  (0.1){(0.4) ¯à¨¢®¤¨â §­ ç¨â¥«ì­®¥ ç¨á«® â¥®à¥â¨-
ç¥áª¨å ¨ ¯à¨ª« ¤­ëå § ¤ ç (á¬., ­ ¯à., [6]{[11] ¨ ¡¨¡«¨®£à ä¨î ¢ ­¨å). �®íâ®¬ã ¤«ï ¨å à¥è¥­¨ï
ª ­ áâ®ïé¥¬ã ¢à¥¬¥­¨ à §à ¡®â ­ë à §«¨ç­ë¥ â®ç­ë¥ ¨ ¯à¨¡«¨¦¥­­ë¥ ¬¥â®¤ë (á¬., ­ ¯à., [3],
[4], [8]{[19] ¨ ¡¨¡«¨®£à ä¨î ¢ ­¨å). �¤­ ª®, ¢ ®â«¨ç¨¥ ®â ¨§¢¥áâ­ëå à¥§ã«ìâ â®¢, ­¨¦¥ ¤«ï
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¨áá«¥¤®¢ ­¨ï ãà ¢­¥­¨© (0.1){(0.4) ¢¯¥à¢ë¥ ¨á¯®«ì§ã¥âáï â¥®à¨ï ¤¢®©­ëå àï¤®¢ �ãàì¥ ¯® ¬­®-
£®ç«¥­ ¬ �¥¡ëè¥¢  I ¨ II à®¤®¢ ¨ â¥®à¨ï ¤¢®©­ëå âà¨£®­®¬¥âà¨ç¥áª¨å àï¤®¢. �â® ¯®§¢®«¨«®
¯®«ãç¨âì àï¤ § ¢¥àè¥­­ëå à¥§ã«ìâ â®¢ ¯® â®ç­ë¬ ¬¥â®¤ ¬ à¥è¥­¨ï ãª § ­­ëå ãà ¢­¥­¨© ¨
¨å ¥áâ¥áâ¢¥­­ëå ®¡®¡é¥­¨©, ª®â®àë¥ ¬®£ãâ ¡ëâì ¨á¯®«ì§®¢ ­ë â ª¦¥ ¯à¨ ¯®áâà®¥­¨¨ ¨ ¨áá«¥-
¤®¢ ­¨¨ ¯à¨¡«¨¦¥­­ëå ¬¥â®¤®¢ ¨å à¥è¥­¨ï.

1. �à ¢­¥­¨ï I à®¤  á à §­®áâ­ë¬¨ «®£ à¨ä¬¨ç¥áª¨¬¨ ï¤à ¬¨

�«ï ä®à¬ã«¨à®¢ª¨ ¨ ¯®á«¥¤ãîé¥£® ¤®ª § â¥«ìáâ¢  ®á­®¢­ëå à¥§ã«ìâ â®¢ ¯®­ ¤®¡ïâáï á«¥-
¤ãîé¨¥ ®¡®§­ ç¥­¨ï.

�«ï «î¡®© äã­ªæ¨¨ '(t; �) 2 L1[�1; 1;�1; 1] = L[�1; 1]2 ¢¢¥¤¥¬ ª®íää¨æ¨¥­âë �ãàì¥{
�¥¡ëè¥¢ 

cTTkj (') =
4
�2

Z 1

�1

Z 1

�1

'(t; �)Tk(t)Tj(�)p
(1� t2)(1 � � 2)

dt d� (k + 1; j + 1 2 N);

cUUkj (') =
4
�2

Z 1

�1

Z 1

�1

q
(1� t2)(1 � � 2)'(t; �)Uk(t)Uk(�)dt d� (k + 1; j + 1 2 N);

cUTk�1;j(') =
4
�2

Z 1

�1

Z 1

�1

s
1� t2

1� � 2
'(t; �)Uk�1(t)Tj(�)dt d� (k; j + 1 2 N);

cTUk;j�1(') =
4
�2

Z 1

�1

Z 1

�1

s
1� � 2

1� t2
'(t; �)Tk(t)Uj�1(�)dt d� (k + 1; j 2 N);

£¤¥

Tn(t) = cosn arccos t; Un(t) =
sin(n+ 1) arccos tp

1� t2
; �1 6 t 6 1;

| ¯®«¨­®¬ë �¥¡ëè¥¢  á®®â¢¥âáâ¢¥­­® I ¨ II à®¤®¢ áâ¥¯¥­¨ n (n+ 1 2 N).
�¡®§­ ç¨¬ ç¥à¥§ � = L2(�; [�1; 1]2) = L2(�) = L2(�1�2) ¯à®áâà ­áâ¢® ª¢ ¤à â¨ç­®-áã¬¬¨-

àã¥¬ëå ¯® �¥¡¥£ã ­  [�1; 1;�1; 1] = [�1; 1]2 äã­ªæ¨© á ¢¥á®¬ �(t; �) = �1(t)�2(�), £¤¥ �1(t) =
(1� t2)�1=2, �2(�) = �1(�), ¨ á ®¡ëç­®© ­®à¬®©

k'k� =
�Z 1

�1

Z 1

�1

�(t; �)j'(t; �)j2dt d�
�1=2

; ' 2 �:

�®«®¦¨¬ � = �(t; �) = �1(t)�2(�), �1(t) = ��11 (t), �2(�) = ��12 (�), �1 6 t; � 6 1, ¨ ®¡®§­ ç¨¬
ç¥à¥§ F � W 1;1;2

2 (�) ¯à®áâà ­áâ¢® â ª¨å äã­ªæ¨© f(t; �) 2 L2(�) = L2(�1�2), çâ® áãé¥áâ¢ãîâ
®¡®¡é¥­­ë¥ ¯à®¨§¢®¤­ë¥ ¯® �®¡®«¥¢ã

@f(t; �)
@t

2 L2(�1�2);
@f(t; �)
@�

2 L2(�1�2);
@2f(t; �)
@t@�

2 L2(�1�2):

�¢¥¤¥¬ ­®à¬ã ¢ ¯à®áâà ­áâ¢¥ F ¯® ä®à¬ã«¥ (á¬. â ª¦¥ § ¬¥ç ­¨¥ 1.1)

kfkF =
�kfk2L2(�)

+ kf 0tk2L2(�1�2)
+ kf 0�k2L2(�1�2)

+ kf 00t�k2L2(�)

	1=2
:

�¥®à¥¬  1.1. �à ¢­¥­¨¥ (0:1) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ '�(t; �) 2 L2(�) ¯à¨ «î¡®© ¯à -

