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1. �¢¥¤¥¨¥. � â¥®à¨¨ £¥®¤¥§¨ç¥áª¨å ®â®¡à ¦¥¨© à¨¬ ®¢ëå ¯à®áâà áâ¢ ¯à¥¤¯®« £ ¥âáï
â ª®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã ¨å â®çª ¬¨, ¯à¨ ª®â®à®¬ ª ¦¤ ï £¥®¤¥§¨ç¥áª ï «¨¨ï ®¤®£® ¯à®-
áâà áâ¢  ¯¥à¥å®¤¨â â®ç® ¢ £¥®¤¥§¨ç¥áªãî ¤àã£®£® [1]{[8].

� ¤ ®© à ¡®â¥ à áá¬ âà¨¢ îâáï â ª¨¥ ¡¥áª®¥ç® ¬ «ë¥ ¤¥ä®à¬ æ¨¨ à¨¬ ®¢ëå ¯à®-
áâà áâ¢, ¯à¨ ª®â®àëå ª ¦¤ ï £¥®¤¥§¨ç¥áª ï ¯¥à¥å®¤¨â ¢ £¥®¤¥§¨ç¥áªãî ¤¥ä®à¬¨à®¢ ®£®
¯à®áâà áâ¢  á ¥ª®â®à®© ª®âà®«¨àã¥¬®© â®ç®áâìî [8]{[11]. � ª®© ¯®¤å®¤, ¥á«¨ ¨¬¥âì ¢ ¢¨¤ã
¯à¨ª« ¤ë¥ ¢®¯à®áë ¬®¤¥«¨à®¢ ¨ï, ¬®¦¥â ®ª § âìáï ¤ ¦¥ ¡®«¥¥ á®®â¢¥âáâ¢ãîé¨¬ à¥ «ì®©
ä¨§¨ç¥áª®© ¨áâ®à¨¨, ¯à®¨áâ¥ª îé¥© ¢ £à ¢¨â æ¨®®¬ ¨«¨ í«¥ªâà®¬ £¨â®¬ ¯®«¥, ¯à¨ à¥ «ì-
®¬ ¤¢¨¦¥¨¨ ¥ª®â®à®© ¬¥å ¨ç¥áª®© á¨áâ¥¬ë ¨ â. ¯.

�â¬¥â¨¬, çâ®   á¨£ âãàã ¬¥âà¨ª à¨¬ ®¢ëå ¯à®áâà áâ¢ Vn ¥  « £ ¥¬ ®£à ¨ç¥¨ï,
ª ª ¯à¨ïâ®,  ¯à¨¬¥à, ¢ [5]{[8]. �áá«¥¤®¢ ¨ï ¢¥¤ãâáï «®ª «ì® ¢ ª« áá¥ ¤®áâ â®ç® £« ¤ª¨å
äãªæ¨©.

2. �¥áª®¥ç® ¬ «ë¥ £¥®¤¥§¨ç¥áª¨¥ ¤¥ä®à¬ æ¨¨ à¨¬ ®¢ëå ¯à®áâà áâ¢. �ãáâì
Vm | à¨¬ ®¢® ¯à®áâà áâ¢®, ®â¥á¥®¥ ª «®ª «ìë¬ ª®®à¤¨ â ¬ (y1; y2; : : : ; ym), ¨ ¯ãáâì
ä®à¬ã« ¬¨

y� = y�(x1; x2; : : : ; xn); rank
@y�@xi

 = n < m; (1)

®¯à¥¤¥«ï¥âáï ¥ª®â®à®¥ ¨§®¬¥âà¨ç¥áª¨ ¯®£àã¦¥®¥ à¨¬ ®¢® ¯®¤¯à®áâà áâ¢® Vn � Vm. �¤¥áì
¨ ¤ «¥¥ £à¥ç¥áª¨¥ ¨¤¥ªáë �; �; : : : ¯à¨¨¬ îâ § ç¥¨ï ¨§ ¬®¦¥áâ¢  f1; 2; : : : ;mg, « â¨áª¨¥
i; j; : : : | ¨§ ¬®¦¥áâ¢  f1; 2; : : : ; ng.

�á«¨ a�� ¨ gij | ¬¥âà¨ç¥áª¨¥ â¥§®àë Vm ¨ Vn, â® [2]

gij = a��
@y�

@xi
@y�

@xj
: (2)

�ãáâì, ¤ «¥¥, ��(x1; x2; : : : ; xn) | ¥ª®â®à®¥ ª®âà ¢ à¨ â®¥ ¢¥ªâ®à®¥ ¯®«¥ Vm, § ¤ ®¥
¢ â®çª å Vn. �®à¬ã«ë

ey� = y�(x) + "��(x); (3)

£¤¥ "|¬ «ë© ç¨á«®¢®© ¯ à ¬¥âà, ®¯à¥¤¥«ïîâ ¥ª®â®à®¥ eVn, ª®â®à®¥ ¡ã¤¥¬  §ë¢ âì ¡¥áª®¥ç®
¬ «®© ¤¥ä®à¬ æ¨¥© Vn. �®«¥ ��(x) ¥áâ¥áâ¢¥®  §¢ âì ¯®«¥¬ á¬¥é¥¨© ¨«¨ ¢¥ªâ®à®¬ á¬¥é¥¨©

