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�ãáâì F |¯à®¨§¢®«ì­®¥ á¥¬¥©áâ¢® ¯®¤¬­®¦¥áâ¢ ¨§ S = fa1; a2; : : : ; ang. �à¨ à¥è¥­¨¨ ¬­®£¨å
¯à®¡«¥¬ ¤¨áªà¥â­®© ¬ â¥¬ â¨ª¨ ¢®§­¨ª ¥â ­¥®¡å®¤¨¬®áâì ¨§ãç âì á¥¬¥©áâ¢  F , ã¤®¢«¥â¢®àï-
îé¨¥ â¥¬ ¨«¨ ¨­ë¬ ®£à ­¨ç¥­¨ï¬ [1]. � ¤ ­­®© à ¡®â¥ ¯à¨¢®¤ïâáï à¥§ã«ìâ âë ® áâàãªâãà­ëå
á¢®©áâ¢ å ®¤­®£® ª« áá  ¬ ªá¨¬ «ì­ëå á¥¬¥©áâ¢ ¯®¤¬­®¦¥áâ¢ �¯¥à­¥à  [2].

�¯à¥¤¥«¥­¨¥ 1 ([3]). �¥¬¥©áâ¢® F ¯®¤¬­®¦¥áâ¢ ¬­®¦¥áâ¢  S ­ §ë¢ ¥âáï è¯¥à­¥à®¢ë¬,
¥á«¨ ­¨ª ª®© í«¥¬¥­â A 2 F ­e ï¢«ï¥âáï ¯®¤¬­®¦¥áâ¢®¬ ¤àã£®£® í«¥¬¥­â  A0 2 F .

�¯à¥¤¥«¥­¨¥ 2 ([4]). �¯¥à­¥à®¢® á¥¬¥©áâ¢® F ­ §ë¢ ¥âáï ¬ ªá¨¬ «ì­ë¬, ¥á«¨ ¤«ï «î¡®-
£® A � S, A =2 F , áãé¥áâ¢ã¥â A0 2 F â ª®©, çâ® A � A0 «¨¡® A0 � A.

� ¬¥ç ­¨¥. �¢®©áâ¢® è¯¥à­¥à®¢®áâ¨ á¥¬¥©áâ¢  F ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® á«¥¤ãîé¨å
¯à¥®¡à §®¢ ­¨©:

a) F ! F , £¤¥ F | á¥¬¥©áâ¢®, ¯®«ãç¥­­®¥ ¨§ F § ¬¥­®© ¢á¥å A 2 F ­  ¨å ¤®¯®«­¥­¨¥ A;
¡) F ! FS0 , £¤¥ FS0 | á¥¬¥©áâ¢®, ¯®«ãç¥­­®¥ ¨§ F ¯ãâ¥¬ ¯à¨¬¥­¥­¨ï ¯®¤áâ ­®¢ª¨

S0 =

 
a1a2 : : : an
ai1ai2 : : : ain

!
:

�«ï ç¨á«  f(n) ¬ ªá¨¬ «ì­ëå è¯¥à­¥à®¢ëå á¥¬¥©áâ¢ (¬.è. á.) ¯®¤¬­®¦¥áâ¢ n-í«¥¬¥­â­®£®
¬­®¦¥áâ¢  ­¥¯®áà¥¤áâ¢¥­­ë© ¯®¤áç¥â ¤ ¥â f(1) = 2, f(2) = 3, f(3) = 7, f(4) = 29, f(5) = 376 [5].

�¯à¥¤¥«¥­¨¥ 3. �ã¤¥¬ £®¢®à¨âì, çâ® è¯¥à­¥à®¢® á¥¬¥©áâ¢® F ¨¬¥¥â â¨¯ (k; k + 1), ¥á«¨
jAj 2 fk; k + 1g ¤«ï «î¡®£® A 2 F .

� á¨«ã  ) ¨§ § ¬¥ç ­¨ï ¯à¨ ¨áá«¥¤®¢ ­¨¨ ¬ ªá¨¬ «ì­ëåè¯¥à­¥à®¢ëå á¥¬¥©áâ¢ â¨¯  (k; k+1)
n-í«¥¬¥­â­®£® ¬­®¦¥áâ¢  ¤®áâ â®ç­® ®£à ­¨ç¨âìáï á«ãç ¥¬ k < dn

2
e. �¡®§­ ç¨¬ ç¥à¥§ pi ç¨á«®

í«¥¬¥­â®¢ A 2 F , jAj = k, ¢ ª®â®àë¥ ­¥ ¢å®¤¨â í«¥¬¥­â ai 2 S, ¨ ç¥à¥§ qi | ç¨á«® í«¥¬¥­â®¢
A 2 F , jAj = k + 1, ¢ ª®â®àë¥ ¢å®¤¨â í«¥¬¥­â ai.

�ãáâì ri = pi+ qi, r = maxfrig, i = 1; n. �ç¥¢¨¤­®, ¯à¨ «î¡®¬ n � 1 á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®
ri �

�
n�1
k

�
.

�¯à¥¤¥«¥­¨¥ 4. �¨á«® 0 � s �
�
n�1
k

�
­ §®¢¥¬ ¤®¯ãáâ¨¬ë¬, ¥á«¨ áãé¥áâ¢ã¥â â ª®¥ ¬.è. á.,

çâ® ri = s ¤«ï ­¥ª®â®à®£® i, 1 � i � n.

� á¨«ã ¡) ¨§ § ¬¥ç ­¨ï, ¥á«¨ s | ¤®¯ãáâ¨¬®¥ ç¨á«®, â® ¤«ï «î¡®£® i = 1; n ­ ©¤ãâáï ¬.è. á.
á ri = s. �®íâ®¬ã ¢ ¤ «ì­¥©è¥¬ ¢ ª ç¥áâ¢¥ í«¥¬¥­â  ai 2 S ¡ã¤¥¬ à áá¬ âà¨¢ âì, ª ª ¯à ¢¨«®,
ä¨ªá¨à®¢ ­­ë© í«¥¬¥­â an 2 S.

