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�§¢¥áâ® [1], çâ® «î¡®¥ à¥è¥¨¥ ¢¯®«¥ ¨â¥£à¨àã¥¬®£® ãà ¢¥¨ï ¢ ç áâëå ¯à®¨§¢®¤ëå
¯¥à¢®£® ¯®àï¤ª  ¬®¦¥â ¡ëâì ¯®«ãç¥® ¨§ ¯®«®£® ¨â¥£à «  ¬¥â®¤®¬ ¢ à¨ æ¨¨ ¯à®¨§¢®«ìëå
¯®áâ®ïëå.

�¥«ì áâ âì¨ | ¤®¯®«¨âì ª« áá¨ç¥áª¨¥ ¨áá«¥¤®¢ ¨ï ®¯¨á ¨¥¬ à §¡¨¥¨ï ¯à®áâà áâ¢ 
à®áâª®¢   «¨â¨ç¥áª¨å à¥è¥¨© ãà ¢¥¨ï ¯¥à¢®£® ¯®àï¤ª    ª« ááë íª¢¨¢ «¥â®áâ¨, ¨§-
ãç¨âì íâ¨ ª« ááë   ¯à®áâà áâ¢¥ 2-áâàã© à®áâª®¢ à¥è¥¨© ¨ ¤ âì ¨¬ £¥®¬¥âà¨ç¥áªãî ¨â¥à-
¯à¥â æ¨î. �¥§ã«ìâ âë ¨áá«¥¤®¢ ¨© ¯à¨¬¥ïîâáï ¤«ï ®¯¨á ¨ï áâà®¥¨ï ¯à®áâà áâ¢    «¨-
â¨ç¥áª¨å ¨â¥£à «®¢ ãà ¢¥¨© § ¤ ç¨ ¤¢ãå â¥«.

�ç¨â ¥¬, çâ® ¢á¥ ª àâë ¨áá«¥¤ã¥¬ëå ¬®£®®¡à §¨© ¨¬¥îâ ª« áá C!.

1. �á®¢ë¥ à¥§ã«ìâ âë

�ãáâì J1(Rn ;R) | ¯à®áâà áâ¢® 1-áâàã© ¤¥©áâ¢¨â¥«ìëå äãªæ¨© ®â n ¯¥à¥¬¥ëå, ¨¬¥î-
é¥¥ «®ª «ìë¥ ª®®à¤¨ âë (x1 : : : xn; z; p1 : : : pn). �à ¢¥¨¥ ¢ ç áâëå ¯à®¨§¢®¤ëå

F (x;p) = 0; x = (x1 : : : xn); p = (p1 : : : pn); (1)

nP
j=1

F 2
pj
6= 0, ¡ã¤¥¬ ¨â¥à¯à¥â¨à®¢ âì ª ª § ¬ªãâ®¥ ¯®¤¬®£®®¡à §¨¥ ¢ íâ®¬ ¯à®áâà áâ¢¥. �¥®-

¬¥âà¨ç¥áª®¥ à¥è¥¨¥ ãà ¢¥¨ï (1) ¥áâì ¨¬¬¥àá¨ï i : Mn ! J1(Rn ;R), i = (x; z(x);p(x)), n-
¬¥à®£® ¬®£®®¡à §¨ï Mn � R

n , ¤«ï ª®â®à®© i(Mn) � F�1(0), ¯à¨ íâ®¬ ª ®¨ç¥áª ï 1-ä®à¬ 

� = dz�
nP

j=1
pjdxj ®¡à é ¥âáï ¢ ã«ì â®¦¤¥áâ¢¥®   i(Mn). �« áá¨ç¥áª®¥ à¥è¥¨¥ z :Mn ! R

1

¥áâì Pr �i, £¤¥ Pr(x; z;p) = z.
�ã¤¥¬ £®¢®à¨âì, çâ® n-¯ à ¬¥âà¨ç¥áª®¥   «¨â¨ç¥áª®¥ á¥¬¥©áâ¢® äãªæ¨© w(x; c) + cn, x 2

Mn, c 2 Nn�1 � R
n�1 (c = (c1; : : : ; cn�1) | ¢¥ªâ®à ¯à®¨§¢®«ìëå ¯®áâ®ïëå) ¥áâì ª« áá¨ç¥áª¨©

¯®«ë© ¨â¥£à « ãà ¢¥¨ï (1), ¥á«¨ F (x;w
x
(x; c)) � 0, ¯à¨ íâ®¬ rankw

xc
= n � 1 ¢ ª ¦¤®©

â®çª¥ ®¡« áâ¨ D =Mn �Nn�1.
�â®¡à ¦¥¨¥ j1w : (Mn � Nn�1 � R

1 ) ! J1(Rn ;R1), j1w(x; c; cn) = (x;w(x; c) + cn; wx
(x; c))