[11].
�§ãç ï eVn, ¡ã¤¥¬ áç¨â âì, çâ® ¢¥«¨ç¨ ¬¨ ¯®àï¤ª  "2 ¨ ¢ëè¥ ¢ á¨«ã ¬ «®áâ¨ " ¨«¨ ¢ á¨«ã

¤®áâ â®ç®© â®ç®áâ¨ ¬®¦® ¯à¥¥¡à¥çì.
� ª¨¬ ®¡à §®¬, à áá¬ âà¨¢ ¥âáï ¡¥áª®¥ç® ¬ « ï ¤¥ä®à¬ æ¨ï 1-£® ¯®àï¤ª , å®âï ¤¢  ¯®-

á«¥¤¨å á«®¢  ¢  §¢ ¨¨ â¥®à¨¨ ¡ã¤ãâ ¤«ï ªà âª®áâ¨ ®¯ãáª âìáï, ª ª íâ® ¯à¨ïâ® ®¡ëç®.

�®¤¤¥à¦ ® £à â®¬ ò201/02/0616 £à â®¢®£®  £¥âáâ¢  �¥á¯ã¡«¨ª¨ �¥å¨ï.
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� á¨«ã áª § ®£® ¤«ï ¬¥âà¨ç¥áª®£® â¥§®à  eVn
egij = gij + "�gij : (4)

� ©¤¥¬ â¥§®à �gij . �«ï íâ®£® § ¬¥â¨¬, çâ® ä®à¬ã«  (3) ¤ ¥â �y� = ��(x),  

a��(ey) = a��(y + "�) = a��(y) +
@a��

@y
� � "+ � � � ;

â ª çâ® �a�� =
@a��
@y

� .
�® ®â®è¥¨î ª ¯à¥®¡à §®¢ ¨î ª®®à¤¨ â ¢ ¯à®áâà áâ¢¥ Vn ¢á¥ y� ¨ �� ¨¢ à¨ âë,

¯®íâ®¬ã ¨å ¯¥à¢ë¥ ç áâë¥ ¯à®¨§¢®¤ë¥ á®¢¯ ¤ îâ á ª®¢ à¨ âë¬¨. � ¬¥â¨¢ ¢á¥ íâ®, ¢ á¨«ã
á®®â®è¥¨ï (2) ¨¬¥¥¬

�aij = �(a��y
�
;iy

�
;j) = �a��y

�
;iy

�
;j + a���y

�
;iy

�
;j + a��y

�
;i�y

�
;j =

@a��

@y
�y�;iy

�
;j + a��(�

�
;iy

�
;j + y�;i�

�
;j): (5)

�®à¬ã«  (5) á¯à ¢¥¤«¨¢  ¤«ï «î¡®© ¡¥áª®¥ç® ¬ «®© ¤¥ä®à¬ æ¨¨ ¨ ¢ «î¡®© á¨áâ¥¬¥ ª®®à¤¨-
 â.

�¯à¥¤¥«¥¨¥. �¥áª®¥ç® ¬ «ë¥ ¤¥ä®à¬ æ¨¨ Vn ¡ã¤¥¬  §ë¢ âì £¥®¤¥§¨ç¥áª¨¬¨, ¥á«¨ ¯à¨
íâ¨å ¤¥ä®à¬ æ¨ïå á®åà ïîâáï £¥®¤¥§¨ç¥áª¨¥ «¨¨¨ Vn.

�àã£¨¬¨ á«®¢ ¬¨, Vn ¨ eVn, ®â¥á¥ë¥ ª ®¡é¨¬ ª®®à¤¨ â ¬ fxig, ¤®«¦ë ¤®¯ãáª âì £¥®-
¤¥§¨ç¥áª®¥ ®â®¡à ¦¥¨¥ ¤àã£   ¤àã£ . �® ¢ â ª®¬ á«ãç ¥ ¤«ï Vn ¨ eVn ¤®«¦ë ¢ë¯®«ïâìáï
ãà ¢¥¨ï �¥¢¨-�¨¢¨â  [1]{[8]

egij;k = 2 kegij +  iegjk +  jegik; (6)

¯à¨ç¥¬  i | £à ¤¨¥âë© ¢¥ªâ®à, ª®â®àë© ®¯à¥¤¥«ï¥âáï ¨¢ à¨ â®¬

 =
1

2(n+ 1)
ln

���� egg
����; £¤¥ g

def= det kgijk ¨ eg def= det kegijk:
�  è¥¬ á«ãç ¥

2(n+ 1) = ln
���� egg

���� = ln
����1 + �g

g
"

���� = ln
�
1 +

�g

g
"

�
= "

�g

g
+ � � � ;

â ª çâ®  i ¢ (6)  ¤® § ¬¥¨âì   " i.
� ãç¥â®¬ (4) ãà ¢¥¨ï �¥¢¨-�¨¢¨â  (6) ¤ îâ

�gij;k = 2 kgij +  igjk +  jgik: (7)

� ®¡®à®â, ¯à¨ ¢ë¯®«¥¨¨ (7) ¤«ï â¥§®à  egij = gij+"�gij ¡ã¤ãâ ¢ë¯®«¥ë ¨ (6). �¥¢ëà®¦¤¥-
®áâì egij ®¡¥á¯¥ç¨¢ ¥âáï ã¦ë¬ ¢ë¡®à®¬ ¯ à ¬¥âà  ". � ª¨¬ ®¡à §®¬, ãá«®¢¨ï (7) ¥®¡å®¤¨¬ë
¨ ¤®áâ â®çë ¤«ï â®£®, çâ®¡ë ¤¥ä®à¬ æ¨ï Vn ¡ë«  £¥®¤¥§¨ç¥áª®©. �¨¬¬¥âà¨ç¥áª¨© â¥§®à �gij
¤«ï ã¤®¡áâ¢  ¢ ¤ «ì¥©è¥¬ ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ hij .

