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� ­­ ï áâ âìï, ï¢«ïîé ïáï ¥áâ¥áâ¢¥­­ë¬ ¯à®¤®«¦¥­¨¥¬ à ¡®â [1]{[3], ¯®á¢ïé¥­  â¥®à¥â¨-
ç¥áª®¬ã ®¡®á­®¢ ­¨î ¢ á¬ëá«¥ ([4], £«. 14; [5], £«. 1) ¬¥â®¤  ®áæ¨««¨àãîé¨å äã­ªæ¨© (¯®¤®¡« -
áâ¥©) ¤«ï ®¡ëª­®¢¥­­ëå ¨­â¥£à®¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¨ ­¥ª®â®àëå ¨å ®¡®¡é¥­¨©. �
ç áâ­®áâ¨, ¤®ª §ë¢ ¥âáï áå®¤¨¬®áâì ¬¥â®¤  ¯à¨ ¬¨­¨¬ «ì­ëå (ª ­ áâ®ïé¥¬ã ¢à¥¬¥­¨) ¯à¥¤-
¯®«®¦¥­¨ïå ®â­®á¨â¥«ì­® ¨áå®¤­ëå ¤ ­­ëå ¨ ãáâ ­ ¢«¨¢ îâáï íää¥ªâ¨¢­ë¥ (¢ â®¬ ç¨á«¥ ­¥-
ã«ãçè ¥¬ë¥ ¯® ¯®àï¤ªã) ®æ¥­ª¨ ¯®£à¥è­®áâ¨ ¢ § ¢¨á¨¬®áâ¨ ®â áâàãªâãà­ëå á¢®©áâ¢ ¨áå®¤­ëå
¤ ­­ëå. �à¨ íâ®¬ áãé¥áâ¢¥­­ë¬ ®¡à §®¬ ¨á¯®«ì§ãîâáï ª ª à¥§ã«ìâ âë, â ª ¨ ®¡®§­ ç¥­¨ï ¨§
[2], [3].

1. �®áâ ­®¢ª  § ¤ ç¨

� áá¬ âà¨¢ ¥âáï «¨­¥©­®¥ ®¯¥à â®à­®¥ ãà ¢­¥­¨¥

Ax � x(m)(t) +B(x; t) = y(t); �1 6 t 6 1; (1.1)

¯à¨ ªà ¥¢ëå ãá«®¢¨ïå

Rl(x) = 0; l = 0;m� 1; (1.2)

§¤¥áì B | «¨­¥©­ë© (¢ â®¬ ç¨á«¥ ¨­â¥£à®¤¨ää¥à¥­æ¨ «ì­ë©) ®¯¥à â®à á ®¡« áâìî §­ ç¥­¨© ¢
¯à®áâà ­áâ¢¥ L1(�1; 1), y 2 L1(�1; 1),   Rl | «¨­¥©­® ­¥§ ¢¨á¨¬ë¥ äã­ªæ¨®­ «ë ¢ ¯à®áâà ­áâ¢¥
Cm�1[�1; 1], m | æ¥«®¥ ­¥®âà¨æ â¥«ì­®¥ ç¨á«®, ¯à¨ç¥¬ ãá«®¢¨ï (1.2) ¯à¨ m = 0 ®âáãâáâ¢ãîâ.

�à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (1.1){(1.2) ¨é¥âáï ¢ ¢¨¤¥ ¬­®£®ç«¥­ 

xn(t) =
n+mX
k=1

�kt
k�1; t 2 [�1; 1]; n 2 N; (1.3)

ª®íää¨æ¨¥­âë �k = �k;n ª®â®à®£® ®¯à¥¤¥«ïîâáï ¯® ¬¥â®¤ã ¯®¤®¡« áâ¥© ¨§ á¨áâ¥¬ë «¨­¥©­ëå
 «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (����)

n+mX
k=1

�k

Z ti

ti�1

A(tk�1; t)dt =
Z ti

ti�1

y(t)dt; i = 1; n; (1.4)

nX
k=1

�kRl(tk�1) = 0; l = 0;m� 1; (1.5)

§¤¥áì ftk = tk;ng
n
0 |­¥ª®â®à ï á¨áâ¥¬  ã§«®¢ ¨§ [�1; 1], ¢ë¡®à ª®â®àëå ¨¬¥¥â, ª ª ¡ã¤¥â ¯®ª § ­®