¢®© ç áâ¨ f(t; �) 2W 1;1;2
2 (�), ¯à¨ç¥¬

'�(t; �) =
cTT00 (f)

4 ln2 2
+

1
2 ln 2

1X
k=1

kcTTk0 (f)Tk(t) +
1

2 ln 2

1X
j=1

jcTToj (f)Tj(�) +

+
1X
k=1

1X
j=1

kjcTTkj (f)Tk(t)Tj(�); �1 6 t; � 6 1: (1.1)
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�«ï à¥è¥­¨ï '�(t; �) 2 � ãà ¢­¥­¨ï (0:1) á¯à ¢¥¤«¨¢® â ª¦¥ ¯à¥¤áâ ¢«¥­¨¥

'�(t; �) =
cTT00 (')

4 ln2 2
+

1
2 ln 2

1X
k=1

cUTk�1;0(f
0
t)Tk(t) +

1
2 ln 2

1X
j=1

cTUo;j�1(f
0
�)Tj(�) +

+
1X
k=1

1X
j=1

cUUk�1;j�1(f
00
t�)Tk(t)Tj(�); �1 6 t; � 6 1; f 2 F: (1.2)

�®ª § â¥«ìáâ¢®. �ã­ªæ¨¨ '(t; �) 2 L2(�) ¨ f(t; �) 2 W 1;1;2
2 (�) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

áã¬¬ áå®¤ïé¨åáï ¢ ¯à®áâà ­áâ¢ å � ¨ F àï¤®¢ �ãàì¥:

'(t; �) =
1X0

k=0

1X0

j=0

cTTkj (')Tk(t)Tj(�) �
1X
k=0

1X
j=0

�kjTk(t)Tj(�); (1.3)

f(t; �) =
1X0

k=0

1X0

j=0

cTTkj (f)Tk(t)Tj(�) �
1X
k=0

1X
j=0

�kjTk(t)Tj(�); (1.4)

£¤¥ (§¤¥áì ¨ ¤ «¥¥) èâà¨å ã §­ ª  áã¬¬ë
1P
r=0

0
r ®§­ ç ¥â, çâ® á®®â¢¥âáâ¢ãîé¥¥ á« £ ¥¬®¥ ¯à¨

r = 0 á«¥¤ã¥â à §¤¥«¨âì ­  2, ¯à¨ç¥¬

�kj =

8>>>>>>>>>>><
>>>>>>>>>>>:

cTT00 (')
4

¯à¨ k = j = 0;

cTTk0 (')
2

¯à¨ k 2 N ¨ j = 0;

cTT0j (')

2
¯à¨ k = 0 ¨ j 2 N;

cTTkj (') ¯à¨ k 2 N ¨ j 2 N;

(�)

 ­ «®£¨ç­® ®¯à¥¤¥«ïîâáï ª®íää¨æ¨¥­âë �kj ¤«ï äã­ªæ¨¨ f 2 F � �.
�§ á®®â­®è¥­¨© (0.1), (1.3) ¨ (1.4) ­ å®¤¨¬

G('; t; �) =
1X
k=0

1X
j=0

�kjGfTk(�)Tj(�); t; �g =
1X
k=0

1X
j=0

�kjTk(t)Tj(�); (1.5)

£¤¥ ' 2 L2(�) ¨ �1 6 t; � 6 1. �§¢¥áâ­®, çâ® ¤«ï «î¡ëå r = 0; 1; : : :

J(Tr(�); s) � 1
�

Z 1

�1

ln j� � sjp
1� �2

Tr(�)d� = �rTr(s); �1 6 s 6 1; (1.6)

�r = f� ln 2 ¯à¨ r = 0; � 1
r
¯à¨ r = 1; 2; : : : g: (1.7)

�®íâ®¬ã ¢ á¨«ã (0.1) ¤«ï «î¡ëå k + 1 2 N ¨ j + 1 2 N ¨¬¥¥¬

G(Tk(�)Tj(�); t; �) = J(Tk(�); t)J(Tj(�); �) = �k�jTk(t)Tj(�); (1.8)

£¤¥ �1 6 t; � 6 1. �§ (1.5){(1.8) ­ å®¤¨¬ ãà ¢­¥­¨¥

G('; t; �) =
1X
k=0

1X
j=0

�k�j�kjTk(t)Tj(�) =
1X
k=0

1X
j=0

�kjTk(t)Tj(�); (1.9)

£¤¥ �1 6 t; � 6 1. �§ (1.9) á«¥¤ã¥â

�kj =
�kj
�k�j

; k + 1 2 N; j + 1 2 N: (1.10)
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�®íâ®¬ã ãà ¢­¥­¨¥ (0.1) à §à¥è¨¬® ¯à¨ «î¡ëå f 2 F ¨ à¥è¥­¨¥ ¥£® ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

'�(t; �) =
1X
k=0

1X
j=0

�kjTk(t)Tj(�) =
1X
k=0

1X
j=0

�kj
�k�j

Tk(t)Tj(�); (1.11)

¯à¨ç¥¬ ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï «¥£ª® ¤®ª §ë¢ ¥âáï ¬¥â®¤®¬ ®â ¯à®â¨¢­®£®.
�§ á®®â­®è¥­¨© (1.3){(1.11) á«¥¤ã¥â ¯à¥¤áâ ¢«¥­¨¥ (1.1). �®à¬ã«  (1.2) á«¥¤ã¥â ¨§ (1.1) á

ãç¥â®¬ â®£® ä ªâ , çâ® ¤«ï «î¡®© äã­ªæ¨¨ f 2 F «¥£ª® ¤®ª § âì, çâ® ¯à¨ «î¡ëå k 2 N ¨ j 2 N

cTTk0 (f) =
cUTk�1;0(f

0
t)

k
; cTT0j (f) =

cTU0;j�1(f
0
�)

j
; cTTkj (f) =

cUUk�1;j�1(f
00
t� )

kj
: �

�¥®à¥¬  1.2. �¯¥à â®à G : � ! F ­¥¯à¥àë¢­® ®¡à â¨¬,   ¤«ï ®¯¥à â®à®¢ G ¨ G�1 á¯à -

¢¥¤«¨¢ë ®æ¥­ª¨

 ) kGk�!F 6 2; ¡) kG�1kF!� 6 log2 e: (1.12)