�¥®à¥¬  1. �¨á«® s =
�
n�1
k

�
� 1 ­¥ ï¢«ï¥âáï ¤®¯ãáâ¨¬ë¬.
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�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ ¬¥â®¤®¬ ®â ¯à®â¨¢­®£®. �ãáâì F | ¬.è. á. á rn =
�
n�1
k

�
� 1.

�®£¤  ­ ©¤ãâáï ¬­®¦¥áâ¢  A, jAj = k, an =2 A; A0, jA0j = k + 1, an 2 A0, ­¥ ¯à¨­ ¤-
«¥¦ é¨¥ F , ¯à¨ç¥¬ A0 = A [ fang. �®áª®«ìªã F ¬ ªá¨¬ «ì­®¥, â® ¢ F ­ ©¤¥âáï ¬­®¦¥-
áâ¢® B, jBj = k + 1, an =2 B, B � A ¨ B0, jB0j = k, an 2 B0, B0 � A0. �ãáâì ¤«ï
®¯à¥¤¥«¥­­®áâ¨ A = fa1; a2; : : : ; akg, A0 = fa1; a2; : : : ; ak; ang, B = fa1; a2; : : : ; ak; ajg, j =2
f1; 2; : : : ; k; ng, B0 = fa1; a2; : : : ; ai�1; ai+1; : : : ; ak; ang. �âáî¤ , ¯®áª®«ìªã rn =

�
n�1
k

�
� 1, â®

A00 = fa1; a2; : : : ; ai�1; ai+1; : : : ; ak; ajg «¨¡® B00 = fa1; a2; : : : ; ai�1; ai+1; : : : ; ak; aj ; ang ¯à¨­ ¤«¥¦¨â
F , ­® A00 � B,   B00 � B0, çâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® F è¯¥à­¥à®¢®.

� ¦¥âáï ¥áâ¥áâ¢¥­­ë¬ ¯®áâ ¢¨âì ¢®¯à®á ®â­®á¨â¥«ì­® ¤®¯ãáâ¨¬ëå §­ ç¥­¨© s ¢ ¯à¥¤¥« å
0 � s �

�
n�1
k

�
[4], [5].

�¥®à¥¬  2. �«ï ¬.è.á. â¨¯  (1; 2) ¬­®¦¥áâ¢  S = fa1; a2; : : : ; ang ¢á¥ ç¨á«  0; 1; 2; : : : ,�
n�1
1

�
� 2;

�
n�1
1

�
ï¢«ïîâáï ¤®¯ãáâ¨¬ë¬¨, ¯à¨ íâ®¬ áãé¥áâ¢ãîâ â ª¨¥ á¥¬¥©áâ¢  á rn = pn =

0; 1; 2; : : : ;
�
n�1
1

�
� 2;

�
n�1
1

�
.

�®ª § â¥«ìáâ¢®. �à®¨§¢®«ì­®¥ ¬.è. á. â¨¯  (1; 2) ¯à¥¤áâ ¢«ï¥â á®¡®© F =
�
fai1g; fai2g; : : : ,

faimg; faj1 ; ak1g; : : : ; fajr ; akrg
	
, £¤¥ ç¨á«® ¯®¤¬­®¦¥áâ¢ A, jAj = 2, à ¢­®

�
n�m

2

�
, m � n� 2, m =

n, jl; kl =2 fi1; i2; : : : ; img, l = 1; r. �ç¥¢¨¤­®, ¢á¥ ç¨á«  0; 1; 2; : : : ;
�
n�1
1

�
� 2;

�
n�1
1

�
¨ â®«ìª® ®­¨

¢áâà¥ç îâáï ¢ ª ç¥áâ¢¥ ¤®¯ãáâ¨¬ëå ç¨á¥« ¢ ãª § ­­ëå á¥¬¥©áâ¢ å. �á«¨ ¨§ ãª § ­­ëå á¥¬¥©áâ¢
¢ë¤¥«¨¬ ¢á¥ á¥¬¥©áâ¢  â ª¨¥, çâ® áà¥¤¨ ¯®¤¬­®¦¥áâ¢ A, jAj = 1, ¯à¨áãâáâ¢ã¥â ¯®¤¬­®¦¥áâ¢®
fang, â® rn ¤«ï ­¨å ¡ã¤ãâ ã¤®¢«¥â¢®àïâì ãá«®¢¨î â¥®à¥¬ë.

�á«¨ F |è¯¥à­¥à®¢® á¥¬¥©áâ¢® â¨¯  (k; k+1), â® ç¥à¥§ F (k), F (k+1) ®¡®§­ ç¨¬ á®®â¢¥âáâ¢¥­-
­® á¥¬¥©áâ¢® ¯®¤¬­®¦¥áâ¢ A 2 F , jAj = k, A0 2 F , jA0j = k + 1, ¨ ¤«ï è¯¥à­¥à®¢  á¥¬¥©áâ¢  F
¬­®¦¥áâ¢  S ®¡®§­ ç¨¬ ç¥à¥§ F [ fag è¯¥à­¥à®¢® á¥¬¥©áâ¢® F 0 ¬­®¦¥áâ¢  S [ fag, ¯®«ãç¥­­®¥
¤®¡ ¢«¥­¨¥¬ ª ª ¦¤®¬ã ¯®¤¬­®¦¥áâ¢ã A 2 F í«¥¬¥­â  a.