­¨¦¥, áãé¥áâ¢¥­­®¥ §­ ç¥­¨¥ ¤«ï ®¡®á­®¢ ­¨ï áå®¤¨¬®áâ¨ ¨ ®æ¥­ª¨ ¯®£à¥è­®áâ¨ ¬¥â®¤ .
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�áá«¥¤®¢ ­¨¥ ¬¥â®¤  (1.1){(1.5) ¡ã¤¥¬ ¯à®¢®¤¨âì ¢ ¯ à å äã­ªæ¨®­ «ì­ëå ¯à®áâà ­áâ¢
(Wm

2 (�);L2(�)) ¨ (Cm; C), £¤¥ C = C[�1; 1], L2(�) = L2(�; [�1; 1]) | å®à®è® ¨§¢¥áâ­ë¥ ¯à®-
áâà ­áâ¢  á ®¡ëç­ë¬¨ ­®à¬ ¬¨,   Cm = C(m)[�1; 1] | ¯à®áâà ­áâ¢® m à § ­¥¯à¥àë¢­® ¤¨ää¥-
à¥­æ¨àã¥¬ëå ­  [�1; 1] äã­ªæ¨© á ­®à¬®©

kxkCm =
mX
i=0

kx(i)(t)kC ; x 2 Cm;

Wm
2 (�) = W

(m)
2 (�; [�1; 1]) = fx(t) 2 Cm�1 : 9x(m)(t) 2 L2(�)g | ¢¥á®¢®¥ ¯à®áâà ­áâ¢® �®¡®«¥¢  á

­®à¬®©

kxkWm

2
(�) =

mX
i=0

kx(i)(t)kL2(�); x 2Wm
2 (�);

¯à¨ç¥¬ ¢ë¡®à ¢¥á®¢®© äã­ªæ¨¨ � = �(t) = (1 � t2)1=2 ¯à®¤¨ªâ®¢ ­, ª ª ¨ ¢ [1], [2], á¢®©áâ¢ ¬¨
¨á¯®«ì§ã¥¬ëå ­¨¦¥ ¬­®£®ç«¥­®¢ �¥¡ëè¥¢  Tn(t) = cosn arccos t (n + 1 2 N, t 2 [�1; 1]) ¨ ¨å
¯à®¨§¢®¤­ëå.

2. �á­®¢­ë¥ à¥§ã«ìâ âë

�¨¦¥ §  ã§«ë tk = tk;n (k = 0; n) ¢®§ì¬¥¬ ª®à­¨ ¬­®£®ç«¥­  �¥¡ëè¥¢  Tn+1(t) ¨ á®®â¢¥â-
áâ¢¥­­® íªáâà¥¬ «ì­ë¥ â®çª¨ ¬­®£®ç«¥­  �¥¡ëè¥¢  Tn(t):

tk = cos
2k + 1
2n+ 2

�; k = 0; n; n 2 N; (2.1)

tk = cos
k�

n
; k = 0; n; n 2 N: (2.2)

�«ï ¢ëç¨á«¨â¥«ì­®© áå¥¬ë (1.1){(1.5), (2.1){(2.2) á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ â¥®à¥¬ë.

�¥®à¥¬  1. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï

 ) ®¯¥à â®à B : Wm
2 (�)! L2(�) ¢¯®«­¥ ­¥¯à¥àë¢¥­;

¡) ãà ¢­¥­¨¥ x(m)(t) = 0 ¯à¨ ãá«®¢¨ïå (1:2) ¨¬¥¥â «¨èì âà¨¢¨ «ì­®¥ à¥è¥­¨¥;
¢) § ¤ ç  (1:1){(1:2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x�(t) 2 Wm

2 (�) ¯à¨ «î¡®© ¯à ¢®© ç áâ¨

y(t) 2 L2(�).

