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�¥â®¤ ¬¨ ã¯à¥¦¤ îé¥£® ã¯à ¢«¥­¨ï (predictive control) ¨ ¨­â¥à¢ «ì­®£®  ­ «¨§  à §à ¡®-
â ­  ¯à®æ¥¤ãà  áâ ¡¨«¨§ æ¨¨ á¨áâ¥¬ë «¨­¥©­ëå  ¢â®­®¬­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á
¨­â¥à¢ «ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨, ¢ª«îç îé ï íâ ¯ë ¯ áá¨¢­®£® ­ ¡«î¤¥­¨ï ä §®¢ëå á®áâ®-
ï­¨© ¨  ªâ¨¢­®£® ã¯à ¢«¥­¨ï. �à¨¢¥¤¥­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¯à¨âï¦¥­¨ï ¢á¥å âà ¥ªâ®à¨©
á¨áâ¥¬ë ª ¯®«®¦¥­¨î à ¢­®¢¥á¨ï.

�¢¥¤¥­¨¥

� ¤ ç  áâ ¡¨«¨§ æ¨¨ «¨­¥©­®© á¨áâ¥¬ë ã¯à ¢«¥­¨ï ¯® ­ ¡«î¤¥­¨ï¬ ä §®¢ëå á®áâ®ï­¨©
¢ ¤¥â¥à¬¨­¨à®¢ ­­®© ¨ áâ®å áâ¨ç¥áª®© ¯®áâ ­®¢ª¥ ®â­®á¨âáï ª àï¤ã ª« áá¨ç¥áª¨å [1]. �®¢ë¥
¨­â¥à¥á­ë¥  á¯¥ªâë ¢ ¥¥ âà ªâ®¢ª¥ ¨ à¥è¥­¨¨, ­¥ ãª« ¤ë¢ îé¨¥áï ¢ à ¬ª¨ âà ¤¨æ¨®­­®© â¥-
®à¨¨, ¢®§­¨ª îâ ¯à¨ ¨­â¥à¢ «ì­®© ­¥®¯à¥¤¥«¥­­®áâ¨ ª®íää¨æ¨¥­â®¢ ¢ ãà ¢­¥­¨ïå ¤¢¨¦¥­¨ï
¨ ­ ¡«î¤¥­¨ï [2]. �áâ®ç­¨ª ¬¨ ¨­â¥à¢ «ì­®áâ¨ ¬®£ãâ ¡ëâì ­¥¯®«­®â  §­ ­¨© ®¡ ®¡ê¥ªâ¥ ã¯à -
¢«¥­¨ï ¨ ¢ëâ¥ª îé¨¥ ®âáî¤  ®è¨¡ª¨ ¬®¤¥«¨à®¢ ­¨ï, ¯®£à¥è­®áâ¨ ¢ëç¨á«¥­¨ï ª®íää¨æ¨¥­â®¢
¨«¨ ¯®á«¥¤áâ¢¨ï «¨­¥ à¨§ æ¨¨ ­¥«¨­¥©­ëå ãà ¢­¥­¨© á ­¥®¯à¥¤¥«¥­­ë¬¨ ¯ à ¬¥âà ¬¨.

�®â¥­æ¨ «ì­ë© ª®­â¨­ãã¬ à¥ «¨§ æ¨© ­¥®¯à¥¤¥«¥­­ëå ª®íää¨æ¨¥­â®¢ ¢ ¨­â¥à¢ « å § ¤ -
­¨ï á®áâ ¢«ï¥â ®á­®¢­®¥ ®â«¨ç¨¥ ¨­â¥à¢ «ì­®© § ¤ ç¨ ®â ¤¥â¥à¬¨­¨à®¢ ­­®©. �¬¥áâ¥ á â¥¬,
¯®«­®¥ ®âáãâáâ¢¨¥ ¨­ä®à¬ æ¨¨ ® à¥ «¨§ æ¨ïå ª®íää¨æ¨¥­â®¢ ­¥ ¯®§¢®«ï¥â âà ªâ®¢ âì ¥¥ ª ª
áâ®å áâ¨ç¥áªãî ¨ ¨á¯®«ì§®¢ âì å®à®è® à §à ¡®â ­­ãî â¥®à¨î ä¨«ìâà æ¨¨ [1].

�à¨¬¥­ï¥¬ë© §¤¥áì ¯®¤å®¤ ª à¥è¥­¨î ¨­â¥à¢ «ì­®© § ¤ ç¨ áâ ¡¨«¨§ æ¨¨ ¡«¨§®ª áâ âì¥ [3].
�á­®¢­ ï ¤¢¨¦ãé ï ¨¤¥ï á®áâ®¨â ¢ ¯®áâà®¥­¨¨ ¤¥â¥à¬¨­¨à®¢ ­­®£® ¯à®£à ¬¬­®-¯®§¨æ¨®­­®£®
ã¯à ¢«¥­¨ï, ª®â®à®¥ ­  ª®­¥ç­ëå ®âà¥§ª å ¢à¥¬¥­¨ ¤¥©áâ¢ã¥â ª ª ®¯¥à â®à á¦ â¨ï ¢ ä §®-
¢®¬ ¯à®áâà ­áâ¢¥, \áã¦ ï" ¨­â¥£à «ì­ãî ¢®à®­ªã âà ¥ªâ®à¨© ª ¦¤®© á¨áâ¥¬ë ¨§ à áá¬ âà¨-
¢ ¥¬®£® ª®­â¨­ãã¬  á¨áâ¥¬. �á«¨ æ¨ª«¨ç¥áª¨ ç¥à¥¤®¢ âì ¯® ¢à¥¬¥­¨ ¢®ááâ ­®¢«¥­¨¥ ä §®¢ëå
¢¥ªâ®à®¢ á ã¯à ¢«¥­¨¥¬, â® ¯à¨ ®¯à¥¤¥«¥­­ëå ãá«®¢¨ïå ã¤ ¥âáï ®¡¥á¯¥ç¨âì  á¨¬¯â®â¨ç¥áªãî
ãáâ®©ç¨¢®áâì ¯®«®¦¥­¨ï à ¢­®¢¥á¨ï á¨áâ¥¬ë ¢ æ¥«®¬ (¢ ¡®«ìè®¬) ­¥§ ¢¨á¨¬® ®â à¥ «¨§ æ¨©
¥¥ ª®íää¨æ¨¥­â®¢ ¢ § ¤ ­­ëå ¨­â¥à¢ « å.

