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�  «£¥¡à å �¨ ­ ¤ ¯®«¥¬ ­ã«¥¢®© å à ªâ¥à¨áâ¨ª¨ ¨¬¥¥â ¬¥áâ® á«¥¤ãîé¨© à¥§ã«ìâ â: ª®«ìæ®
¨­¢ à¨ ­â®¢ SL á¨¬¬¥âà¨ç¥áª®©  «£¥¡àë S(L)  «£¥¡àë �¨ L ¨§®¬®àä­® ª ª L-¬®¤ã«ì æ¥­âàã
Z(U) ã­¨¢¥àá «ì­®© ®¡¥àâë¢ îé¥©  «£¥¡àë U(L). � ¤ ­­®© à ¡®â¥ ¤®ª §ë¢ ¥âáï ­¥ª®â®àë©
 ­ «®£ íâ®£® ãâ¢¥à¦¤¥­¨ï ¤«ï ¬®¤ã«ïà­ëå  «£¥¡à �¨, ®¯à¥¤¥«¥­­ëå ­ ¤ ¯à®áâë¬ ¯®«¥¬ Fp.
� ¨¬¥­­®, ¤«ï ­¥ª®â®à®£® à áè¨à¥­¨ï bL  «£¥¡àë �¨ L ¯®ª § ­®, çâ® áãé¥áâ¢ã¥â ¨§®¬®àä¨§¬
LZ-¬®¤ã«¥© ! ª®«ìæ  ç áâ¨ç­ëå ¨­¢ à¨ ­â®¢ bSL á¨¬¬¥âà¨ç¥áª®©  «£¥¡àë S(bL) ¨ ­¥ª®â®à®£®
¯®¤ª®«ìæ  bZ ¢ æ¥­âà¥ Z( bU) ã­¨¢¥àá «ì­®© ®¡¥àâë¢ îé¥©  «£¥¡àë bU = U(bL). (�¤¥áì LZ |
Z-ä®à¬   «£¥¡àë �¨ L.) �à®¬¥ â®£®, ¨á¯®«ì§ãï â®, çâ® ª®«ìæ® ¨­¢ à¨ ­â®¢ SL  «£¥¡àë L

¯®«ãç ¥âáï à¥¤ãªæ¨¥© ¢ å à ªâ¥à¨áâ¨ªã p ª®«ìæ  ç áâ¨ç­ëå ¨­¢ à¨ ­â®¢ bSL ¨ ¨§®¬®àä¨§¬
!�1 : bZ ! bSL, ¨¬¥¥¬ à ¢¥­áâ¢® SL = Fp 


Z

!�1( bZ).
�ãáâì L|  «£¥¡à  �¨, ®¯à¥¤¥«¥­­ ï ­ ¤ ¯à®áâë¬ ¯®«¥¬ Fp, á ¡ §¨á®¬ f1; : : : ; fm, â. ¥. fi�fj =

mP
k=1

dijkfk, dijk 2 Fp, i; j = 1; : : : ;m. � áá¬®âà¨¬ á¢®¡®¤­ë© Z-¬®¤ã«ì LZ = Ze1 � � � � � Zem,

ª®â®àë© ¯à¥¢à â¨¬ ¢  ­â¨ª®¬¬ãâ â¨¢­ãî  «£¥¡àã, ¯®« £ ï ei � ej =
mP
k=1

aijkek, £¤¥ aijk 2 Z ¨

1Fp 

Z

aijk = dijk, 1 � i < j � m. �á«¨ i > j, â® ¯®«®¦¨¬ ei � ej = �ej � ei,   ei � ei = 0 ¤«ï i = j.

�®£¤  Fp 

Z

LZ, à áá¬ âà¨¢ ¥¬ ï ª ª  «£¥¡à  ­ ¤ Fp, ¨§®¬®àä­  L.