�®ª § â¥«ìáâ¢®. � ©¤¥¬ ­®à¬ã äã­ªæ¨¨ ' 2 � ¢ ¯à®áâà ­áâ¢¥ � = L2(�). �§ (1.3) á
¯®¬®éìî á¢®©áâ¢ ¯®«¨­®¬®¢ �¥¡ëè¥¢  I à®¤  ­ å®¤¨¬

k'k2L2(�)
=
Z 1

�1

Z 1

�1

����
1X
k=0

1X
j=0

�kjTk(t)Tj(�)
����
2

dt d�p
(1� t2)(1� � 2)

=

=
1X
k=0

1X
j=0

1X
k0=0

1X
j0=0

�kj�k0j0

Z 1

�1

Tk(t)Tk0(t)p
1� t2

dt

Z 1

�1

Tj(�)Tj0(�)p
1� � 2

d� =

=
1X
k=0

1X
j=0

1X
k0=0

1X
j0=0

�kj�k0j0�kk0�jj0 ; (1.13)

£¤¥, ª ª ¨§¢¥áâ­®,

�rr0 =
Z 1

�1

Tr(s)Tr0(s)dsp
1� s2

=

8>><
>>:
0 ¯à¨ r 6= r0;

� ¯à¨ r = r0 = 0;
�

2
¯à¨ r = r0 2 N:

�®íâ®¬ã ¢ á¨«ã (1.13) ¨¬¥¥¬

k'k2L2(�)
=

1X
k=0

1X
j=0

j�kj j2�kk�jj = �2j�00j2 + �2

2

1X
k=1

j�k0j2 + �2

2

1X
j=1

j�0j j2 + �2

4

1X
k=1

1X
j=1

j�kj j2:

�âáî¤  á ãç¥â®¬ (�) ¤«ï «î¡®© äã­ªæ¨¨ ' 2 � ­ å®¤¨¬

k'k2L2(�)
=

�2

4

1X0

k=0

1X0

j=0

jcTTkj (')j2: (1.14)

�­ «®£¨ç­® ¤«ï «î¡®© äã­ªæ¨¨ f 2 F � � ¨¬¥¥¬

kfk2L2(�)
=

�2

4

1X0

k=0

1X0

j=0

jcTTkj (f)j2: (1.15)
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�¥¯¥àì ¢ëç¨á«¨¬ ­®à¬ë kf 0tkL2(�1�2), kf 0�kL2(�1�2) ¨ kf 00t�kL2(�) ¤«ï f 2 F . �§ (1.4) ­ å®¤¨¬

@f(t; �)
@t

=
1X
k=1

1X
j=0

k�kjUk�1(t)Tj(�) 2 L2(�1�2); (1.16)

@f(t; �)
@�

=
1X
k=0

1X
j=1

j�kjTk(t)Uj�1(�) 2 L2(�1�2); (1.17)

@2f(t; �)
@t@�

=
1X
k=1

1X
j=1

kj�kjUk�1(t)Uj�1(�) 2 L2(�1�2); (1.18)

£¤¥ �1 6 t; � 6 1. �§ (1.16) á ãç¥â®¬ á¢®©áâ¢ ¯®«¨­®¬®¢ �¥¡ëè¥¢  I ¨ II à®¤®¢ ¯®«ãç ¥¬

kf 0tk2L2(�1�2)
=
Z 1

�1

Z 1

�1

s
1� t2

1� � 2
jf 0t(t; �)j2dt d� =

=
1X
k=1

1X
j=0

1X
k0=1

1X
j0=0

kk0�kj�k0j0
Z 1

�1

Z 1

�1

s
1� t2

1� � 2
Uk�1(t)Tj(�)Uk0�1(t)Tj0(�)dt d� =

=
1X
k=1

1X
j=0

1X
k0=1

1X
j0=0

kk0�kj�k0j0
kk0�jj0 ;

£¤¥ �jj0 ®¯à¥¤¥«¥­ë ¢ëè¥,  


kk0 =
Z 1

�1

p
1� s2Uk�1(s)Uk0�1(s)ds =

8<
:
0 ¯à¨ k 6= k0;
�

2
¯à¨ k = k0 2 N:

�®íâ®¬ã

kf 0tk2L2(�1�2)
=

1X
k=1

1X
j=0

k2j�kj j2
kk�jj = �2

2

� 1X
k=1

k2j�k0j2 + 1
2

1X
k=1

1X
j=1

k2j�kj j2
�
; (1.160)

 ­ «®£¨ç­® á ¯®¬®éìî (1.17) ¯®«ãç ¥¬

kf 0�k2L2(�1�2)
=

1X
k=0

1X
j=1

j2j�kj j2�kk
jj = �2

2

� 1X
j=1

j2j�0j j2 + 1
2

1X
k=1

1X
j=1

j2j�kj j2
�
: (1.170)

�§ (1.18) á ãç¥â®¬ á¢®©áâ¢ ¬­®£®ç«¥­®¢ �¥¡ëè¥¢  II à®¤  ­ å®¤¨¬

kf 00t�k2L2(�)
=
Z 1

�1

Z 1

�1

q
(1� t2)(1� � 2)jf 00t� (t; �)j2dt d� =

=
1X
k=1

1X
j=1

1X
k0=1

1X
j0=1

kjk0j0�kj�k0j0
kj
k0j0 =
�2

4

1X
k=1

1X
j=1

k2j2j�kj j2: (1.180)

�®áª®«ìªã

�kj =

8>>>>>>>>>>><
>>>>>>>>>>>:

cTT00 (f)
4

¯à¨ k = j = 0;

cTTk0 (f)
2

¯à¨ k 2 N ¨ j = 0;

cTT0j (f)

2
¯à¨ k = 0 ¨ j 2 N;

cTTkj (f) ¯à¨ k 2 N ¨ j 2 N;

(��)
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â® ¨§ (1.160), (1.170) ¨ (1.180) ¯®«ãç ¥¬ á®®â¢¥âáâ¢¥­­®

kf 0tk2L2(�1�2)
=

�2

4

�
1
2

1X
k=1

k2jcTTk0 (f)j2 +
1X
k=1

1X
j=1

k2jcTTkj (f)j2
�
; (1.19)

kf 0�k2L2(�1�2)
=

�2

4

�
1
2

1X
j=1

j2jcTT0j (f)j2 +
1X
k=1

1X
j=1

j2jcTTkj (f)j2
�
; (1.20)

kf 00t�k2L2(�)
=

�2

4

1X
k=1

1X
j=1

k2j2jcTTkj (f)j2: (1.21)