�à®æ¥¤ãà  áâ ¡¨«¨§ æ¨¨ ®à¨¥­â¨à®¢ ­  ­  à¥ «ì­®¥ ¢à¥¬ï. �á­®¢­ë¥ âàã¤®¥¬ª¨¥ ®¯¥à æ¨¨
| íâ® ¢ëç¨á«¥­¨¥ ¬ âà¨ç­®© íªá¯®­¥­âë ¨ ¨­â¥£à «  ®â «¨­¥©­® ¯à¥®¡à §®¢ ­­ëå à¥§ã«ìâ â®¢
­ ¡«î¤¥­¨ï ä §®¢®© âà ¥ªâ®à¨¨ ­  ª®­¥ç­ëå ®âà¥§ª å ¢à¥¬¥­¨. �á¯®¬®£ â¥«ì­ë¥ ®¯¥à æ¨¨
®¡à é¥­¨ï ¤¢ãå ¯®áâ®ï­­ëå ¬ âà¨æ ¬®£ãâ ¡ëâì ¢ë¯®«­¥­ë § ¡« £®¢à¥¬¥­­®.

�à®æ¥¤ãà  ¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥ áâ ¡¨«¨§ æ¨¨ ¨­â¥à¢ «ì­®© á¨áâ¥¬ë ï¢«ïîâáï ®á­®¢­ë¬¨
à¥§ã«ìâ â ¬¨ ¤ ­­®© à ¡®âë. �®áâ â®ç­®¥ ãá«®¢¨¥ ä®à¬ã«¨àã¥âáï ç¥à¥§ ¨§¢¥áâ­ë¥ á¥à¥¤¨­ë ¨
¤«¨­ë ¨­â¥à¢ «®¢ ­¥®¯à¥¤¥«¥­­®áâ¨ ¨ ¢ íâ®¬ á¬ëá«¥ ª®­áâàãªâ¨¢­®. �­® § ¢¥¤®¬® ¢ë¯®«­ï¥âáï
¤«ï ¨­â¥à¢ «®¢ ¬ «®© ¤«¨­ë, ¥á«¨ íâ «®­­ ï \æ¥­âà «ì­ ï" á¨áâ¥¬  (ª®íää¨æ¨¥­âë ª®â®à®©
á®®â¢¥âáâ¢ãîâ á¥à¥¤¨­ ¬ ¨­â¥à¢ «®¢) ®¡« ¤ ¥â á¢®©áâ¢ ¬¨ ã¯à ¢«ï¥¬®áâ¨ ¨ ­ ¡«î¤ ¥¬®áâ¨. �
â®çª¨ §à¥­¨ï æ¥­âà «ì­®© á¨áâ¥¬ë ¤®áâ â®ç­®¥ ãá«®¢¨¥ áâ ¡¨«¨§¨àã¥¬®áâ¨ ¬®¦­® âà ªâ®¢ âì
ª ª ªà¨â¥à¨© ¥¥ à®¡ áâ­®áâ¨ ¯® ®â­®è¥­¨î ª ¯à¨¬¥­ï¥¬®© ¯à®æ¥¤ãà¥ áâ ¡¨«¨§ æ¨¨.
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1. �®áâ ­®¢ª  § ¤ ç¨

� áá¬®âà¨¬ ­ ¡«î¤ ¥¬ãî á¨áâ¥¬ã ã¯à ¢«¥­¨ï

_x = Ax+Bu; (1)

y(t) = Cx(t); t � 0; (2)

£¤¥ x, u, y | ¢¥ªâ®àë ä §®¢®£® á®áâ®ï­¨ï, ã¯à ¢«¥­¨ï ¨ ­ ¡«î¤¥­¨ï ¨§ Rn, Rr, Rm; A, B, C |
­¥®¯à¥¤¥«¥­­ë¥ ¯®áâ®ï­­ë¥ ¬ âà¨ç­ë¥ ª®íää¨æ¨¥­âë à §¬¥à­®áâ¨ n�n, n� r, m�n, m � n,
á® §­ ç¥­¨ï¬¨ ¨§ § ¬ª­ãâëå ¨­â¥à¢ «®¢

jA�A0j � �A; jB �B0j � �B; jC � C0j � �C; (3)

A0, B0, C0 ¨ �A, �B, �C | ¬ âà¨æë á®®â¢¥âáâ¢ãîé¨å à §¬¥à­®áâ¥© á § ¤ ­­ë¬¨ ¯à®¨§¢®«ì-
­ë¬¨ ¨ ­¥®âà¨æ â¥«ì­ë¬¨ í«¥¬¥­â ¬¨. �®¤ã«¨ ¬ âà¨æ ¨ ¬ âà¨ç­ë¥ ­¥à ¢¥­áâ¢  ¢ (3) ¨ ¤ «¥¥
¯®­¨¬ îâáï ¯®í«¥¬¥­â­®.