ï¢«ï¥âáï «®ª «ì®© ¯ à ¬¥âà¨§ æ¨¥© ¬®£®®¡à §¨ï F�1(0) [1]. �áª«îç ï ¢¥ªâ®à c ¨§ (n � 1)
ãà ¢¥¨© á®¢®ªã¯®áâ¨ p = w

x
(x; c) ¨ ¯®¤áâ ¢«ïï ¥£® ¢ ®áâ ¢è¥¥áï ãà ¢¥¨¥ íâ®© ¦¥ á¨áâ¥¬ë,

¯®«ãç¨¬ à ¢¥áâ¢® (1) [2].
� ®¢ëå «®ª «ìëå ª®®à¤¨ â å x, c ãà ¢¥¨¥ � = 0 ¯à¨¬¥â ¢¨¤

j1w�� �
n�1X
j=1

wcj(x; c)dcj + dcn = 0: (2)

�¥®¬¥âà¨ç¥áª®¥ à¥è¥¨¥ ãà ¢¥¨ï (2) ¥áâì ¨¬¬¥àá¨ï j :Mn ! R
2n , j = (x; c(x); cn(x)), ¤«ï

ª®â®à®© j1w�� ®¡à é ¥âáï ¢ ã«ì â®¦¤¥áâ¢¥®   j(Mn). �« áá¨ç¥áª®¥ à¥è¥¨¥ ¥áâì (c; cn) :
Mn ! R

n .
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�¨ªá¨àã¥¬ â®çªã (x0; c0; cn0) 2 D � R
1 . �®«®¦¨¬ j1w(x0; c0; cn0) = (x0; z0;p0).

�¥¬¬  1. �®¦¥áâ¢® fbi(x0) : i(x0) = (x0; z0;p0)g à®áâª®¢ ¢ x0 £¥®¬¥âà¨ç¥áª¨å à¥è¥-

¨© ãà ¢¥¨ï (1)  å®¤¨âáï ¢ ¡¨¥ªâ¨¢®¬ á®®â¢¥âáâ¢¨¨ h á ¬®¦¥áâ¢®¬ fbj(x0) : j(x0) =
(x0; c0; cn0)g à®áâª®¢ ¢ x0 £¥®¬¥âà¨ç¥áª¨å à¥è¥¨© ãà ¢¥¨ï (2). �¨¥ªæ¨ï h(bj) = bi ¨¬¥¥â á«¥-

¤ãîé¨© ¢¨¤:

h(bj) = j1w(bj): (3)

�®ª § â¥«ìáâ¢®. �ç¥¢¨¤®, «î¡®¬ã à®áâªã bj(x0) á®®â¢¥âáâ¢ã¥â ¥¤¨áâ¢¥ë© à®áâ®ª bi(x0),
¢ëç¨á«¥ë© ¯® ä®à¬ã«¥ (3). �â® ¦¥ à ¢¥áâ¢® ãáâ  ¢«¨¢ ¥â ®¡à â®¥ á®®â¢¥âáâ¢¨¥: «î¡®¬ã
à®áâªã bi(x0) ®â¢¥ç ¥â ¥¤¨áâ¢¥ë© à®áâ®ª bj(x0) ¯® ªà ©¥© ¬¥à¥ ¤«ï ¥ª®â®à®© ®ªà¥áâ®áâ¨

(c0; cn0) � Nn�1 � R

n , ¥ § ¢¨áïé¥© ®â ¢ë¡®à  à®áâª  bi(x0).
�¨ää¥à¥æ¨àãï ¯®á«¥¤¨¥ n à ¢¥áâ¢ á¨áâ¥¬ë (3) ¯® x ¨ ¯à¨¨¬ ï ¢® ¢¨¬ ¨¥ (2), ¯®«ãç¨¬

(z �w)
xx
(x0; c0) = (w

xc
� c

x
)(x0; c0):

�¤¥áì (x; z; z
x
) | ®¤¨ ¨§ ¯à¥¤áâ ¢¨â¥«¥© à®áâª  bi(x0). �âáî¤  á«¥¤ã¥â, çâ®

rank(z �w)
xx
(x0; c0) = rank c

x
(x0) � n� 1: (4)

� á ¬®¬ ¤¥«¥, § ¯¨è¥¬ ¥à ¢¥áâ¢  �¨«ì¢¥áâà 

rank(z �w)
xx
(x0; c0) � min(rankw

xc
(x0; c0); rank cx(x0));

rank(z �w)
xx
(x0; c0) � rankw

xc
(x0; c0) + rank c

x
(x0)� (n� 1):

�ç¨âë¢ ï, çâ® ¢ ®¡« áâ¨ D à £ ¬ âà¨æë w
xc
(x0; c0) à ¢¥ n�1, ¨¬¥¥¬ âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥¨¥.

�à¨¨¬ ï ¢® ¢¨¬ ¨¥ ¯à®¨§¢®«ì®áâì ¢ë¡®à  â®çª¨ (x0; c0; cn0) ¨ à®áâª  bi(x0), ¯à¨å®¤¨¬ â ª¦¥
ª á«¥¤ãîé¥© «¥¬¬¥.