�¡®§­ ç¨¬ ç¥à¥§ bZ[X] ä ªâ®à «£¥¡àã Z[X]=pXZ[X],   ç¥à¥§ bL | â¥­§®à­®¥ ¯à®¨§¢¥¤¥­¨¥
Z-¬®¤ã«¥© bZ[X] 


Z

LZ. T®£¤  bL ï¢«ï¥âáï á¢®¡®¤­ë¬ bZ[X]-¬®¤ã«¥¬ c ¡ §¨á®¬ bei = 1bZ[X]

 ei,

i = 1; : : : ;m. �à¥¢à â¨¬ ¥£® ¢  «£¥¡àã ­ ¤ bZ[X], ¯®« £ ï bei � bej = bX\ei � ej , £¤¥\ei � ej = mP
k=1

aijkbek,
¥á«¨ ei � ej =

mP
k=1

aijkek, i; j = 1; : : : ;m. � ¤ «ì­¥©è¥¬ ç¥à¥§ ba ¡ã¤¥¬ ®¡®§­ ç âì 1bZ[X]

 a ¤«ï

«î¡®£® a 2 LZ.
�¡®§­ ç¨¬ ç¥à¥§ J(a; b; c) = (ab)c + (bc)a + (ca)b ïª®¡¨ ­ âà¥å í«¥¬¥­â®¢ ¢ «î¡®©  «£¥¡à¥.

�®£¤  ¢ á¨«ã ãá«®¢¨©, ®¯à¥¤¥«ïîé¨å ã¬­®¦¥­¨¥ ¢  «£¥¡à¥ LZ, J(ei; ej ; ek) � 0(mod pLZ). �âáî¤ 
á«¥¤ã¥â, çâ® J(bei; bej ; bek) = 0 ¢ bL, ¯®áª®«ìªã, á ®¤­®© áâ®à®­ë, «î¡®¥ ¯à®¨§¢¥¤¥­¨¥ (ber � bes) � bet
¯à¨­ ¤«¥¦¨â bX2 


Z

LZ,   á ¤àã£®© p bX = 0 ¢ bZ[X]. �®íâ®¬ã bL |  «£¥¡à  �¨, ï¢«ïîé ïáï

á¢®¡®¤­ë¬ bZ[X]-¬®¤ã«¥¬ à ­£  m. �ã¤¥¬ ­ §ë¢ âì ¥¥ bZ[X]-ä®à¬®©  «£¥¡àë L.
� ¬¥â¨¬, çâ®  «£¥¡à  L, ¨§®¬®àä­ ï, ª ª ®â¬¥ç¥­® ¢ëè¥,  «£¥¡à¥ Fp


Z

LZ¨, à áá¬ âà¨¢ ¥¬ ï

ª ª ª®«ìæ® �¨, ï¢«ï¥âáï £®¬®¬®àä­ë¬ ®¡à §®¬ ª®«ìæ  �¨ bL ®â­®á¨â¥«ì­® ª®¬¯®§¨æ¨¨ �� ¤¢ãå
¬®àä¨§¬®¢ ¢¨¤ 

� : bL! Fp 

Z

bL; �(bg) = 1Fp 

Z

bg; bg 2 bL;
� : Fp 


Z

bL = Fp[X] 

Z

LZ! Fp 

Z

LZ= L; �(f(x)
 g) = f(1)
 g; f(x) 2 Fp[X]; g 2 LZ:
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�á¯®«ì§ã¥¬ ­¥ª®â®àë¥ ®¡®§­ ç¥­¨ï, á¢ï§ ­­ë¥ á á¨¬¬¥âà¨ç¥áª®© ¨ ã­¨¢¥àá «ì­®© ®¡¥àâë-
¢ îé¨¬¨  «£¥¡à ¬¨. �ãáâì H |  «£¥¡à  �¨, ï¢«ïîé ïáï á¢®¡®¤­ë¬ K-¬®¤ã«¥¬, £¤¥ K |
ª®¬¬ãâ â¨¢­®¥ ª®«ìæ® á ¥¤¨­¨æ¥©. �¥­§®à­ãî  «£¥¡àã K-¬®¤ã«ï H ®¡®§­ ç¨¬ ç¥à¥§ T (H), £¤¥

