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�
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¯à®ä¥áá®à  �.�.� à ¯¥âïæ 

1. �¢¥¤¥¨¥

�ãáâì A2
�(D ) ®¡®§ ç ¥â ¢¥á®¢®¥ ¯à®áâà áâ¢® �¥à£¬     ¥¤¨¨ç®¬ ªàã£¥ D = fz 2 C :

jzj < 1g ¢ C , á®áâ®ïé¥¥ ¨§   «¨â¨ç¥áª¨å   D äãªæ¨©, ¯à¨ ¤«¥¦ é¨å ¢¥á®¢®¬ã ¯à®áâà áâ¢ã
L2�(D ), � > �1. �¤¥áì L2�(D ) ®¡®§ ç ¥â ¯à®áâà áâ¢® ¨§¬¥à¨¬ëå   D äãªæ¨© f; ¤«ï ª®â®àëå

ª®¥ç  ®à¬  kfkL2
�
(D) =

h R
D

jf(z)j2d��(z)
i1=2

, d��(z) = (�+1)(1�jzj2)� 1
�
dx dy, � > �1, z = x+iy.

�à®áâà áâ¢® A2
�(D ) ï¢«ï¥âáï § ¬ªãâë¬ ¯®¤¯à®áâà áâ¢®¬ L2�(D ).

�«ï ¨§¬¥à¨¬®©   D äãªæ¨¨ ' ®¯¥à â®à �¥¯«¨æ  á á¨¬¢®«®¬ ', ¥ ®¡ï§ â¥«ì® ®£à ¨ç¥-
ë©, ® ®¯à¥¤¥«¥ë©   ¯«®â®¬ ¢ A2

�(D ) ¬®¦¥áâ¢¥, ¨¬¥¥â ¢¨¤ T
�
'f(z) = (B�

D
'f)(z), £¤¥ B�

D
|

(¢¥á®¢®©) ¯à®¥ªâ®à �¥à£¬  , ¯à®¥ªâ¨àãîé¨© L2�(D )   A
2
�(D ):

B�
D
f(z) =

Z
D

f(w)K�(z; w)d��(w) =
Z
D

f(w)
(1� zw)2+�

d��(w);

§¤¥áì K�(z; w) = (1� zw)�2�� | ¢¥á®¢®¥ ï¤à® �¥à£¬   ¤«ï A2
�(D ). �«ï ®¯¥à â®à  T

�
' ¯à¥®¡à -

§®¢ ¨¥ �¥à¥§¨  (¨«¨ á¨¬¢®« �¥à¥§¨  ®¯¥à â®à  T �
' ) á®¢¯ ¤ ¥â á ¯à¥®¡à §®¢ ¨¥¬ �¥à¥§¨ 

B�' á¨¬¢®«  íâ®£® ®¯¥à â®à 

B�T
�
' (z) = hT �

'k
�
z ; k

�
z i� = h'k�z ; k

�
z i� = B�'(z); z 2 D ;

£¤¥ hf; gi� =
R
D

f(z)g(z)d��(z) | áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢ A2
�(D ),   äãªæ¨ï

k�z (w) =
K�(z; w)

kK�(z; �)kA2
�
(D)

=
(1� jzj2)1+�=2

(1� zw)2+�
; z; w 2 D ;

ï¢«ï¥âáï ®à¬¨à®¢ ë¬ ª®£¥à¥âë¬ á®áâ®ï¨¥¬ ¤«ï A2
�(D ).