�¥¬¬  2. �®áâ®ª ª« áá¨ç¥áª®£® à¥è¥¨ï z(x) ãà ¢¥¨ï (1) ï¢«ï¥âáï à®áâª®¬ à¥è¥¨ï

n-¬¥à®£®   «®£  ãà ¢¥¨ï �®¦ -�¬¯¥à 

det(z(x) �w(x; c))
xx

= 0; z
x
= w

x
(x; c): (5)

� ç áâ®¬ á«ãç ¥, ª®£¤  n = 2, (5) | ¯ à ¡®«¨ç¥áª®¥ ãà ¢¥¨¥ �®¦ -�¬¯¥à .

�«¥¤áâ¢¨¥ 1. �à ¢¥¨¥ (1) ¥áâì ¯à®¬¥¦ãâ®çë© ¨â¥£à « ãà ¢¥¨ï (5).

�«¥¤áâ¢¨¥ 2. �á«¨ z(x) ¥áâì ª« áá¨ç¥áª®¥ à¥è¥¨¥ ãà ¢¥¨ï (1) ¨ (x0; c0) 2 D (z
x
(x0) =

w
x
(x0; c0)), â®£¤  ¬ âà¨æ  (z �w)

xx
(x0; c0) ï¢«ï¥âáï ®á®¡®©.

�ãáâì eT | ¯à®áâà áâ¢® à®áâª®¢   «¨â¨ç¥áª¨å à¥è¥¨© z : Mn ! R
1 ãà ¢¥¨ï (1), T

| ¥£® ¯®¤¯à®áâà áâ¢®, á®áâ®ïé¥¥ ¨§ à®áâª®¢ à¥è¥¨© «®ª «ì® ¯®áâ®ï®£® à £  ¬ âà¨æë
(z �w)

xx
.

� áá¬®âà¨¬ â ª¦¥ ¯à®áâà áâ¢® T(2), á®áâ®ïé¥¥ ¨§ 2-áâàã© à®áâª®¢ à¥è¥¨© z : Mn ! R
1 .

�  íâ®¬ ¯à®áâà áâ¢¥ à®áâª¨ bz1(x0); bz2(x0) 2 T \áª«¥¨¢ îâáï", ¥á«¨ ®¨ ¨¬¥îâ ª á ¨¥ ¢â®à®£®
¯®àï¤ª  ¢ â®çª¥ x0.

�à®¨§¢®«ì®¥ ¬®£®®¡à §¨¥ L ¡ã¤¥¬  §ë¢ âì ¬®®â®® áâà â¨ä¨æ¨à®¢ ë¬ [3], ¥á«¨ ®®
à á¯ ¤ ¥âáï   ¯®¯ à® ¥¯¥à¥á¥ª îé¨¥áï ¯®¤¬®£®®¡à §¨ï L1; : : : ; Lt, ã¤®¢«¥â¢®àïîé¨¥ ãá«®-

¢¨î Lk =
kS

j=1
Lj ¯à¨ ¢á¥å k = 1; : : : ; t (§¤¥áì Lk | § ¬ëª ¨¥ Lk). �â¤¥«ìë¥ ¯®¤¬®£®®¡à §¨ï

Lk ¡ã¤¥¬  §ë¢ âì áâà â ¬¨.
�ä®à¬ã«¨àã¥¬ â¥®à¥¬ã, ®¯¨áë¢ îéãî áâà®¥¨¥ ¯à®áâà áâ¢ T. � íâ®© æ¥«ìî ¢¢¥¤¥¬ á«¥¤ã-

îé¨¥ ®¡®§ ç¥¨ï: � ¥áâì à¥£ã«ïà ï L-¯®¢¥àå®áâì ¢ ¯à®áâà áâ¢¥ ¯à®¨§¢®«ìëå ¯®áâ®ïëå
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c1; : : : ; cn, ¯à¨ íâ®¬ (c0; cn0) 2 �; (w + cn)� ¥áâì L-¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® äãªæ¨©, ï¢«ïî-
é¥¥áï ®£à ¨ç¥¨¥¬ (w + cn)   �; bD�(x0) ¥áâì à®áâ®ª ¤¨áªà¨¬¨ âë íâ®£® á¥¬¥©áâ¢  (¥á«¨
dim� = 0, ¯®« £ ¥¬ bD� = ( bw + cn)� ); (�) | íâ® (x0; z0;p0);

k
(�)
L = fbz : z(x0) = z0; zx(x0) = p0; rank(z �w)

xx
(x0; c0) = Lg: (6)

�ãáâì R | ®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨, ï¢«ïîé¥¥áï ª á ¨¥¬ ¢â®à®£® ¯®àï¤ª  ¢ â®çª¥ x0.
�«¥¤ãîé ï â¥®à¥¬  ®¡®¡é ¥â ª« áá¨ç¥áª¨¥ à¥§ã«ìâ âë [4], [5].