�®£¤  ¯à¨ ¢á¥å n > n0 (n0 2 N ®¯à¥¤¥«ï¥âáï á¢®©áâ¢ ¬¨ ®¯¥à â®à  B) ���� (1:4){(1:5),
(2:1){(2:2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ��1; �

�
2; : : : ; �

�
n+m. �à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï

x�n(t) =
n+mX
k=1

��kt
k�1; �1 6 t 6 1; (1.3�)

áå®¤ïâáï ¯à¨ n!1 ª â®ç­®¬ã à¥è¥­¨î x�(t) á® áª®à®áâìî, ®¯à¥¤¥«ï¥¬®© á®®â­®è¥­¨ï¬¨

En�1(x�
(m))L2(�) � kx� � x�nkWm

2
(�) � En+m�1(x�)Wm

2
(�); (2.3)

£¤¥ á¨¬¢®« � ®§­ ç ¥â §­ ª á« ¡®© íª¢¨¢ «¥­â­®áâ¨.

�¤¥áì ¨ ¤ «¥¥ En+m�1(')Wm

2
(�) | ­ ¨«ãçè¥¥ ¯à¨¡«¨¦¥­¨¥ äã­ªæ¨¨ ' 2 Wm

2 (�) ¢á¥¢®§¬®¦-
­ë¬¨  «£¥¡à ¨ç¥áª¨¬¨ ¬­®£®ç«¥­ ¬¨ ¢¨¤  (1.3) ¢ ¬¥âà¨ª¥ ¯à®áâà ­áâ¢  Wm

2 (�),   En�1(f)L2(�)

| ­ ¨«ãçè¥¥ ¯à¨¡«¨¦¥­¨¥ ¢ ¯à®áâà ­áâ¢¥ L2(�) äã­ªæ¨¨ f 2 L2(�)  «£¥¡à ¨ç¥áª¨¬¨ ¬­®£®-
ç«¥­ ¬¨ áâ¥¯¥­¨ ­¥ ¢ëè¥ n� 1.

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ X = fx 2 Wm
2 (�) : Rl(x) = 0, l = 0;m� 1g ¨ Y = L2(�) á

­®à¬ ¬¨ á®®â¢¥âáâ¢¥­­®

kxkX =
mX
i=0

kx(i)(t)kY ; x 2 X; kykY =
�Z +1

�1

�(t)jy(t)j2dt
�1=2

; y 2 Y:
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�®£¤  § ¤ ç  (1.1){(1.2) ¬®¦¥â ¡ëâì § ¯¨á ­  ¢ ¢¨¤¥ íª¢¨¢ «¥­â­®£® ¥© «¨­¥©­®£® ®¯¥à â®à­®£®
ãà ¢­¥­¨ï

Ax � Ux+Bx = y (x 2 X; y 2 Y ); (2.4)

£¤¥ Ux = x(m)(t), ¯à¨ ªà ¥¢ëå ãá«®¢¨ïå (1.2). � á¨«ã ãá«®¢¨© â¥®à¥¬ë ®¯¥à â®àë A : X ! Y ¨
U : X ! Y ¨¬¥îâ ­¥¯à¥àë¢­ë¥ ®¡à â­ë¥ A�1 : Y ! X ¨ U�1 : Y ! X.

�¢¥¤¥¬ ¯®¤¯à®áâà ­áâ¢ 

Yn =
� nX

k=1

�kt
k�1

�
� H n�1 ; �k 2 R;

Xn = fxn 2 H n+m�1 : Rl(xn) = 0; l = 0;m� 1g:

�á­®, çâ® Xn � X, Yn � Y ¨ dimXn = dimYn = n 2 N.
�¡®§­ ç¨¬ ç¥à¥§ �n : Y ! Yn ®¯¥à â®à ¬¥â®¤  ¯®¤®¡« áâ¥© ¯® «î¡®© ¨§ á¨áâ¥¬ ã§«®¢ (2.1) ¨

(2.2). � á¨«ã á«¥¤áâ¢¨© «¥¬¬ 2 ¨ 3 ¨§ [3], «¥¬¬ë 1.1 ¨ ¥¥ á«¥¤áâ¢¨ï à ¡®âë [2] ¤«ï «î¡®© f 2 Y
¨¬¥¥¬

En�1(f)Y 6 kf ��nfkY 6
�

2
En�1(f)Y ; n 2 N; (2.5)

1 6 k�nkY!Y 6
�

2
; n 2 N: (2.6)

� ¯¨è¥¬ ���� (1.4){(1.5) ¢ ¢¨¤¥ íª¢¨¢ «¥­â­®£® ¥© «¨­¥©­®£® ®¯¥à â®à­®£® ãà ¢­¥­¨ï

Anxn � Uxn +�nBxn = �ny (xn 2 Xn; yn 2 Yn) (2.7)

