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1. � £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ H ¨áá«¥¤ã¥âáï «¨¥©®¥ ®¯¥à â®à®¥ ãà ¢¥¨¥

Au = f; u 2 H; (1)

£¤¥ A 2 L(H;H), A� = A � 0, kAk � M . �à¥¤¯®« £ ¥âáï, çâ® ¢ (1) ¯à ¢ ï ç áâì f 2 R(A),
£¤¥ R(A) = fv 2 H : v = Au; u 2 Hg, ¯à¨ç¥¬ § ¬ëª ¨¥ R(A) ¥ á®¢¯ ¤ ¥â á R(A). � ª¨¬
®¡à §®¬, § ¤ ç  (1) ï¢«ï¥âáï ¥ª®àà¥ªâ®© ([1], á. 16). �®à®è® ¨§¢¥áâ®, çâ® ¤«ï ãáâ®©ç¨¢®£® ª
¯®£à¥è®áâï¬ à¥è¥¨ï ¯®¤®¡ëå § ¤ ç ¥®¡å®¤¨¬® ¯à¨¬¥¥¨¥ á¯¥æ¨ «ìëå ¬¥â®¤®¢ à¥£ã«ï-
à¨§ æ¨¨ ( ¯à., [1]{[3]). �¬¥áâ¥ á â¥¬ ¬®£¨¥ ª ç¥áâ¢¥ë¥ ®á®¡¥®áâ¨ ¯®¢¥¤¥¨ï íâ¨å ¬¥â®¤®¢
®âç¥â«¨¢® ¯à®ï¢«ïîâáï ã¦¥ ¢ ¯à¨¬¥¥¨¨ ª § ¤ ç ¬, ¥ á®¤¥à¦ é¨¬ ¯®£à¥è®áâ¥© ¢ ¤ ëå.
�®íâ®¬ã ¢ ¤ ®© áâ âì¥ ®á®¢®¥ ¢¨¬ ¨¥ ã¤¥«ï¥âáï ¨§ãç¥¨î ¯®¢¥¤¥¨ï ¬¥â®¤®¢ à¥£ã«ïà¨-
§ æ¨¨ ãà ¢¥¨ï (1) ¤«ï § ¤ ç á â®çë¬¨ ¤ ë¬¨.

�¨¦¥ à áá¬ âà¨¢ ¥âáï ª« áá ¬¥â®¤®¢  å®¦¤¥¨ï ¡«¨¦ ©è¥£® ª ¢ë¡à ®¬ã  ç «ì®¬ã
¯à¨¡«¨¦¥¨î � 2 H à¥è¥¨ï u� yà ¢¥¨ï (1) ([2], á. 28)

u� = (I �A�(A;�))� + �(A;�)f; � 2 (0; �0]: (2)

�¤¥áì � | ¯ à ¬¥âà à¥£ã«ïà¨§ æ¨¨; �(�; �) | ªãá®ç®-¥¯à¥àë¢ ï äãªæ¨ï  à£ã¬¥â  � 2
[0;M ]. � ª ¨§¢¥áâ® ([2], á. 42), ¤«ï ¢ëà ¡ âë¢ ¥¬ëå á®£« á® (2) ¯à¨¡«¨¦¥¨© fu�g ¨¬¥¥â
¬¥áâ® á®®â®è¥¨¥ lim

�!0
ku� � u�k = 0, £¤¥ í«¥¬¥â u� 2 U� ®¯à¥¤¥«¥ ãá«®¢¨¥¬

ku� � �k = minfku� �k : u 2 U�g;