�§ á®®â­®è¥­¨© (1.15), (1.19){(1.21) á«¥¤ã¥â

kfk2F =
�2

4

� jcTT00 (f)j2
4

+
1
2

1X
k=1

(1 + k2)jcTTk0 (f)j2 +
1
2

1X
j=1

(1 + j2)jcTT0j (f)j2 +

+
1X
k=1

1X
j=1

(1 + k2 + j2 + k2j2)jcTTkj (f)j2
�
; f 2 F: (1.22)

�«ï «î¡®© äã­ªæ¨¨ ' 2 � ¨¬¥¥¬ G' 2 F . �®íâ®¬ã ¨§ (1.22) ¨ (1.14) á ãç¥â®¬ á®®â­®è¥­¨©
cTTkj (G') = �k�jc

TT
kj ('), k + 1 2 N, j + 1 2 N, ­ å®¤¨¬

kG'k2F =
�2

4

�
�20
4
jcTT00 (')j2 +

�20
2

1X
k=1

1 + k2

k2
jcTTk0 (')j2 +

+
�20
2

1X
j=1

1 + j2

j2
jcTT0j (')j2 +

1X
k=1

1X
j=1

1 + k2 + j2 + k2j2

k2j2
jcTTkj (')j2

�
: (1.23)

�§ (1.14) ¨ (1.23) ¯®«ãç¨¬ ­¥à ¢¥­áâ¢ 

�20k'k2� 6 kG'k2F 6 4k'k2�; ' 2 �: (1.24)

�§ (1.24) ¨ (1.7) c ãç¥â®¬ â¥®à¥¬ë 1 á«¥¤ãîâ ®æ¥­ª¨ (1.12).

�§ â¥®à¨¨ ®¯¥à â®à­ëå ãà ¢­¥­¨©, ¯à¨¢®¤ïé¨åáï ª ãà ¢­¥­¨ï¬ II à®¤  [20], ¨ ¨§ â¥®à¥¬ 1.1
¨ 1.2 á«¥¤ã¥â

�¥®à¥¬  1.3. �ãáâì T : � ! F | ¢¯®«­¥ ­¥¯à¥àë¢­ë© ®¯¥à â®à,   ®¤­®à®¤­®¥ ãà ¢­¥­¨¥

A' � G' + T' = 0 ¨¬¥¥â ¢ ¯à®áâà ­áâ¢¥ � «¨èì âà¨¢¨ «ì­®¥ à¥è¥­¨¥. �®£¤  ®¯¥à â®à

A = G+ T : �! F ¨¬¥¥â ­¥¯à¥àë¢­ë© ®¡à â­ë©.

�§ ¯à¨­æ¨¯  á¦ âëå ®â®¡à ¦¥­¨© [20] ¨ ¨§ â¥®à¥¬ë 1.2 «¥£ª® ¢ë¢®¤ïâáï á«¥¤ãîé¨¥ â¥®à¥-
¬ë.

�¥®à¥¬  1.4. �á«¨ «¨­¥©­ë© ®¯¥à â®à T : � ! F ã¤®¢«¥â¢®àï¥â ãá«®¢¨î kTk�!F < ln 2,
â® ãà ¢­¥­¨¥

A' � G'+ T' = f (' 2 �; f 2 F ) (0:10)

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ '� 2 � ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ f 2 F , ¯à¨ç¥¬

k'�k� 6 kfkF
ln 2� kTk�!F

:

�¥®à¥¬  1.5. � ãá«®¢¨ïå â¥®à¥¬ë 1:4 ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ '� 2 � ãà ¢­¥­¨ï (0:10) ¬®¦-

­® ­ ©â¨ ª ª ¯à¥¤¥« ¨â¥à æ¨®­­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨

'i = G�1f �G�1T'i�1 (i = 1; 2; : : : )
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¯à¨ «î¡®¬ ­ ç «ì­®¬ ¯à¨¡«¨¦¥­¨¨ '0 2 �, ¯à¨ç¥¬ ¯®£à¥è­®áâì i-£® ¯à¨¡«¨¦¥­¨ï ¬®¦¥â

¡ëâì ®æ¥­¥­  ­¥à ¢¥­áâ¢ ¬¨

k'� � 'ik� 6 qik'� � '0k� 6 qi

1� q
k'1 � '0k� (i = 1; 2; : : : );

¥á«¨ ¦¥ ­ ç «ì­®¥ ¯à¨¡«¨¦¥­¨¥ ¢ë¡¨à ¥âáï ¯® ä®à¬ã«¥ '0 = G�1f , â® ¨ ­¥à ¢¥­áâ¢®¬

k'� � 'ik� 6 qi+1

1� q

kfk
ln 2

(i = 1; 2; : : : ); q = kTk�!F = ln 2 < 1:

� ¬¥ç ­¨¥ 1.1. �¢¥¤¥¬ ­®à¬ã ¢ ¯à®áâà ­áâ¢¥ F ¯® ä®à¬ã«¥

kfk2F =
�2

4

�����cTT00 (f)2 ln2 2

����
2

+
1

2 ln2 2

1X
k=1

jkcTTk0 (f)j2 +
1

2 ln2 2

1X
j=1

jjcTT0j (f)j2+
1X
k=1

1X
j=1

jkjcTTkj (f)j2
�
; f 2 F:

�®£¤  ¨§ áª § ­­®£® ¢ëè¥ á«¥¤ã¥â, çâ® ä®à¬ã«ë (1.12) ¯à¨­¨¬ îâ ¢¨¤

kGk�!F = kG�1kF!� = 1:

� íâ®¬ á«ãç ¥ ¢ â¥®à¥¬ å 1.4 ¨ 1.5 á«¥¤ã¥â ¯®«®¦¨âì q = kTk�!F < 1:

2. �à ¢­¥­¨ï I à®¤  á ï¤à ¬¨ �®è¨

P áá¬®âà¨¬ ¯à¨¬¥­¥­¨¥ à¥§ã«ìâ â®¢ ¯. 1 ª ¨áá«¥¤®¢ ­¨î á¨­£ã«ïà­®£® ¨­â¥£à «ì­®£® ãà ¢-
­¥­¨ï I à®¤  á ï¤à ¬¨ �®è¨ (0.2), £¤¥ f 2 L2(�) | ¨§¢¥áâ­ ï,   ' 2 L2(�) | ¨áª®¬ ï äã­ªæ¨¨,
¯à¨ç¥¬ ¢¥á®¢ë¥ äã­ªæ¨¨ �(t; �) = �1(t)�2(�) ¨ �(t; �) = �1(t)�2(�) ®¯à¥¤¥«¥­ë ¢ëè¥.