�à¥®¡à §®¢ ¨¥ �¥à¥§¨  ï¢«ï¥âáï ¢ ¦®© á®áâ ¢«ïîé¥© £ à¬®¨ç¥áª®£®   «¨§  ¢ á¨«ã
ª®¢ à¨ â®áâ¨ ¯® ®â®è¥¨î ª   «¨â¨ç¥áª¨¬ ¯à¥®¡à §®¢ ¨ï¬. �¬¥îâáï ¥¤ ¢¨¥ à ¡®âë,
¯®á¢ïé¥ë¥ ¨áá«¥¤®¢ ¨î á¢ï§¨ ¬¥¦¤ã ã¡ë¢ ¨¥¬ ¯à¨ z ! @D ¯à¥®¡à §®¢ ¨ï �¥à¥§¨  ®¯¥-
à â®à  �¥¯«¨æ , ¤¥©áâ¢ãîé¥£®   ¯à®áâà áâ¢¥ �¥à£¬   (  â ª¦¥ ª®¥çëå áã¬¬ ¯à®¨§¢¥¤¥-
¨© â¥¯«¨æ¥¢ëå ®¯¥à â®à®¢) ¨ ª®¬¯ ªâ®áâìî á ¬®£® ®¯¥à â®à . � íâ®© á¢ï§¨ ã¯®¬ï¥¬ à ¡®âë

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâ 06-01-00297-A).
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[1]{[6],   â ª¦¥ ¬®®£à ä¨¨ [7]{[9] ¨ ¨¬¥îé¨¥áï â ¬ ááë«ª¨. �â¬¥â¨¬, çâ® ¢ íâ¨å à ¡®â å, § 
¨áª«îç¥¨¥¬ [4], ¨§ãç ¥âáï ¡¥§¢¥á®¢®¥ ¯à®áâà áâ¢® �¥à£¬   A2(D ) = A2

0(D ).
�¯¥à â®à �¥¯«¨æ  T �

'   A2
�(D ) ï¢«ï¥âáï «®ª «ì® ª®¬¯ ªâë¬ ®¯¥à â®à®¬ ¯® ªà ©¥© ¬¥à¥

¢ á«ãç ¥ á¨¬¢®«  ', ¥¯à¥àë¢®£®   D (§¤¥áì ¨á¯®«ì§ã¥¬ ®¯à¥¤¥«¥¨ï ¨§ [10]). �àã£¨¬¨ á«®-
¢ ¬¨, ª®¬¯ ªâ®áâì ®¯¥à â®à  T �

' § ¢¨á¨â ®â ¯®¢¥¤¥¨ï á¨¬¢®«  '(z) ¯à¨ z ! @D ¨ ä ªâ¨ç¥áª¨
íª¢¨¢ «¥â  (¤«ï ¥¯à¥àë¢ëå á¨¬¢®«®¢) à ¢¥áâ¢ã á¨¬¢®«  ã«î   £à ¨æ¥ ªàã£ . � ¤àã£®©
áâ®à®ë, ¤«ï â ª¨å ®¯¥à â®à®¢ ¨¬¥¥â ¬¥áâ® á®®â®è¥¨¥ [7] '(z) = B�T

�
' (z), z 2 @D (¡®«¥¥ â®£®,

¤«ï £ à¬®¨ç¥áª¨å á¨¬¢®«®¢ '(z) á¯à ¢¥¤«¨¢® '(z) = B�T
�
' (z), z 2 D ). � ª¨¬ ®¡à §®¬, á¢ï§ì

¬¥¦¤ã ª®¬¯ ªâ®áâìî ®¯¥à â®à  ¨ ã¡ë¢ ¨¥¬ ¯à¥®¡à §®¢ ¨ï �¥à¥§¨  ¯à¨ ¯à¨¡«¨¦¥¨¨ ª
£à ¨æ¥ ªàã£  áâ ®¢¨âáï ®ç¥¢¨¤®© ¯® ªà ©¥© ¬¥à¥ ¤«ï å®à®è¨å á¨¬¢®«®¢.