� âà¨æë A0, B0 ¯à¥¤¯®« £ îâáï ã¯à ¢«ï¥¬ë¬¨,   ¬ âà¨æë A0, C0 | ­ ¡«î¤ ¥¬ë¬¨. �â®
®§­ ç ¥â [4] ¢ë¯®«­¥­¨¥  «£¥¡à ¨ç¥áª¨å ãá«®¢¨©

rank(B0; A0B0; : : : ; A
n�1
0 B0) = n; (4)

rank(C 0
0; A

0
0C

0
0; : : : ; (A

0
0)n�1C 0

0) = n (5)

­  à ­£¨ ¡«®ç­ëå ¬ âà¨æ. �¨¬¢®« 0 (èâà¨å) ¢¥§¤¥ ®§­ ç ¥â ®¯¥à æ¨î âà ­á¯®­¨à®¢ ­¨ï.
�à¥¡ã¥âáï: 1) ­ ©â¨ ªãá®ç­®-­¥¯à¥àë¢­®¥ ¯® t ­  ª®­¥ç­ëå ®âà¥§ª å ¢à¥¬¥­¨ ¯à®£à ¬¬­®-

¯®§¨æ¨®­­®¥ ã¯à ¢«¥­¨¥ u(x0; t), ®¡¥á¯¥ç¨¢ îé¥¥ ¯à¨âï¦¥­¨¥ âà ¥ªâ®à¨© § ¬ª­ãâ®© á¨áâ¥¬ë

_x = Ax+Bu(x0; t); x(0) = x0 (6)

ª ¯®«®¦¥­¨î à ¢­®¢¥á¨ï x = 0 ¤«ï «î¡ëå ­ ç «ì­ëå ¢¥ªâ®à®¢ x0 ¨§ Rn ¨ «î¡ëå ¬ âà¨æ A, B
¨§ ¨­â¥à¢ «®¢ (3); 2) ®à£ ­¨§®¢ âì ¯à®æ¥¤ãàã ¯®áâà®¥­¨ï ã¯à ¢«¥­¨ï bu(x0; t) � u(x0; t) á â ª¨¬¨
¦¥ á¢®©áâ¢ ¬¨, ª ª ã u(x0; t), ¯® à¥§ã«ìâ â ¬ ­ ¡«î¤¥­¨ï y(t) âà ¥ªâ®à¨¨ x(t) á¨áâ¥¬ë

_x = Ax+Bbu(x0; t); y(t) = Cx(t); t � 0; (7)

3) áä®à¬ã«¨à®¢ âì ¤®áâ â®ç­ë¥ ãá«®¢¨ï áâ ¡¨«¨§¨àã¥¬®áâ¨ á¨áâ¥¬ë (7) ­¥§ ¢¨á¨¬® ®â ¢ë¡®à 
­ ç «ì­®£® ¢¥ªâ®à  x0 ¨§ Rn ¨ ¬ âà¨æ A, B, C ¨§ ¨­â¥à¢ «®¢ (3).

2. �â ¡¨«¨§¨àãîé¥¥ ã¯à ¢«¥­¨¥

� §¡¥à¥¬ á­ ç «  ®â­®á¨â¥«ì­® ¯à®áâ®© á«ãç ©, ª®£¤  ¢á¥ ª®®à¤¨­ âë ä §®¢®£® ¢¥ªâ®à 
¤®áâã¯­ë ­¥¯®áà¥¤áâ¢¥­­®¬ã ¨§¬¥à¥­¨î ¢ ¬®¬¥­âë ¢à¥¬¥­¨ t = 0; T; 2T; : : : á ¯®áâ®ï­­ë¬ è £®¬
T > 0. �«ï ã¯à®é¥­¨ï ¬®¦­® áç¨â âì ¬ âà¨æã C = E ¢ ãà ¢­¥­¨¨ (2) ¥¤¨­¨ç­®©.

�¨áâ¥¬ã (1), (2) ¯à¨ A = A0, B = B0, C = C0 ­ §®¢¥¬ æ¥­âà «ì­®©.
�®âà¥¡ã¥¬, çâ®¡ë áâ ¡¨«¨§¨àãîé¥¥ ã¯à ¢«¥­¨¥ ®¡« ¤ «® á«¥¤ãîé¨¬¨ ¤¢ã¬ï á¢®©áâ¢ ¬¨:

 ) ¯¥à¥¢®¤¨«® âà ¥ªâ®à¨î æ¥­âà «ì­®© á¨áâ¥¬ë ¨§ «î¡®£® á®áâ®ï­¨ï x(0) = x0 ¢ á®áâ®ï­¨¥
x(T ) = 0 §  ¢à¥¬ï T > 0; ¡) ¨¬¥«® ¬¨­¨¬ «ì­ãî ­®à¬ã

kuk =
�Z T

0
u(t)0u(t) dt

�1=2

¢ ¯à®áâà ­áâ¢¥ Lr
2(0; T ) ¢¥ªâ®à­ëå äã­ªæ¨© à §¬¥à­®áâ¨ r á áã¬¬¨àã¥¬ë¬ ­  ®âà¥§ª¥ [0; T ]

ª¢ ¤à â®¬ ¥¢ª«¨¤®¢®© ­®à¬ë.
�§ â¥®à¨¨ «¨­¥©­ëå á¨áâ¥¬ ¨§¢¥áâ­® [5], çâ® ¢ ¯à¥¤¯®«®¦¥­¨¨ (4) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥

ã¯à ¢«¥­¨¥

u(t) = B0
0e

(T�t)A0

0z; 0 � t � T; (8)
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á âà¥¡ã¥¬ë¬¨ á¢®©áâ¢ ¬¨. �¤¥áì e(T�t)A
0

0 | ¬ âà¨ç­ ï íªá¯®­¥­â  [6], z | à¥è¥­¨¥ á¨áâ¥¬ë
«¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©

D0z = f0 (9)

á ¬ âà¨ç­ë¬¨ ª®íää¨æ¨¥­â ¬¨

D0 =
Z T

0

e�A0B0B
0
0e

�A0

0 d�; f0 = �eTA0x0 (10)

à §¬¥à­®áâ¨ n� n ¨ n� 1 á®®â¢¥âáâ¢¥­­®. �á«®¢¨¥ (4) £ à ­â¨àã¥â ([1], c. 49) ­¥¢ëà®¦¤¥­­®áâì
¬ âà¨æë D0.

