ISSN 1066-369X, Russian Mathematics (Iz. VUZ), 2008, Vol. 52, No. 1, pp. 72-75. (© Allerton Press, Inc., 2008.
Original Russian Text (© Yu.A. Chernyaev, 2008, published in Izvestiya Vysshikh Uchebnykh Zavedenii. Matematika, 2008, No. 1, pp. 78-82.

Generalization of the Newton Method for One Class
of Nonconvex Mathematical Programming Problems

Yu. A. Chernyaev'

'Kazan State Technical University, ul. Karla Marksa 10, Kazan, 420111 Russia
Received December 8, 2006

DOI: 10.3103/51066369X08010088

This paper continues the study commenced in [1] and [2], where we consider iterative procedures,
finding stationary points of smooth functions on a class of nonconvex sets. We generalize the Newton
method applied for the solution of convex programming problems for the case, when constraints are
represented as a set-theoretical difference of a convex set and a union of several convex sets. We
formulate and prove a proposition on the convergence of the algorithm.

1. PROBLEM DEFINITION AND THE ALGORITHM

Consider the following problem: find a point which satisfies the necessary condition for a local
minimum of a function ¢(x) on a set X in the n-dimensional Euclidean space E™, where X is a set-

l _
theoretical difference of certain sets F' and J int G;; here F' and G;, i = 1,1, are convex and closed, the
i=1
sets of inner points of X and G;, i = 1,1, are nonempty; ¢(x) belongs to the class C?(Y") and is strongly

convex on a certain convex set Y which includes X. Let each set G;, i = 1,1, at any its boundary point =
have a unique supporting hyperplane, whose normal is assumed to be outer. This means that for all
y € G, the unit normal vector n’(z) satisfies the condition (n’(x),y — ) < 0. We also assume that with
each 7 the unit normal vector n’(z) is a continuous vector function at the boundary dG; of the set G;.
The latter means that for any point z, € 9G; and an arbitrary sequence {zx} which belongs to 9G;
and converges to x,, with each € > 0 one can find a number k(g) € N such that all £ > k(e) meet the
inequality ||n’(zy) — ni(z.)| < e.

Below we use the following denotations: s'(x) is a projection of a point = onto the set G;, n’(x) is
the unit normal vector of the hyperplane supporting to G; at the point s'(x), I''(x) = {e € E" : (ni(x),
e—si(z)) >0}, P(x) = FNTY(z) N\ T%(x) N ---NT%x). Projections s(x) are defined uniquely, be-
cause Gy, i = 1,1, are convex sets of the Euclidean space E™. Since each G, i = 1,1, at any its
boundary point 2 has only one supporting hyperplane, vectors n(z) and, therefore, half-spaces I'?(z),
i=1,2,...,1, are uniquely defined for any = € X. If with certain i points 2 and s’(z) do not coincide,
then vectors n’(x) and x — s’(z) have the same direction. Consequently, (n'(z),z — s'(x)) > 0, i.e.,
r € intT%(x). But if x and s(x) coincide, then x belongs to the boundary of T'*(x). Sincex € X C F
and z € T%(z) with each i = 1,2, ..., 1, we conclude that always z € P(z).

We propose to solve the stated problem by the following algorithm, constructing successive approx-
imations.

Step 0. Put £ = 0.

Step 1. Let x; € X be the kth approximation.
Step 2. Define points si(xy,),i = 1,1.

Step 3. Construct half-spaces I'*(xy,), i = 1,1.
Step 4. Construct the set P(xy).
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