� ¤ ®© à ¡®â¥ ¢¢®¤ïâáï ¢¥á®¢ë¥ ¯à®áâà áâ¢  BMOp
�(D ) ¨ ¨§ãç îâáï ®¯¥à â®àë �¥¯«¨æ 

T �
' á á¨¬¢®« ¬¨ ' 2 BMO1

�(D ) (� BMOp
�(D )), ¤¥©áâ¢ãîé¨¥   ¢¥á®¢ëå ¯à®áâà áâ¢ å �¥à£-

¬   A2
�(D ). �¤¥áì BMOp

�(D ) ®¡®§ ç ¥â ¯à®áâà áâ¢® ¨§¬¥à¨¬ëå   D äãªæ¨©, ¤«ï ª®â®àëå
¯®«ã®à¬ 

k'k#;BMOp

�
(D) = sup

z2D
k'(�z(�)) � B�'(z)kLp

�
(D) (1.1)

ª®¥ç . �¨¬¢®«®¬ �z(w) ®¡®§ ç¥® ¯à¥®¡à §®¢ ¨¥ �ñ¡¨ãá  w ! �z(w) ¥¤¨¨ç®£® ªàã£  ¢
á¥¡ï, ¯¥à¥¢®¤ïé¥¥ â®çªã w = 0 ¢ â®çªã w = z.

�á®¢ë¬ à¥§ã«ìâ â®¬ à ¡®âë ï¢«ï¥âáï â¥®à¥¬  3.2, ¢ ª®â®à®© ¯®ª § ®, çâ® ¥á«¨ ' 2
BMO1

�(D ) ¨ B�'(z) ! 0 ¯à¨ z ! @D (z 2 D ), â® ®¯¥à â®à T �
' ª®¬¯ ªâ¥   A2

�(D ). �ª § -
 ï ¯à®¡«¥¬  ä ªâ¨ç¥áª¨ ¡ë«  ¢¯¥à¢ë¥ áä®à¬ã«¨à®¢   ¢ à ¡®â¥ [1] ¨ à¥è¥  ¤«ï ®¡é¥£®
ª« áá  ®£à ¨ç¥ëå á¨¬¢®«®¢. �â¬¥â¨¬, çâ® á¨¬¢®«ë ¨§ BMOp

�(D ) ï¢«ïîâáï, ¢®®¡é¥ £®¢®àï,
¥®£à ¨ç¥ë¬¨.

�¥á¬®âàï   â®, çâ® ¨§ãç¥¨¥ ¯à®áâà áâ¢ BMOp
�(D ) ¡ë«® ¥®¡å®¤¨¬® ¤«ï à¥è¥¨ï áä®à¬ã-

«¨à®¢ ®© ¢ëè¥ § ¤ ç¨, ¨å ®¯¨á ¨¥ ¯à¥¤áâ ¢«ï¥â á ¬®áâ®ïâ¥«ìë© ¨â¥à¥á. �â¨ ¯à®áâà -
áâ¢  å à ªâ¥à¨§ãîâáï ¢ ¤ ®© à ¡®â¥ ¢ â¥à¬¨ å ¯à¥®¡à §®¢ ¨ï �¥à¥§¨  ¨ â ª¦¥ ¢ â¥à¬¨ å
áà¥¤¨å ¯® ªàã£ ¬ ¢ £¨¯¥à¡®«¨ç¥áª®© ¬¥âà¨ª¥ �¥à£¬  . � íâ®© á¢ï§¨ ã¯®¬ï¥¬ [6], [8], £¤¥ ¯à¨-
¢¥¤¥® ®¯¨á ¨¥ (¡¥§¢¥á®¢ëå) ¯à®áâà áâ¢ BMO1(D ), BMO2(D ) á®®â¢¥âáâ¢¥® (á¬. â ª¦¥ [11]).
� ¬¥â¨¬, çâ® ¢ [6] ¡¥§¢¥á®¢®¥ ¯à®áâà áâ¢® BMO1(D ) ®¯¨áë¢ ¥âáï ¢ ¬¥ìè¥¬ ®¡ê¥¬¥. � [8] ¯®
áãé¥áâ¢ã ¯à¨¬¥ï¥âáï â¥å¨ª  £¨«ì¡¥àâ®¢ëå ¯à®áâà áâ¢, ¥ ¯à¨¬¥¨¬ ï, ¢®®¡é¥ £®¢®àï, ¢
¤ ®© á¨âã æ¨¨.