�¥è¥­¨¥ ãà ¢­¥­¨ï (0.2) ¡ã¤¥¬ ¨áª âì ¢ ¯à®áâà ­áâ¢¥ äã­ªæ¨© L2(�), ã¤®¢«¥â¢®àïîé¨å
ãá«®¢¨ï¬

cTTk0 (') = cTT0j (') = 0 (k + 1 2 N; j 2 N): (2.1)

� á¢ï§¨ á íâ¨¬ ¢¢¥¤¥¬ ¯à®áâà ­áâ¢  F = L2(�) ¨

� =
�

L2(�) = f' 2 L2(�) : c
TT
k0 (') = cTT0j (') = 0; k + 1 2 N; j 2 Ng

á ®¡ëç­ë¬¨ ¢¥á®¢ë¬¨ L2-­®à¬ ¬¨ á®®â¢¥âáâ¢¥­­®. �®£¤  ¤«ï ãà ¢­¥­¨ï (0.2) á¯à ¢¥¤«¨¢ë á«¥-
¤ãîé¨¥ â¥®à¥¬ë.

�¥®à¥¬  2.1. �à ¢­¥­¨¥ (0:2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ '� 2 � ¯à¨ «î¡®© ¯à ¢®© ç áâ¨

f 2 F , ¯à¨ç¥¬

'�(t; �) =
1X
k=1

1X
j=1

cUUk�1;j�1(f)Tk(t)Tj(�); �1 < t; � < 1: (2.2)

�¥®à¥¬  2.2. �¯¥à â®à S :
�

L2(�)! L2(�) ­¥¯à¥àë¢­® ®¡à â¨¬ ¨

kSk�!F = kS�1kF!� = 1:

�®ª § â¥«ìáâ¢  â¥®à¥¬ 2.1 ¨ 2.2 ¡ã¤¥¬ ¢¥áâ¨ ¯® áå¥¬¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ 1.1 ¨ 1.2.

�ã­ªæ¨¨ ' 2
�

L2(�) ¨ f 2 L2(�) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ àï¤®¢

'(t; �) =
1X
k=1

1X
j=1

cTTkj (')Tk(t)Tj(�); ' 2 �; (2.3)

f(t; �) =
1X
k=1

1X
j=1

cUUk�1;j�1(f)Uk�1(t)Uj�1(�); f 2 F: (2.4)
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�®£¤  á¨­£ã«ïà­®¥ ãà ¢­¥­¨¥ (0.2), (2.1) íª¢¨¢ «¥­â­® ãà ¢­¥­¨î

1X
k=1

1X
j=1

cTTkj (')S(Tk(�)Tj(�); t; �) =
1X
k=1

1X
j=1

cUUk�1;j�1(f)Uk�1(t)Uj�1(�): (2.5)

�®áª®«ìªã S(Tk(�)Tj(�); t; �) = S0(Tk(�); t)S0(Tj(�); �), £¤¥, ª ª ¨§¢¥áâ­®,

S0(Tr(�); s) � 1
�

Z 1

�1

Tr(�)d�

(� � s)
p
1� �2

= Ur�1(s); r 2 N; �1 6 s 6 1;

â® ãà ¢­¥­¨¥ (2.5) ¯à¨­¨¬ ¥â ¢¨¤

1X
k=1

1X
j=1

cTTkj (')Uk�1(t)Uj�1(�) =
1X
k=1

1X
j=1

cUUk�1;j�1(f)Uk�1(t)Uj�1(�); (2.6)

£¤¥ �1 < t; � < 1. �âáî¤  ­ å®¤¨¬

cTTkj (') = cUUk�1;j�1(f); k 2 N; j 2 N: (2.7)

�§ á®®â­®è¥­¨© (2.1), (2.4){(2.7) á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 2.1.
�§ (2.3), (2.4) ¨ (2.6) ¯®  ­ «®£¨¨ á (1.14) ¨ (1.21) ­ å®¤¨¬

kS'k2L2(�)
=

�2

4

1X
k=1

1X
j=1

jcTTkj (')j2 =
�2

4

1X
k=1

1X
j=1

jcUUk�1;j�1(f)j2 = kfk2L2(�)
:

�âáî¤  ¨ ¨§ â¥®à¥¬ë 2.1 ¯®«ãç¨¬ à ¢¥­áâ¢ 

kS'kL2(�) = k'k�

L2(�)
; kS�1fk�

L2(�)
= kfkL2(�) (' 2 �; f 2 F );

  ¨§ ­¨å | ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 2.2. �

�®  ­ «®£¨¨ á â¥®à¥¬ ¬¨ 1.3{1.5, ­® ­  ®á­®¢¥ â¥®à¥¬ 2.1 ¨ 2.2, ¤®ª §ë¢ îâáï â¥®à¥¬ë 2.3{
2.5.

�¥®à¥¬  2.3. �ãáâì V :
�

L2(�) ! L2(�) | ¢¯®«­¥ ­¥¯à¥àë¢­ë© ®¯¥à â®à. �á«¨ ãà ¢­¥­¨¥

S'+V ' = 0 ¨¬¥¥â ¢
�

L2(�) «¨èì âà¨¢¨ «ì­®¥ à¥è¥­¨¥, â® ®¯¥à â®à B � S+V :
�

L2(�)! L2(�)
­¥¯à¥àë¢­® ®¡à â¨¬.

�¥®à¥¬  2.4. �á«¨ «¨­¥©­ë© ®¯¥à â®à V :
�

L2(�) ! L2(�) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

kV k 6 p < 1, â® ®¯¥à â®à B � S + V :
�

L2(�)! L2(�) ­¥¯à¥àë¢­® ®¡à â¨¬ ¨

kB�1k
L2(�)!