U� | ¬®¦¥áâ¢® à¥è¥¨© ãà ¢¥¨ï (1). �®áª®«ìªã ¡¥§ ¤®¯®«¨â¥«ìëå ¯à¥¤¯®«®¦¥¨© ®â®-
á¨â¥«ì® à¥è¥¨ï u� áª®à®áâì áå®¤¨¬®áâ¨ u� ª u� ¬®¦¥â ¡ëâì áª®«ì ã£®¤® ¬¥¤«¥®©, ¯®«ãç¥-
¨¥ ª¢ «¨ä¨æ¨à®¢ ëå ¯® � ®æ¥®ª áª®à®áâ¨ áå®¤¨¬®áâ¨ ¢®§¬®¦® «¨èì ¯à¨ áã¦¥¨¨ ª« áá 
à áá¬ âà¨¢ ¥¬ëå à¥è¥¨© u� ¯® áà ¢¥¨î á® ¢á¥¬ ¯à®áâà áâ¢®¬ H. �®¯®«¨â¥«ìë¥ ãá«®¢¨ï
  à¥è¥¨¥ ç áâ® ä®à¬ã«¨àãîâáï ¢ ¢¨¤¥ âà¥¡®¢ ¨ï ¨áâ®ª®¯à¥¤áâ ¢¨¬®áâ¨  ç «ì®© ¥¢ï§ª¨

u� � � 2 R(Ap); p > 0: (3)

�«¥¤ãîé¨¥ ¨§¢¥áâë¥ ¯à¥¤«®¦¥¨ï ¯®ª §ë¢ îâ, çâ® ¯à¨ ¢ë¯®«¥¨¨ àï¤  ¥¦¥áâª¨å ãá«®¢¨©
  á¥¬¥©áâ¢® ¯®à®¦¤ îé¨å äãªæ¨© �(�; �) ¯à¥¤áâ ¢«¥¨¥ (3), ¤®áâ â®ç®¥ ¤«ï ¢ë¯®«¥¨ï
áâ¥¯¥ëå ®æ¥®ª áª®à®áâ¨ áå®¤¨¬®áâ¨ ¯à¨¡«¨¦¥¨© (2), ï¢«ï¥âáï ¢¥áì¬  ¡«¨§ª¨¬ ª ¥®¡å®¤¨-
¬®¬ã. �à¨ ¤®ª § â¥«ìáâ¢¥ ¤®áâ â®ç®© ç áâ¨ íâ®£® ãâ¢¥à¦¤¥¨ï ¨á¯®«ì§ã¥âáï

�á«®¢¨¥ A1. �«ï ¢á¥å � 2 (0; �0] ¨ p 2 [0; p0], £¤¥ p0 > 0, á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®
sup

�2[0;M ]

�pj1� ��(�; �)j � C�p.

81



� á«ãç ¥ p0 = 1 ¢ ãá«®¢¨¨ A1 á«¥¤ã¥â áç¨â âì, çâ® p 2 [0;+1). �¤¥áì ¨ ¤ «¥¥ ç¥à¥§ C
®¡®§ ç îâáï ¯®«®¦¨â¥«ìë¥  ¡á®«îâë¥ ª®áâ âë, ¢®®¡é¥ £®¢®àï, à §ë¥.

�à¥¤«®¦¥¨¥ 1 ([2], á. 42; [3], á. 34{36). �ãáâì ¢ë¯®«ï¥âáï ãá«®¢¨¥ A1 ¨ ¨¬¥¥â ¬¥áâ®

¯à¥¤áâ ¢«¥¨¥ (3) á p 2 (0; p0] (p 2 (0;1) ¯à¨ p0 =1). �®£¤  á¯à ¢¥¤«¨¢  ®æ¥ª 

ku� � u�k � C�p 8� 2 (0; �0]: (4)

�«¥¤ãîé¥¥ ãá«®¢¨¥ à ¥¥ ¨á¯®«ì§®¢ «®áì ¢ [4] ¯à¨   «¨§¥ ¥®¡å®¤¨¬®áâ¨ ¯à¥¤áâ ¢«¥¨ï
(3) ¤«ï ¢ë¯®«¥¨ï ®æ¥ª¨ (4).