¨ ¯®ª ¦¥¬, çâ® ®¯¥à â®àë An : Xn ! Yn ¯à¨ ¢á¥å n > n0 «¨­¥©­® ®¡à â¨¬ë,   ®¡à â­ë¥
®¯¥à â®àë ®£à ­¨ç¥­ë ¯® ­®à¬¥ ¢ á®¢®ªã¯­®áâ¨:

kA�1
n kYn!Xn = O(1); n!1: (2.8)

� íâ®© æ¥«ìî ª ãà ¢­¥­¨ï¬ (2.4) ¨ (2.8) ¯à¨¬¥­¨¬ â¥®à¥¬ã 7 ¨§ ([5], £«. 1). �«ï «î¡ëå xn 2 Xn,
xn 6= 0, ¨§ (2.4) ¨ (2.8) ­ å®¤¨¬

kAxn �AnxnkY = kBxn ��nBxnkY = kxnkXkBzn ��nBznkY 6 "0nkxnkX ;

"0n = sup
zn2Xn;

kznkXn=1

kBzn ��nBznkY 6 sup
z2X;

kzkX61

kBz ��nBzkY = sup
f2BS(0;1)

kf ��nfkY ;

£¤¥ zn = xn=kxnk, S(0; 1) = fx 2 X : kxkX 6 1g. �®áª®«ìªã ¢ á¨«ã ãá«®¢¨ï a) â¥®à¥¬ë ¬­®¦¥áâ¢®
BS(0; 1) ª®¬¯ ªâ­® ¢ ¯à®áâà ­áâ¢¥ Y , â® ¨§ (2.5) ¨ â¥®à¥¬ë �¥«ìä ­¤  (­ ¯à., [4], á. 274{276)
á«¥¤ã¥â lim

n!1
"0n = 0. �®íâ®¬ã

"n � kA�AnkXn!Y 6 "0n ! 0; n!1: (2.9)

�à®¬¥ â®£®, ¢ á¨«ã (2.5) ¤«ï ¯à ¢ëå ç áâ¥© ãà ¢­¥­¨© (2.4) ¨(2.7) ¨¬¥¥¬

�n � ky ��nykY 6
�

2
En�1(y)L2(�) ! 0; n!1: (2.10)

�®íâ®¬ã ¢ á¨«ã â¥®à¥¬ë 7 ([5], £«. 1) ¤«ï ¢á¥å n 2 N â ª¨å, çâ®

qn � "nkA
�1kY!X < 1 (n > n0); (2.11)

®¯¥à â®àë An : Xn ! Yn ­¥¯à¥àë¢­® ®¡à â¨¬ë ¨ ¤«ï A�1
n : Yn ! Xn á¯à ¢¥¤«¨¢ë ®æ¥­ª¨ (2.8);

ªà®¬¥ â®£®, ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï x�n = A�1
n �ny, ®¯à¥¤¥«ï¥¬ë¥ ¯® ä®à¬ã«¥ (1.3�), áå®¤ïâáï ª

â®ç­®¬ã à¥è¥­¨î x� = A�1y ¢ ¯à®áâà ­áâ¢¥ X á® áª®à®áâìî

kx� � x�nkX = O("n + �n); (2.12)

£¤¥ "n ¨ �n ®¯à¥¤¥«¥­ë ¢ (2.9) ¨ (2.10).
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�¥¯¥àì á ¯®¬®éìî â¥®à¥¬ë 6 ¨§ ([5], £«. 1) ¨ á®®â­®è¥­¨© (2.5){(2.12) ­ å®¤¨¬

kx� � x�nkX 6 kE �A�1
n �nAkX!Xkx

� � exnkX ; (2.13)

kx� � x�nkX 6 kE �A�1
n �nBkX!XkU

�1kY!XkUx
� ��nUx

�kY ; (2.14)

£¤¥ exn | ¯à®¨§¢®«ì­ë© í«¥¬¥­â ¨§ Xn. �ë¡¨à ï ¥£® á®®â¢¥âáâ¢ãîé¨¬ ®¡à §®¬, ¨§ (2.13), (2.4),
(2.6) ¯®«ãç ¥¬ ®æ¥­ªã

kx� � x�nkX = OfEn+m�1(x�)Xg: (2.15)

�­ «®£¨ç­®, ¨§ (2.14), (2.4){(2.6) ¨ ãá«®¢¨ï ¡) â¥®à¥¬ë ­ å®¤¨¬

kx� � x�nkX = OfEn�1(x
�(m))Y g: (2.16)

�¥âàã¤­® ¯®ª § âì, çâ®

kx� � x�nkX > En+m�1(x
�)X > En�1(x

�(m))Y : (2.17)

�§ ­¥à ¢¥­áâ¢ (2.15){(2.17) á«¥¤ãîâ á®®â­®è¥­¨ï (2.3).