�¯¨à ïáì ­  à¥§ã«ìâ âë à ¡®âë [8], ®¯¨è¥¬ ¤¥©áâ¢¨¥ ã¯à ¢«¥­¨ï (8){(10) ­  á®áâ®ï­¨¥ x(T )
á¨áâ¥¬ë (1) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ x(0) = x0 ¯à¨ ­¥®¯à¥¤¥«¥­­ëå ¬ âà¨æ å A, B. �® ä®à¬ã«¥
�®è¨ ([9], c. 134) á ¨á¯®«ì§®¢ ­¨¥¬ ®¡®§­ ç¥­¨©

D =
Z T

0

e�ABB0
0e

�A0

0 d�; f = �eTAx0 (11)

¨¬¥¥¬

x(T ) = eTAx0 +
Z T

0

e(T��)ABu(t) dt = �f +Dz:

�âáî¤  ¨ ¨§ (9) á«¥¤ã¥â

jx(T )j = jDz � f � (D0z � f0)j � jD �D0j jzj + jf � f0j � �Djzj+�f; (12)

£¤¥

�D =
Z T

0
[(e�(jA0j+�A) � e� jA0j) (jB0j+�B) + je�A0 j�B] jB0

0e
�A0

0 j d�; (13)

�f = (eT (jA0j+�A) � eT jA0j)jx0j: (14)

�§ (9), (10) ¨¬¥¥¬
jzj = jD�1

0 f0j � jD
�1
0 eTA0 j jx0j;

¯®íâ®¬ã ¢¥àå­ïï ®æ¥­ª  (12) á ãç¥â®¬ (14) ¯à¨¬¥â ¢¨¤

jx(T )j �M jx0j; M = �DjD�1
0 eTA0 j+ eT (jA0j+�A) � eT jA0j: (15)

�ç¥¢¨¤­®, ¥á«¨ ¢ ­¥à ¢¥­áâ¢¥ (15) ­®à¬  ¬ âà¨æëM ¬¥­ìè¥ ¥¤¨­¨æë, â® ¤«ï á®£« á®¢ ­­ëå
á ­¥î ­®à¬ ¢¥ªâ®à®¢ ¯®«ãç¨¬ ãá«®¢¨¥ kx(T )k < kx0k. �â® ®§­ ç ¥â, çâ® ¯à¨ kMk < 1 ã¯à ¢«¥­¨¥
(8){(10) ¤¥©áâ¢ã¥â ª ª ®¯¥à â®à á¦ â¨ï ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥, ¯¥à¥¢®¤ï ­ ç «ì­ë¥ â®çª¨ x0
á¨áâ¥¬ë (1) á ­¥®¯à¥¤¥«¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ A, B §  ¢à¥¬ï T ¢ ¡®«¥¥ ¡«¨§ª¨¥ ª ­ ç «ã
ª®®à¤¨­ â â®çª¨ x(T ).

M­®£®ªà â­®¥ ¯®¢â®à¥­¨¥ ®¯¥à æ¨¨ \á¦ â¨ï" ä §®¢®£® ¯à®áâà ­áâ¢  §  áç¥â ¯®á«¥¤®¢ â¥«ì-
­®£® ¯à¨¬¥­¥­¨ï ã¯à ¢«¥­¨© â¨¯  (8){(10) ­  ®âà¥§ª å ¢à¥¬¥­¨ [T; 2T ]; [2T; 3T ]; : : : ¢ë§®¢¥â ¯à¨-
âï¦¥­¨¥ âà ¥ªâ®à¨¨ á¨áâ¥¬ë (1) ª ­ ç «ã ª®®à¤¨­ â, â. ¥. x(t)! 0 ¯à¨ t!1. �¥©áâ¢¨â¥«ì­®,
¥á«¨ ¯à¨­ïâì

u(t) = B0
0e

(kT�t)A0

0zk�1; (k � 1)T � t � kT; (16)

D0z
k�1 = �eTA0x((k � 1)T ); k = 1; 2; : : : ;

â® ¤«ï á®®â¢¥âáâ¢ãîé¥£® à¥è¥­¨ï x(t) á¨áâ¥¬ë (6) «¥£ª® ãáâ ­ ¢«¨¢ ¥âáï  ­ «®£ ­¥à ¢¥­áâ¢ 
(15)

jx(kT )j �M jx((k � 1)T )j; k = 1; 2; : : : ;

á â®© ¦¥ ¬ âà¨æ¥© M ­  ª ¦¤®¬ ¨§ ®âà¥§ª®¢ [(k � 1)T; kT ].
�«¥¤®¢ â¥«ì­®, ­¥à ¢¥­áâ¢® kMk < 1 ¤«ï ¬ âà¨æë (15) ¢¬¥áâ¥ á ¯à¥¤¯®«®¦¥­¨¥¬ (4) £ à ­-

â¨àã¥â áâ ¡¨«¨§ æ¨î âà ¥ªâ®à¨© á¨áâ¥¬ë (6) ­¥§ ¢¨á¨¬® ®â ¢ë¡®à  ­ ç «ì­®£® ¢¥ªâ®à  x0 ¨§
Rn ¨ ¬ âà¨æ A, B ¨§ ¨­â¥à¢ «®¢ (3).
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3. �æ¥­ª  ä §®¢®£® á®áâ®ï­¨ï