T (H) = �
i�0
Ti(H), Ti(H) =

iz }| {
H 


K
� � � 


K
H, ¯à¨ i = 0, T0(H) = K. �®£¤  á¨¬¬¥âà¨ç¥áªãî  «-

£¥¡àã S(H) K-¬®¤ã«ï H à¥ «¨§ã¥¬ ª ª ä ªâ®à «£¥¡àã T (H)=IS , £¤¥ IS | ¨¤¥ « â¥­§®à­®©
 «£¥¡àë T (H), ¯®à®¦¤¥­­ë© í«¥¬¥­â ¬¨ h
 h0 � h0 
 h, h; h0 2 H,   ã­¨¢¥àá «ì­ãî ®¡¥àâë¢ -
îéãî U(H) | ª ª ä ªâ®à «£¥¡àã T (H)=IU , £¤¥ IU | ¨¤¥ « T (H), ¯®à®¦¤¥­­ë© í«¥¬¥­â ¬¨
h
 h0 � h0 
 h� h � h0.

�á«¨ B = fhi; i 2 Ig | ¡ §¨á K-¬®¤ã«ï H, â® S(H) = �
n�0

Sn, ¨ ¡ §¨á K-¬®¤ã«ï Sn á®áâ®¨â

¨§ ¬®­®¬®¢ hr1hr2 : : : hrn , r1 � r2 � � � � � rn, hrk 2 B. �«¥¬¥­â s, ¯à¨­ ¤«¥¦ é¨© Sn, ¡ã¤¥¬
­ §ë¢ âì ®¤­®à®¤­ë¬ áâ¥¯¥­¨ n.

�  «£¥¡à¥ U(H) ¨¬¥¥âáï ä¨«ìâà æ¨ï, ®¯à¥¤¥«ï¥¬ ï K-¬®¤ã«ï¬¨ Un(H), ª®â®àë¥ ¯®à®¦¤ -
îâáï ¬®­®¬ ¬¨ h1h2 : : : hm, m � n, hi 2 H. �® íâ®© ä¨«ìâà æ¨¨ áâà®¨âáï  áá®æ¨¨à®¢ ­­ ï £à -
¤ã¨à®¢ ­­ ï  «£¥¡à  grU(H) = �

n�0
U (n)(H), £¤¥ U (n)(H) = Un(H)=Un�1(H), n � 0, U�1(H) = 0.

�®¤ «£¥¡àã SH(H) = fs 2 S(H); Das = 0 8a 2 Hg á¨¬¬¥âà¨ç¥áª®©  «£¥¡àë S(H), £¤¥
Da | ¤¨ää¥à¥­æ¨à®¢ ­¨¥  «£¥¡àë S(H), ï¢«ïîé¥¥áï ¯à®¤®«¦¥­¨¥¬ ®¯¥à â®à  ad a, ­ §ë¢ îâ
ª®«ìæ®¬ ¨­¢ à¨ ­â®¢  «£¥¡àë H.

�¡®§­ ç¨¬ ç¥à¥§ bT , bS ¨ bU á®®â¢¥âáâ¢¥­­® â¥­§®à­ãî, á¨¬¬¥âà¨ç¥áªãî ¨ ã­¨¢¥àá «ì­ãî
®¡¥àâë¢ îéãî  «£¥¡àë ¤«ï bL. �áâ¥áâ¢¥­­ë¥ £®¬®¬®àä¨§¬ë ¨§ bT ¢ bS = bT=IS ¨ ¢ bU = bT=IU
®¡®§­ ç¨¬ ç¥à¥§ ' ¨  á®®â¢¥âáâ¢¥­­®. �§ ¢ëè¥¯à¨¢¥¤¥­­ëå ®¯à¥¤¥«¥­¨© á«¥¤ã¥â, çâ® 'n = 'jbTn
¨  n =  jbTn | íâ® £®¬®¬®àä¨§¬ë bZ[X]-¬®¤ã«¥© ¨§ bTn ¢ bSn ¨ ¢ bUn. �ãáâì �n | ª ­®­¨ç¥áª®¥

®â®¡à ¦¥­¨¥ ¨§ bUn ­  bUn= bUn�1. � á¨«ã â¥®à¥¬ë �ã ­ª à¥{�¨àª£®ää -�¨ââ  (á¬. [1]) ¨¬¥¥â
¬¥áâ® ¨§®¬®àä¨§¬ bUn= bUn�1

�= bSn. �®íâ®¬ã, ®â®¦¤¥áâ¢«ïï bUn= bUn�1 ¨ bSn, ¡ã¤¥¬ áç¨â âì, çâ® �n
| £®¬®¬®àä¨§¬ bZ[X]-¬®¤ã«¥© ¨§ bUn ­  bSn. �à®¬¥ â®£®, «¥£ª® ã¡¥¤¨âìáï [2], çâ® 'n = �n n.