�¥®à¥¬  (� £à ¦ -�¬è¥¥æª®£®). I. �®«ë© ¨â¥£à « w(x; c) + cn ãà ¢¥¨ï F = 0
à §¡¨¢ ¥â ¯à®áâà áâ¢® T   n ª« áá®¢ íª¢¨¢ «¥â®áâ¨, á®¤¥à¦ é¨å à®áâª¨ á ä¨ªá¨à®¢ -

ë¬ à £®¬ ¬ âà¨æë (z �w)
xx
;

T =
n�1[
L=0

TL; Ti

\
Tj = 0; ¥á«¨ i 6= j: (7)

�®¤¯à®áâà áâ¢  TL ¨¬¥îâ £¥®¬¥âà¨ç¥áª®¥ ®¯¨á ¨¥

TL =
[
(�)

k
(�)
L ; (8)

¯à¨ç¥¬ ¤«ï «î¡®© â®çª¨ (�) áãé¥áâ¢ã¥â ®ªà¥áâ®áâì 
(c0; cn0) � Nn�1 � R
1 , ¤«ï ª®â®à®©

k
(�)
L = f bD� : � � 
; (c0; cn0) 2 �; dim� = Lg: (9)

II. � §¡¨¥¨¥ ¬®£®®¡à §¨ï T(2) ¯® à £ ¬ ¢â®à®£® ¤¨ää¥à¥æ¨ «  (z �w)
xx

ï¢«ï¥âáï ¬®-

®â®®© áâà â¨ä¨ª æ¨¥©, ª®à §¬¥à®áâì áâà â®¢ T
(2)
L = TL=R ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥

codimT
(2)
L = (n� L� 1)(n� L)=2:

�§ â¥®à¥¬ë á«¥¤ã¥â, çâ® ¯®¤¯à®áâà áâ¢® TL á®áâ®¨â ¨§ à®áâª®¢ ¤¨áªà¨¬¨ â ¢á¥¢®§¬®¦-
ëå L-¯ à ¬¥âà¨ç¥áª¨å á¥¬¥©áâ¢ äãªæ¨© (w(x; c) + cn)�. �â¬¥â¨¬, çâ® íâ  ä®à¬ã«¨à®¢ª 
®â«¨ç ¥âáï ®â ª« áá¨ç¥áª®©, áãé¥áâ¢¥® ¤®¯®«ïï ¥¥. � ª, âà ¤¨æ¨®® ãâ¢¥à¦¤ ¥âáï [5],
çâ® «î¡®¥ £« ¤ª®¥ à¥è¥¨¥ á ®â¬¥ç¥®© â®çª®© (�) ¢å®¤¨â ¢¬¥áâ¥ á ¥ª®â®à®© ®ªà¥áâ®áâìî
B(x0)� 
(c0; cn0) «¨¡® ¢ á¥¬¥©áâ¢® ¯®«®£® ¨â¥£à « 

fD� : � � 
; (c0; cn0) 2 �; dim� = 0g;

«¨¡® ¯à¨ ¤«¥¦¨â á¥¬¥©áâ¢ã ®¡é¥£® ¨â¥£à « 

fD� : � � 
; (c0; cn0) 2 �; 1 � dim� � n� 1g;

¯à¨ íâ®¬ ®¯¨á ¨¥ ¡®«¥¥ \â®ª®© áâàãªâãàë" (7){(9) ¯à®áâà áâ¢  T,   â ª¦¥ ®¯¨á ¨¥ áâà -
â¨ä¨ª æ¨¨ T(2) ®âáãâáâ¢ã¥â.

2. �®ª § â¥«ìáâ¢® â¥®à¥¬ë

�¬¥¥â ¬¥áâ®

�¥¬¬  3. �à®áâà áâ¢® T(2) ï¢«ï¥âáï £« ¤ª¨¬ ¯®¤¬®£®®¡à §¨¥¬ ¯à®áâà áâ¢  J2(Mn;R1).

�¯à ¢¥¤«¨¢®áâì «¥¬¬ë ¢ëâ¥ª ¥â ¨§ â®£® ä ªâ , çâ® ãà ¢¥¨¥ (1)  ª« ¤ë¢ ¥â ®£à ¨ç¥¨¥
  ¯¥à¢ë¥ ¨ ¢â®àë¥ ¯à®¨§¢®¤ë¥ ¨áª®¬®£® à¥è¥¨ï z :Mn ! R

1 . �¥©áâ¢¨â¥«ì®, ¯ãáâì

(x1; : : : ; xn); z; (p1; : : : ; pn); kaijk
n
1 (aij = aji) (10)

| «®ª «ìë¥ ª®®à¤¨ âë áâàã¨ j2
x
z ¢ J2(Mn;R1). �®£¤  ç¨á« 

(x1; : : : ; xn); z; (p2; : : : ; pn); kaijk
n
2 ;
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¢å®¤ïé¨¥ ¢ á®¢®ªã¯®áâì (10), ï¢«ïîâáï «®ª «ìë¬¨ ª®®à¤¨ â ¬¨   T(2); ®¨ ®¤®§ ç®
§ ¤ îâ áâàãî j2

x
z ¨§ íâ®£® ¯à®áâà áâ¢ , â. ª. ¢á¥£¤  áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ § ¤ ç¨