�¥®à¥¬  2. � ãá«®¢¨ïå â¥®à¥¬ë 1 ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï (1:3�) áå®¤ïâáï ¢ ¯à®áâà ­-

áâ¢ å Ck (k = 0;m� 1, m > 1) á® áª®à®áâìî

kx� � x�nkCk =
kX
i=0

kx�(i)(t)� x�n
(i)(t)kC = OfEn�1(x�

(m))L2(�)g: (2.18)

�á«¨ y 2 C,   ®¯¥à â®à B : X ! C ®£à ­¨ç¥­, â® á¯à ¢¥¤«¨¢  ¯®àï¤ª®¢ ï ®æ¥­ª 

kx� � x�nkCm = OfEn�1(x
�(m))C lnng; (2.19)

¥á«¨ ¦¥ y 2 C ¨

k�nBkX!C = O(1); n!1; (2.20)

â® á¯à ¢¥¤«¨¢   á¨¬¯â®â¨ç¥áª ï ®æ¥­ª 

kx� � x�nkCm � kx�(m) ��nx
�(m)kC ; n!1; (2.21)

£¤¥ En�1(')C | ­ ¨«ãçè¥¥ à ¢­®¬¥à­®¥ ¯à¨¡«¨¦¥­¨¥ äã­ªæ¨¨ ' 2 C  «£¥¡à ¨ç¥áª¨¬¨ ¬­®£®-

ç«¥­ ¬¨ áâ¥¯¥­¨ ­¥ ¢ëè¥ n� 1 (n 2 N),   á¨¬¢®« � ®§­ ç ¥â §­ ª á¨«ì­®© íª¢¨¢ «¥­â­®áâ¨.

�®ª § â¥«ìáâ¢®. �æ¥­ª  (2.18) ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ â¥®à¥¬ë 1 ¨ â®£® ¨§¢¥áâ­®£® ä ªâ ,
çâ® ¯à®áâà ­áâ¢® Wm

2 (�) ­¥¯à¥àë¢­® ¢«®¦¥­® ¢ «î¡®¥ ¨§ ¯à®áâà ­áâ¢ C
k ¯à¨ k = 0; 1; : : : ;m�1

(m > 1, C0 = C). �¥à¥å®¤ï ª ¤®ª § â¥«ìáâ¢ã (2.19), ®â¬¥â¨¬, çâ®

kx� � x�nkCm = kx� � x�nkCm�1 + kx
�(m) � x�n

(m)kC ; (2.22)

£¤¥ ¯¥à¢®¥ á« £ ¥¬®¥ ®æ¥­¥­® ¢ (2.18),   ¤«ï ®æ¥­ª¨ ¢â®à®£® á« £ ¥¬®£® ¢®á¯®«ì§ã¥¬áï â®¦¤¥-
áâ¢ ¬¨

x�(m) � y(t)�B(x�; t); x�n
(m) � �n(y; t)� (�nB)(x�n; t); (2.23)

£¤¥ �1 6 t 6 1.
�§ (2.23) á«¥¤ã¥â â®¦¤¥áâ¢®

x�(m) � x�n
(m) = (x�(m) ��nx

�(m))� (�nB)(x
� � x�n): (2.24)

� á¨«ã â¥®à¥¬ë 1 ¨ ®£à ­¨ç¥­­®áâ¨ ®¯¥à â®à  B : X ! C ¨§ (2.24) ­ å®¤¨¬ ­¥à ¢¥­áâ¢ 

kx�(m) � x�n
(m)kC 6 kx�(m) ��nx

�(m)kC + k�nkC!CkBkX!Ckx
� � x�nkX 6

6 2k�nkC!CEn�1(x�
(m))C + k�nkC!CkBkX!COfEn�1(x�

(m))L2(�)g =

= k�nkC!COfEn�1(x�
(m))C +En�1(x�

(m))L2(�)g = Ofk�kC!CEn�1(x�
(m))Cg: (2.25)