�®áª®«ìªã bZ[X] = Z � P
j�1

Fp bXj , â® bT = (Z 

Z

T (LZ)) �
P
j�1

(Fp bXj 

Z

T (LZ)), £¤¥ T (LZ) |

â¥­§®à­ ï  «£¥¡à  Z-¬®¤ã«ï LZ. �®«¥¥ â®£®, â. ª. T (LZ) = �
n�0

Tn(LZ), â® bT = �
j�0

�
n�0

bTn;j , £¤¥
bTn;j = Fp bXj 


Z

Tn(LZ), j � 1,  

Tn;0 = Z

Z

Tn(LZ) = �
i1;:::;in2I

Z(bei1 

Z

bei2 

Z

� � � 

Z

bein); I = f1; 2; : : : ;mg:

� áá¬®âà¨¬ Z-¯®¤¬®¤ã«ì T n;0 ¢ bTn;0, ¯®à®¦¤¥­­ë© í«¥¬¥­â ¬¨ Sym(bei1 ; : : : ; bein), ik 2 I, £¤¥
Sym(bei1 ; : : : ; bein) =

� X
�2Sn

y�(1) 
 � � � 
 y�(n)
����

yr=eir

; r = 1; : : : ; n:

�¤¥áì Y = fy1; y2; : : : g | ¡ §¨á á¢®¡®¤­®£® Z-¬®¤ã«ï Z[Y ] á® áç¥â­ë¬ ç¨á«®¬ ®¡à §ãîé¨å,
¯à®¨§¢¥¤¥­¨¥ yj1 
 � � � 
 yjn | í«¥¬¥­â â¥­§®à­®©  «£¥¡àë T (Z[Y ]),   Sn | á¨¬¬¥âà¨ç¥áª ï
£àã¯¯  ¯®¤áâ ­®¢®ª n-© áâ¥¯¥­¨.

�¡®§­ ç¨¬ ç¥à¥§ Sn;0 ¨ Un;0 ®¡à §ë T n;0 ¢ á¨¬¬¥âà¨ç¥áª®© ¨ ã­¨¢¥àá «ì­®© ®¡¥àâë¢ îé¥©
 «£¥¡à å ¯à¨ £®¬®¬®àä¨§¬ å ' ¨  á®®â¢¥âáâ¢¥­­®. �¥£ª® ¢¨¤¥âì, çâ® Sn;0 | á¢®¡®¤­ë© Z-
¬®¤ã«ì á ¡ §¨á®¬ ¨§ í«¥¬¥­â®¢ n!bei1bei2 : : : bein , i1 � i2 � � � � � in, ik 2 I,   £®¬®¬®àä¨§¬ ' § ¤ ¥â
¨§®¬®àä¨§¬ Z-¬®¤ã«¥© Tn;0 ¨ Sn;0. �£à ­¨ç¥­¨¥ £®¬®¬®àä¨§¬  ' ­  T n;0 ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬
®¡®§­ ç âì ç¥à¥§ 'n. �®®â¢¥âáâ¢¥­­®, ®£à ­¨ç¥­¨¥  ­  T n;0 ®¡®§­ ç¨¬ ç¥à¥§  n,   ®£à ­¨ç¥­¨¥
� ­  Un;0 | ç¥à¥§ �n. �®áª®«ìªã 'n | ¡¨¥ªæ¨ï ¨§ Tn;0 ­  Sn;0 ¨ 'n = �n n, â® �n ¨  n â ª¦¥
¡¨¥ªæ¨¨.