� ª¨¬ ®¡à §®¬ ¯®«ãç¥ 

�¥®à¥¬  1 ([10]). �«ï â®£® çâ®¡ë à¨¬ ®¢® ¯à®áâà áâ¢® Vn ¤®¯ãáª «® ¡¥áª®¥ç® ¬ «ë¥

£¥®¤¥§¨ç¥áª¨¥ ¤¥ä®à¬ æ¨¨, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë ¢ ¥¬ áãé¥áâ¢®¢ « á¨¬¬¥âà¨ç¥-

áª¨© â¥§®à hij, ã¤®¢«¥â¢®àïîé¨© ãà ¢¥¨ï¬

hij;k = 2 kgij +  igjk +  jgik (8)

¯à¨ ¥ª®â®à®¬ £à ¤¨¥â®¬ ¢¥ªâ®à¥  i.

3. �¥®¤¥§¨ç¥áª¨¥ ¤¥ä®à¬ æ¨¨ ¨ £¥®¤¥§¨ç¥áª¨¥ ®â®¡à ¦¥¨ï. �á«¨ ¢ (8)  i = 0, â®
hij;k = 0, çâ® ¢®§¬®¦® ¢ ¤¢ãå á«ãç ïå:
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1. hij = Cgij , C = const, ® â®£¤  (á¬. (4)) egij = gij(1 + "C), â. ¥. ¤¥ä®à¬ æ¨ï á¢®¤¨âáï ª
¡¥áª®¥ç® ¬ «®© £®¬®â¥â¨¨.

2. hij 6= Cgij . � íâ®¬ á«ãç ¥ ¢ Vn áãé¥áâ¢ã¥â á¨¬¬¥âà¨ç¥áª¨© ª®¢ à¨ â® ¯®áâ®ïë©
â¥§®à.

�§ (6) á«¥¤ã¥â, çâ® ¢ ®¡®¨å á«ãç ïå eg = Cg, â. ¥. ¤¥ä®à¬ æ¨ï ï¢«ï¥âáï £®¬®â¥â¨ç¥áª¨  à¥ «ì®©.
�ã¤¥¬ áç¨â âì íâ¨ á«ãç ¨ âà¨¢¨ «ìë¬¨, ¥âà¨¢¨ «ìë© á«ãç © å à ªâ¥à¨§ã¥âáï ãá«®¢¨¥¬
 i 6= 0. �® â®£¤  (8) ¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥ (hij � 2 gij);k =  igjk +  jgik, â. ¥. ¢ Vn â¥§®à
aij = hij � 2 gij ¯à¨ �i =  i ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ ®á®¢ëå ãà ¢¥¨© â¥®à¨¨ £¥®¤¥§¨ç¥áª¨å
®â®¡à ¦¥¨© (á¬. [6], á. 121, ä®à¬ã«  (8)):

aij;k = �igjk + �jgik: (9)

� ¤àã£®© áâ®à®ë, ¤«ï â¥§®à  hij = aij + 2�gij , £¤¥ aij | à¥è¥¨¥ (9), ¢ë¯®«ïîâáï ãà ¢-
¥¨ï (8), á«¥¤®¢ â¥«ì® ¬¥âà¨ç¥áª¨© â¥§®à eVn ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥ egij = (1 + 2�")gij + "aij .

�®¯®áâ ¢«ïï íâ® á â¥®à¥¬®© 1, ¯à¨å®¤¨¬ ª ¢ë¢®¤ã.

�¥®à¥¬  2. �¨¬ ®¢® ¯à®áâà áâ¢® Vn ¤®¯ãáª ¥â ¥âà¨¢¨ «ìë¥ ¡¥áª®¥ç® ¬ «ë¥ £¥®-

¤¥§¨ç¥áª¨¥ ¤¥ä®à¬ æ¨¨ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®® ¤®¯ãáª ¥â ¨ ¥âà¨¢¨ «ìë¥ £¥®¤¥§¨-

ç¥áª¨¥ ®â®¡à ¦¥¨ï.

�â  â¥®à¥¬  ¢¯¥à¢ë¥ ¡ë«  ¤®ª §   ¢ [9], ® â®«ìª® ¤«ï à¨¬ ®¢ëå ¯à®áâà áâ¢ ¯¥à¢®£®
ª« áá  (1971 £.).

�§ â¥®à¥¬ë 2 á ãç¥â®¬ â¥®à¥¬ �.�. �¨îª®¢  ¨ �.�¨ª¥è  [6], [7] ¢ëâ¥ª ¥â

�¥®à¥¬  3. �¨¬¬¥âà¨ç¥áª¨¥, à¥ªãàà¥âë¥, ¤¢ ¦¤ë á¨¬¬¥âà¨ç¥áª¨¥, ¤¢ ¦¤ë à¥ªãàà¥â-

ë¥, m-à¥ªãàà¥âë¥ ¨ ¯®«ãá¨¬¬¥âà¨ç¥áª¨¥ ¯à®áâà áâ¢  Dm
n ¥¯®áâ®ï®© ªà¨¢¨§ë ¥ ¤®-

¯ãáª îâ ¥âà¨¢¨ «ìëå £¥®¤¥§¨ç¥áª¨å ¤¥ä®à¬ æ¨©.