41



�®áª®«ìªã ¢ á¨«ã (2.18)

kx� � x�nkCm�1 = OfEn�1(x�
(m))L2(�)g = OfEn�1(x�

(m))Cg; (2.26)

â® á ãç¥â®¬ (2.22), (2.25) ¨ (2.26) ¨¬¥¥¬

kx� � x�nkCm = Ofk�nkC!CEn�1(x�
(m))Cg: (2.27)

�§¢¥áâ­® [6], [7], [2], çâ® ¤«ï ã§«®¢ (2.1) ¨ (2.2) á¯à ¢¥¤«¨¢  ®æ¥­ª 

k�nkC!C = O(lnn); n!1: (2.28)

�§ (2.27) ¨ (2.28) á«¥¤ã¥â ®æ¥­ª  (2.19).
� «¥¥, ¨§ (2.24) á ãç¥â®¬ (2.20) ¨ â¥®à¥¬ë 1 ¯®á«¥¤®¢ â¥«ì­® ­ å®¤¨¬

kx�(m) � x�n
(m)kC 6 kx�(m) ��nx

�(m)kC + k�nBkX!Ckx
� � x�nkX 6

6 kx�(m) ��nx
�(m)kC +OfEn�1(x

�(m))L2(�)g � kx�(m) ��nx
�(m)kC ; n!1;

kx�(m) � x�n
(m)kC > kx�(m) ��nx

�(m)kC � k�nBkX!Ckx
� � x�nkX � kx�(m) ��nx

�(m)kC ; n!1;

¯®íâ®¬ã

kx�(m) � x�n
(m)kC � kx�(m) ��nx

�(m)kC ; n!1: (2.29)

�§ á®®â­®è¥­¨© (2.22), (2.26), (2.28) ¨ (2.29) á«¥¤ã¥â ®æ¥­ª  (2.21).

�§ â¥®à¥¬ë 2 ¨ ¯àï¬ëå â¥®à¥¬ â¥®à¨¨ à ¢­®¬¥à­ëå ¯à¨¡«¨¦¥­¨© äã­ªæ¨© (­ ¯à., [8]{[10])
¯®«ãç ¥¬

�«¥¤áâ¢¨¥. �ãáâì äã­ªæ¨ï y(t) ¨ ®¯¥à â®à B â ª®¢ë, çâ® äã­ªæ¨ï x�(m)(t) ã¤®¢«¥â¢®àï-
¥â ãá«®¢¨î �¨­¨{�¨¯è¨æ  ­  á¥£¬¥­â¥ [�1; 1]. �®£¤  ¬¥â®¤ (1.1){(1.5), (2.1){(2.2) áå®¤¨âáï ¢
¯à®áâà ­áâ¢¥ Cm á® áª®à®áâìî (2.19); ¥á«¨ ¦¥

x�(m)(t) 2W rH�[�1; 1] (r + 1 2 N; 0 < � 6 1); (2.30)

â® ¨ á® áª®à®áâìî

kx� � x�nkCm = O

�
lnn
nr+�

�
: (2.31)

3. �¥ª®â®àë¥ § ¬¥ç ­¨ï ¨ ¤®¯®«­¥­¨ï

1�. �â¬¥â¨¬, çâ® ãâ¢¥à¦¤¥­¨ï,  ­ «®£¨ç­ë¥ â¥®à¥¬¥ 2 ¨ ¥¥ á«¥¤áâ¢¨î, ¬®£ãâ ¡ëâì ¯®«ãç¥­ë
â ª¦¥ á ¬®áâ®ïâ¥«ì­®, ­® ¯à¨ ¡®«¥¥ ¦¥áâª¨å, ç¥¬ ¢ëè¥, ãá«®¢¨ïå; ­ ¯à., ª ª ¨ ¢ ([5], £«. 4), á
¨á¯®«ì§®¢ ­¨¥¬ ®æ¥­ª¨ (2.28), ¤®ª §ë¢ ¥âáï

�¥®à¥¬  3. �ãáâì äã­ªæ¨¨ y(t) ¨ B(x; t) à ¢­®¬¥à­®1 ®â­®á¨â¥«ì­® x 2 Cm ã¤®¢«¥â¢®-

