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1. �®áâ ®¢ª  § ¤ ç¨

�à®¡«¥¬  ¦¨¢ãç¥áâ¨ ã¯à ¢«ï¥¬ëå á¨áâ¥¬ à áá¬ âà¨¢ ¥âáï ¢ áâ âì¥ [1]. � ¥© ¯à¥¤«®¦¥ 
 ªá¨®¬ â¨ª , ¬ â¥¬ â¨ç¥áª ï ä®à¬ «¨§ æ¨ï ¨ ¯®¤å®¤ë ª ¯à®¡«¥¬¥   ®á®¢¥   «¨§  ¥áª®«ì-
ª¨å á®¤¥à¦ â¥«ìëå ¯à¨¬¥à®¢ ¨§ íª®®¬¨ª¨, íª®«®£¨¨ ¨ í¥à£¥â¨ª¨. � «ì¥©è¥¬ã à §¢¨â¨î
â¥®à¨¨ ¯à¨¬¥¨â¥«ì® ª «¨¥©ë¬ ¤¨áªà¥âë¬ á¨áâ¥¬ ¬ ã¯à ¢«¥¨ï ¯®á¢ïé¥  à ¡®â  [2]. �
¤ ®© áâ âì¥ ®á®¢®¥ ¢¨¬ ¨¥ á®áà¥¤®â®ç¥®   ¨áá«¥¤®¢ ¨¨ § ¤ ç ¦¨¢ãç¥áâ¨, ¢ ª®â®àëå
æ¥«¥¢®¥  § ç¥¨¥ á¨áâ¥¬ë § ¤ ¥âáï ¥«¨¥©ë¬¨ äãªæ¨® «ìë¬¨ ®£à ¨ç¥¨ï¬¨. � «¨§
§ ¤ ç ¯à®¢®¤¨âáï âà ¤¨æ¨®ë¬¨ ¬¥â®¤ ¬¨ â¥®à¨¨ ®¯â¨¬¨§ æ¨¨.

�ãáâì æ¥«¥¢®¥  § ç¥¨¥ á¨áâ¥¬ë ¨¬¥¥â ¢¨¤

f(u; v) � 0; u 2 U � Er; v 2 V = [0; 1]s � Es: (1)

�¤¥áì u = (u; u1; : : : ; ur) | ¢¥ªâ®à ã¯à ¢«ïîé¨å ¢®§¤¥©áâ¢¨©, v = (v1; v2; : : : ; vm) | ¢¥ªâ®à ¢®§¬ã-
é¥¨©, f(u; v) | ¥¯à¥àë¢ ï ¨ ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ ï ¯®  à£ã¬¥â ¬ u, v áª «ïà ï
äãªæ¨ï á £à ¤¨¥â®¬ fv 6= 0 ¯à¨ f(u; v) = 0, U � Er | ¥¯ãáâ®© ª®¬¯ ªâ, V | áâ ¤ àâë©
ªã¡ à §¬¥à®áâ¨ s. �¥«¥¢®¥ ãá«®¢¨¥ á®áâ®¨â ¢  å®¦¤¥¨¨ â ª®£® ã¯à ¢«¥¨ï u 2 U , ª®â®à®¥
®¡¥á¯¥ç¨¢ ¥â ¢ë¯®«¥¨¥ ¥à ¢¥áâ¢  (1) ¤«ï ¢á¥å ¢®§¬ãé¥¨© v 2 V ¨«¨ ¤«ï ¬ ªá¨¬ «ì®£®
¢ ¥ª®â®à®¬ á¬ëá«¥ ¯®¤¬®¦¥áâ¢  ¢®§¬ãé¥¨© ¨§ V .