� ¬¥â¨¬, çâ® ¯à®áâà áâ¢  Dm
n ¡ë«¨ ¢¢¥¤¥ë ¢ [12].

� ¯à®â¨¢, ¤«ï ¯à®áâà áâ¢ ¯®áâ®ï®© ªà¨¢¨§ë, ¤«ï íª¢¨¤¨áâ âëå ¯à®áâà áâ¢ â ª¨¥
¤¥ä®à¬ æ¨¨ áãé¥áâ¢ãîâ. � E3 £¥®¤¥§¨ç¥áª¨¥ ¤¥ä®à¬ æ¨¨ ¤®¯ãáª îâ ¯®¢¥àå®áâ¨ �¨ã¢¨««ï ¨
â®«ìª® ®¨.

4. �¥®¤¥§¨ç¥áª¨¥ ¤¥ä®à¬ æ¨¨ ¯®¤¯à®áâà áâ¢ à¨¬ ®¢  ¯à®áâà áâ¢ . �á®¢®©
§ ¤ ç¥© â¥®à¨¨ £¥®¤¥§¨ç¥áª¨å ¤¥ä®à¬ æ¨© ï¢«ï¥âáï ¢á¥áâ®à®¥¥ ¨§ãç¥¨¥ ¢§ ¨¬®á¢ï§¥© ¨ ¢§ -
¨¬®§ ¢¨á¨¬®áâ¥© à¨¬ ®¢  ¯à®áâà áâ¢  Vn, ¥£® ®¡ê¥¬«îé¥£® ¯à®áâà áâ¢  Vm ¨ ¨§£¨¡ îé¥£®
¯®«ï ��(x). �¤¥ «ì®© á¨âã æ¨¥©, ®ç¥¢¨¤®, ¬®¦® áç¨â âì á«ãç ©, ª®£¤  ã¤ ¥âáï  ©â¨ ¯®«¥
��(x). �¥£ª® ¯®«ãç¨âì ãà ¢¥¨ï ¤«ï ¥£®.

�¥©áâ¢¨â¥«ì®, ¯®¤áâ ¢«ïï (5) ¢ (7), ¯®«ãç¨¬

@2a��

@y@y�
y�;iy

�
;j�

y�;k +
@a��

@y
�
y�;iy

�
;j�


;k + y�;iy

�
;jk�

 + y�;iky
�
;j�


�
+
@a��

@y
�
��;iy

�
;j + y�;i�

�
;j

�
y;k +

+ a��
�
��;iky

�
;j + ��;iy

�
;jk + y�;i�

�
;jk + y�;ik�

�
;j

�
= 2 kgij +  igjk +  jgik: (10)

�à¨ íâ®¬ ¨á¯®«ì§®¢ ® â®, çâ® a�� ¨¢ à¨ âë ¢ Vn.
�à ¢¥¨ï (10) ãá«®¦¥ë â¥¬ ®¡áâ®ïâ¥«ìáâ¢®¬, çâ® áâ àè ï ¯à®¨§¢®¤ ï ¯®«ï á¬¥é¥¨©

��;ik ¢å®¤¨â ¤¢ ¦¤ë. �â íâ®£® ¬®¦® ¨§¡ ¢¨âìáï, ¢ë¯®«¨¢ ®¯¥à æ¨î á â ª®© ¯®¤áâ ®¢ª®© ¨-
¤¥ªá®¢ i; j; k: (i; j; k) + (i; k; j) � (j; k; i). �®«ãç¨¬

a��y
�
;i�

�
;jk + a���

�
;iy

�
;jk + ���(y�;iy

�
;j�


;k + y�;i�

�
;jy


;k + ��;iy

�
;jy


;k) +

+ �
�
@a��

@y
y�;iy

�
;jk +

@����

@y
y�;iy

�
;jy

�
;k

�
=  kgij +  jgik; (11)

£¤¥ ��� { á¨¬¢®«ë �à¨áâ®ää¥«ï ¯à®áâà áâ¢  Vm, á®áâ ¢«¥ë¥ ¤«ï a��. �à ¢¥¨ï (10) ¨
(11) íª¢¨¢ «¥âë. �¨ ¯à¥¤áâ ¢«ïîâ ¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®çë¥ ãá«®¢¨ï ¡¥áª®¥ç® ¬ «ëå
£¥®¤¥§¨ç¥áª¨å ¤¥ä®à¬ æ¨© Vn � Vm á ¯®«¥¬ á¬¥é¥¨© ��(x).