�®è¨ zjx1 = '(x), £¤¥ ' | «î¡®© ¯à¥¤áâ ¢¨â¥«ì 2-áâàã¨ j2
x
f(x; z;p; kaijkn2 ) (x = (x2; : : : ; xn),

p = (p2; : : : ; pn)). �áâ ¢è¨¥áï ¢¥«¨ç¨ë p1, a1j = aj1 ®¯à¥¤¥«ïîâáï á«¥¤ãîé¨¬ ®¡à §®¬: p1
 å®¤¨âáï ¨§ ãà ¢¥¨ï (1), ¯ à ¬¥âàë a1j | ¨§ á¨áâ¥¬ë ãà ¢¥¨©

F T
x
+ kaijk

n
1 (Fp1 ; : : : ; Fpn)

T = 0;

ï¢«ïîé¨åáï ¤¨ää¥à¥æ¨ «ìë¬¨ á«¥¤áâ¢¨ï¬¨ â®¦¤¥áâ¢  F (x; z
x
) = 0 (aij = zxixj ).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë. �¨ªá¨àã¥¬ â®çªã (x; c0; cn0) 2 D � R
1 . �ãáâì

q(�) = f(bc; bcn) : c(x0) = c0; cn(x0) = cn0g; (�)� (x0; c0; cn0);

| á¥¬¥©áâ¢® à®áâª®¢ ª« áá¨ç¥áª¨å à¥è¥¨© ãà ¢¥¨ï (2) á ¤ ®© 0-áâàã¥© j0x0(c; cn),

k(�) = fbz : z(x0) = z0; z
x
(x0) = p0g

| á¥¬¥©áâ¢® à®áâª®¢ ª« áá¨ç¥áª¨å à¥è¥¨© ãà ¢¥¨ï (1) á ¤ ®© 1-áâàã¥© j1
x0
z. �§ ¢¨¤ 

ãà ¢¥¨ï (2) á«¥¤ã¥â, çâ® ¬ âà¨æ  �ª®¡¨ A = (c; cn)x(x0) ¢ëà®¦¤¥ , ¯à¨ íâ®¬ rankA =
rank c

x
(x0). �ç¥¢¨¤®, ãá«®¢¨¥ rankA = L � n � 1 § ¤ ¥â ®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨   q(�),

à §¡¨¢ îé¥¥ íâ® á¥¬¥©áâ¢®   ª« ááë íª¢¨¢ «¥â®áâ¨.
�§ ãá«®¢¨ï (4) ¨ à ¢¥áâ¢  (3), ãáâ  ¢«¨¢ îé¥£® ¡¨¥ªâ¨¢®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã k(�) ¨ q(�),

¢ëâ¥ª ¥â, çâ® k(�) â ª¦¥ à á¯ ¤ ¥âáï   ª« ááë íª¢¨¢ «¥â®áâ¨ k(�)L (L = 0; : : : ; n�1), ¨¬¥îé¨¥
¢¨¤ (6). �ç¥¢¨¤®, TL (L = 0; : : : ; n� 1) | ª« ááë íª¢¨¢ «¥â®áâ¨   T.

�¥¯¥àì, á«¥¤ãï à ¡®â ¬ [1], [2], [5], ¤ ¤¨¬ £¥®¬¥âà¨ç¥áª®¥ ®¯¨á ¨¥ k(�)L . �ãáâì z(x0) 2 k
(�)
L .

�®áâ®ª ®â®¡à ¦¥¨ï (c; cn) : Mn ! R
n , § ¤ ¢ ¥¬®£® ä®à¬ã«®© (3), ï¢«ï¥âáï à®áâª®¬ ª« áá¨ç¥-

áª®£® à¥è¥¨ï ãà ¢¥¨ï (2). �§ â¥®à¥¬ë �ª®¡¨ á«¥¤ã¥â, çâ® ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ U(x0)
äãªæ¨¨ ci :Mn ! R

1 á¢ï§ ë ¬¥¦¤ã á®¡®© § ¢¨á¨¬®áâï¬¨

cL+1 =  1(c1; : : : ; cL); : : : ; cn =  n�L(c1; : : : ; cL): (11)

�ç¥¢¨¤®, (11) | à¥£ã«ïà ï L-¯®¢¥àå®áâì, ¯à¨ ¤«¥¦ é ï ®¡« áâ¨ Nn�1�R
1 ¨ ¯à®å®¤ï-

é ï ç¥à¥§ ä¨ªá¨à®¢ ãî â®çªã (c0; cn0). � ¯¨è¥¬ ãà ¢¥¨¥ (2) ¢ «®ª «ìëå ª®®à¤¨ â å cj
¯®¢¥àå®áâ¨ (11). �«ï íâ®£® ¯®¤áâ ¢¨¬ (11) ¢ ãà ¢¥¨¥ (2) ¨ ¯à¨à ¢ï¥¬ ª®íää¨æ¨¥âë ¯à¨
¤¨ää¥à¥æ¨ « å dc1; : : : ; dcL

wck +
n�L�1X
j=1

wcj+L

@ j

@ck
+
@ n�L

@ck
= 0 (k = 1; : : : ; L): (12)