� ª®­ ã¯à ¢«¥­¨ï (16) ¯à¥¤¯®« £ ¥â ¨§¢¥áâ­ë¬¨ á®áâ®ï­¨ï x((k�1)T ), k = 1; 2; : : : , á¨áâ¥¬ë
(6) ¨, ¢®®¡é¥ £®¢®àï, ­¥ à¥ «¨§ã¥¬ ¯à¨ ¬ã«ìâ¨¯«¨ª â¨¢­ëå ­¥®¯à¥¤¥«¥­­®áâïå ¢ ãà ¢­¥­¨ïå
­ ¡«î¤¥­¨ï (2). �¥¬ ­¥ ¬¥­¥¥, ¯à¨ ®¯à¥¤¥«¥­­®¬ á®£« á®¢ ­¨¨ ¯ à ¬¥âà®¢ T , �A, �B, �C á
â®ç­®áâìî ¢®ááâ ­®¢«¥­¨ï ¢¥ªâ®à®¢ x((k�1)T ), k = 1; 2; : : : , ã¯à ¢«¥­¨¥ (16) ¢ ¬®¤¨ä¨æ¨à®¢ ­-
­®© ä®à¬¥ á®åà ­ï¥â áâ ¡¨«¨§¨àãîé¥¥ á¢®©áâ¢®. �¥à¥©¤¥¬ ª â®ç­ë¬ ä®à¬ã«¨à®¢ª ¬.

�¯¨è¥¬ ¤¢ãåä §­ãî ¯à®æ¥¤ãàã ã¯à ¢«¥­¨ï ­  ®á­®¢­®¬ ®âà¥§ª¥ ¢à¥¬¥­¨ [0; T ]. �  ¯¥à¢®©
ä §¥ (0 � t � �) ¯à®æ¥¤ãàë ¯® á¢®¡®¤­®¬ã ¤¢¨¦¥­¨î á¨áâ¥¬ë (1), (2) ¯à¨ u � 0 áâà®¨âáï ®æ¥­ª bx0 ¥¥ ­¥¨§¢¥áâ­®£® ­ ç «ì­®£® á®áâ®ï­¨ï x0 = x(0). �  ¢â®à®© ä §¥ (� � t � T ) ¯à®¨§¢®¤¨âáï
 ªâ¨¢­®¥ ¯à¨¡«¨¦¥­¨¥ á®áâ®ï­¨ï x(T ) á¨áâ¥¬ë (1) ª ­ ç «ã ª®®à¤¨­ â ã¯à ¢«¥­¨¥¬ â¨¯  (8) á
¨á¯®«ì§®¢ ­¨¥¬ ­ ©¤¥­­®© ®æ¥­ª¨ bx0.

�  ¯¥à¢®© ä §¥, ¯®« £ ï ¢ ãà ¢­¥­¨ïå (1), (2) u � 0, ¯à¨å®¤¨¬ ª ®¤­®à®¤­®© á¨áâ¥¬¥ ­ ¡«î-
¤¥­¨ï

_x = Ax; y(t) = Cx(t); 0 � t � �: (17)

�âáî¤  á ¨á¯®«ì§®¢ ­¨¥¬ ä®à¬ã«ë �®è¨ ¨§¢¥áâ­ë¥ ¨§¬¥à¥­¨ï y(t) ¬®¦­® ¢ëà §¨âì ç¥à¥§ ­¥-
¨§¢¥áâ­ë¥ ¯ à ¬¥âàë A, C, x0

y(t) = CetAx0; 0 � t � �: (18)

�à¨¬¥­¨¬ ª ¨§¬¥à¥­¨ï¬ (18) «¨­¥©­®¥ ¨­â¥£à «ì­®¥ ¯à¥®¡à §®¢ ­¨¥ á ¬ âà¨æ¥© etA
0

0C 0
0. �®-

£¤  ¯®«ãç¨¬ á¨áâ¥¬ã «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©

Wx0 = g (19)

®â­®á¨â¥«ì­® ¢¥ªâ®à  x0 á ¬ âà¨ç­ë¬¨ ª®íää¨æ¨¥­â ¬¨

W =
Z �

0

etA
0

0C 0
0Ce

tA dt; g =
Z �

0

etA
0

0C 0
0y(t)dt: (20)

� ª ¢¨¤­® ¨§ ä®à¬ã« (20), ¬ âà¨æ W à §¬¥à­®áâ¨ n�n § ¢¨á¨â ®â ­¥®¯à¥¤¥«¥­­ëå ¬ âà¨æ
A, C ¨, ¯® áãé¥áâ¢ã, ­¥¨§¢¥áâ­ . �¥ªâ®à g à §¬¥à­®áâ¨ n� 1, ­ ¯à®â¨¢, ®¯à¥¤¥«¥­ ®¤­®§­ ç­®
¨§¬¥à¥­¨ï¬¨ y(t).

�®« £ ï

W0 =
Z �

0

etA
0

0C 0
0C0e

tA0 dt; (21)

¯®  ­ «®£¨¨ á [8] ãáâ ­ ¢«¨¢ ¥¬ ®æ¥­ªã

jW �W0j � �W;

�W =
Z �

0
jetA

0

0C 0
0j[(jC0j+�C)(et(jA0j+�A) � etjA0j) + �CjetA0 j] dt: (22)

� ãç¥â®¬ (22) á¨áâ¥¬ã «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (19), ­¥áª®«ìª® ã¯à®é ï, ¬®¦­®
áç¨â âì ¨­â¥à¢ «ì­®©. �«¥¤ãï [8], ®¯à¥¤¥«¨¬ ¥¥ áã¡ã­¨¢¥àá «ì­®¥ à¥è¥­¨¥ bx0 ¨§ á¨áâ¥¬ë ãà ¢-
­¥­¨©

W0bx0 = g (23)

á ­¥¢ëà®¦¤¥­­®© [7] ¢ á¨«ã (5) ¬ âà¨æ¥© (21).
�á¯®«ì§ãï á®®â­®è¥­¨ï (22), (23), ­ ©¤¥¬ ®æ¥­ªã ­¥¢ï§ª¨ ãà ¢­¥­¨ï (19) ­  áã¡ã­¨¢¥àá «ì-