�ãáâì La | ®¯¥à â®à «¥¢®£® ã¬­®¦¥­¨ï ¢  «£¥¡à¥ LZ, â. ¥. Lab = a � b, a; b 2 LZ. �¡®§­ ç¨¬
ç¥à¥§ La ¥£® ¯à®¤®«¦¥­¨¥ ­  bL : La(f( bX)
 b) = f( bX)
 a � b, f( bX)
 b 2 bL. � ç áâ­®áâ¨, La(bb) =
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da � b, £¤¥ bb = 1bZ[X]

 b 2 bL. �¨ää¥à¥­æ¨à®¢ ­¨¥, ¯à®¤®«¦ îé¥¥ ®¯¥à â®à La ­  â¥­§®à­ãî

 «£¥¡àã T (bL), ®¡®§­ ç¨¬ ç¥à¥§ Da. �®áª®«ìªã

Da(bb
 bc� bc
 bb) = da � b
 bc� bc
 da � b+ bb
 da � c� bc
 da � b 2 IS
¯à¨ a; b; c 2 LZ, â® áãé¥áâ¢ã¥â ¯à®¤®«¦¥­¨¥ ¤¨ää¥à¥­æ¨à®¢ ­¨ïDa ­   «£¥¡àã bS, ®¡®§­ ç ¥¬®¥
¢ ¤ «ì­¥©è¥¬ Ds

a. �®®â¢¥âáâ¢¥­­®, ¤«ï «î¡ëå a; b; c 2 LZ ¨¬¥¥¬

Da(bb
 bc� bc
 bb� bb � bc) = Da(bb
 bc� bc
 bb� bXdb � c) =
= da � b
 bc� bc
 da � b� bX( \(a � b) � c) + bb
 (da � c)� da � c
 bb� bX( \b � (a � c)) + bX bJ(a; b; c);

£¤¥ bJ(a; b; c) = \(a � b) � c+ \(b � c) � a+ \(c � a) � b. �®áª®«ìªã bJ(a; b; c) = p bd ¤«ï ­¥ª®â®à®£® d 2 LZ,
â® bX bJ(a; b; c) = 0 ¨, á«¥¤®¢ â¥«ì­®, DaIu � Iu. �®íâ®¬ã áãé¥áâ¢ã¥â ¯à®¤®«¦¥­¨¥ Du

a ®¯¥à â®à 
Da ­   «£¥¡àã bU .

� á¨«ã ®¯à¥¤¥«¥­¨ï ®¯¥à â®à®¢ Ds
a ¨ D

u
a ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï D

s
a' = 'Da, Du

a =  Da.

�à®¬¥ â®£®, DaTn;0 � T n;0, â. ª. Da Sym(bei1 ; : : : ; bein) = nP
j=1

Sym(bei1 ; : : : ;\a � eij ; : : : ; bein). �«¥¤®¢ -
â¥«ì­®, Ds

a' = 'Da, Du
a =  Da. �®íâ®¬ã ¨ �n á®£« á®¢ ­® á ¤¨ää¥à¥­æ¨à®¢ ­¨ï¬¨ Ds

a, D
u
a :

Ds
a�n = �nD

u
a , â. ª. �n = 'n 

�1

n .

�¯à¥¤¥«¨¬  ­ «®£¨ ª®«ìæ  ¨­¢ à¨ ­â®¢ ¢ Sn;0 ¨ ¢ Un;0. � ¨¬¥­­®, ¯®«®¦¨¬ S
L

n;0 = fc 2 Sn;0,

Ds
ac = pc1, 9c1 2 Sn;0 8a 2 LZg, U

L

n;0 = fd 2 Un;0, Du
ad = pd1, 9d1 2 Un;0 8a 2 LZg.

�§ á®£« á®¢ ­­®áâ¨ ¤¥©áâ¢¨ï ®¯¥à â®à®¢ Ds
a, D

u
a á ¡¨¥ªæ¨¥© �n á«¥¤ã¥â, çâ® �n § ¤ ¥â ¨§®-

¬®àä¨§¬ Z-¬®¤ã«¥© U
L

n;0 ¨ S
L

n;0. � áá¬ âà¨¢ ï U
L

n;0 ¨ S
L

n;0 ª ª LZ-¬®¤ã«¨ ®â­®á¨â¥«ì­® ¤¥©áâ¢¨ï
®¯¥à â®à®¢ Du

a , D
s
a, a 2 LZ, ¯®«ãç¨¬, çâ® �n § ¤ ¥â ¨§®¬®àä¨§¬ LZ-¬®¤ã«¥©.