�á«®¢¨¥ A2. �«ï ¢á¥å � 2 (0; p0), � 2 (0;m] c ¥ª®â®àë¬ m 2 (0;M ] ¢ë¯®«ï¥âáï ®æ¥ª Z �0

0

��(2�+1)j1� ��(�; �)j2d� �
C

�2�
:

�à¥¤«®¦¥¨¥ 2 ([4]). �ãáâì ¢ë¯®«ïîâáï ãá«®¢¨¥ A2 ¨ ®æ¥ª  (4) á p 2 (0; p0]. �®£¤  ¤«ï

«î¡®£® s 2 (0; p) á¯à ¢¥¤«¨¢® ¢ª«îç¥¨¥

u� � � 2 R(As):

�«¨§ª¨¥ ãâ¢¥à¦¤¥¨ï ¯®«ãç¥ë à ¥¥ ¢ ([5], cc. 82, 164). �â¬¥â¨¬, çâ® ¢ áå¥¬ã (2) ¢ª« ¤ë-
¢ ¥âáï á¥¬¥©áâ¢® ¨â¥à æ¨®ëå ¬¥â®¤®¢ ([2], á. 36)

u(n+1) = u(n) � g(A)(Au(n) � f); u(0) = �: (5)

�à¥¤¯®« £ ¥âáï, çâ® äãªæ¨ï g(�) ªãá®ç®-¥¯à¥àë¢    [0;M ], ¥¯à¥àë¢  ¢ â®çª¥ � = 0,
g(0) > 0, ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

sup
�2[";M ]

j1� �g(�)j < 1 8" 2 (0;M ]:

�àã¯¯  ¬¥â®¤®¢ (5) ¯®«ãç ¥âáï ¨§ (2) ¯à¨

�(�; �) =

(
��1[1� (1� �g(�))1=�]; � 6= 0;

��1g(0); � = 0;

á ¤¨áªà¥âë¬ ¯ à ¬¥âà®¬ à¥£ã«ïà¨§ æ¨¨ � = n�1, n = 1; 2; : : : ([2], á. 37). �¥§ã«ìâ âë,   «®-
£¨çë¥ ¯à¥¤«®¦¥¨ï¬ 1, 2, ¨¬¥îâ ¬¥áâ® ¨ ¤«ï ¨â¥à æ¨®ëå ¯à®æ¥¤ãà (5).

�ç¥¢¨¤ ï   «®£¨ï ¯à ¢ëå ç áâ¥© ¨áâ®ª®®¡à §®£® ¯à¥¤áâ ¢«¥¨ï (3) ¨ ®æ¥ª¨ áª®à®áâ¨
áå®¤¨¬®áâ¨ (4) áâ¨¬ã«¨àã¥â ¯®¨áª ®â«¨çëå ®â (3) ãá«®¢¨© ¨áâ®ª®¯à¥¤áâ ¢¨¬®áâ¨ ¨ á®®â¢¥â-
áâ¢ãîé¨å ¨¬ ®æ¥®ª áª®à®áâ¨ áå®¤¨¬®áâ¨, ®¡« ¤ îé¨å â¥¬ ¦¥ áå®¤áâ¢®¬, çâ® (3) ¨ (4). � ¤ -
®© áâ âì¥ ¯®«ãç¥ë ãá«®¢¨ï, ¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®çë¥ ¤«ï ¢ë¯®«¥¨ï ¡®«¥¥ ¬¥¤«¥®© ¯®
áà ¢¥¨î á (4) ®æ¥ª¨ ¢¨¤ 

ku� � u�k � C(ln ln : : : (� ln�))�p 8� 2 (0; �0] (p > 0); (6)

¢ª«îç îé¥© K � 1 á¨¬¢®«®¢ ln.

2. �ã¤¥¬ ¯à¥¤¯®« £ âì ¢ ç «¥, çâ® M < 1 ¨ �0 < 1. �«¥¤ãï [6], [7], ¢¢¥¤¥¬ á«¥¤ãîé¥¥
ãá«®¢¨¥   ¯®à®¦¤ îé¨¥ äãªæ¨¨ �(�; �), � 2 [0;M ].