�¥¬¬ . �á«¨ F1 = F
(k�1)
1 [ F

(k)
1 ¨ F2 = F

(k)
2 [ F

(k+1)
2 | ¬.è. á. á®®â¢¥âáâ¢¥­­® â¨¯®¢

(k� 1; k), (k; k +1) ¬­®¦¥áâ¢  S0 = fa1; a2; : : : ; an�1g â ª¨¥, çâ® F
(k)
1 \F

(k)
2 = ;, â® á¥¬¥©áâ¢®

F = (F (k�1)
1 [ fang) [ (F

(k)
1 [ fang) [ F

(k)
2 [ F

(k+1)
2 ï¢«ï¥âáï ¬.è. á. â¨¯  (k; k + 1) ¬­®¦¥áâ¢ 

S = fa1; a2; : : : ; ang, ¤«ï ª®â®à®£® rn�1(F ) = rn�1(F1) + rn�1(F2).

�®ª § â¥«ìáâ¢®. �¡à §®¢ ­­®¥ ¢ § ª«îç¥­¨¨ «¥¬¬ë á¥¬¥©áâ¢® F ï¢«ï¥âáï è¯¥à­¥à®¢ë¬
â¨¯  (k; k + 1) ¬­®¦¥áâ¢  S. �¥©áâ¢¨â¥«ì­®, ¢ á¨«ã F

(k)
1 \ F

(k)
2 = ; ­¨ ®¤­® ¬­®¦¥áâ¢® A 2 F

(k)
2

­¥ ï¢«ï¥âáï ¯®¤¬­®¦¥áâ¢®¬ ¬­®¦¥áâ¢  A0 2 F (k)
1 [ fang. �®ç­® â ª ¦¥ ­¨ ®¤­® ¬­®¦¥áâ¢®

A 2 F
(k�1)
1 [ fang ­¥ ï¢«ï¥âáï ¯®¤¬­®¦¥áâ¢®¬ ¬­®¦¥áâ¢  A0 2 F

(k+1)
2 , â. ª. an =2 F

(k+1)
2 . � «¥¥,

«¥£ª® ã¡¥¤¨âìáï, çâ® á¥¬¥©áâ¢® F ï¢«ï¥âáï ¬ ªá¨¬ «ì­ë¬. �¥©áâ¢¨â¥«ì­®, «î¡®¥ ¬­®¦¥áâ¢®
A � S, jAj = k, an 2 A, «¨¡® á®¢¯ ¤ ¥â á ­¥ª®â®àë¬ ¬­®¦¥áâ¢®¬ ¨§ F

(k�1)
1 [ fang, «¨¡® ï¢«ï-

¥âáï ¯®¤¬­®¦¥áâ¢®¬ ­¥ª®â®à®£® ¬­®¦¥áâ¢  ¨§ F
(k)
1 [ fang ¢ á¨«ã ¬ ªá¨¬ «ì­®áâ¨ á¥¬¥©áâ¢ 

F
(k�1)
1 [ F

(k)
1 ¬­®¦¥áâ¢  S0. �­ «®£¨ç­® «î¡®¥ ¬­®¦¥áâ¢® A � S, jAj = k, an =2 A, ¢ á¨«ã

¬ ªá¨¬ «ì­®áâ¨ F
(k)
2 [ F

(k+1)
2 «¨¡® á®¢¯ ¤ ¥â á ­¥ª®â®àë¬ ¬­®¦¥áâ¢®¬ ¨§ F (k)

2 , «¨¡® ï¢«ï¥âáï
¯®¤¬­®¦¥áâ¢®¬ ­¥ª®â®à®£® ¬­®¦¥áâ¢  ¨§ F (k+1)

2 . �­ «®£¨ç­® ãáâ ­ ¢«¨¢ ¥âáï ¬ ªá¨¬ «ì­®áâì
á¥¬¥©áâ¢  F ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢ A � S, jAj = k + 1. �ç¥¢¨¤­®, è¯¥à­¥à®¢ë á¥¬¥©áâ¢ 
(F (k�1)

1 [fang)[ (F
(k)
1 [fang), F

(k)
1 [F (k+1)

2 ¬­®¦¥áâ¢  S ¨¬¥îâ ¤«ï rn�1 á®®â¢¥âáâ¢¥­­® §­ ç¥­¨ï
rn�1(F1), rn�1(F2). �âáî¤  rn�1(F ) = rn�1(F1) + rn�1(F2).

�¥®à¥¬  3. �«ï ¬.è. á. â¨¯  (2; 3) ¬­®¦¥áâ¢  S = fa1; a2; : : : ; ang ¢á¥ ç¨á«  0; 1; 2; : : : ,�
n�1
2

�
� 2;

�
n�1
2

�
ï¢«ïîâáï ¤®¯ãáâ¨¬ë¬¨.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ â¥®à¥¬ã ¬¥â®¤®¬ ¬ â¥¬ â¨ç¥áª®© ¨­¤ãªæ¨¨. �«ï n = 4 á¯à -
¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥­¨ï á«¥¤ã¥â ¨§ â¥®à¥¬ë 2 ¨ ¨§ ¯.  ) § ¬¥ç ­¨ï. �ãáâì â¥¯¥àì â¥®à¥¬  ¢¥à-
­  ¤«ï ¢á¥å ¬­®¦¥áâ¢ S0, jS0j � n � 1. �®ª ¦¥¬ ¥¥ á¯à ¢¥¤«¨¢®áâì ¤«ï S, jSj = n. �ãáâì
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F1 = F
(1)
1 [ F

(2)
1 | ¬.è. á. â¨¯  (1; 2) ¬­®¦¥áâ¢  S0 = fa1; a2; : : : ; an�1g á rn�1 = pn�1 =

�
n�2
1

�
. �â®

¡ã¤¥â á¥¬¥©áâ¢® F1 =
�
fa1g; fa2g; : : : ; fan�1g

	
. �ãáâì ¤ «¥¥

F20 = F
(2)
20 [F

(3)
20 ; F21 = F

(2)
21 [F

(3)
21 ; : : : ; F2(n�22 )�2 = F

(2)