�

L2(�)
6 (1� p)�1:

�¥®à¥¬  2.5. � ãá«®¢¨ïå â¥®à¥¬ë 2:4 ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ '� 2
�

L2(�) ãà ¢­¥­¨ï

B('; t; �) � S('; t; �) + V ('; t; �) = f(t; �); �1 < t; � < 1; (0:20)

¬®¦­® ­ ©â¨ ª ª ¯à¥¤¥« ¢
�

L2(�) ¨â¥à æ¨®­­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨

'i = S�1f � S�1V 'i�1 (i = 1; 2; : : : )

¯à¨ «î¡®¬ ­ ç «ì­®¬ ¯à¨¡«¨¦¥­¨¨ '0 2
�

L2(�). �à¨ íâ®¬ ¯®£à¥è­®áâì ¯à¨¡«¨¦¥­­®© ä®à¬ã-

«ë '�(t; �) � 'i(t; �) ¬®¦¥â ¡ëâì ®æ¥­¥­  ­¥à ¢¥­áâ¢ ¬¨

k'� � 'ikL2(�) 6 pik'� � '0kL2(�) 6
pi

1� p
k'1 � '0kL2(�) (i = 1; 2; : : : );
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¥á«¨ ¦¥ ­ ç «ì­®¥ ¯à¨¡«¨¦¥­¨¥ ¢ë¡¨à ¥âáï ¯® ä®à¬ã«¥ '0 = S�1f , â®

k'� � 'ikL2(�) 6
pi+1kfkL2(�)

1� p
(i = 1; 2; : : : ):

3. �¥à¨®¤¨ç¥áª¨¥ á¨­£ã«ïà­ë¥ ãà ¢­¥­¨ï I à®¤ 

�¥§ã«ìâ âë,  ­ «®£¨ç­ë¥ ¯à¨¢¥¤¥­­ë¬ ¢ëè¥, á¯à ¢¥¤«¨¢ë â ª¦¥ ¤«ï ¤¢ã¬¥à­ëå ¯¥à¨®¤¨-
ç¥áª¨å á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© I à®¤ ; ¢ íâ®¬ á«ãç ¥ ã¤®¡­ë¬  ¯¯ à â®¬ ¨á-
á«¥¤®¢ ­¨ï ï¢«ï¥âáï â¥®à¨ï ¤¢®©­ëå âà¨£®­®¬¥âà¨ç¥áª¨å àï¤®¢. �à®¨««îáâà¨àã¥¬ áª § ­­®¥
¯à¨¬¥­¨â¥«ì­® ª ¨­â¥£à «ì­ë¬ ãà ¢­¥­¨ï¬ (0.3) ¨ (0.4).

�¡®§­ ç¨¬ ç¥à¥§ L2 = L2[0; 2�]2 ¯à®áâà ­áâ¢® ª¢ ¤à â¨ç­® áã¬¬¨àã¥¬ëå ¢ [0; 2�]2 =
[0; 2�; 0; 2�] äã­ªæ¨© á ­®à¬®©

kxkL2
=
�

1
4�2

Z 2�

0

Z 2�

0
jx(�; �)j2d� d�

�1=2
; x 2 L2:

�®«®¦¨¬
�

L2 = fx 2 L2 : ck0(x) = c0j(x) = 0; k = 0;�1; : : : ; j = �1;�2; : : : g;
£¤¥

ckj(') =
1
4�2

Z 2�

0

Z 2�

0

'(�; �)e�i(k�+j�)d� d� (k; j = 0;�1; : : : )
| ª®íää¨æ¨¥­âë �ãàì¥ ¢ ª®¬¯«¥ªá­®© ä®à¬¥ äã­ªæ¨¨ ' 2 L2.

�¥®à¥¬  3.1. �à ¢­¥­¨¥ (0:3) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x�(s; �) 2
�

L2 ¯à¨ «î¡®© ¯à ¢®©

ç áâ¨ y(s; �) 2
�

L2, ¯à¨ç¥¬

x�(s; �) = �
1X

k=�1

1X
j=�1

sgn k sgn j ckj(y)e
i(ks+j�) = I(y; s; �); (3.1)

£¤¥ �1 < s; � <1 ¨

sgn r = f1 ¯à¨ r > 0; 0 ¯à¨ r = 0; �1 ¯à¨ r < 0g:

�«¥¤áâ¢¨¥. �¯¥à â®à I :
�

L2 !
�

L2 ­¥¯à¥àë¢­® ®¡à â¨¬ ¨

kIk�

L2!
�

L2

= kI�1k�

L2!
�

L2

= 1; I2 = E: (3.2)

�®ª § â¥«ìáâ¢®. �ã­ªæ¨¨ x; y 2
�

L2 ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ àï¤®¢

x(s; �) =
1X

k=�1
k 6=0

1X
j=�1
j 6=0

ckj(x)e
i(ks+j�) ; (3.3)

y(s; �) =
1X

k=�1
k 6=0

1X
j=�1
j 6=0

ckj(y)e
i(ks+j�): (3.4)

�®áª®«ìªã
1
2�

Z 2�

0

eir� ctg
� � s

2
d� = ieirs sgn r (r = 0;�1; : : : );

â® ¢ á¨«ã (3.3){(3.4) ãà ¢­¥­¨¥ (0.3) íª¢¨¢ «¥­â­® ãà ¢­¥­¨î

Ix = �
1X

k=�1

1X
j=�1

sgn k sgn j ckj(x)ei(ks+j�) =
1X

k=�1
k 6=0

1X
j=�1
j 6=0

ckj(y)ei(ks+j�) : (3.5)
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�®áª®«ìªã á¨áâ¥¬  äã­ªæ¨© fei(ks+j�)gj=0;�1;:::k=0;�1;::: «¨­¥©­® ­¥§ ¢¨á¨¬  ¨ ¯®«­  ¢ ¯à®áâà ­áâ¢¥ L2,
â® ¨§ (3.5) ¯®«ãç ¥¬ ckj(x) = �ckj(y) sgn k sgn j (k; j = �1;�2; : : : ). �âáî¤  ¨ ¨§ (3.3) á«¥¤ã¥â
¯¥à¢ ï ç áâì ä®à¬ã« (3.1). �®  ­ «®£¨¨ á ¯¥à¢®© ç áâìî ä®à¬ã« (3.5) ¤«ï «î¡®© äã­ªæ¨¨
y 2 L2 ¨¬¥¥¬

Iy = �
1X

k=�1

1X
j=�1

sgn k sgn j ckj(y)ei(ks+j�) : (3.6)

�§ (3.6) ¨ áª § ­­®£® ¢ëè¥ á«¥¤ã¥â ¢â®à ï ç áâì ä®à¬ã« (3.1).
�§ (0.3) ¨ (3.5) á ¯®¬®éìî ä®à¬ã«ë � àá¥¢ «ï ­ å®¤¨¬

kIxk2L2
=

1X
k=�1
k 6=0

1X
j=�1
j 6=0

jckj(x)j2 =
1X

k=�1
k 6=0

1X
j=�1
j 6=0

jckj(y)j2 = kyk2L2
;