25



5. �á®¢ë¥ ãà ¢¥¨ï £¥®¤¥§¨ç¥áª¨å ¤¥ä®à¬ æ¨© £¨¯¥à¯®¢¥àå®áâ¥©. �ãáâì m =
n + 1, â. ¥. Vn | £¨¯¥à¯®¢¥àå®áâì Vm. �á«®¢¨¥ (1) ¯®§¢®«ï¥â ¢¥ªâ®àë y�;i ¢ë¡à âì ¢ ª ç¥áâ¢¥
¡ §¨á  Vn. �ã¤¥¬ áç¨â âì, çâ® det kgijk 6= 0, á«¥¤®¢ â¥«ì®, ®à¬ «ì ª £¨¯¥à¯®¢¥àå®áâ¨ ��(x)
¥¨§®âà®¯  [2], â. ¥.

a��y
�
;i�

� = 0; a���
��� = e; e = �1:

�¨áâ¥¬  ¢¥ªâ®à®¢ fy�;i; �
�g ®¡à §ã¥â ¡ §¨á Vm. �®íâ®¬ã ¢¥ªâ®à á¬¥é¥¨ï �� ¬®¦® ®¤®§ ç®

¢ëà §¨âì ¢ á«¥¤ãîé¥© ä®à¬¥:

��(x) = �iy�;i + ���; (12)

£¤¥ �i(x) ¨ �(x) | ¥ª®â®àë¥ ¢¥ªâ®à ¨ ¨¢ à¨ â Vn.
� ª ª ª Vn | £¨¯¥à¯®¢¥àå®áâì Vn+1, â® á¯à ¢¥¤«¨¢ë ¤¥à¨¢ æ¨®ë¥ ä®à¬ã«ë [2] � ãáá :

y�;ij = ���
��y

�
;iy

�
;j + e
ij�

� ¨ �¥©£ àâ¥ : ��;i = ��
��y

�
;i�

� �
k
i y

�
;k, £¤¥ 
ij | ¢â®à®© ®á®¢®© â¥§®à

Vn, 
k
i

def= 
ijg
jk , ��

�� | á¨¬¢®«ë �à¨áâ®ää¥«ï ¯à®áâà áâ¢  Vm.
�â¨ ä®à¬ã«ë ¯®§¢®«ïîâ, ¨á¯®«ì§ãï (12), ¢ëà §¨âì ��;i ¨ �

�
;ij ¢ â®¬ ¦¥ ¡ §¨á¥ fy�;i ; �

�g. � ª,
 ¯à¨¬¥à,

��;i = (�s;i � �
s
i )y

�
;s � �s�a

��y
�
;sy

�
;i + (e�s
si + �;i)�

� � ���
��y

�
;i�

� :

�á«¨ ¢á¥ íâ¨ ¢ëà ¦¥¨ï ¯®¤áâ ¢¨âì ¢ ãà ¢¥¨ï (11), ãç¥áâì, çâ® @a��

@y
= ��� + ���, â® ¯®á«¥

¥á«®¦ëå, ® ¤®áâ â®ç® £à®¬®§¤ª¨å ¯®¤áç¥â®¢, ¯®«ãç¨¬

�i;jk = ��sR
s
kij +  jgik +  kgij + (�
ij);k + (�
ik);j � (�
jk);i: (13)

�¥®à¥¬  4. �«ï â®£® çâ®¡ë à¨¬ ®¢® ¯à®áâà áâ¢® Vn � Vn+1 ¤®¯ãáª «® ¡¥áª®¥ç® ¬ -

«ë¥ ¤¥ä®à¬ æ¨¨, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë ¢ ¥¬ áãé¥áâ¢®¢ «¨ ¢¥ªâ®à �i ¨ ¨¢ à¨ â

�, ã¤®¢«¥â¢®àïîé¨¥ ãà ¢¥¨ï¬ (13).

�¨áâ¥¬  (13) ¥áâì ª®®à¤¨ â ï § ¯¨áì (11) ¢ ¡ §¨á¥ fy�;i ; �
�g,   ¯®â®¬ã ®  ¤ ¥â ¥®¡å®¤¨-

¬ë¥ ¨ ¤®áâ â®çë¥ ãá«®¢¨ï £¥®¤¥§¨ç¥áª®© ¤¥ä®à¬ æ¨¨ £¨¯¥à¯®¢¥àå®áâ¨ Vn. �ã¤¥¬  §ë¢ âì
á¨áâ¥¬ã (13) ®á®¢®© [11].

�¨¬¬¥âà¨à®¢ ¨¥¬ (13) ¯® ¨¤¥ªá ¬ i ¨ j ¯®«ãç¨¬ ¢ëà ¦¥¨¥

(�i;j + �j;i � 2�
ij);k = 2 kgij +  igjk +  jgik: (14)

� «®£¨çë¬¨ ¯®¤áç¥â ¬¨ ª ª ¤«ï ãà ¢¥¨ï (10), ¬®¦® ¤®ª § âì, çâ® á¨áâ¥¬ë (13) ¨ (14)
íª¢¨¢ «¥âë. � (14) ¯®ª §ë¢ ¥â, çâ® ¤«ï â¥§®à  aij = �i;j+�j;i�2�
ij�2 gij ®  ¯à¥¢à é ¥âáï
¢ (9), çâ® ¥é¥ à § ¯®¤â¢¥à¦¤ ¥â â¥®à¥¬ã 2.

�«ï â¥§®à  hij = �i;j + �j;i � 2�
ij ãà ¢¥¨ï (14) § ¯¨èãâáï ¢ ä®à¬¥ (8). � § ª«îç¥¨¥
íâ®£® ¯ãªâ  á¤¥« ¥¬ § ¬¥ç ¨¥.