2(n�22 )�2
[F

(3)

2(n�22 )�2
; F2(n�22 ) = F

(2)

2(n�22 )
[F

(3)

2(n�22 )

| ¬.è. á. â¨¯  (2; 3) ¬­®¦¥áâ¢  S0 á® §­ ç¥­¨ï¬¨ rn�1, à ¢­ë¬¨ á®®â¢¥âáâ¢¥­­® 0; 1; 2; : : : ,�
n�2
2

�
�2;

�
n�2
2

�
. �® ¨­¤ãªâ¨¢­®¬ã ¯à¥¤¯®«®¦¥­¨î â ª¨¥ á¥¬¥©áâ¢  ­ ©¤ãâáï. �¡à §ã¥¬ á¥¬¥©áâ¢ 

Fi = (F1 [ fang) [ F2i; i = 0; 1; : : : ;
�
n�2
2

�
� 2;

�
n�2
2

�
:

�â­®á¨â¥«ì­® íâ¨å á¥¬¥©áâ¢ ¢ë¯®«­ïîâáï ãá«®¢¨ï ¤®ª § ­­®© «¥¬¬ë, â. ¥. ¢ à¥§ã«ìâ â¥ ¯®-
«ãç¨¬ ¬.è. á. â¨¯  (2; 3) ¬­®¦¥áâ¢  S, ¤«ï ª®â®àëå ¨¬¥¥â ¬¥áâ® rn�1(Fi) =

�
n�2
1

�
+ i, i =

0;
�
n�2
2

�
� 2;

�
n�2
2

�
, ¨«¨ ¤«ï rn�1(Fi) ¯®«ãç¨¬ §­ ç¥­¨ï ®â

�
n�2
1

�
¤®
�
n�1
2

�
� 2 ¢ª«îç¨â¥«ì­® ¨ §­ -

ç¥­¨¥
�
n�1
2

�
. �«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  ®áâ «®áì ¯®áâà®¨âì ¬.è. á. â¨¯  (2; 3) ¬­®¦¥áâ¢ 

S á® §­ ç¥­¨ï¬¨ rn�1, à ¢­ë¬¨ 0; 1; 2; : : : ;
�
n�2
1

�
� 1. �ãáâì â¥¯¥àì F1i = F (1)

1i [F (2)
1i , i = 0; 1; 2; : : : ,�

n�2
1

�
�2, | ¬.è. á. â¨¯  (1; 2) ¬­®¦¥áâ¢  S0 á® §­ ç¥­¨ï¬¨ rn�1 = pn�1, à ¢­ë¬¨ á®®â¢¥âáâ¢¥­­®

0; 1; 2; : : : ;
�
n�2
1

�
� 2, ¨ F2 = F

(2)
2 [ F

(3)
2 | ¬.è. á. â¨¯  (2; 3) ¬­®¦¥áâ¢  S0 á® §­ ç¥­¨¥¬ rn�1 = 0.

� ª¨¥ á¥¬¥©áâ¢  ¢ á¨«ã â¥®à¥¬ë 2 ¨ ¨­¤ãªâ¨¢­®£® ¯à¥¤¯®«®¦¥­¨ï ­ ©¤ãâáï. �¡à §ã¥¬ ¨ ¢ íâ®¬
á«ãç ¥ á¥¬¥©áâ¢  F 0

i = (F1i [ fang) [ F2, i = 0; 1; 2; : : : ;
�
n�2
1

�
� 2.

�â­®á¨â¥«ì­® íâ¨å á¥¬¥©áâ¢ ¢ë¯®«­ïîâáï ãá«®¢¨ï «¥¬¬ë, ¨ ¢ à¥§ã«ìâ â¥ ¯®«ãç¨¬ ¬.è. á.
â¨¯  (2; 3) ¬­®¦¥áâ¢  S á® §­ ç¥­¨ï¬¨ rn�1 ®â 0 ¤®

�
n�2
1

�
� 2 ¢ª«îç¨â¥«ì­®. �«ï ¯®«ãç¥­¨ï

á¥¬¥©áâ¢  á® §­ ç¥­¨¥¬ rn�1 =
�
n�2
1

�
� 1 ¤®áâ â®ç­® ¯®á«¥¤­¥¥ á¥¬¥©áâ¢® F 0

(n�21 )�2
¯à¥®¡à §®¢ âì

¢ ¨áª®¬®¥, ¤®¡ ¢¨¢ ª á¥¬¥©áâ¢ã F2 ­¥ª®â®à®¥ ¬­®¦¥áâ¢® fai1; ai2; an�1g ¨ ¨áª«îç¨¢ ¨§ F2 ¢á¥
¬­®¦¥áâ¢  A, jAj = 2, A � fai1; ai2; an�1g. �®«ãç¥­­®¥ â ª¨¬ ®¡à §®¬ ¬.è. á. â¨¯  (2; 3) ¡ã¤¥â
¨¬¥âì §­ ç¥­¨¥ rn�1 =

�
n�2
1

�
� 1. � ª¨¬ ®¡à §®¬, â¥®à¥¬  ¡ã¤¥â á¯à ¢¥¤«¨¢  ¤«ï ¢á¥å n.

�®§¬®¦­®, § ª®­®¬¥à­®áâì, ¤®ª § ­­ ï ¢ â¥®à¥¬ å 2, 3 ¤«ï ¤®¯ãáâ¨¬ëå ç¨á¥« ¬.è. á. â¨¯®¢
(1; 2), (2; 3) à á¯à®áâà ­ï¥âáï ­  ¬.è. á. â¨¯  (k; k + 1): ¤«ï ¬.è. á. â¨¯  (k; k + 1) ¬­®¦¥áâ¢  S
¢á¥ ç¨á«  0; 1; 2; : : : ;

�
n�1
k

�
� 2;

�
n�1
k

�
ï¢«ïîâáï ¤®¯ãáâ¨¬ë¬¨.