� ¬¥â¨¬, çâ® ¢  «£¥¡à¥ bU ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥ bX da � b = babb�bbba, a; b 2 LZ. �«¥¤®¢ â¥«ì-
­®, U

L

n;0 = fd 2 Un;0, [ba; d] = 0 8a 2 LZg. �® í«¥¬¥­âë ba; a 2 LZ ï¢«ïîâáï ®¡à §ãîé¨¬¨  «£¥¡àëbU . �®íâ®¬ã bZn = U
L

n;0 á®¤¥à¦¨âáï ¢ æ¥­âà¥ Z( bU) ã­¨¢¥àá «ì­®© ®¡¥àâë¢ îé¥©  «£¥¡àë bU .
� ª à ­¥¥ ¤«ï â¥­§®à­®©  «£¥¡àë, à áá¬®âà¨¬ à §«®¦¥­¨¥ bS = �

n�0
�
j�0

bSn;j, £¤¥ bSn;j = Fp bXj

Z

Sn(LZ), j � 1,   bSn;0 = Z

Z

Sn(LZ). � §®¢¥¬ ª®«ìæ®¬ ç áâ¨ç­ëå ¨­¢ à¨ ­â®¢ ¬­®¦¥áâ¢® bSL =

�
n�0

bSLn;0, £¤¥ bSLn;0 = fbs 2 bSn;0, Ds
abs = pbs1, 9bs1 2 bSn;0 8a 2 LZg.

�â®¡à ¦¥­¨¥ Z-¬®¤ã«¥© �n : bSn;0 ! Sn;0, ®¯à¥¤¥«ï¥¬®¥ ­  ¡ §¨á­ëå í«¥¬¥­â å ¯à ¢¨«®¬
�n(bei1 : : : bein) = n!bei1 : : : bein , i1 � i2 � � � � � in, ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ Z-¬®¤ã«¥© ¨ ¯¥à¥áâ -

­®¢®ç­® á ®¯¥à â®à ¬¨ Ds
a. �«¥¤®¢ â¥«ì­®, �n § ¤ ¥â ¨§®¬®àä¨§¬ LZ-¬®¤ã«¥© bSLn;0 ¨ S

L

n;0,  

!n = �
�1

n �n | ¨§®¬®àä¨§¬ bSLn;0 ¨ bZn. �®®â¢¥âáâ¢¥­­®, ®â®¡à ¦¥­¨¥ ! = �
n�0

!n § ¤ ¥â ¨§®¬®à-

ä¨§¬ bSL = �
n�0

bSLn;0 ¨ bZ =
P
n�0

bZn.
�â ª, ¤®ª § ­ 

�¥®à¥¬  1. �ãáâì L |  «£¥¡à  �¨ ­ ¤ ¯à®áâë¬ ¯®«¥¬ Fp, bL { ¥¥ bZ[X]-ä®à¬ . �®£¤  ®â®-
¡à ¦¥­¨¥ ! § ¤ ¥â ¨§®¬®àä¨§¬ LZ-¬®¤ã«¥© bSL-ª®«ìæ  ç áâ¨ç­ëå ¨­¢ à¨ ­â®¢ á¨¬¬¥âà¨ç¥-

áª®©  «£¥¡àë bS = S(bL) ¨ ¯®¤ª®«ìæ  bZ ¢ æ¥­âà¥ Z( bU) ã­¨¢¥àá «ì­®© ®¡¥àâë¢ îé¥©  «£¥¡àëbU = U(bL).
�ª ¦¥¬ â¥¯¥àì ­  á¢ï§ì ¬¥¦¤ã ª®«ìæ®¬ bZ ¨ ª®«ìæ®¬ ¨­¢ à¨ ­â®¢ SL. �ãáâì s0 =P

i1;:::;in2I

�i1;:::;infi1 : : : fin , �i1;:::;in 2 Fp, | ®¤­®à®¤­ë© áâ¥¯¥­¨ n í«¥¬¥­â, ¯à¨­ ¤«¥¦ é¨© ª®«ìæã