­®¬ à¥è¥­¨¨ bx0. �¬¥¥¬
jW bx0 � gj = jW bx0 � g � (W0bx0 � g)j � jW �W0j jbx0j � �W jbx0j (24)

¤«ï «î¡ëå ¬ âà¨æ A, C ¨§ ¨­â¥à¢ «®¢ (3).
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�ç¥¢¨¤­®, ­¥¢ï§ª  (24) ¯®ª®®à¤¨­ â­® ã¬¥­ìè ¥âáï á ã¬¥­ìè¥­¨¥¬ ­®à¬ ¬ âà¨æ �A, �C ¨
¢ ¯à¥¤¥«¥ ¯à¨ �A = 0, �C = 0 áâ ­®¢¨âáï ­ã«¥¢®©. � íâ®¬ á«ãç ¥ ãà ¢­¥­¨¥ (23) ¤ ¥â â®ç­®¥
§­ ç¥­¨¥ ¢¥ªâ®à  x0: x0 = bx0. �â¬¥â¨¬ ¯®¯ãâ­® ¤¢  ­¥®¡å®¤¨¬ëå ¤«ï ¤ «ì­¥©è¥£® ­¥à ¢¥­áâ¢ 

jbx0j � Ljx0j; (25)

L = jW�1
0 j

Z �

0
jetA

0

0C 0
0j(jC0j+�C)et(jA0j+�A) dt;

jx0 � bx0j � jW�1
0 j�W jx0j; (26)

ª®â®àë¥ ¢ëâ¥ª îâ ¨§ á®®â­®è¥­¨© (18), (20), (23) ¨ (19), (22), (23) á®®â¢¥âáâ¢¥­­®.
�¯¨è¥¬ ¢â®àãî ä §ã  ªâ¨¢­®£® ã¯à ¢«¥­¨ï á¨áâ¥¬®© (1) ­  ®âà¥§ª¥ ¢à¥¬¥­¨ [�; T ], áç¨â ï

®æ¥­ªã bx0 ¢¥ªâ®à  x0 ¨§¢¥áâ­®©. �®  ­ «®£¨¨ á (8) ¯®« £ ¥¬
u(t) = B0

0e
(T�t)A0

0 bz; � � t � T; (27)

£¤¥ bz | à¥è¥­¨¥ á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©

bD0bz = bf0 (28)

á ¬ âà¨ç­ë¬¨ ª®íää¨æ¨¥­â ¬¨

bD0 =
Z T��

0
e�A0B0B

0
0e

�A0

0 d�; bf0 = �eTA0 bx0 (29)

à §¬¥à­®áâ¨ n� n ¨ n� 1 á®®â¢¥âáâ¢¥­­®.
�æ¥­¨¬ ¤¥©áâ¢¨¥ ã¯à ¢«¥­¨ï (27){(29) ­  á®áâ®ï­¨¥ x(T ) á¨áâ¥¬ë (1) á ­ ç «ì­ë¬ ãá«®¢¨¥¬

x(�) = e�Ax0 | à¥§ã«ìâ â®¬ á¢®¡®¤­®£® ¤¢¨¦¥­¨ï á¨áâ¥¬ë ¯à¨ u = 0, 0 � t � �. �® ä®à¬ã«¥
�®è¨ ¨¬¥¥¬

x(T ) = e(T��)A(e�Ax0) +
Z T

�

e(T�t)ABbu(t) dt:
�âáî¤ , ¯®« £ ï

bD =
Z T��

0

e�ABB0
0e

�A0

0 d�; (30)

á ãç¥â®¬ (27){(29) ¨ (11) ¯®«ãç¨¬

jx(T )j = j � f + bDbzj = j bDbz � f � ( bD0bz � bf0)j � jf � bf0j+ j bD � bD0j jbzj: (31)

�æ¥­¨¬ á¢¥àåã ª ¦¤®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ ­¥à ¢¥­áâ¢  (31). �«ï ¯¥à¢®£® ¨§ ­¨å ­ 
®á­®¢ ­¨¨ [8] ¨ (26) ¨¬¥¥¬

jf � bf0j = jeTAx0 � eTA0 bx0j = j(eTA � eTA0)x0 + eTA0(x0 � bx0)j �
� jeTA � eTA0 j jx0j+ je

TA0 j jx0 � bx0j � Kjx0j; (32)

K = eT (jA0j+�A) � eT jA0j + jeTA0 j jW�1
0 j�W:

�â®à®¥ á« £ ¥¬®¥ ®æ¥­¨¬ á ¨á¯®«ì§®¢ ­¨¥¬ (29), (30), (28) ¨ (25). � à¥§ã«ìâ â¥ ¯®«ãç¨¬

j bD � bD0j jbzj � � bDj bD�1
0 eTA0 jLjx0j; (33)

£¤¥ ¬ âà¨æ  � bD ¯®«ãç ¥âáï ¨§ �D § ¬¥­®© T ­  (T � �) ¢ ä®à¬ã«¥ (13):

� bD =
Z T��

0

[(e�(jA0j+�A) � e� jA0j) (jB0j+�B) + je�A0 j�B] jB0
0e

�A0

0 j d�:

�§ (31) á ¨á¯®«ì§®¢ ­¨¥¬ ®æ¥­®ª (32), (33) ­ å®¤¨¬ ®ª®­ç â¥«ì­®

jx(T )j � N jx0j; N = K +� bDj bD�1
0 eTA0 jL: (34)

15



� ª ¢¨¤­® ¨§ á®®â­®è¥­¨© (22), (25), (32), (34), ®¯à¥¤¥«ïîé¨å ¬ âà¨æã N , á ã¬¥­ìè¥­¨¥¬
­®à¬ ¬ âà¨æ �A, �B, �C ­®à¬  ¬ âà¨æë N áâà¥¬¨âáï ª ­ã«î. � ç áâ­®áâ¨, ¯à¨ �A = 0,
�B = 0, �C = 0 ¯®«ãç ¥¬ N = 0, ¨ ¨§ (34) á«¥¤ã¥â x(T ) = 0. �«¥¤®¢ â¥«ì­®, ã¯à ¢«¥­¨¥ (27){
(29) ¯¥à¥¢®¤¨â âà ¥ªâ®à¨î æ¥­âà «ì­®© á¨áâ¥¬ë ¨§ ­ ç «ì­®© â®çª¨ x(�) = e�A0x0 ¢ ­ ç «®
ª®®à¤¨­ â §  ¢à¥¬ï T � �.