�á«¨ Vn á®¢¯ ¤ ¥â á Vm, â® (3) ®¯à¥¤¥«ïîâ ¡¥áª®¥ç® ¬ «ë¥ ¯à¥®¡à §®¢ ¨ï Vn, ¨§ãç ¢è¨-
¥áï à ¥¥ [2], [13]. � íâ®¬ á«ãç ¥ y� = x�, ¢ (12) � = 0, �� = ��,   ¨§ (13) ¯®«ãç ¥âáï å®à®è®
¨§¢¥áâ ï á¨áâ¥¬  ¤«ï ¡¥áª®¥ç® ¬ «ëå ¯à¥®¡à §®¢ ¨©, ª®â®àë¥ á®åà ïîâ £¥®¤¥§¨ç¥áª¨¥
�i;jk = ��sR

s
kij +  igjk +  jgik.

6. �¨áâ¥¬  ãà ¢¥¨© â¨¯  �®è¨ ¤«ï £¥®¤¥§¨ç¥áª¨å ¤¥ä®à¬ æ¨© £¨¯¥à¯®¢¥àå®-

áâ¨. �®¯à®á ® ¡¥áª®¥ç® ¬ «ëå £¥®¤¥§¨ç¥áª¨å ¤¥ä®à¬ æ¨ïå £¨¯¥à¯®¢¥àå®áâ¨ à¨¬ ®¢  ¯à®-
áâà áâ¢  á¢®¤¨âáï ª à¥è¥¨î «¨¥©®© á¨áâ¥¬ë (13), ¯à ¢ ï ç áâì ª®â®àëå á®¤¥à¦¨â, ªà®¬¥
�i, ¯à®¨§¢®¤ë¥ ®â ¥¨§¢¥áâëå � ¨  i. �â  á¨áâ¥¬  ¤®¯ãáª ¥â á¢¥¤¥¨¥ ª á¬¥è ®© â¥§®à®©
á¨áâ¥¬¥ â¨¯  �®è¨ ®â n2 + 3n+ 2 ¥¨§¢¥áâëå äãªæ¨©.

�®«ãç¥¨î íâ®© á¨áâ¥¬ë ¨ ¯®á¢ïé¥  íâ  ç áâì. � [11] â ª ï á¨áâ¥¬  ¯®«ãç¥  ¤«ï á«ãç ï
¥¢ëà®¦¤¥®£® ¢â®à®£® ®á®¢®£® â¥§®à  £¨¯¥à¯®¢¥àå®áâ¨ 
ij . �¤¥áì ¯®ª ¦¥¬, çâ® â ª ï
á¨áâ¥¬  áãé¥áâ¢ã¥â ¯à¨ ¡®«¥¥ á« ¡ëå ãá«®¢¨ïå. � ¤ «ì¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¨¬¥¥â
¬¥áâ®

rank k
ijk > 2:
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�à¥¤¢ à¨â¥«ì® ¢¢¥¤¥¬

�ij = �i;j ; �i = �;i: (15)

� á¨«ã (15) ä®à¬ã«ë (13) ¯¥à¥¯¨èãâáï ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

�ij;k = ��sR
s
kij + gij k + gik j + �(
ij;k +
ik;j � 
jk;i) + �k
ij + �j
ik � �i
jk: (16)

�á«®¢¨ï ¨â¥£à¨àã¥¬®áâ¨ ãà ¢¥¨© (16) ¨¬¥îâ ¢¨¤

�sjR
s
ikl + �siR

s
jkl = �s[kR

s
l]ij + �s(Rs

lij;k �Rs
kij;l) +

+gik j;l � gil j;k + �
s(iR
s
j)kl + (�
ik);jl + (�
jl);ik � (�
il);jk � (�
jk);il; (17)

£¤¥ ªàã£«ë¬¨ ¨ ª¢ ¤à âë¬¨ áª®¡ª ¬¨ ®¡®§ ç ¥¬ á¨¬¬¥âà¨à®¢ ¨¥ ¨  «ìâ¥à¨à®¢ ¨¥ á®®â-
¢¥âáâ¢¥®.

�á«¨ (17) ¯à®á¨¬¬¥âà¨àã¥¬ ¯® ¨¤¥ªá ¬ i ¨ j,   § â¥¬ á¢¥à¥¬ á gil (kgijk = kgijk
�1), â®

¯®«ãç¨¬

n j;k = hjsR
s
k � hpsR

s
jk

p + !gjk; (18)

£¤¥ Rs
k = Rs

ijkg
ij , ! | ¥ª®â®àë© ¨¢ à¨ â, ¨¤¥ªáë ¯®¤ïâë â¥§®à®¬ gij , hij = �(ij) � 2�
ij .