¨­¢ à¨ ­â®¢ SL á¨¬¬¥âà¨ç¥áª®©  «£¥¡àë S(L). � áá¬®âà¨¬ í«¥¬¥­â bs0 = P
�i1;:::;inbei1 : : : bein 2bSn;0, �i1;:::;in 2 Z, ¯à¨ç¥¬ 1Fp
�i1;:::;in = �i1;:::;in ¤«ï «î¡®£® ª®íää¨æ¨¥­â  �i1;:::;in , ãç áâ¢ãîé¥£®
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¢ ®¯à¥¤¥«¥­¨¨ í«¥¬¥­â  s0, â. ¥. 1Fp
 bs0 = s0. �®«¥¥ â®£®, bs0 2 bSLn;0, â. ¥. Fp

Z

bSLn;0 = SLn . �¡®§­ ç¨¬

ç¥à¥§ b� ¨§®¬®àä¨§¬ LZ-¬®¤ã«¥© !�1, £¤¥ ! | ¢¢¥¤¥­­ë© ¢ëè¥ ¨§®¬®àä¨§¬ ! : bSL ! bZ. �®£¤ 
¯®«ãç¨¬ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥.

�¥®à¥¬  2. �ãáâì L|  «£¥¡à  �¨ ­ ¤ ¯à®áâë¬ ¯®«¥¬ Fp, bL| ¥¥ bZ[X]-ä®à¬ . �®£¤  SL =
Fp 


Z

b�bZ, £¤¥ SL | ª®«ìæ® ¨­¢ à¨ ­â®¢ á¨¬¬¥âà¨ç¥áª®©  «£¥¡àë S(L), bZ =
P
n�0

U
L

n;0 | ª®«ìæ®

ç áâ¨ç­ëå ¨­¢ à¨ ­â®¢  «£¥¡àë bU , á®¤¥à¦ é¥¥áï ¢ æ¥­âà¥ Z( bU), b� = !�1 | ¨§®¬®àä¨§¬

LZ-¬®¤ã«¥© bZ ¨ bSL.
� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ á«ãç © £ ¬¨«ìâ®­®¢®©  «£¥¡àë H2n. �«£¥¡àã �¨ L = H2n

®¯à¥¤¥«¨¬ ª ª ä ªâ®à «£¥¡àã O2n ª®«ìæ  ¬­®£®ç«¥­®¢ Fp[x1; : : : ; x2n] ¯® ¨¤¥ «ã, ¯®à®¦¤¥­­®¬ã
í«¥¬¥­â ¬¨ xpi � 1, i = 1; : : : ; 2n, ¨ ã¬­®¦¥­¨¥¬

f � g =
nX
i=1

(@if)(@n+ig)� (@ig)(@n+if); f; g 2 O2n;

@i | ¯à®¤®«¦¥­¨¥ @

@xi
­  O2n.

�¡®§­ ç¨¬ ç¥à¥§ x(�) = x�
1

1 : : : x�
2n

2n , 0 � �i < p, �i 2 Z, ¡ §¨á­ë¥ í«¥¬¥­âë  «£¥¡àë H2n.
�¬­®¦¥­¨¥ ¢ ¢ë¡à ­­®¬ ¡ §¨á¥ ¨¬¥¥â ¢¨¤

x(�) � x(�) =
nX
i=1

di(�; �)x(� + � � �i);

£¤¥ �i = (0; : : : ; 1
i
; 0; : : : ; 1

n+i
; : : : ; 0), di(�; �) = �i(�; �)1Fp , �i(�; �) =

�����
i �n+i

�i �n+i

����, � = (�1; : : : ; �2n),

� = (�1; : : : ; �2n),   ª®®à¤¨­ âë ¢¥ªâ®à  �+ � � �i ¢ëç¨á«ïîâáï ¯® ¬®¤ã«î p.
�ãáâì LZ| á¢®¡®¤­ë© Z-¬®¤ã«ì á ¡ §¨á®¬ e(�), � 2 P = f� = (�1; : : : ; �2n), 0 � �i < p,

�i 2 Zg. �à¥¢à â¨¬ ¥£® ¢  «£¥¡àã ­ ¤ Z, ¯®« £ ï

e(�) � e(�) =
nX
i=1

�i(�; �)e(� + � � �i);