�à¨ ä¨ªá¨à®¢ ®¬ u 2 U ®¯à¥¤¥«¨¬ ¬®¦¥áâ¢® \¥®¯ áëå" ¢®§¬ãé¥¨© V (u) = fv 2 V :
f(u; v) � 0g. � ¤ ç  ¯®¢ëè¥¨ï ¦¨¢ãç¥áâ¨ á®áâ®¨â ¢ ¬ ªá¨¬¨§ æ¨¨ «¥¡¥£®¢  ®¡ê¥¬  ¬®¦¥áâ¢ 
¥®¯ áëå ¢®§¬ãé¥¨©

I(u) = �(V (u))! max; u 2 U: (2)

�à¨¬¥¬ §  ¬¥àã ¬®¦¥áâ¢  V (u) ¨â¥£à «

�(V (u)) =
Z
V (u)

�(v)dv;

£¤¥ �(v) � 0 | § ¤  ï ¥¯à¥àë¢ ï äãªæ¨ï. �e ¬®¦® âà ªâ®¢ âì ª ª äãªæ¨î \¯«®â®áâ¨"
¢®§¬ãé¥¨©. �®£¤  § ¤ ç  (2) ¯à¨¬¥â ¢¨¤

J(u) = �

Z
V (u)

�(v)dv ! min; u 2 U: (3)
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2. �ëç¨á«¥¨¥ £à ¤¨¥â  ¯®ª § â¥«ï ¦¨¢ãç¥áâ¨

�¢¥¤¥¬ ®¡®§ ç¥¨ï

V (u+�u) = fv : f(u+�u; v) � 0g; V (u) = fv : f(u; v) � 0g;

V�(u; u+�u) = fv : f(u; v) � 0; f(u+�u; v) � 0g;

V+(u; u+�u) = fv : f(u; v) � 0; f(u+�u; v) � 0g:

�ëç¨á«¨¬ ¯à¨à é¥¨¥ ¯®ª § â¥«ï ¦¨¢ãç¥áâ¨

�J(u) = J(u+�u)� J(u) = �

� Z
V (u+�u)

�(v)dv �
Z

V (u)

�(v)dv
�
:

�«ï ä¨ªá¨à®¢ ëå u, u+�u ¨§ U ¨¬¥¥¬Z
V (u+�u)

�(v)dv =
Z

V (u)

�(v)dv �
Z

V
�

(u;u+�u)

�(v)dv +
Z

V+(u;u+�u)

�(v)dv;

¯®íâ®¬ã

�J(u) =
Z

V+(u;u+�u)

�(v)dv �
Z

V
�

(u;u+�u)

�(v)dv: (4)

�á¥ ¤ «ì¥©è¨¥ ¯®áâà®¥¨ï ¡ã¤¥¬ ¢¥áâ¨ ¢ ¯à®áâà áâ¢¥ ¯ à ¬¥âà®¢ v1; v2; : : : ; vs ¯à¨ ä¨ª-
á¨à®¢ ëå u, u + �u. � â®çªe v ¯®¢¥àå®áâ¨ f(u; v) = 0 ®¯à¥¤¥«¥ £à ¤¨¥â fv(u; v). �¥-
à¥§ â®çªã v ¢  ¯à ¢«¥¨¨ £à ¤¨¥â  ¯à®¢¥¤¥¬ ¯àï¬ãî L: ! = v + �fv(u; v), j�j < 1. �®ç-
ª  ¯¥à¥á¥ç¥¨ï ¯àï¬®© L á ¯®¢¥àå®áâìî f(u + �u; v) = 0 ¤®«¦  ã¤®¢«¥â¢®àïâì ãà ¢¥-
¨î '(u; v; �;�u) = f(u + �u; v + �fv(u; v)) = 0. �¥£ª® ã¡¥¤¨âìáï, çâ® «¥¢ ï ç áâì íâ®-
£® ãà ¢¥¨ï ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬  ¯® � ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ '(u; v; 0; 0) = 0,
'�(u; v; 0; 0) = kfv(u; v)k2 > 0. � íâ®¬ á«ãç ¥ â¥®à¥¬  ® ¥ï¢®© äãªæ¨¨ £ à â¨àã¥â áãé¥áâ¢®-
¢ ¨¥ ¥¤¨áâ¢¥®£® ¤¨ää¥à¥æ¨àã¥¬®£® ¢ ¬ «®© ®ªà¥áâ®áâ¨ â®çª¨ u, v, �u = 0 à¥è¥¨ï