�áïª®¥ è¯¥à­¥à®¢® á¥¬¥©áâ¢® F â¨¯  (k; k + 1), jF j = rn = s ­ §®¢¥¬ à¥ «¨§ æ¨¥© ç¨á«  s.

�¯à¥¤¥«¥­¨¥ 5. �¥ª®â®à ï à¥ «¨§ æ¨ï F ç¨á«  s ­ §ë¢ ¥âáï ¤®¯ãáâ¨¬®©, ¥á«¨ áãé¥áâ¢ã-
¥â ¬.è. á. F 0 � F á rn = s.

�¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ ¤®¯ãáâ¨¬®áâ¨ ­¥ª®â®à®© à¥ «¨§ æ¨¨ ç¨á«  s ï¢«ï¥âáï ¤®¯ãáâ¨¬®áâì
íâ®£® ç¨á« . �§ â¥®à¥¬ë 1 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥. �¨ª ª ï à¥ «¨§ æ¨ï ç¨á«  s =
�
n�1
k

�
� 1 ­¥ ï¢«ï¥âáï ¤®¯ãáâ¨¬®©.

�«ï «î¡®£® ¤®¯ãáâ¨¬®£® ç¨á«  s, 0 � s �
�
n�1
k

�
, ¬®¦­® ¯®áâà®¨âì

��n�1
k

�
s

�
2s à §«¨ç­ëå

à¥ «¨§ æ¨© á rn = s, ­® ­¥ ¢áïª ï à¥ «¨§ æ¨ï ¤®¯ãáâ¨¬®£® ç¨á«  s ï¢«ï¥âáï ¤®¯ãáâ¨¬®© à¥ «¨-
§ æ¨¥©. � ª, ¯à¨ n = 5 ¢á¥ ç¨á«  0, 1, 2, 3, 4, 6 ï¢«ïîâáï ¤®¯ãáâ¨¬ë¬¨, ­® ­¨ª ª ï à¥ «¨§ æ¨ï
á rn = 2, £¤¥ pn = 2, qn = 0 ¨«¨ pn = 0, qn = 2 ­¥ ï¢«ï¥âáï ¤®¯ãáâ¨¬®©. �® ¦¥ á ¬®¥ ¨¬¥¥â ¬¥áâ®
¤«ï à¥ «¨§ æ¨© á rn = 4, £¤¥ pn = 4, qn = 0 ¨«¨ pn = 0, qn = 4. � ¤àã£®© áâ®à®­ë, ¤«ï rn = 4,
£¤¥ pn = 2, qn = 2, ¨¬¥îâáï ª ª ¤®¯ãáâ¨¬ë¥ à¥ «¨§ æ¨¨, â ª ¨ à¥ «¨§ æ¨¨, ª®â®àë¥ â ª®¢ë¬¨
­¥ ï¢«ïîâáï. � ¯à¨¬¥à, F =

�
fa3; a4g; fa2; a4g; fa1; a4; a5g; fa2; a3; a5g

	
­¥ ï¢«ï¥âáï ¤®¯ãáâ¨¬®©

à¥ «¨§ æ¨¥© ç¨á«  s = rn = 4,   F =
�
fa3; a4g; fa2; a4g; fa1; a4; a5g; fa1; a2; a5g

	
| ¤®¯ãáâ¨¬ ï

à¥ «¨§ æ¨ï ç¨á«  s = rn = 4.

�à¥¤«®¦¥­¨¥. �áïª ï ¤®¯ãáâ¨¬ ï à¥ «¨§ æ¨ï F ¤®¯ãáâ¨¬®£® ç¨á«  s ®¤­®§­ ç­® ¤®®¯à¥-
¤¥«ï¥âáï ¤® ¬.è. á. F 0 � F .
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�¯à ¢¥¤«¨¢®áâì ¯à¥¤«®¦¥­¨ï á«¥¤ã¥â ¨§ â®£®, çâ® á¥¬¥©áâ¢® ¢á¥å ¬­®¦¥áâ¢ A, jAj = k,
an 2 A, ª®â®àë¥ ­¥ ï¢«ïîâáï ¯®¤¬­®¦¥áâ¢ ¬¨ ¬­®¦¥áâ¢ ¨§ F , ¨ á¥¬¥©áâ¢® ¢á¥å ¬­®¦¥áâ¢ A0,
jA0j = k + 1, an =2 A0, ¤«ï ª®â®àëå ­¨ ®¤­® ¬­®¦¥áâ¢® ¨§ F ­¥ ï¢«ï¥âáï ¥£® ¯®¤¬­®¦¥áâ¢®¬,
®¡à §ã¥â è¯¥à­¥à®¢® á¥¬¥©áâ¢®.

�¥®à¥¬  4. �î¡ ï à¥ «¨§ æ¨ï ç¨á«  s =
�
n�1
k

�
ï¢«ï¥âáï ¤®¯ãáâ¨¬®© à¥ «¨§ æ¨¥©.