�®¢¥àå®áâì (11) ®¡®§ ç¨¬ ç¥à¥§ �, à áá¬®âà¨¬ â ª¦¥ ®£à ¨ç¥¨¥ (w+cn)�. �®£¤  ãà ¢¥¨ï
(12) ¯à¨¬ãâ ¢¨¤

@(w+ cn)�
@c1

= 0; : : : ;
@(w + cn)�

@cL
= 0: (13)

�ãáâì (c1; : : : ; cL) : Mn ! R
L | ç áâ®¥ à¥è¥¨¥ ãà ¢¥¨© (13). �§ à ¢¥áâ¢  (3) á«¥¤ã¥â, çâ®

à®áâ®ª

bz(x0) = (w+ cn)�(x; bc1(x); : : : ; bcL(x))(x0) (14)

ï¢«ï¥âáï à®áâª®¬ à¥è¥¨ï ãà ¢¥¨ï (1). �â ª, bz(x0) | à®áâ®ª ¤¨áªà¨¬¨ âë L-¯ à ¬¥â-
à¨ç¥áª®£® á¥¬¥©áâ¢  äãªæ¨© (w + cn)�. �á«¨ ¯à®¢¥áâ¨ à ááã¦¤¥¨ï ¢ ®¡à â®¬ ¯®àï¤ª¥, â®
¯à¨¤¥¬ ª ¢ë¢®¤ã, çâ® k

(�)
L á®¢¯ ¤ ¥â á® ¢á¥¬ á¥¬¥©áâ¢®¬ à®áâª®¢ â ª¨å ¤¨áªà¨¬¨ â, ª®£¤ 

� ¯à®¡¥£ ¥â ¢á¥ ¬®¦¥áâ¢® L-¯®¢¥àå®áâ¥©, ¯à®å®¤ïé¨å ç¥à¥§ â®çªã (c0; cn0). � áâì I â¥®à¥¬ë
¤®ª §  .
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�â¬¥â¨¬, çâ® à®áâ®ª bz(x0) ¥ ï¢«ï¥âáï, ¢®®¡é¥ £®¢®àï, à®áâª®¬ ¤¨áªà¨¬¨ âë D�, ¥á«¨ x0
| â®çª  ¯ ¤¥¨ï à £  ¬ âà¨æë (z �w)

xx
: â¥®à¥¬  �ª®¡¨ §¤¥áì ¥ ¯à¨¬¥¨¬ .

II. �ãáâì T(1) | ¯à®áâà áâ¢® 1-áâàã© à¥è¥¨© z : Mn ! R
1 ãà ¢¥¨ï (1), ¨¬¥îé¥¥ «®-

ª «ìë¥ ª®®à¤¨ âë x1; : : : ; xn; z; p2; : : : ; pn. � áá¬®âà¨¬ ¯à®¥ªæ¨î T(2) ! T(1), ï¢«ïîéãîáï
£« ¤ª¨¬ à áá«®¥¨¥¬. �«®©  ¤ â®çª®© x1; : : : ; xn; z; p2; : : : ; pn ¬®¦® ®â®¦¤¥áâ¢¨âì á ¯à®áâà -
áâ¢®¬ ª¢ ¤à â¨çëå ä®à¬ ®â (n � 1) ¯¥à¥¬¥ëå, ¯®íâ®¬ã ® ¤¨ää¥®¬®àä¥ ¯à®áâà áâ¢ã
Lsim(n � 1; n � 1) á¨¬¬¥âà¨çëå ¬ âà¨æ kbijk

n
2 , £¤¥ bij = aij � wxixj , aij = zxixj . �®á«¥¤¥¥ ¤®-

¯ãáª ¥â ¬®®â®ãî áâà â¨ä¨ª æ¨î ¯® à £ ¬ ¥£® í«¥¬¥â®¢ [6]: ¬®¦¥áâ¢® ¬ âà¨æ à £  L
ï¢«ï¥âáï £« ¤ª¨¬ ¯®¤¬®£®®¡à §¨¥¬ ª®à §¬¥à®áâ¨ (n � L � 1)(n � L)=2,   ¥£® § ¬ëª ¨¥ á®-
áâ®¨â ¨§ ¬®£®®¡à §¨© ¬ âà¨æ à £  ¥ ¢ëè¥ L. �âáî¤  á«¥¤ã¥â, çâ® ¬®£®®¡à §¨¥ T(2) â ª¦¥
áâà â¨ä¨æ¨à®¢ ® ¯® à £ ¬ ¬ âà¨æë kbijk

n
2 , áâà âë ¨¬¥îâ âã ¦¥ á ¬ãî ª®à §¬¥à®áâì,   ¨å

§ ¬ëª ¨¥ á®áâ®¨â ¨§ ¬®£®®¡à §¨ï áâàã© á ª¢ ¤à â¨çë¬ ¤¨ää¥à¥æ¨ «®¬, ã¤®¢«¥â¢®àïîé¨¬
ãá«®¢¨î rank kbijkn2 � L. �¥®à¥¬  ¤®ª §  .