£¤¥, ª ª ¨ ¢ëè¥, ª®®à¤¨­ âë ¢¥ªâ®à  �+ � � �i ¢ëç¨á«ïîâáï ¯® ¬®¤ã«î p.
�¡®§­ ç¨¬ ç¥à¥§ Mr(a) ¬­®¦¥áâ¢® à¥è¥­¨© áà ¢­¥­¨ï x1 + x2 + � � �+ xr � a(mod p), £¤¥ a =

(a1; : : : ; a2n) 2 P , xi 2 P , ¯à¨ç¥¬ ¤¢  à¥è¥­¨ï (�1; : : : ; �r) ¨ (�01; : : : ; �
0
r) áç¨â ¥¬ ®¤¨­ ª®¢ë¬¨,

¥á«¨ ®¤­® ¯®«ãç ¥âáï ¨§ ¤àã£®£® ¯¥à¥áâ ­®¢ª®© ª®¬¯®­¥­â. �â® áà ¢­¥­¨¥ à ¢­®á¨«ì­® á¨áâ¥¬¥
áà ¢­¥­¨© ¢¨¤ 

xj1 + xj2 + � � �+ xjr � aj(mod p); j = 1; : : : ; n;

£¤¥ 0 � xji < p, i = 1; : : : ; r, 0 � aj < p.
� áá¬®âà¨¬ í«¥¬¥­âë wr(a) =

P
(�1;:::;�r)2Mr(a)

Sym(be(�1); : : : ; be(�r)), r � 1. � á¨«ã à ­¥¥ ¢¢¥-

¤¥­­ëå ®¡®§­ ç¥­¨© wr(a) 2 T r;0. �®£¤ 

Dbwr(a) =
X

(�1;:::;�r)2Mr(a)

rX
j=1

2nX
i=1

�i(b; �j) Sym(be(�1); : : : ; be(�j + b� �i); : : : ; be(�r)):

�á«¨ ­ ¡®à (�01; : : : ; �
0
r) â ª®©, çâ® �

0
j = �j + b � �i, �0t = �t � b + �i, �0k = �k, k 6= j; t, â® ¢

à¥§ã«ìâ â¥ ¯à¨¬¥­¥­¨ï ¤¨ää¥à¥­æ¨à®¢ ­¨ï Db ª ¬®­®¬ã be(�01) : : : be(�0r) ¯®«ãç¨¬ ¢ ª ç¥áâ¢¥ ®¤-
­®£® ¨§ á« £ ¥¬ëå ¬®­®¬ be(�1) : : : be(�j+b��i) : : : be(�r). �¡ê¥¤¨­ïï ¢ ¢ëè¥¯à¨¢¥¤¥­­®© ä®à¬ã«¥

25



á¨¬¬¥âà¨§ â®àë á ¯®¤®¡­ë¬¨ ¬®­®¬ ¬¨, ¯®«ãç¨¬

Dbwr(a) =

=
X

(�1;:::;�r)2Mr(a)

2nX
i=1

�i(b; �1 + � � �+ �r + (r � 1)�i)
rX

j=1

Sym(be(�1); : : : ; be(�j + b� �i); : : : ; be(�r)):

�á«¨ a � (1 � r)�(mod p), £¤¥ � =
nP
i=1

�i, a 2 P , â® Dbwr(a) = pw1, w1 2 T r;0. �«¥¤®¢ â¥«ì­®,

sr(a) = 'wr(a) 2 S
L

r;0, bsr(a) = 1
r!
sr(a) 2 bSLr;0, 1Fp 


Z

bsr(a) = sr(a) 2 SL(L), £¤¥ a � (1 � r)�(mod p).

�®®â¢¥âáâ¢¥­­®, ur(a) =  wr(a) 2 U
L

r;0 � ZU(bL), ¯à¨ç¥¬, ª ª ¯®ª § ­® ¢ â¥®à¥¬ å 1 ¨ 2,

�
�1

r sr(a) = ur(a) ¨ 1Fp 

Z

1
r!
gr ur(a) = sr(a).

�¨â¥à âãà 
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