�®ª § â¥«ìáâ¢®. �ãáâì F { ¯à®¨§¢®«ì­ ï à¥ «¨§ æ¨ï ç¨á«  s. �«ï «î¡ëå ­ âãà «ì­ëå
pn, qn â ª¨å, çâ® rn = pn + qn =

�
n�1
k

�
, ­ ©¤ãâáï á®®â¢¥âáâ¢ãîé¨¥ à¥ «¨§ æ¨¨ F , ¯à¨ç¥¬ ç¨á«®

â ª¨å à¥ «¨§ æ¨© à ¢­®
��n�1

k

�
pn

�
. �î¡®¥ ¬­®¦¥áâ¢® A, jAj = k, an =2 A, ­¥ ¢®è¥¤è¥¥ ¢ F ,

ï¢«ï¥âáï ¯®¤¬­®¦¥áâ¢®¬ ­¥ª®â®à®£® ¬­®¦¥áâ¢  A0, jA0j = k + 1, an 2 A0, A0 2 F , ¨ ¤«ï ¢áïª®£®
¬­®¦¥áâ¢  A0, jA0j = k + 1, an 2 A0, ­¥ ¢®è¥¤è¥£® ¢ F , ­ ©¤¥âáï ¬­®¦¥áâ¢® A, jAj = k, an =2 A,
A 2 F , â ª®¥, çâ® A � A0. �®íâ®¬ã, ¥á«¨ F ­¥ ï¢«ï¥âáï ¬.è. á., â® ®­® á®£« á­® ¯à¥¤«®¦¥­¨î
®¤­®§­ ç­® ¤®¯®«­ï¥âáï ¤® ¬.è. á. F 0 � F ¤®¡ ¢«¥­¨¥¬ ­¥ª®â®àëå ¬­®¦¥áâ¢ A, jAj = k, an 2 A,
¨ A0, jA0j = k + 1, an =2 A0, ª®â®àë¥ ¢ á®¢®ªã¯­®áâ¨ á ¬¨ ®¡à §ãîâ è¯¥à­¥à®¢® á¥¬¥©áâ¢®.

�¥®à¥¬  5. �¨á«® í«¥¬¥­â®¢ �(n; k) ¢ «î¡®¬ ¬.è. á. ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ ¬ 
n� 1
k

!
� �(n; k) �

 
n

k + 1

!
;

¯à¨ç¥¬ ãª § ­­ë¥ ®æ¥­ª¨ ¤®áâ¨¦¨¬ë.

�®ª § â¥«ìáâ¢®. �¨¦­ïï ®æ¥­ª . �á«¨ rn = 0, â® F á®áâ®¨â ¨§ ¢á¥å ¬­®¦¥áâ¢ A, jAj = k,
an 2 A, ¨ ¬­®¦¥áâ¢ A0, jA0j = k + 1, an =2 A0. �â® á¥¬¥©áâ¢® ï¢«ï¥âáï ¬.è. á. á ç¨á«®¬ í«¥¬¥­-
â®¢

�
n�1
k�1

�
+
�
n�1
k+1

�
>
�
n�1
k

�
. �á«¨ rn =

�
n�1
k

�
, â® ¢ á¨«ã â¥®à¥¬ë 4 â ª¦¥ jF j �

�
n�1
k

�
. �áâ ¥âáï

à áá¬®âà¥âì á«ãç © 0 < rn <
�
n�1
k

�
. � íâ®¬ á«ãç ¥ ¤®ª ¦¥¬ ãâ¢¥à¦¤¥­¨¥ ¬¥â®¤®¬ ¬ â¥¬ â¨-

ç¥áª®© ¨­¤ãªæ¨¨. �«ï n = 1; 2; 3; 4; 5 á¯à ¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥­¨ï ¯à®¢¥àï¥âáï. �à¥¤¯®«®¦¨¬,
çâ® ®­® ¢¥à­® ¤«ï ¢á¥å k < n. �®ª ¦¥¬ á¯à ¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥­¨ï ¤«ï k = n. �á«¨ pn = 0,
â® 0 < qn <

�
n�1
k

�
. �®£«  ¢ F ¢å®¤ïâ ¢á¥ ¬­®¦¥áâ¢  A0, jA0j = k + 1, an =2 A0, ç¨á«® ª®â®àëå�

n�1
k+1

�
�
�
n�1
k

�
, ®âªã¤  jF j >

�
n�1
k

�
. �á«¨ qn = 0, â® 0 < pn <

�
n�1
k

�
. �®£¤ 

�
n�1
k

�
� pn ¬­®¦¥áâ¢

A, jAj = k, an =2 A, ­¥ ¯à¨­ ¤«¥¦ â F . �«¥¤®¢ â¥«ì­®, ¯®áª®«ìªã F | ¬.è. á, â® ¢ F ¤®«¦­ë
¢®©â¨ ¬­®¦¥áâ¢  A0, jA0j = k + 1, an =2 A0, â ª¨¥, çâ® ¤«ï ª ¦¤®£® A, jAj = k, an =2 A, ­¥ ¯à¨-
­ ¤«¥¦ é¥£® F , ¤®«¦­® ­ ©â¨áì ¢ F ¬­®¦¥áâ¢® A0, jA0j = k + 1, an =2 A0, â ª®¥, çâ® A � A0. �®
á®¢®ªã¯­®áâì ¬­®¦¥áâ¢ A, jAj = k, an =2 A, A 2 F , ¨ ¬­®¦¥áâ¢ A0, jA0j = k + 1, an =2 A0, A0 2 F ,
®¡à §ãîâ ¬.è. á. â¨¯  (k; k + 1) ¬­®¦¥áâ¢  S0 = fa1; a2; : : : ; an�1g. �«¥¤®¢ â¥«ì­®, ¯® ¨­¤ãªâ¨¢-
­®¬ã ¯à¥¤¯®«®¦¥­¨î íâ  ç áâì á¥¬¥©áâ¢  F á®¤¥à¦¨â ­¥ ¬¥­¥¥

�
n�2
k

�
í«¥¬¥­â®¢. �à®¬¥ â®£®, ¢

F ¢å®¤ïâ ¢á¥ ¬­®¦¥áâ¢  A, jAj = k, an 2 A. � ª¨¬ ®¡à §®¬, ¢ íâ®¬ á«ãç ¥ ¨¬¥¥¬

jF j �

 
n� 2
k

!
+

 
n� 1
k � 1

!
�

 
n� 2
k

!
+

 
n� 2
k � 1

!
=

 
n� 1
k

!
:

�ãáâì â¥¯¥àì pn > 0, qn > 0. �®£¤ 
�
n�1
k

�
� (pn + qn) ¬­®¦¥áâ¢ A, jAj = k, an =2 A, ¨ A0,

jA0j = k + 1, an 2 A, ­¥ ¯à¨­ ¤«¥¦ â á¥¬¥©áâ¢ã F . �®íâ®¬ã ¢ á¨«ã ¬ ªá¨¬ «ì­®áâ¨ F ¢ F
¤®«¦­ë ¢®©â¨ ¬­®¦¥áâ¢  A0, jA0j = k+1, an =2 A0, â ª¨¥, çâ® ¤«ï ª ¦¤®£® A, jAj = k, an =2 A, ­¥
¯à¨­ ¤«¥¦ é¥£® F , ¢ F ¤®«¦­® ­ ©â¨áì ¬­®¦¥áâ¢® A0, jA0j = k + 1, an =2 A0, â ª®¥, çâ® A � A0,
¨ ¤®«¦­ë ¢®©â¨ ¬­®¦¥áâ¢  A, jAj = k, an 2 A, â ª¨¥, çâ® ¤«ï ª ¦¤®£® A0, jA0j = k + 1, an 2 A,
­¥ ¯à¨­ ¤«¥¦ é¥£® F , ¢ F ¤®«¦­® ­ ©â¨áì ¬­®¦¥áâ¢® A, jAj = k, an 2 A, â ª®¥, çâ® A � A0. �®
á®¢®ªã¯­®áâì ¬­®¦¥áâ¢ A, jAj = k, an =2 A, A 2 F , ¨ ¬­®¦¥áâ¢ A0, jA0j = k + 1, an =2 A0, A 2 F ,
â ª ¦¥, ª ª á®¢®ªã¯­®áâì ¬­®¦¥áâ¢ A0, jA0j = k + 1, an 2 A0, A0 2 F , ¨ ¬­®¦¥áâ¢ A, jAj = k,
an 2 A, A 2 F , ¯®á«¥ ¨áª«îç¥­¨ï ¨§ ­¨å í«¥¬¥­â  an ®¡à §ãîâ ¬.è. á. â¨¯  á®®â¢¥âáâ¢¥­­®
(k; k+1), (k�1; k) ¬­®¦¥áâ¢  S = fa1; a2; : : : ; an�1g. �âáî¤  jF j �

�
n�2
k

�
+
�
n�2
k�1

�
=
�
n�1
k

�
, â¥¬ á ¬ë¬

­¨¦­ïï ®æ¥­ª  ¤®ª § ­ . �®áâ¨¦¨¬®áâì ¯®«ãç¥­­®© ­¨¦­¥© ®æ¥­ª¨ ¤®ª §ë¢ ¥âáï ¯®áâà®¥­¨¥¬
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á®®â¢¥âáâ¢ãîé¥£® á¥¬¥©áâ¢ . �ãáâì F 0 | á¥¬¥©áâ¢® ¢á¥å ¯®¤¬­®¦¥áâ¢ A, jAj = k, â ª¨å, çâ®
ai; aj =2 A, ¨ F 00 | á¥¬¥©áâ¢® ¢á¥å ¯®¤¬­®¦¥áâ¢ A0, jA0j = k + 1, â ª¨å, çâ® ai; aj 2 A0. �¥âàã¤­®
ã¡¥¤¨âìáï, çâ® á¥¬¥©áâ¢® F = F 0 [ F 00 ï¢«ï¥âáï ¬.è. á. â¨¯  (k; k + 1) á jF j = jF 0j + jF 00j =�
n�2
k

�
+
�
n�2
k�1

�
=
�
n�1
k

�
. �«ï íâ®£® á¥¬¥©áâ¢  ri = rj =

�
n�1
k

�
¨ rm =

�
n�3
k

�
+
�
n�3
k�2

�
, m 6= i; j.

�¥àå­ïï ®æ¥­ª . �§ [6] ¨§¢¥áâ­®, çâ® ¤«ï ¢áïª®£® è¯¥à­¥à®¢  á¥¬¥©áâ¢  F á¯à ¢¥¤«¨¢® ­¥-
à ¢¥­áâ¢®

�X
m=�

jFmj�
n

m

� � 1;

£¤¥ Fm | á¥¬¥©áâ¢® ¬­®¦¥áâ¢ A, jAj = m, A 2 F ,   � ¨ � | á®®â¢¥âáâ¢¥­­® min
A2F

jAj, max
A2F

jAj.

�âáî¤  ¤«ï ¬ ªá¨¬ «ì­®£® è¯¥à­¥à®¢  á¥¬¥©áâ¢  F â¨¯  (k; k + 1) ¨¬¥¥â ¬¥áâ®

jFkj�
n

k

� +
jFk+1j�

n

k+1

� � 1:

�§ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  á«¥¤ã¥â jF j = jFkj+ jFk+1j �
�

n

k�1

�
. �®áâ¨¦¨¬®áâì ¯®«ãç¥­­®© ®æ¥­ª¨

á«¥¤ã¥â ¨§ â®£®, çâ® á¥¬¥©áâ¢® ¢á¥å ¬­®¦¥áâ¢ A, jAj = k + 1, ®¡à §ã¥â ¬.è. á. â¨¯  (k; k + 1).
�¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ¬ ªá¨¬ «ì­®áâ¨ è¯¥à­¥à®¢  á¥¬¥©áâ¢  â¨¯  (k; k + 1), áä®à¬ã«¨à®-

¢ ­­®¥ ¢ [4], âà¥¡ã¥â ãâ®ç­¥­¨ï,   ¨¬¥­­®, ®­® ¢¥à­® â®«ìª® ¤«ï n � 5 [5]. �«ï n � 6 ¬®¦­®
¯®áâà®¨âì ¬.è. á. â¨¯  (k; k+1), ¤«ï ª®â®àëå ãª § ­­®¥ ãá«®¢¨¥ max

i
ri =

�
n�1
k

�
­¥ ¢ë¯®«­ï¥âáï.