àïîâ ­  [�1; 1] ãá«®¢¨î �¨­¨{�¨¯è¨æ . �®£¤  ���� (1:4){(1:5), (2:1){(2:2) ®¤­®§­ ç­® à §à¥-
è¨¬  ¯à¨ ¢á¥å n > n1 2 N ¨ ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï (1:3�) áå®¤ïâáï ¢ ¯à®áâà ­áâ¢¥ Cm á®

áª®à®áâìî

kx� � x�nkCm � kx�(m) ��nx
�(m)kC = OfEn�1(x

�(m))C lnng; n!1;

¥á«¨ ¦¥ ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (2:30), â® ¨ á® áª®à®áâìî (2:31).

2�. � ¯®¬®éìî à¥§ã«ìâ â®¢ à ¡®âë [11] ¨ ¯à¨¢¥¤¥­­ëå ¢ëè¥ â¥®à¥¬ ¤®ª §ë¢ ¥âáï

�¥®à¥¬  4. �¥â®¤ ®áæ¨««¨àãîé¨å äã­ªæ¨© (1:1){(1:5), (2:1){(2:2) ®¡« ¤ ¥â á«¥¤ãîé¨¬¨

®¯â¨¬ «ì­ë¬¨ á¢®©áâ¢ ¬¨:

1�â® ®§­ ç ¥â, çâ® supf!(Bx; �) : x 2 Cm, kxkCm = 1g = o
�

1
j ln �j

	
, � ! +0, £¤¥ !('; �) | ¬®¤ã«ì

­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ ' 2 C[�1; 1] á è £®¬ � 2 (0; 2].
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 ) ¢ ãá«®¢¨ïå «î¡®© ¨§ â¥®à¥¬ 1 ¨ 2 ¬¥â®¤ ®¯â¨¬ «¥­ ¯® ¯®àï¤ªã áà¥¤¨ ¢á¥¢®§¬®¦­ëå

¯®«¨­®¬¨ «ì­ëå ¬¥â®¤®¢ à¥è¥­¨ï § ¤ ç¨ (1:1){(1:2);
¡) ¢ ãá«®¢¨ïå ¢â®à®© ç áâ¨ â¥®à¥¬ë 2,   â ª¦¥ â¥®à¥¬ë 3 ¬¥â®¤ ï¢«ï¥âáï  á¨¬¯â®â¨-

ç¥áª¨ ®¯â¨¬ «ì­ë¬ áà¥¤¨ ¢á¥¢®§¬®¦­ëå ¬¥â®¤®¢ ®áæ¨««¨àãîé¨å äã­ªæ¨©, ®á­®¢ ­-

­ëå ­   ¯¯à®ªá¨¬ æ¨¨ ¯®«¨­®¬ ¬¨.

3�. �à¨¢¥¤¥­­ë¥ ¢ëè¥ à¥§ã«ìâ âë ®áâ îâáï á¯à ¢¥¤«¨¢ë¬¨ ¨ ¢ â®¬ á«ãç ¥, ª®£¤  ¢ á®-
¡®«¥¢áª®¬ ¯à®áâà ­áâ¢¥ X = Wm

2 (�) ¢¢®¤¨âáï ¤àã£ ï, ­® íª¢¨¢ «¥­â­ ï ¯à¥¤ë¤ãé¥©, ­®à¬ .
� ¯à¨¬¥à, ¢ á¨«ã ãá«®¢¨ï ¡) â¥®à¥¬ë 1 ¬®¦­® ¯®«®¦¨âì

kx(t)kWm

2
(�) = kx(m)(t)kL2(�) = kUxkL2(�); x 2 X; (3.1)

¢ ­¥ª®â®àëå á«ãç ïå ­®à¬  (3.1) ã¤®¡­¥¥, ç¥¬ ¨á¯®«ì§®¢ ­­ ï ¢ëè¥. �â® ¢¨¤­® å®âï ¡ë ¨§
á«¥¤ãîé¥£® ¯à®áâ®£® à¥§ã«ìâ â .