4. �®áâ â®ç­®¥ ãá«®¢¨¥ áâ ¡¨«¨§¨àã¥¬®áâ¨

�à®¤®«¦¨¬ ã¯à ¢«¥­¨¥ (27){(29) ­  ¯®«ã®áì [0;1), ¯®« £ ï

bu(x0; t) = 0; (k � 1)T � t < (k � 1)T + �;

bu(x0; t) = B0
0e

(kT�t)A0

0 bzk�1; (k � 1)T + � � t < kT;

bD0bzk�1 = bfk�10 ; W0bxk�10 = gk�1; (35)

bfk�10 = �eTA0 bxk�10 ;

gk�1 =

(k�1)T+�Z
(k�1)T

e(t�(k�1)T )A
0

0C 0
0y(t)dt; k = 1; 2; : : : ;

£¤¥ x(t), y(t) | à¥è¥­¨¥ á¨áâ¥¬ë (7). � ª ¦¥, ª ª ¯à¨ ¢ë¢®¤¥ ­¥à ¢¥­áâ¢  (34), «¥£ª® ãáâ ­ -
¢«¨¢ ¥âáï ®æ¥­ª 

jx(kT )j � N jx((k � 1)T )j; k = 1; 2; : : :

�§ ­¥¥ ¢ á®£« á®¢ ­­ëå ­®à¬ å ¯®«ãç¨¬

kx(kT )k � kNkkkx0k:

�á«¨ kNk < 1, â® ¤«ï ¯à®¨§¢®«ì­ëå ä¨ªá¨à®¢ ­­ëå x0 ¨§ Rn ¨ A, B, C ¨§ ¨­â¥à¢ «®¢ (3)
¨¬¥¥¬ kx(kT )k ! 0 ¯à¨ k !1. �  ®âà¥§ª¥ ¢à¥¬¥­¨ [(k� 1)T; kT ] á¯à ¢¥¤«¨¢®  ­ «®£¨ç­®¥ (26)
­¥à ¢¥­áâ¢®

jx((k � 1)T )� bxk�10 j � jW�1
0 j�W jx((k � 1)T )j:

�âáî¤  ¢ á¨«ã áª § ­­®£® § ª«îç ¥¬ bxk�10 ! 0 ¯à¨ k !1. � à¥§ã«ìâ â¥ ¤®ª § ­ 

�¥®à¥¬ .�ãáâì ¤«ï á¨áâ¥¬ë (1){(3) ¢ë¯®«­¥­ë ¯à¥¤¯®«®¦¥­¨ï (4), (5) ¨ ¬ âà¨æ  N , ®¯à¥-
¤¥«¥­­ ï ä®à¬ã« ¬¨ (22), (25), (32), (34), ã¤®¢«¥â¢®àï¥â ãá«®¢¨î kNk < 1. �®£¤  ã¯à ¢«¥­¨¥
(35) ®¡¥á¯¥ç¨¢ ¥â ¯à¨âï¦¥­¨¥ âà ¥ªâ®à¨© á¨áâ¥¬ë (1){(3) ª ­ ç «ã ª®®à¤¨­ â ¯à¨ «î¡ëå
­ ç «ì­ëå á®áâ®ï­¨ïå x0 ¨§ R

n ¨ ¬ âà¨æ å A, B, C ¨§ ¨­â¥à¢ «®¢ (3).

�à®¤¥¬®­áâà¨àã¥¬ ­¥ª®â®àë¥ ¢®§¬®¦­®áâ¨ â¥®à¥¬ë ¯à¨ ã¯à®é îé¨å ¯à¥¤¯®«®¦¥­¨ïå

C0 = E; �C = 0; rankB0 = n

¨ ¯à¨ «î¡®© ­¥®âà¨æ â¥«ì­®© ¬ âà¨æ¥ �A. �®£¤  ãá«®¢¨ï kNk < 1 â¥®à¥¬ë ¬®¦­® ¤®¡¨âìáï
ã¬¥­ìè¥­¨¥¬ ¯¥à¨®¤  T ¨ ­®à¬ë ¬ âà¨æë �B. �¥©áâ¢¨â¥«ì­®, à áªàë¢ ï ä®à¬ã«ã (34) ¤«ï
¬ âà¨æë N = N(T ) ¨ ¯à¨¬¥­¨¢ ¯®í«¥¬¥­â­® â¥®à¥¬ã ® áà¥¤­¥¬ ¤«ï ¨­â¥£à « 

D0 =
Z T

0
e�A0B0B

0
0e

�A0

0 d�;

¢ ¯à¥¤¥«¥ ¯®«ãç¨¬
lim
T!0

N(T ) = �BjB0
0j j(B0B

0
0)
�1j:

�âáî¤  ¨ ¢ëâ¥ª ¥â âà¥¡ã¥¬®¥.
� ª¨¬ ®¡à §®¬, ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ §  áç¥â ã¢¥«¨ç¥­¨ï ç áâ®âë ª®àà¥ªæ¨¨ ã¯à ¢«¥-