2. �à®áâà áâ¢® BMOp

�
(D )

� ª ¡ë«® ®â¬¥ç¥® ¢ëè¥, BMOp
�(D ) ®¡®§ ç ¥â ¯à®áâà áâ¢® ¨§¬¥à¨¬ëå   D äãªæ¨©,

¤«ï ª®â®àëå ¯®«ã®à¬  (1.1) ª®¥ç . �¥âàã¤® ¢¨¤¥âì, çâ® BMOp
�(D ) � L

p
�(D ). �®à¬  ¢ ¯à®-

áâà áâ¢¥ BMOp
�(D ) ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬: k'kBMOp

�
(D) = jB�'(0)j + sup

z2D
k'(�z(�)) �

B�'(z)kLp
�
(D) . �¥£ª® ¯à®¢¥à¨âì, çâ®

k'(�z(�)) � B�'(z)k
p
Lp
�
(D) =

Z
D

j'(w) � B�'(z)jpjk�z (w)j
2 d��(w):

�¨¯¥à¡®«¨ç¥áª ï ¬¥âà¨ª  �¥à£¬   �(z; w)   ¥¤¨¨ç®¬ ªàã£¥ § ¤ ¥âáï ä®à¬ã«®© �(z; w) =
1
2
ln 1+j�z(w)j

1�j�z(w)j
= 1

2
ln j1�zwj+jz�wj

j1�zwj�jz�wj
, z; w 2 D .

�¥®à¥¬  2.1. �á«¨ ' 2 BMOp
�(D ), â® äãªæ¨ï B�' ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã �¨¯è¨æ 

¢ ¬¥âà¨ª¥ �¥à£¬   jB�'(z) �B�'(w)j � C�(z; w).

�ä®à¬ã«¨àã¥¬ â ª¦¥ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥, å à ªâ¥à¨§ãîé¥¥ äãªæ¨¨ ¨§ BMOp
�(D ) ¢

â¥à¬¨ å ¯à¥®¡à §®¢ ¨ï �¥à¥§¨ .

�¥®à¥¬  2.2. �«ï ¨§¬¥à¨¬®©   D äãªæ¨¨ ' á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥âë:

1. äãªæ¨ï B�' ®£à ¨ç¥  ¨ ' 2 BMOp
�(D );
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2. äãªæ¨ï B�' ®£à ¨ç¥  ¨ sup
z2D

f[B�j'jp(z)]
1
p � jB�'(z)jg <1;

3. äãªæ¨ï B�'p ®£à ¨ç¥  ¨ ' � 0;
4. äãªæ¨ï B�j'jp ®£à ¨ç¥ .

�¯à¥¤¥«¥¨¥ ¯à®áâà áâ¢  BMOp
�(D ) ¢ â¥à¬¨ å ¯à¥®¡à §®¢ ¨ï �¥à¥§¨  ¢¯®«¥ ¥áâ¥áâ¢¥-

® á â®çª¨ §à¥¨ï â¥®à¨¨ ª®¬¯«¥ªá®£® ¯¥à¥¬¥®£®. �¤ ª®, á«¥¤ãï â¥®à¨¨ ¢¥é¥áâ¢¥®£® ¯¥-
à¥¬¥®£®, ¬®¦® ®¯¨á âì ¯à®áâà áâ¢® BMOp

�(D ) ¢ â¥à¬¨ å áà¥¤¨å ¯® ªàã£ ¬ D(z; r) = fw 2
D : �(z; w) < rg � D á £¨¯¥à¡®«¨ç¥áª¨¬ æ¥âà®¬ z ¨ à ¤¨ãá®¬ r. �¬¥®, ¤«ï ¨§¬¥à¨¬®©   D

äãªæ¨¨ ' ¨ 0 < r <1 ¯®«®¦¨¬

b'r;�(z) = 1
jD(z; r)j�

Z
D(z;r)

'(w)d��(w); jD(z; r)j� =
Z
D(z;r)

d��(w):

�¥®à¥¬  2.3. �à®áâà áâ¢® BMOp
�(D ) á®áâ®¨â ¨§ ¨§¬¥à¨¬ëå   D äãªæ¨© ', ¤«ï ª®â®-

àëå ¢¥«¨ç¨ 

sup
z2D

�
1

jD(z; r)j�

Z
D(z;r)

j'(w) � b'r;�(z)jpd��(w)
�1=p

ª®¥ç . � ®¥ ãâ¢¥à¦¤¥¨¥ ¥ § ¢¨á¨â ®â ¢ë¡®à  r, 0 < r <1.