� ç áâ®¬ á«ãç ¥ íâ  â¥®à¥¬  ®¯¨áë¢ ¥â áâà®¥¨¥ ¯à®áâà áâ¢    «¨â¨ç¥áª¨å ¯¥à¢ëå ¨-
â¥£à «®¢ á¨áâ¥¬ë ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

_x = X(x); x 2Mn; X = (X1; : : : ;Xn):

�¥©áâ¢¨â¥«ì®, á®®â¢¥âáâ¢ãîé¥¥ ãà ¢¥¨¥ ¯¥à¢®£® ¯®àï¤ª 
nX

j=1

Xj(x)zxj = 0 (15)

¨¬¥¥â ª« áá¨ç¥áª¨© ¯®«ë© ¨â¥£à « (w + cn), £¤¥ w =
n�1P
j=1

zjcj . �¤¥áì fzj : Uj ! R
1 ; Uj �

Mng | ¨â¥£à «ìë© ¡ §¨á ãà ¢¥¨ï (15). �¯à¥¤¥«¨¬ ¯à®áâà áâ¢®   «¨â¨ç¥áª¨å à¥è¥¨©
z : U ! R

1 , U �Mn, á ®â¬¥ç¥ë¬¨ â®çª ¬¨ (�)   ¨å:

T =
[
(�)

k(�); k(�) = fz : z(x0) = z0; zx(x0) = p0g:

�¨¥©®áâì w (®â®á¨â¥«ì® cj) ¯®§¢®«ï¥â ãá¨«¨âì ä®à¬ã«¨à®¢ªã â¥®à¥¬ë, ®âª § ¢è¨áì ®â
ä ªâ®à¨§ æ¨¨ ¯à®áâà áâ¢  T ¯® à®áâª ¬: à §¡¨¥¨¥ T   ª« ááë íª¢¨¢ «¥â®áâ¨,   â ª¦¥
¯à¥¤áâ ¢«¥¨¥ z(x) ¢ ¢¨¤¥ ¤¨áªà¨¬¨ âë á¥¬¥©áâ¢  (w + cn)�, á®åà ï¥â á¨«ã (¤¨áªà¨¬¨ -
â  D� ¯à¨ íâ®¬ ®¯à¥¤¥«ï¥âáï ¢ æ¥«®¬, â. ¥. ¯à¥¤áâ ¢«ï¥â á®¢®ªã¯®áâì ¢á¥å á¢®¨å «®ª «ìëå
ãç áâª®¢).

3. �âà®¥¨¥ ¯à®áâà áâ¢  ¯¥à¢ëå ¨â¥£à «®¢ § ¤ ç¨ ¤¢ãå â¥«

�¯¨è¥¬ áâà®¥¨¥ ¯à®áâà áâ¢    «¨â¨ç¥áª¨å ¯¥à¢ëå ¨â¥£à «®¢ § ¤ ç¨ ¤¢ãå â¥«. �â¥-
£à « í¥à£¨¨, ¨â¥£à « ¯«®é ¤¥© ¨ ¤¢  áª «ïàëå ¨â¥£à «  � ¯« á  ¨¬¥îâ ¢¨¤

H � ( _x21 + _x22)=2� �=r = h; f1 � x1 _x2 � x2 _x1 = �1;

f2 � ��x1=r + _x2f1 = �2; f3 � ��x2=r � _x1f1 = �3;

h; �j = const; r =
q
x21 + x22; � | ¯ à ¬¥âà:

�®«ë© ¨â¥£à « ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥¨¥w+c4 =
3P

j=1
fjcj+c4. �ëç¨á«¥¨ï ¯®ª §ë¢ îâ, çâ®

rankw
xc
= 3 ¢áî¤ã ¢ ®¡« áâ¨ ¨§¬¥¥¨ï ¯¥à¥¬¥ëå x1, x2, _x1, _x2 ¨ ¯à®¨§¢®«ìëå ¯®áâ®ïëå

cj , §  ¨áª«îç¥¨¥¬ ¢ëà®¦¤¥®£® ¯®¤¬®¦¥áâ¢ , ®â¢¥ç îé¥£® ã«¥¢®¬ã § ç¥¨î ¨â¥£à « 
¯«®é ¤¥© f1. � ª ¨§¢¥áâ®, ¢ íâ®¬ ®á®¡®¬ á«ãç ¥ ¤¢  £à ¢¨â¨àãîé¨å â¥«  ¤¢¨¦ãâáï ¯® ¯àï¬®©.
� ª¨¬ ®¡à §®¬, ¥®¡å®¤¨¬® ¨áª«îç¨âì ¨§ à áá¬®âà¥¨ï ¯àï¬®«¨¥©ë¥ ®à¡¨âë, â®£¤  (w+ c4)
¡ã¤¥â ã¤®¢«¥â¢®àïâì ãá«®¢¨î ¥¢ëà®¦¤¥®áâ¨.
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� ¯à¥¤áâ ¢«¥¨¨
T = T0