£¤¥ x; y 2
�

L2. �âáî¤  ¨ ¨§ (3.1) á«¥¤ãîâ à ¢¥­áâ¢ 

kIxkL2
= kxkL2

; kI�1ykL2
= kykL2

(x; y 2
�

L2);

  ¨§ ­¨å | ãâ¢¥à¦¤¥­¨¥ á«¥¤áâ¢¨ï, ¢ â®¬ ç¨á«¥ ä®à¬ã«ë (3.2). �

�§ â¥®à¥¬ë 3.1 (®á®¡¥­­® ¨§ å®¤  ¥¥ ¤®ª § â¥«ìáâ¢ ) ¢¨¤­®, çâ® ãà ¢­¥­¨¥ (0.3) à §à¥è¨¬® ¢

¯à®áâà ­áâ¢¥ L2 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  y 2
�

L2, â. ¥. ¥£® ¯à ¢ ï ç áâì y 2 L2 ã¤®¢«¥â¢®àï¥â
ãá«®¢¨ï¬

ck0(y) = c0j(y) = 0 (k = 0;�1; : : : ; j = �1;�2; : : : ): (3.7)

�à¨ ¨å ¢ë¯®«­¥­¨¨ à¥è¥­¨¥ x�(s; �) 2 L2 ãà ¢­¥­¨ï (0.3) ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥

x�(s; �) = �00 +
1X

k=�1
k 6=0

�k0e
iks +

1X
j=�1
j 6=0

�0je
ij� + x�(s; �); (3.8)

£¤¥ äã­ªæ¨ï x�(s; �) ®¯à¥¤¥«¥­  ¢ (3.1),   �k0 (k = 0;�1; : : : ) ¨ �0j (j = �1;�2; : : : ) | ¯à®¨§-

¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �á«¨ ¦¥ ¨é¥¬ à¥è¥­¨¥ ¢ ¯à®áâà ­áâ¢¥
�

L2, â® ¤«ï íâ¨å ¯®áâ®ï­­ëå ¨¬¥¥¬

�k0 = ck0(x) = 0; �0j = c0j(y) = 0 (k = 0;�1; : : : ; j = �1;�2; : : : ); (3.9)

  â®£¤  x�(s; �) = x�(s; �).
� ª¨¬ ®¡à §®¬, ¯à¨ ­¥¢ë¯®«­¥­¨¨ «î¡®£® ¨§ ãá«®¢¨© ª ª (3.7), â ª ¨ (3.9) § ¤ ç  à¥è¥­¨ï

ãà ¢­¥­¨ï (0.3) ¯®áâ ¢«¥­  ­¥ª®àà¥ªâ­® [2]. � íâ®¬ á«ãç ¥, á«¥¤ãï [11], ­ àï¤ã á (0.3) à áá¬®-
âà¨¬ ãà ¢­¥­¨¥

I(x; s; �) = y(s; �)� 
(s; �) � y0(s; �); (3.10)

£¤¥ 
(s; �) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ¨§ L2. �ë¡¥à¥¬ ¥¥ â ª, çâ®¡ë äã­ªæ¨ï y0 2
�

L2,   á«¥¤®¢ -
â¥«ì­®, ãà ¢­¥­¨¥ (3.10) ¡ë«® à §à¥è¨¬ë¬. �®£¤ 


(s; �) = c00(y) +
1X

k=�1
k 6=0

ck0(y)e
iks +

1X
j=�1
j 6=0

c0j(y)e
ij� : (3.11)

�¥è¥­¨¥ ãà ¢­¥­¨ï (3.10), (3.11) ¢ á¨«ã (3.8) ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥

x0(s; �) = �00 +
1X

k=�1
k 6=0

�k0e
iks +

1X
j=�1
j 6=0

�0je
ij� �

1X
k=�1

1X
j=�1

sgn k sgn j ckj(y0)ei(ks+j�) ; (3.12)
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£¤¥ �kj { ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥ â ª¨¥, çâ® x0(s; �) 2 L2. �á«¨ ¦¥ à¥è¥­¨¥ x0 2 L2 ãà ¢­¥­¨ï

(3.10), (3.11) ¨é¥¬ ¢ ¯à®áâà ­áâ¢¥
�

L2, â® ¢ á¨«ã (3.1), (3.12) ¨ (3.9) ­ å®¤¨¬

x0(s; �) = �
1X

k=�1

1X
j=�1

sgn k sgn j ckj(y0)ei(ks+j�) =

= I(y0; s; �) = I(y; s; �)� I(
; s; �) = I(y; s; �) = x�(s; �):

� ¬¥ç ­¨¥ 3.1. � á¨«ã â¥®à¥¬ë 3.1 ¨ ¥¥ á«¥¤áâ¢¨ï ¤«ï ãà ¢­¥­¨ï

Ax � Ix+Rx = y (x; y 2 Z);

£¤¥ R : Z ! Z | «¨­¥©­ë© ®¯¥à â®à,   Z =
�

L2 ¨«¨ ¦¥ L2, á¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥­¨ï,  ­ «®-
£¨ç­ë¥ â¥®à¥¬ ¬ 2.3{2.5.

� «¥¥, ¢¢¥¤¥¬ ¯à®áâà ­áâ¢® 2�-¯¥à¨®¤¨ç¥áª¨å äã­ªæ¨©

Y = fy(s; �) 2 L2 : 9y0s; y0�; y00s� 2 L2g �W 1;1;2
2 [0; 2�]2

á ­®à¬®©

kykY =
����� c00(y)4 ln2 2

����
2

+
1

4 ln2 2

1X
k=�1

jkck0(y)j2 +

+
1

4 ln2 2

1X
j=�1

jjc0j(y)j2 +
1X

k=�1

1X
j=�1

jkjckj(y)j2
�1=2

; y 2 Y: (3.13)

�®à¬  ¢ Y , ¢¢¥¤¥­­ ï ¯® ä®à¬ã«¥ (3.13), íª¢¨¢ «¥­â­  «î¡®© ¤àã£®© ­®à¬¥, ¢ ª®â®à®© ¯à®-
áâà ­áâ¢® Y ¯®«­®, ¢ ç áâ­®áâ¨, íª¢¨¢ «¥­â­  â ª¨¬ ­®à¬ ¬

kykY = kykL2
+ ky0skL2

+ ky0�kL2
+ ky00s�kL2

; y 2 Y; (3.14)

kykY = fkyk2L2
+ ky0sk2L2

+ ky0�k2L2
+ ky00s�k2L2

g1=2; y 2 Y: (3.15)