� ©¤¥¬ ãá«®¢¨ï   ¥¨§¢¥áâë© ¨¢ à¨ â !. �á«®¢¨ï ¨â¥£à¨àã¥¬®áâ¨ (18) ¯à¨¢®¤ïâáï ª
¢¨¤ã

(n+ 3) sR
s
jkl =  sR

s
[kgl]j + hjsR

s
[k;l] � hspR

s
�j[k

p

�;l] + gj[k!;l]:

�¢®à ç¨¢ ï ¯®á«¥¤¥¥ ¢ëà ¦¥¨¥ á gjk, ¯®«ãç¨¬

(n� 1)!;l = 2(n+ 1) sR
s
l + hjsR

s
�l;
j
�
� hspR

sk
�� l

p
�;k: (19)

�á«¨ ¯à¨ ¯®¬®é¨ (18) ¨áª«îç¨âì  j;k ¨§ (17), â® ¯®«ãç¨¬

�spA
sp
ijkl + �sB

s
ijkl + �sC

s
ijkl + !Dijkl + �Eijkl = �j;l
ik � �j;k
il � �i;l
jk + �i;k
jl; (20)

£¤¥

A
sp
ijkl

def= �
p
jR

s
ikl + �siR

p
jkl + �

p
l R

s
kij + �skR

p
lji �

1
n
gik(�

(s
j R

p)
l �R

(s
�j
p)
l� ) +

1
n
gil(�

(s
j R

p)
k �R

(s
�jk

p)
�
);

Bs
ijkl

def= Rs
kij;l �Rs

lij;k; Cs
ijkl

def= �s[i
j] [k;l] + �s[k
l] [i;j]; Dijkl
def= �

1
n
(gikgjl � gilgjk);

Eijkl
def= � 
s(iR

s
j)kl � 
k[i;j]l +
l[i;j]k +

2
n

jsgi[kR

s
l] +

2
n

spR

s
�j]k

p
�
gl]i:

�ãé¥áâ¢¥® ®â¬¥â¨âì, çâ® ¯ïâì ¯®á«¥¤¨å â¥§®à®¢ ¢ ª®¥ç®¬ áç¥â¥ ®¯à¥¤¥«ïîâáï «¨¡® â®«ì-
ª® ¬¥âà¨ª®© Vn, «¨¡® ¬¥âà¨ª®© ¨ 
ij .

�¢¨¤ã â®£®, çâ® rank k
ijk > 2, ¢ Vn, ®ç¥¢¨¤®, áãé¥áâ¢ãîâ å®âï ¡ë âà¨ ¥ª®¬¯«  àë¥
¢¥ªâ®àë¥ ¯®«ï ai, bi, ci â ª¨¥, çâ®


ija
iaj = ea = �1; 
ijb

ibj = eb = �1; 
ijc
icj = ec = �1; 
ija

ibj = 
ija
icj = 
ijb

icj = 0:

� ¬¥â¨¬, çâ® íâ¨ ¢¥ªâ®àë ®¯à¥¤¥«ïîâáï 
ij . �¥á¬®âàï   â®, çâ® ®¨ ®¯à¥¤¥«¥ë ¥®¤®§ ç®,
¨å ¢¯à ¢¥ áç¨â âì ®¡ê¥ªâ ¬¨ ¯à®áâà áâ¢  Vn, â. ¥. ®¯à¥¤¥«¥ë¬¨ ç¥à¥§ ¬¥âà¨ªã ¨ ¢â®àãî
ä®à¬ã Vn.

�®®ç¥à¥¤® ã¬®¦¨¬ (20)   aiak, bibk, cick,   § â¥¬ ¯à®áã¬¬¨àã¥¬ ¯® i ¨ k. �®«ãç¨¬

ea�j;l =
a
�j

a


l +
a
�l

a


j �
a
�
jl +

1

T jl(�sp; �s; �s; �; !); (21a)

eb�j;l =
b
�j

b


l +
b
�l

b


j �
b
�
jl +

2

T jl(�sp; �s; �s; �; !); (21b)

ec�j;l =
c
�j

c


l +
c
�l

c


j �
c
�
jl +

3

T jl(�sp; �s; �s; �; !); (21c)
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£¤¥
a
�j

def= �j;ka
k;

b
�j

def= �j;kb
k;

c
�j

def= �j;kc
k;

a
�

def= �j;ka
jak;

b
�

def= �j;kb
jbk;

c
�

def= �j;kc
jck;

a


l
def= 
lka

k;
b


l
def=


lkb
k;

c


l
def= 
lkc

k;
�

T (� = 1; 2; : : : ) | â¥§®àë, «¨¥©® ¢ëà ¦ îé¨¥áï ç¥à¥§ â¥ ®¡ê¥ªâë, ª®â®àë¥
ãª § ë ¢ ª ç¥áâ¢¥  à£ã¬¥â , á ª®íää¨æ¨¥â ¬¨, ®¯à¥¤¥«¥ë¬¨ ¬¥âà¨ª®© gij ¯à®áâà áâ¢ 
Vn ¨ ¥£® ¢â®à®© ª¢ ¤à â¨ç®© ä®à¬®© 
ij ,   â ª¦¥ ¢¥ªâ®à ¬¨ ai, bi, ci, ª®â®àë¥ ®¯à¥¤¥«¥ë ¯®
áãé¥áâ¢ã 
ij .