�ãáâì n = 2m, m � 3. �®£¤  è¯¥à­¥à®¢® á¥¬¥©áâ¢® ¬­®¦¥áâ¢, á®áâ®ïé¥¥ ¨§ ¬­®¦¥áâ¢
fa1; a2; : : : ; amg, fam+1; am+2; : : : ; ang ¨ ¢á¥å ¬­®¦¥áâ¢ ¢¨¤  fai1 ; ai2 ; : : : ; aik ; aik+1 ; aik+2 ; : : : ; aim�1

g,
£¤¥ 1 � k � m � 2, aij 2 fa1; a2; : : : ; amg, j = 1; k; aij 2 fam+1; am+2; : : : ; ang, j = k + 1;m� 1,
ï¢«ï¥âáï ¬.è. á. â¨¯  (m� 1;m). �¨á«® ¬­®¦¥áâ¢ A, jAj = m� 1, ai =2 A, ª®â®àë¥ ­¥ ¯à¨­ ¤«¥-
¦ â ¯®áâà®¥­­®¬ã á¥¬¥©áâ¢ã, ®ç¥¢¨¤­®, à ¢­® m + 1. �¨á«® ¦¥ ¢á¥å ¬­®¦¥áâ¢ A, jAj = m � 1,
ai =2 A, à ¢­®

�
n�1
m�1

�
. �âáî¤ , ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥, çâ® ¯®áâà®¥­­®¥ á¥¬¥©áâ¢® á®¤¥à¦¨â ®¤­®

¬­®¦¥áâ¢® A, jAj = m, ai 2 A, ¤«ï ri ¨¬¥¥¬ §­ ç¥­¨¥ ri =
�
n�1
m�1

�
�m. �®áª®«ìªã íâ® à ¢¥­áâ¢®

á¯à ¢¥¤«¨¢® ¤«ï ¢á¥å i, â® r = max
i=1;n

ri =
�
n�1
m�1

�
�m.

�ãáâì â¥¯¥àì n = 2m+ 1, m � 3. �®£¤  è¯¥à­¥à®¢® á¥¬¥©áâ¢® ¬­®¦¥áâ¢, á®áâ®ïé¥¥ ¨§ ¬­®-
¦¥áâ¢ fa1; a2; :::; amg, fam+2; am+3; :::; ang ¨ ¢á¥å ¬­®¦¥áâ¢ ¢¨¤  fai1 ; ai2 ; :::; aik ; aik+1 ; aik+2 ; :::; aim�1

g,
£¤¥ 1 � k � m � 2, aij 2 fa1; a2; : : : ; amg, j = 1; k; aij 2 fam+2; am+3; : : : ; ang, j = k + 1;m� 1,
¨ fam+1; ai1 ; ai2 ; : : : ; aim�2

g, aij 2 fa1; : : : ; am; am+2; : : : ; ang, j = 1;m� 2, ï¢«ï¥âáï ¬.è. á. â¨¯ 
(m� 1;m), ¤«ï ª®â®à®£® ri =

�
n�1
m�1

�
�m, ¥á«¨ i 6= m+ 1, ¨

rm+1 =
m�1X
i=1

 
m

i

! 
m

m� 1� i

!
=

 
2m

m� 1

!
� 2m <

 
n� 1
m� 1

!
�m:

� ª¨¬ ®¡à §®¬, ¨ ¢ íâ®¬ á«ãç ¥ r = max
i=1;n

ri =
�
n�1
m�1

�
�m <

�
n�1
m�1

�
.

�¥®à¥¬  6. �¨á«® g(n; k) ¬.è. á. â¨¯  (k; k+1) n-í«¥¬¥­â­®£® ¬­®¦¥áâ¢  ã¤®¢«¥â¢®àï¥â

­¥à ¢¥­áâ¢ ¬

2(
n�1

k ) < g(n; k) < 3(
n�1

k ) �

 
n� 1
k

!
2(

n�1

k )�1:

�®ª § â¥«ìáâ¢®. �¨¦­ïï ®æ¥­ª  ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨§ ¯à¥¤«®¦¥­¨ï ¨ â¥®à¥¬ë 4,
¥á«¨ ¯à¨­ïâì ¢® ¢­¨¬ ­¨¥, çâ® ç¨á«® à¥ «¨§ æ¨© ¤®¯ãáâ¨¬®£® §­ ç¥­¨ï s =

�
n�1
k

�
à ¢­® ¢ â®ç-

­®áâ¨ 2(
n�1

k ).
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�¥àå­ïï ®æ¥­ª , ¯à¥¤áâ ¢«ïîé ï á®¡®© à §­®áâì, ¯®«ãç ¥âáï ¨§ á«¥¤ãîé¨å á®®¡à ¦¥­¨©.
�¬¥­ìè ¥¬®¥ ¥áâì ¢¥àå­ïï ®æ¥­ª  ç¨á«  ¤®¯ãáâ¨¬ëå à¥ «¨§ æ¨© ¤®¯ãáâ¨¬ëå ç¨á¥«. �¬¥­-
­®, 3(

n�1

k ) | íâ® ç¨á«® ¢á¥å à¥ «¨§ æ¨© ç¨á¥« 0 � s �
�
n�1
k

�
. �ëç¨â ¥¬®¥ | íâ® ç¨á«® à §«¨ç-

­ëå à¥ «¨§ æ¨© ç¨á«  s =
�
n�1
k

�
� 1, ª®â®àë¥ á®£« á­® á«¥¤áâ¢¨î ¨§ â¥®à¥¬ë 1 ­¥ ï¢«ïîâáï

¤®¯ãáâ¨¬ë¬¨ à¥ «¨§ æ¨ï¬¨.
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