� = �(u; v;�u) = a(u; v)0�u+ o(u; v; k�uk); (5)

¤«ï ª®â®à®£® á¯à ¢¥¤«¨¢® â®¦¤¥áâ¢®

f(u+�u; v + �(u; v;�u)fv(u; v)) � 0: (6)

�¤¥áì ®áâ â®çë© ç«¥ o(u; v; k�uk) à ¢®¬¥à® ¯® u, v ¨¬¥¥â ¯®àï¤®ª ¬ «®áâ¨ ¢ëè¥ k�uk,
¯®íâ®¬ã ¡ã¤¥¬ ®¡®§ ç âì ¥£® o(k�uk).

�§ (6) ¯ãâ¥¬ ¤¨ää¥à¥æ¨à®¢ ¨ï ¯® �u  å®¤¨¬

a(u; v) = �
1

kfv(u; v)k2
fu(u; v): (7)

�®¤áâ ¢¨¢ (7) ¢ (5), ¯®«ãç¨¬

�(u; v;�u) = �
f 0u(u; v)�u

kfv(u; v)k2
+ o(k�uk): (8)

�®®â¢¥âáâ¢ãîé ï � = �(u; v;�u) â®çª 

!(u; v;�u) = v + �(u; v;�u)fv(u; v) + o(k�uk) (9)

«¥¦¨â   ¯®¢¥àå®áâ¨ f(u+�u; v) = 0. �ç¥¢¨¤®, ¯à¨ �(u; v;�u) < 0 â®çª  !(u; v;�u)  å®¤¨âáï
¢ ®¡« áâ¨ V�(u; u+�u) ¨ ¯à¨ �(u; v;�u) > 0 | ¢ ®¡« áâ¨ V+(u; u+�u).
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�¡®§ ç¨¬

S+(u; u+�u) = fv 2 V : f(u; v) = 0; �(u; v;�u) > 0g;

S�(u; u+�u) = fv 2 V : f(u; v) = 0; �(u; v;�u) < 0g:
(10)

�ëç¨á«¨¬ ®¡ê¥¬ í«¥¬¥â à®£® æ¨«¨¤à , ®£à ¨ç¥®£® ¯®¢¥àå®áâï¬¨ f(u; v) = 0, f(u +
�u; v) = 0, á ®¡à §ãîé¥©, ¯ à ««¥«ì®© £à ¤¨¥âã fv(u; v), ¨ á ¯«oéa¤ìî ¯®¯¥à¥ç®£® á¥ç¥¨ï
ds. �«ï ¢ëá®âë æ¨«¨¤à  h = k!(u; v;�u)�vk á ãç¥â®¬ (9) ¯®«ãç¨¬ h = j�(u; v;�u)j kfv(u; v)k+
o(k�uk). �®íâ®¬ã ®¡ê¥¬ í«¥¬¥â à®£® æ¨«¨¤à  ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥ dv = h ds =
j�(u; v;�u)j kfv(u; v)kds + o(k�uk)ds.

�ç¨âë¢ ï § ª¨ äãªæ¨¨ �(u; v;�u) ¢ ®¡« áâïå (10) ¨ ä®à¬ã«ã (8), ¯®«ãç¨¬

dv = �
fu(u; v)0�u

kfv(u; v)k
ds+ o(k�uk)ds; (u; v) 2 S+(u; u+�u);

dv =
fu(u; v)0�u

kfv(u; v)k
ds+ o(k�uk)ds; (u; v) 2 S�(u; u+�u):

(11)

�«ï ¯¥à¥å®¤  ¢ ¯à ¢®© ç áâ¨ à ¢¥áâ¢  (4) ®â ¨â¥£à «  ¯® ®¡ê¥¬ã ª ¨â¥£à «ã ¯® ¯®¢¥àå-
®áâ¨ ¨á¯®«ì§ã¥¬ ®¯à¥¤¥«¥¨¥ ¨â¥£à « . � íâ®© æ¥«ìî ¡ã¤¥¬ áç¨â âì, çâ® ¬®¦¥áâ¢  V+, V�
à §¡¨âë   ¯®¯ à® ¥¯¥à¥á¥ª îé¨¥áï æ¨«¨¤àë Vi+, Vi� ¯® ®¯¨á ®¬ã ¢ëè¥ ¯à ¢¨«ã â ª,
çâ®