�á«®¢¨¥ B1. �«ï ¢á¥å � 2 (0; �0], p � 0 ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®

sup
�2(0;M ]

(� ln�)�pj1� ��(�; �)j � C(� ln�)�p; C = C(p):

� [6] ¯®ª § ®, çâ® ãá«®¢¨î B1 ã¤®¢«¥â¢®àï¥â «î¡ ï äãªæ¨ï �(�; �), ¤«ï ª®â®à®© ¢ë¯®«-
¥® ãá«®¢¨¥ A1.
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�¥®à¥¬  1 ([6], [7]). �ãáâì ¢ë¯®«ï¥âáï ãá«®¢¨¥ B1 ¨

u� � � 2 R[(� lnA)�p]; p > 0: (7)

�®£¤  á¯à ¢¥¤«¨¢  ®æ¥ª 

ku� � u�k � C(� ln�)�p 8� 2 (0; �0]: (8)

�à¨   «¨§¥ ¥®¡å®¤¨¬®áâ¨ ãá«®¢¨ï ¨áâ®ª®¯à¥¤áâ ¢¨¬®áâ¨ (7) ¨á¯®«ì§ã¥âáï

�á«®¢¨¥ B2. �«ï ¢á¥å � 2 (0; �0] ¨¬¥¥â ¬¥áâ® ®æ¥ª 

sup
�2[0;M ]

j�(�; �)j �
C

�
:

�«¥¤ãîé ï â¥®à¥¬  ¯®ª §ë¢ ¥â, çâ® ¯à¥¤áâ ¢«¥¨¥ (7), ¤®áâ â®ç®¥ ¤«ï ¢ë¯®«¥¨ï ®æ¥ª¨
(8), ¡«¨§ª® ª ¥®¡å®¤¨¬®¬ã ¨ ¥ ¬®¦¥â ¡ëâì áãé¥áâ¢¥® ®á« ¡«¥®.

�¥®à¥¬  2 ([6], [7]). �á«¨ ¢ë¯®«ïîâáï ãá«®¢¨¥ B2 ¨ ®æ¥ª  (8), â® ¤«ï «î¡®£® s 2 (0; p)
¨¬¥¥â ¬¥áâ® ¢ª«îç¥¨¥

u� � � 2 R[(� lnA)�s]: (9)

�«ï ª« áá  ¨â¥à æ¨®ëå ¬¥â®¤®¢ (5) ãá«®¢¨ï B1, B2 ¢ë¯®«ïîâáï.

�¥®à¥¬  3. 1) �à¨ ¢ë¯®«¥¨¨ (7) á¯à ¢¥¤«¨¢  ®æ¥ª 

ku(n) � u�k � C(lnn)�p; n = 2; 3; : : : (10)

2) �ãáâì ¯à¨ p > 0 ¢ë¯®«ï¥âáï ®æ¥ª  (10). �®£¤  ¤«ï «î¡®£® s 2 (0; p) á¯à ¢¥¤«¨¢® ¢ª«î-

ç¥¨¥ (9).

�á«®¢¨ï¬ â¥®à¥¬ 1, 2 ã¤®¢«¥â¢®àï¥â ¬¥â®¤ �.�.� ¢à¥âì¥¢ 

Au� + �u� = �� + f;

®¯à¥¤¥«ï¥¬ë© ¯®à®¦¤ îé¥© äãªæ¨¥© �(�; �) = (�+�)�1, ¨â¥à¨à®¢ ë© ¢ à¨ â íâ®£® ¬¥â®¤ 
u� = uN;�, u0;� = �,

Aun+1;� + �un+1;� = �un;� + f; n = 0; : : : ; N � 1 (N � 2);

¯®à®¦¤ ¥¬ë© äãªæ¨¥© �(�; �) = ��1
�
1 �

�
�

�+�

�N�
,   â ª¦¥ ¬¥â®¤ ãáâ ®¢«¥¨ï, ¤«ï ª®â®à®£®

¯®à®¦¤ îé ï äãªæ¨ï ¨¬¥¥â ¢¨¤

�(�; �) =

(
��1(1� e�

�

� ); � 6= 0;

��1; � = 0:

�§ ¨â¥à æ¨®ëå ¯à®æ¥¤ãà, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ â¥®à¥¬ë 3, ®â¬¥â¨¬ ï¢ãî ¨ ¥ï¢-
ãî ¨â¥à æ¨®ë¥ áå¥¬ë

u(n+1) = u(n) � a(Au(n) � f); Au(n+1) + au(n+1) = au(n) + f; u(0) = �; n = 0; 1; : : : ;

®¯à¥¤¥«ï¥¬ë¥ á®®â¢¥âáâ¢¥® äãªæ¨ï¬¨ g(�) � a 2
�
0; 2

M

�
¨ g(�) = (�+ a)�1, a > 0 ¢ (5).