[
T1

[
T2

[
T3

ª ¦¤®¥ ¨§ ¥¯¥à¥á¥ª îé¨åáï ¯®¤¯à®áâà áâ¢ TL á®áâ®¨â ¨§   «¨â¨ç¥áª¨å ¨â¥£à «®¢ z(x),
¨¬¥îé¨å ä¨ªá¨à®¢ ë© à £ ¬ âà¨æë (z �w)

xx
, à ¢ë© L. � ¯®¬¨¬, çâ® ¤«ï ª ¦¤®£® ¨-

â¥£à «  z(x) ¨áª«îç ¥¬ ¨§ à áá¬®âà¥¨ï ¢ëà®¦¤¥®¥ ¬®¦¥áâ¢® â®ç¥ª ¯ ¤¥¨ï à £  íâ®©
¬ âà¨æë.

�ç¥¢¨¤®, ¨â¥£à «ë f1, f2, f3 ¯à¨ ¤«¥¦ â ¯®¤¯à®áâà áâ¢ã T0, ¥á«¨ ¨áª«îç¨âì ¨§ à á-
á¬®âà¥¨ï  ç «® ª®®à¤¨ â. �®ª ¦¥¬, çâ® ¨â¥£à « H = h ¯à¨ ¤«¥¦¨â ¯®¤¯à®áâà áâ¢ã T3.

�§ ä®à¬ã«ë (4) á«¥¤ã¥â, çâ® à £ ¬ âà¨æë (z � w)
xx

á®¢¯ ¤ ¥â á à £®¬ ¬ âà¨æë c
x
, £¤¥

c(x) = (c1(x); c2(x); c3(x)) | ¢¥ªâ®à ¢ à¨ æ¨¨ ¯®áâ®ïëå cj , ã¤®¢«¥â¢®àïîé¨© ¢ á¨«ã (3) ãà ¢-
¥¨ï¬

H
x
= w

x
(x; c(x)):

�ëç¨á«¥¨ï ¯®ª §ë¢ îâ, çâ®

c1(x) = �2H=f1; c2(x) = f2=f
2
1 ; c3(x) = f3=f

2
1 : (16)

�ç¨âë¢ ï, çâ® ¨â¥£à « í¥à£¨¨ H = h § ¢¨á¨â ¢ á¨«ã ª« áá¨ç¥áª®£® á®®â®è¥¨ï

f 22 + f 23 � 3Hf 21 = �2 (17)

®â ¨â¥£à «®¢ fj , ¯à¨å®¤¨¬ ª ¢ë¢®¤ã, çâ® ¢ à¨ æ¨¨ (16) ¥§ ¢¨á¨¬ë ¬¥¦¤ã á®¡®©, â. ª. ¢ ¯à®â¨¢-
®¬ á«ãç ¥ ¨¬¥«¨ ¡ë § ¢¨á¨¬®áâì ¬¥¦¤ã ¨â¥£à « ¬¨ � ¯« á  ¨ ¨â¥£à «®¬ ¯«®é ¤¥©. �â ª,
rank c

x
= 3, ¯®íâ®¬ã H 2 T3 ( ç «® ª®®à¤¨ â ¨áª«îç ¥¬). �âáî¤  á«¥¤ã¥â, çâ® ¨â¥£à « í¥à-

£¨¨ ï¢«ï¥âáï ®£¨¡ îé¥© ¥ª®â®à®£® âà¥å¯ à ¬¥âà¨ç¥áª®£® ¯®¤á¥¬¥©áâ¢  (w + c4)�, dim� = 3,
¯®«®£® ¨â¥£à «  (w+ c4).

�®«ãç¨¬ ãà ¢¥¨¥ ¯®¢¥àå®áâ¨ �. �«ï íâ®£® á«¥¤ã¥â ¯®¤áç¨â âì ®áâ ¢èãîáï ¢ à¨ æ¨î
c4(x). �¬¥¥¬

c4(x) = H(x)�w(x; c(x)) = H � �2=f 21 : (18)

�á«¨ â¥¯¥àì ¨§ ãà ¢¥¨© (16), (18) ¢ëà §¨âìH, fj ç¥à¥§ cj ¨ ¯®¤áâ ¢¨âì ¯®«ãç¥ë¥ ¢ëà ¦¥¨ï
¢ (17), â® ¯®«ãç¨¬ äãªæ¨® «ìãî á¢ï§ì ¬¥¦¤ã cj , ª®â®à ï ®¯à¥¤¥«ï¥â ¯®¢¥àå®áâì �,

s3(c22s+ c23s+ c1) = �2:

�¤¥áì s(c1; c4) | ª®à¥ì ªã¡¨ç¥áª®£® ãà ¢¥¨ï

c1s
3 + 2c4s2 + 2�2 = 0:

�¨â¥à âãà 
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