�¥®à¥¬  3.2. �à ¢­¥­¨¥ (0:4) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x�(s; �) 2 L2 � X ¯à¨ «î¡®©

¯à ¢®© ç áâ¨ y(s; �) 2W 1;1;2
2 � Y , ¯à¨ç¥¬

x�(s; �) =
c00(y)

4 ln2 2
+

1
2 ln 2

1X
k=�1

kck0(y)eiks +

+
1

2 ln 2

1X
j=�1

jc0j(y)eij� +
1X

k=�1

1X
j=�1

kjckj(y)ei(ks+j�) : (3.16)

�«¥¤áâ¢¨¥. �¯¥à â®à H : X ! Y ­¥¯à¥àë¢­® ®¡à â¨¬, ¯à¨ç¥¬

kHkX!Y = kH�1kY!X = 1: (3.17)

�®ª § â¥«ìáâ¢®. �à¥¤áâ ¢«ïï äã­ªæ¨¨ x 2 X ¨ y 2 Y ¢ ¢¨¤¥ àï¤®¢

x(s; �) =
1X

k=�1

1X
j=�1

ckj(x)ei(ks+j�) ; y(s; �) =
1X

k=�1

1X
j=�1

ckj(y)ei(ks+j�) (3.18)

¨ ¨á¯®«ì§ãï ¨§¢¥áâ­ë¥ á®®â­®è¥­¨ï

� 1
�

Z 2�

0

ln
���� sin � � t

2

����eir�d� = �re
irt (r = 0;�1; : : : );

�r = f2 ln 2 ¯à¨ r = 0; 1
jrj

¯à¨ r = �1;�2; : : : g; (3.19)
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ãà ¢­¥­¨¥ (0.4) § ¯¨è¥¬ ¢ íª¢¨¢ «¥­â­®¬ ¢¨¤¥

Hx �
1X

k=�1

1X
j=�1

�k�jckj(x)ei(ks+j�) =
1X

k=�1

1X
j=�1

ckj(y)ei(ks+j�): (3.20)

�âáî¤  á ãç¥â®¬ á¢®©áâ¢ á¨áâ¥¬ë äã­ªæ¨© fei(ks+j�)gj=�1;1

k=�1;1
­ å®¤¨¬

ckj(x) =
ckj(y)
�k�j

(k; j = 0;�1; : : : ): (3.21)

�§ (3.18){(3.21) ¯®«ãç¨¬ à¥è¥­¨¥ ãà ¢­¥­¨ï (0.4)

x�(s; �) =
1X

k=�1

1X
j=�1

ckj(y)
�k�j

ei(ks+j�) = H�1(y; s; �); (3.22)

¯à¨ç¥¬ ¥¤¨­áâ¢¥­­®áâì «¥£ª® ¤®ª §ë¢ ¥âáï ¬¥â®¤®¬ ®â ¯à®â¨¢­®£®. �§ (3.22) ¨ (3.19) á«¥¤ã¥â
¯à¥¤áâ ¢«¥­¨¥ (3.16). �®íâ®¬ã ¤«ï «î¡®© äã­ªæ¨¨ y 2 Y ¨§ (3.22), (3.13) ¨ (3.19) á ¯®¬®éìî
à ¢¥­áâ¢  � àá¥¢ «ï ¨¬¥¥¬

kH�1yk2X =
1X

k=�1

1X
j=�1

����ckj(y)�k�j

����
2

=
���� c00(y)4 ln2 2

����
2

+
1

4 ln2 2

1X
k=�1

jkck0(y)j2 +

+
1

4 ln2 2

1X
j=�1

jjc0j(y)j2 +
1X

k=�1

1X
j=�1

jkjckj(y)j2 = kyk2Y :

�âáî¤  ¨ ¨§ (3.16) ¯®«ãç¨¬ ä®à¬ã«ë

kH�1ykX = kykY ; y 2 Y ; kHxkY = kxkX ; x 2 X;

  ¨§ ­¨å | á®®â­®è¥­¨ï (3.17).
�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¥á«¨ ­®à¬  ¢ ¯à®áâà ­áâ¢¥ Y ¢ë¡¨à ¥âáï ¯® «î¡®© ¨§ ä®à¬ã« (3.14)

¨«¨ (3.15), â® á®®â­®è¥­¨ï (3.17) ã¦¥ ­¥ ¢¥à­ë, ¢¬¥áâ® ­¨å ¨¬¥¥¬ «¨èì

kHkX!Y 6 const <1; kH�1kY!X 6 const <1:

�«ï ¯®«­®âë ¤®ª § â¥«ìáâ¢  ®áâ «®áì ¯®ª § âì áå®¤¨¬®áâì ¨á¯®«ì§®¢ ­­ëå àï¤®¢, çâ® â ª
¨«¨ ¨­ ç¥ á¢ï§ ­® á® áå®¤¨¬®áâìî àï¤  ¨§ (3.13) ¤«ï «î¡®© äã­ªæ¨¨ y 2 Y . �®áª®«ìªã §¤¥áì
äã­ªæ¨¨ y, y0s, y

0
�, y

00
s� ¯à¨­ ¤«¥¦ â L2, â®

ck0(y) =
ck0(y0s)
ik

; c0j(y) =
c0j(y0�)
ij

; ckj(y) =
ckj(y00s�)
i2kj

¤«ï «î¡ëå k; j = �1;�2; : : : �âáî¤  ¨ ¨§ (3.13) ¤«ï «î¡®© äã­ªæ¨¨ y 2 Y ¯®«ãç¨¬

kyk2Y =
���� c00(y)4 ln2 2

����
2

+
1

4 ln2 2

1X
k=�1

jck0(y0s)j2 +
1

4 ln2 2

1X
j=�1

jc0j(y0�)j2 +

+
1X

k=�1

1X
j=�1

jckj(y00s�)j2 6 kyk2L2
+ ky0sk2L2

+ ky0�k2L2
+ ky00s�k2L2

<1: �

� ¬¥ç ­¨¥ 3.2. � á¨«ã â¥®à¥¬ë 3.2 ¨ ¥¥ á«¥¤áâ¢¨ï ¤«ï ¯®«­®£® ãà ¢­¥­¨ï I à®¤ 

Ax � Hx+Rx = y (x 2 X; y 2 Y ); (0.40)

£¤¥ R : X ! Y ¥áâì «¨­¥©­ë© ®¯¥à â®à, á¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥­¨ï,  ­ «®£¨ç­ë¥ â¥®à¥¬ ¬
1.3{1.5 ¨ 2.3{2.5.
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