­¨ï ¨ ã¬¥­ìè¥­¨ï ­®à¬ë ¬ âà¨æë �B ¬®¦­® íää¥ªâ¨¢­® áâ ¡¨«¨§¨à®¢ âì á¨áâ¥¬ã (1), (2)
¤ ¦¥ ¯à¨ ¡®«ìè¨å ¨­â¥à¢ « å ­¥®¯à¥¤¥«¥­­®áâ¨ ¬ âà¨æë A.
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� ª«îç¥­¨¥

�â¬¥â¨¬ å à ªâ¥à­ë¥ ®á®¡¥­­®áâ¨ à¥è¥­¨ï ¨­â¥à¢ «ì­®© § ¤ ç¨ áâ ¡¨«¨§ æ¨¨.
�¥â®¤ ã¯à¥¦¤ îé¥£® ã¯à ¢«¥­¨ï ¢ á®ç¥â ­¨¨ á â¥å­¨ª®© ¨­â¥à¢ «ì­®£®  ­ «¨§  ®ª § «¨áì

¤®áâ â®ç­® íää¥ªâ¨¢­ë¬ áà¥¤áâ¢®¬  ­ «¨§  ¬ã«ìâ¨¯«¨ª â¨¢­ëå ­¥®¯à¥¤¥«¥­­®áâ¥© ¢ ãà ¢­¥-
­¨ïå ¤¢¨¦¥­¨ï ¨ ­ ¡«î¤¥­¨ï ã¯à ¢«ï¥¬®£® ®¡ê¥ªâ  ¨ ¯®§¢®«¨«¨ ¯®«ãç¨âì ¤¥â¥à¬¨­¨à®¢ ­­ë©
§ ª®­ ã¯à ¢«¥­¨ï ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï áâ ¡¨«¨§ æ¨¨. �¯à¥¦¤ îé¥¥ ¤¥©áâ¢¨¥ áâ ¡¨«¨§¨àã-
îé¥£® ã¯à ¢«¥­¨ï ¯à®ï¢«ï¥âáï ¯¥à¨®¤¨ç¥áª¨ ­  ®âà¥§ª å ¢à¥¬¥­¨ [(k � 1)T; kT ], k = 1; 2; : : :
�¯à ¢«¥­¨¥ \à ¡®â ¥â" ­  ã¬¥­ìè¥­¨¥ ­®à¬ ¢¥ªâ®à®¢ á®áâ®ï­¨© x(kT ). �¥å­¨ª  ¨­â¥à¢ «ì­®-
£®  ­ «¨§  ¤ ¥â ¢®§¬®¦­®áâì ®æ¥­¨âì \­¥¤®à ¡®âª¨" ã¯à ¢«¥­¨ï ¯® áà ¢­¥­¨î á ¤¥©áâ¢¨¥¬ ­ 
æ¥­âà «ì­ãî á¨áâ¥¬ã.

� §¤¥«¥­¨¥ ä § ¯ áá¨¢­®£® ­ ¡«î¤¥­¨ï ¨  ªâ¨¢­®£® ã¯à ¢«¥­¨ï ¢ ¯à®æ¥¤ãà¥ áâ ¡¨«¨§ æ¨¨
¨¬¥¥â ¯à¨­æ¨¯¨ «ì­®¥ §­ ç¥­¨¥ ¤«ï  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ¯®«®¦¥­¨ï à ¢­®¢¥á¨ï. � -
«®¦¥­¨¥ íâ¨å ä § ¯à¨¢®¤¨â ª ¯®ï¢«¥­¨î ­¥®¤­®à®¤­ëå ç«¥­®¢ ¢ ãà ¢­¥­¨ïå ­ ¡«î¤¥­¨ï (17)
¨, ª ª á«¥¤áâ¢¨¥, ª ¯®â¥à¥  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨. � íâ®¬ á«ãç ¥, ¢®®¡é¥ £®¢®àï, ¬®¦­®
£ à ­â¨à®¢ âì «¨èì ãáâ®©ç¨¢®áâì ¯®«®¦¥­¨ï à ¢­®¢¥á¨ï.

�á«®¢¨ï (4), (5) â¥®à¥¬ë ­ ª« ¤ë¢ îâ ®¯à¥¤¥«¥­­ë¥ âà¥¡®¢ ­¨ï ­  æ¥­âàë ¨­â¥à¢ «®¢:
á®®â¢¥âáâ¢ãîé ï æ¥­âà «ì­ ï á¨áâ¥¬  ¤®«¦­  ¡ëâì ã¯à ¢«ï¥¬®© ¨ ­ ¡«î¤ ¥¬®©. �á«®¢¨¥
kNk < 1 ¬®¦­® ¨­â¥à¯à¥â¨à®¢ âì ¤¢®ïª®. � ®¤­®© áâ®à®­ë, ¯à¨ § ¤ ­­ëå T , � ®­® ¢ë¤¥«ï-
¥â ¢ ï¢­®¬ ¢¨¤¥ \®ªà¥áâ­®áâì" ¨­â¥à¢ «ì­ëå á¨áâ¥¬ (¯® ®â­®è¥­¨î ª æ¥­âà «ì­®© á¨áâ¥¬¥),
ª®â®àë¥ ¯®¤¤ îâáï áâ ¡¨«¨§ æ¨¨ ¯à¨¢¥¤¥­­ë¬ á¯®á®¡®¬. � ¤àã£®© áâ®à®­ë, íâ® ãá«®¢¨¥ á®-
£« á®¢ ­­®áâ¨ ¯®ª § â¥«ï ­¥®¯à¥¤¥«¥­­®áâ¨ á¨áâ¥¬ë (k�Ak + k�Bk + k�Ck) á ­¥®¡å®¤¨¬®©
ç áâ®â®© ­ ¡«î¤¥­¨ï ¨ ã¯à ¢«¥­¨ï (1=� ¨ 1=T ) ¯à¨ áâ ¡¨«¨§ æ¨¨ á¨áâ¥¬ë.
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