V+ =
n[
i=1

Vi+; Vi+
\

Vj+ = � ¯à¨ i 6= j;

V� =
n[
i=1

Vi�; Vi�
\

Vj� = � ¯à¨ i 6= j

¨ mesVi+ = dvi+, mesVi� = dvi�, i = 1; n. �ë¡¥à¥¬ ¢ ª ¦¤®¬ í«¥¬¥â à®¬ æ¨«¨¤à¥ Vi+, Vi�
¯à®¨§¢®«ìãî â®çªã vi+, vi�, i = 1; n, «¥¦ éãî   ¯®¢¥àå®áâ¨ f(u; v) = 0. �®£¤  á ãç¥â®¬ (11)
¨¬¥¥¬Z

V+

�(v)dv = lim
n!1

nX
i=1

�(vi+)dvi+ =

= lim
n!1

nX
i=1

�(vi+)
�
�

fu(u; vi+)0�u

kfv(u; vi+)k

�
dsi+ + lim

n!1

nX
i=1

�(vi+)o(u; vi+; k�uk)dsi+;

£¤¥ dsi+ | \¯«®é ¤ì" ¯®¯¥à¥ç®£® á¥ç¥¨ï í«¥¬¥â à®£® æ¨«¨¤à  Vi+. � ¯à¥¤¥«¥ ¯®«ãç¨¬Z
V+

�(v)dv =
Z

S+(u;u+�u)

�(v)
�
�

fu(u; v)0�u

kfv(u; v)k

�
ds+ �;

� =
Z

S+(u;u+�u)

�(v)o(u; v; k�uk)ds:
(12)

�æ¥¨¬ ®áâ â®çë© ç«¥ �. �ë¡¥à¥¬ ¯à®¨§¢®«ì®¥ ¬ «®¥ " > 0. � á¨«ã à ¢®¬¥à®© ¬ «®áâ¨
®áâ â®ç®£® ç«¥  o(u; v; k�uk) ¢ ®¡« áâ¨ U � V ¯® �u  ©¤¥âáï â ª®¥ ¬ «®¥ � > 0, çâ®

jo(u; v; k�uk)j
k�uk

< " ¤«ï ¢á¥å u 2 U , v 2 V ¯à¨ k�uk < �:

�®£¤ 

j�j =
����
Z
S+

�(v)o(u; v; k�uk)ds
���� � "k�uk

Z
S+

�(v)ds:
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�«¥¤®¢ â¥«ì®,

0 �
j�j

k�uk
� "

Z
S+

�(v)dv:

�®áª®«ìªã " | ¯à®¨§¢®«ì® ¬ «®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«®, â® j�j = o(k�uk) ¨ (12) § ¯¨è¥âáï ¢
¢¨¤¥ Z

V+

�(v)dv =
Z
S+

�(v)
�
�

fu(u; v)0�u

kfv(u; v)k

�
ds+bi+(k�uk):

�¥©áâ¢ãï   «®£¨ç®, ¯®«ãç¨¬Z
V
�

�(v)dv =
Z
S
�

�(v)
�
fu(u; v)0�u

kfv(u; v)k

�
ds+bi�(k�uk):

� à¥§ã«ìâ â¥ ä®à¬ã«  (4) ¯à¨¬¥â ¢¨¤

�J(u) =
�
�

Z
S

�(v)
kfv(u; v)k

fu(u; v)ds
�0
�u+bi(k�uk);

£¤¥ S = S+

S
S�, bi(k�uk) = bi+(k�uk) +bi�(k�uk). �âáî¤  ¨¬¥¥¬

grad J(u) = �

Z
S

�(v)
kfv(u; v)k

fu(u; v)ds: (13)

�¤¥áì ds | «¥¡¥£®¢ë© í«¥¬¥â \¯«®é ¤¨" ¯®¢¥àå®áâ¨ S.

3. �¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ®¯â¨¬ «ì®áâ¨

�®à¬ã«  (13) ¯®§¢®«ï¥â ¢ ª®áâàãªâ¨¢®© ä®à¬¥ § ¯¨á âì ¤«ï § ¤ ç¨ (3) ¨§¢¥áâë¥ ¢ â¥®à¨¨
¢ë¯ãª«®© ®¯â¨¬¨§ æ¨¨ [3] ¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ®¯â¨¬ «ì®áâ¨.

�¥®à¥¬ . �ãáâì u� | «®ª «ì®¥ à¥è¥¨¥ § ¤ ç¨ (3), ¯à¨ç¥¬ ¬®¦¥áâ¢® U ¢ë¯ãª«®¥ ¨

äãªæ¨ï J(u) ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬    U . �®£¤ 

hgrad J(u�); u� u�i � 0 8u 2 U:

�®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à¦¤¥¨ï   «®£¨ç® [3].
�¥à¥©¤¥¬ ª ¤¥â «¨§ æ¨¨ ¬¥â®¤  ãá«®¢®£® £à ¤¨¥â  [3] ¤«ï ¯®¨áª  ®¯â¨¬ «ìëå à¥è¥¨©

¢ § ¤ ç¥ (3). �ãáâì § ¤ ®  ç «ì®¥ ¯à¨¡«¨¦¥¨¥ u0 2 U ¨ ¬¥â®¤®¬ ãá«®¢®£® £à ¤¨¥â 
¢ëç¨á«¥® uk 2 U . �¯à¥¤¥«¨¬ uk 2 U ¨§ à¥è¥¨ï ¢á¯®¬®£ â¥«ì®© § ¤ ç¨

Jk(u
k) = min

u2U
Jk(u) (Jk(u) = hgrad(uk); u� uki):

�  ®âà¥§ª¥ ¯àï¬®©
uk(�) = uk + �(uk � uk); � 2 [0; 1];

¢¢¥¤¥¬ äãªæ¨î ®¤®© ¯¥à¥¬¥®©

�k(�) = J(uk(�)); � 2 [0; 1];

¨ à¥è¨¬ § ¤ çã ®¤®¬¥à®© ¬¨¨¬¨§ æ¨¨

�k(�k) = min
�2[0;1]

�k(�): (14)

�«¥¤ãîé¥¥ ¯à¨¡«¨¦¥¨¥  ©¤¥¬ ¯® ä®à¬ã«¥

uk+1 = uk(�k); k = 0; 1; 2; : : :

�®ïâ®, çâ® â®ç®¥ ®¯à¥¤¥«¥¨¥ �k ¨§ ãá«®¢¨ï (14) ¬¥â®¤ ¬¨ ®¤®¬¥à®© ¬¨¨¬¨§ æ¨¨ ¢®§-
¬®¦® ¤ «¥ª® ¥ ¢á¥£¤ , ¯®íâ®¬ã ®¡ëç®   ¯à ªâ¨ª¥ § ¤ îâ �k = 1 ¨ ¯à®¢¥àïîâ ãá«®¢¨¥ ã¡ë-
¢ ¨ï J(uk+1) < J(uk). �á«¨ ®® ¥ ¢ë¯®«ï¥âáï, â® ¡¥àãâ �k = 0:5 ¤® â¥å ¯®à, ¯®ª  íâ® ãá«®¢¨¥
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¢ë¯®«¨âáï. �à ªâ¨ç¥áª¨¬ ªà¨â¥à¨¥¬ ®ª®ç ¨ï ¯à®æ¥áá  ¢ëç¨á«¥¨© ¥áâ¥áâ¢¥® ¢ë¡à âì
¥à ¢¥áâ¢ 

jJk(u
k)j � �1; J(uk)� J(uk+1) � �2;

£¤¥ �1, �2 | á®£« á®¢ ë¥ ç¨á« , å à ªâ¥à¨§ãîé¨¥ â®ç®áâì áç¥â .
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