3. �à¨¢®¤¨¬ë¥ ¨¦¥ à¥§ã«ìâ âë ®¡®¡é îâ â¥®à¥¬ë 1, 2   á«ãç © ¯à®¨§¢®«ì®£® ç¨á« 
K � 1 «®£ à¨ä¬®¢ ¢ (6). �¯à¥¤¥«¨¬ ¯®á«¥¤®¢ â¥«ì®áâì fMKg : M1 = 1, MK = e�1=MK�1 ,
K = 2; 3; : : : �®âà¥¡ã¥âáï

�á«®¢¨¥ C. �«ï ¢cex � 2 (0; �0] ¨ � 2 (0; �0], £¤¥ �0; �0 2 (0; 1), ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®

j1� ��(�; �)j � C

����1�
�
ln
1
�

��1

�

��
ln
1
�

��1

;

�
ln
1
�

��1�����:
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�¥®à¥¬  4. �ãáâì kAk �M , £¤¥ M 2 (0;MK), ¢ë¯®«ïîâáï ãá«®¢¨ï B1, C ¨ ¨áâ®ª®®¡à §-

®¥ ¯à¥¤áâ ¢«¥¨¥

u� � � 2 R[(ln ln : : : (� lnA))�p]; p > 0 (11)

(K á¨¬¢®«®¢ ln). �®£¤  ¤«ï «î¡®£® �0 2 (0;MK) á¯à ¢¥¤«¨¢  ®æ¥ª  (6).

�¥®¡å®¤¨¬®áâì ¨áâ®ª®®¡à §®£® ¯à¥¤áâ ¢«¥¨ï (11) ¤«ï ¢ë¯®«¥¨ï ®æ¥ª¨ (6) ãáâ  ¢«¨-
¢ ¥â

�¥®à¥¬  5. �ãáâì ¢ë¯®«ïîâáï ãá«®¢¨¥ B2 ¨ ®æ¥ª  (6) á ¯®ª § â¥«¥¬ p > 0. �®£¤  ¤«ï

«î¡®£® s 2 (0; p) ¨¬¥¥â ¬¥áâ® ¢ª«îç¥¨¥

u� � � 2 R[(ln ln : : : (� lnA))�s] (12)

(K á¨¬¢®«®¢ ln).

�¡®§ ç¨¬ NK = [M�1
K ] + 1.

�¥®à¥¬  6. 1) �ãáâì kAk �M , M 2 (0;MK) ¨ ¢ë¯®«ï¥âáï (11). �®£¤  ¤«ï ¨â¥à æ¨®ëå

¬¥â®¤®¢ (5) á¯à ¢¥¤«¨¢  ®æ¥ª 

ku(n) � u�k � C(ln ln : : : lnn)�p; n � NK : (13)

2) �ãáâì ¢ë¯®«ï¥âáï ®æ¥ª  (13) á ¯®ª § â¥«¥¬ p > 0. �®£¤  ¤«ï «î¡®£® s 2 (0; p) ¨¬¥¥â
¬¥áâ® ¢ª«îç¥¨¥ (12), á®¤¥à¦ é¥¥ K á¨¬¢®«®¢ ln.

�á«®¢¨ï¬ â¥®à¥¬ 4, 5 ã¤®¢«¥â¢®àïîâ ¯®à®¦¤ îé¨¥ äãªæ¨¨ ª« áá¨ç¥áª®£® ¨ ¨â¥à¨à®¢ ®-
£® ¬¥â®¤  �.�.� ¢à¥âì¥¢  ¨ ¬¥â®¤  ãáâ ®¢«¥¨ï. �á«®¢¨ï¬ â¥®à¥¬ë 6 ã¤®¢«¥â¢®àïîâ ¯à¨-
¢¥¤¥ë¥ ¢ ¯. 2 ï¢ ï ¨ ¥ï¢ ï ¨â¥à æ¨®ë¥ áå¥¬ë.
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