3. �®¬¯ ªâë¥ ®¯¥à â®àë �¥¯«¨æ 

� ãç¥â®¬ â¥®à¥¬ë 2.2 ¨ à¥§ã«ìâ â®¢ à ¡®âë [4] á¯à ¢¥¤«¨¢ 

�¥®à¥¬  3.1. �á«¨ ' 2 BMO1
�(D ) ¨ äãªæ¨ï B�' ®£à ¨ç¥ , â® ®¯¥à â®à T �

' ®£à ¨ç¥  

A2
�(D ).

�¥¯¥àì áä®à¬ã«¨àã¥¬ ®á®¢®© à¥§ã«ìâ â ¤ ®© à ¡®âë. �à¨ ¤®ª § â¥«ìáâ¢¥ íâ®£® à¥§ã«ì-
â â  ª®¬¡¨¨àã¥¬ ¯®¤å®¤ë, ¯à¥¤«®¦¥ë¥ ¢ à ¡®â å [1], [6], ®¤ ª® á ¬¨ ¤®ª § â¥«ìáâ¢  ®â«¨-
ç îâáï áãé¥áâ¢¥® ®â ¤®ª § â¥«ìáâ¢  á®®â¢¥âáâ¢ãîé¨å à¥§ã«ìâ â®¢ ¢ ã¯®¬ïãâëå à ¡®â å.
�à®¬¥ â®£®, ¯à¨¬¥ï¥¬ ¨®© ¬¥â®¤, çâ® ¯®§¢®«ï¥â ¤ ¦¥ ¢ ¡¥§¢¥á®¢®¬ á«ãç ¥ ã¯à®áâ¨âì ¤®ª § -
â¥«ìáâ¢®.

�¥®à¥¬  3.2. �á«¨ ' 2 BMO1
�(D ) ¨ B�'(z) ! 0 ¯à¨ z ! @D , â® ®¯¥à â®à T �

' ª®¬¯ ªâ¥

  A2
�(D ).

�á«¨ ãç¥áâì, çâ® ¤«ï «î¡®£® (¥ ®¡ï§ â¥«ì® â¥¯«¨æ¥¢ ) ®¯¥à â®à  ª®¬¯ ªâ®áâì ¢«¥ç¥â
áâà¥¬«¥¨¥ ª ã«î ¯à¥®¡à §®¢ ¨ï �¥à¥§¨  íâ®£® ®¯¥à â®à  (¢ á¨«ã á« ¡®© áå®¤¨¬®áâ¨ k�z ¯à¨
z ! @D ), â® ¢ â¥®à¥¬¥ 3.2 ä ªâ¨ç¥áª¨ ãâ¢¥à¦¤ ¥âáï, çâ® ª®¬¯ ªâ®áâì T �

'   A2
�(D ) íª¢¨¢ -

«¥â  â®¬ã, çâ® B�'(z)! 0 ¯à¨ z ! @D .
� ¬¥â¨¬  ª®¥æ, çâ® áãé¥áâ¢ãîâ ¯à¨¬¥àë ¥ª®¬¯ ªâëå ®¯¥à â®à®¢, ¯à¥®¡à §®¢ ¨¥ �¥-

à¥§¨  ª®â®àëå áâà¥¬¨âáï ª ã«î ¯à¨ ¯à¨¡«¨¦¥¨¨ z ª £à ¨æ¥ ªàã£  [1].
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