�à¨ ¯®¬®é¨ (21b) ¨áª«îç¨¬ ¢ (21a) â¥§®à �j;l

ea(
a
�j

a


l +
a
�l

a


j)� eb(
b
�j

b


l +
b
�l

b


j)� (ea
a
�� eb

b
�)
jl + ea

1

T jl � eb
2

T jl = 0: (22)

�¢¥à¥¬ (22) á cjcl, ¯®«ãç¨¬ (ea
a
�� eb

b
�) = ec(ea

1

T jl � eb
2

T jl)cjcl. �®£¤  ¯®á«¥ á¢¥àâë¢ ¨ï (22) á

ajal ¡ã¤¥¬ ¨¬¥âì
a
� =

4

T (�sp; �s; �s; �; !),   ¢ á¨«ã ¯à¥¤ë¤ãé¥£® ¨
b
� =

5

T (�sp; �s; �s; �; !).
� ¨â®£¥ á¢¥àâë¢ ¨¥¬ (22) á al ã¡¥¤¨¬áï, çâ®

a
�j = �

b


j +
6

T j(�sp; �s; �s; �; !); (23a)

£¤¥ � | ¥ª®â®àë© ¨¢ à¨ â. � «®£¨çë¬ ¯ãâ¥¬   «¨§®¬ (21a) ¨ (21c) ¯®«ãç¨¬

a
�j = �

c


j +
7

T j(�sp; �s; �s; �; !): (23b)

�ëç¨â ï (23b) ¨§ (23a), ¯®«ãç¨¬ �
b


j � �
c


j +
6

T j �
7

T j = 0. �¢¥àâë¢ ï ¯®á«¥¤¥¥ á bj , ã¡¥¤¨¬áï,

çâ® � =
8

T (�sp; �s; �s; �; !). � ¨â®£¥ «¥£ª® ã¡¥¤¨âìáï, çâ® ä®à¬ã«  (21a) ¯à¨¨¬ ¥â ¢¨¤:

�j;l =
9

T jl(�sp; �s; �s; �; !): (24)

�®¢®ªã¯®áâì ãà ¢¥¨© (15), (16), (18), (19) ¨ (24), ª®â®àãî ªà âª® ®¡®§ ç¨¬ ç¥à¥§ (A),
¤ ¥â «¨¥©®¥ ¢ëà ¦¥¨¥ ¯¥à¢ëå ª®¢ à¨ âëå ¯à®¨§¢®¤ëå ®â �ij , �i,  i, �i, �, ! ç¥à¥§ íâ¨ ¦¥
â¥§®àë á ª®íää¨æ¨¥â ¬¨, ®¤®§ ç® ®¯à¥¤¥«¥ë¬¨ Vn ¨ Vn+1, â. ¥. ¬ë ¨¬¥¥¬ á¨áâ¥¬ã â¨¯ 
�®è¨. � ¬¥â¨¬, çâ® á¨áâ¥¬  (A) ®á¨â ¨¢ à¨ âë© å à ªâ¥à ®â®á¨â¥«ì® ¢ë¡®à  ª®®à¤¨ â
¢ Vn. �â ª, ¯®«ãç¥ 

�¥®à¥¬  5. �«ï â®£® çâ®¡ë à¨¬ ®¢® ¯à®áâà áâ¢® Vn � Vn+1, rank k
ijk > 2, ¤®¯ãáª «®
¥âà¨¢¨ «ìë¥ ¡¥áª®¥ç® ¬ «ë¥ £¥®¤¥§¨ç¥áª¨¥ ¤¥ä®à¬ æ¨¨, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë

á¨áâ¥¬  ãà ¢¥¨© (A) ¨¬¥«  ¥âà¨¢¨ «ì®¥ à¥è¥¨¥.

�á«®¢¨ï ¨â¥£à¨àã¥¬®áâ¨ ¢á¥å ãà ¢¥¨© á¨áâ¥¬ë (A) áãâì «¨¥©ë¥ ®¤®à®¤ë¥  «£¥¡à ¨-
ç¥áª¨¥ ãà ¢¥¨ï ®â®á¨â¥«ì® �ij , �i,  i, �i, �, !. �¡®§ ç¨¬ ¨å ç¥à¥§ (B). � ª¨¬¨ ¦¥ ¡ã¤ãâ ¨å
¤¨ää¥à¥æ¨ «ìë¥ ¯à®¤®«¦¥¨ï «î¡®£® ¯®àï¤ª , â. ª. (A) «¨¥© . �à®¤®«¦¥¨ï ®¡®§ ç¨¬
(B1), (B2) ¨ â. ¤.

�®   «®£¨¨ á á®®â¢¥âáâ¢ãîé¨¬ à¥§ã«ìâ â®¬ ¨§ â¥®à¨¨ £¥®¤¥§¨ç¥áª¨å ®â®¡à ¦¥¨© [6] ¯®-
«ãç ¥âáï

�¥®à¥¬  6. �«ï â®£® çâ®¡ë à¨¬ ®¢® ¯à®áâà áâ¢® Vn � Vn+1 (rank k
ijk > 2) ¤®¯ãáª «®
¥âà¨¢¨ «ìë¥ ¡¥áª®¥ç® ¬ «ë¥ £¥®¤¥§¨ç¥áª¨¥ ¤¥ä®à¬ æ¨¨, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë

á¨áâ¥¬  «¨¥©ëå ®¤®à®¤ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© (B); (B1); (B2); : : : ; (Bs) (s < n2+3n+2)
¨¬¥«  à¥è¥¨¥ ®â®á¨â¥«ì® �ij , �i,  i (6� 0), �i, �, !.

�â¬¥â¨¬, çâ® ç¨á«® n2 + 3n+ 2 áãé¥áâ¢¥® ¯®¨¦ ¥âáï ¢ á«ãç ¥, ª®£¤  Vn ¥ ¨¬¥¥â ¯®áâ®-
ïãî ªà¨¢¨§ã. �¡ íâ®¬ á¢¨¤¥â¥«ìáâ¢ãîâ ¨áá«¥¤®¢ ¨ï [6], [7], [14], [15].
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