�¥®à¥¬  5. �ãáâì ãà ¢­¥­¨¥ x(m)(t) = 0 ¯à¨ ªà ¥¢ëå ãá«®¢¨ïå (1:2) ¨¬¥¥â «¨èì âà¨¢¨-

 «ì­®¥ à¥è¥­¨¥ ¨ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

q =
�

2
kBkX!Y < 1: (3.2)

�®£¤  ª ª § ¤ ç  (1:1){(1:2), â ª ¨ ���� (1:4){(1:5), (2:1){(2:2) ¤«ï «î¡ëå n 2 N ®¤­®§­ ç-

­® à §à¥è¨¬ë ¯à¨ «î¡ëå ¯à ¢ëå ç áâïå; ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï (1:3�) áå®¤ïâáï ª â®ç­®¬ã

à¥è¥­¨î x�(t) ¢ ¯à®áâà ­áâ¢¥ X á ­®à¬®© (3:1), ¯à¨ íâ®¬ ¤«ï «î¡ëå n 2 N á¯à ¢¥¤«¨¢  ®æ¥­ª 

kx� � x�nkWm

2
(�) 6

�

2� �kBkX!Y

En�1(x
�(m))L2(�): (3.3)

�®ª § â¥«ìáâ¢®. �§ (3.1) ¨ ¯¥à¢®£® ãá«®¢¨ï â¥®à¥¬ë á«¥¤ã¥â, çâ® ®¯¥à â®à U : X ! Y
­¥¯à¥àë¢­® ®¡à â¨¬ ¨

kUkX!Y = kU�1kY!X = 1: (3.4)

�®íâ®¬ã ãà ¢­¥­¨ï (2.4) ¨ (2.7) íª¢¨¢ «¥­â­ë á®®â¢¥âáâ¢¥­­® ãà ¢­¥­¨ï¬

Kx � x+ U�1Bx = U�1y (x;U�1y 2 X); (3.5)

Knxn � xn + U�1�nBxn = U�1�ny (xn; U
�1�ny 2 Xn); (3.6)

¯à¨ íâ®¬ ®¯¥à â®àë A ¨ K (  â ª¦¥ An ¨ Kn) ®¡à â¨¬ë (¨«¨ ­¥®¡à â¨¬ë) ®¤­®¢à¥¬¥­­® ¨ ¢
á«ãç ¥ ¨å ®¡à â¨¬®áâ¨ á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

kA�1kY!X = kK�1kX!X ; kA�1
n kYn!Xn = kK�1

n kXn!Xn : (3.7)

� á¨«ã (3.2), (3.4), (3.7) ¨ ¯®«­®âë ¯à®áâà ­áâ¢  X á ­®à¬®© (3.1) ®¯¥à â®à K : X ! X (á«¥¤®-
¢ â¥«ì­®, ¨ A : X ! Y ) ­¥¯à¥àë¢­® ®¡à â¨¬ ¨

kA�1kY!X 6
1

1� kU�1BkX!X

6
�

� � 2
<1; (3.8)

 ­ «®£¨ç­®, ¢ á¨«ã (2.6), (3.2), (3.4), (3.7) ¨ ¯®«­®âë ¯à®áâà ­áâ¢  Xn ®¯¥à â®àë Kn : Xn ! Xn

(á«¥¤®¢ â¥«ì­®, ¨ An : Xn ! Yn) ­¥¯à¥àë¢­® ®¡à â¨¬ë ¯à¨ «î¡ëå n 2 N ¨

kA�1
n kYn!Xn 6

1
1� kU�1�nBkX!X

6
1

1� q
: (3.9)

� á¨«ã (3.5){(3.9) ¯¥à¢ ï ç áâì â¥®à¥¬ë ¤®ª § ­ . �«ï ¤®ª § â¥«ìáâ¢  ¢â®à®© ç áâ¨ ¢®á-
¯®«ì§ã¥¬áï á®®â­®è¥­¨ï¬¨ (2.5), (2.6), (2.14), (3.1), (3.2), (3.4), (3.8) ¨ (3.9), ¨§ ª®â®àëå ¯à¨
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«î¡ëå n 2 N ­ å®¤¨¬

kx� � x�nkX 6 (1 + kA�1
n kYn!Xnk�nkY!YnkBkX!Y )kU

�1kY!XkUx
� ��nUx

�kY 6

6

�
1 +

1
1� q

�

2
kBkX!Y

�
�

2
En�1(Ux

�)Y 6
1

1� q

�

2
En�1(Ux

�)Y 6
�

2� �kBkX!Y

En�1(x
�(m))Y : �

�¨â¥à âãà 
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