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�â âìï ¯®á¢ïé¥  ¨áá«¥¤®¢ ¨î áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨ ®¡®¡é¥®£® à¥è¥¨ï «¨-
¥©®£® ¢ëà®¦¤ îé¥£®áï í««¨¯â¨ç¥áª®£® ãà ¢¥¨ï ¯®àï¤ª  2m ¤«ï ¤¢ãå á«ãç ¥¢. �®-¯¥à¢ëå,
¤«ï á«ãç ï, ª®£¤  ãà ¢¥¨¥ ¢ëà®¦¤ ¥âáï   ç áâ¨ £à ¨æë ®¡« áâ¨ (¢ ç áâ®áâ¨,   ¢á¥© £à -
¨æ¥), ¨ ¢®-¢â®àëå, ª®£¤  ¢ëà®¦¤¥¨¥ ¯à®¨áå®¤¨â ¢ãâà¨ ®¡« áâ¨. �à¨¬¥¥¨¥¬ â¥®à¥¬ ¢«®¦¥-
¨ï ¢¥á®¢ëå ¯à®áâà áâ¢ �®¡®«¥¢    «¨§¨àã¥âáï ¯®áâ ®¢ª  § ¤ ç¨ ¢ § ¢¨á¨¬®áâ¨ ®â áâ¥¯¥¨
¢ëà®¦¤¥¨ï ª®íää¨æ¨¥â®¢ ãà ¢¥¨ï. �«ï ¯à¨¡«¨¦¥®£® à¥è¥¨ï ¯à¥¤« £ ¥âáï ¬¥â®¤ ª®-
¥çëå í«¥¬¥â®¢ (���).

�®¯à®á ¬ à §à¥è¨¬®áâ¨ ¨   «¨§ã á¢®©áâ¢ à¥è¥¨© ãà ¢¥¨©, ¢ëà®¦¤ îé¨åáï   £à ¨æ¥
®¡« áâ¨, ¯®á¢ïé¥ àï¤ à ¡®â (á¬.,  ¯à., [1]{[7] ¨ æ¨â¨àã¥¬ãî â ¬ «¨â¥à âãàã). �¥â®çë¥ ¬¥â®¤ë
¤«ï ãà ¢¥¨© 2-£® ¯®àï¤ª , ¢ëà®¦¤ îé¨åáï   ç áâ¨ £à ¨æë, à áá¬ âà¨¢ «¨áì,  ¯à¨¬¥à,
¢ [8]{[17]. �¥â®¤ ª®¥çëå í«¥¬¥â®¢ ¤«ï ª¢ §¨«¨¥©®£® ãà ¢¥¨ï 4-£® ¯®àï¤ª , ¢ëà®¦¤ î-
é¥£®áï   ç áâ¨ £à ¨æë, à áá¬®âà¥ ¢ [18]. �à¨ ¨§«®¦¥¨¨ à¥§ã«ìâ â®¢ ¬ë á«¥¤ã¥¬ à ¡®â ¬
[15]{[20].

1. �¡®§ ç¥¨ï ¨ ¢á¯®¬®£ â¥«ìë¥ à¥§ã«ìâ âë. �ãáâì 
 � Rn | ®£à ¨ç¥ ï ®¡« áâì á
«¨¯è¨æ-¥¯à¥àë¢®© £à ¨æ¥© ¨ S � @
 | ¥ª®â®à ï n�1-¬¥à ï ¤®áâ â®ç® £« ¤ª ï ¯®¢¥àå-
®áâì. �¡®§ ç¨¬ à ááâ®ï¨¥ ®â â®çª¨ x ¤® ¯®¢¥àå®áâ¨ S ç¥à¥§

�(x) = inffjx� yj : y 2 Sg:
�¢¥¤¥¬ ¢¥á®¢ë¥ ¯à®áâà áâ¢  �¥¡¥£  ¨ �®¡®«¥¢ 

Lp;�(
) = fu(x) : �(x)�u(x) 2 Lp(
)g (p > 1);

jujLp;�(
) = j��ujp;
 =
�Z




j�(x)�u(x)jpdx
�1=p

;

Wm
p;�(
) = fu(x) 2 L1;loc(
) : Diu(x) 2 Lp;�(
); i = (i1; i2; : : : ; in); jij = i1 + i2 + : : :+ in � mg;

kukWm
p;�(
)

=
� X

jij�m

Z



j��Diujpdx
�1=p

:

�«ï ¯à®¨§¢®«ì®£® ¨§¬¥à¨¬®£® ¬®¦¥áâ¢  K � 
 ¯®«®¦¨¬

j��rmujp;K =
� X

jij=m

Z
K
j��Diujpdx

�1=p

:

�¡®§ ç¨¬ ç¥à¥§ Cm
� (
) ¢¥á®¢®¥ ¯à®áâà áâ¢® m à § ¤¨ää¥à¥æ¨àã¥¬ëå   ®¡« áâ¨ 
 äãªæ¨©,

kukCm
�
(
) = max

jij�m
max
x2


j�(x)�Diu(x)j.

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(ª®¤ ¯à®¥ªâ  98-01-00260).
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�à¨¢¥¤¥¬ ¥®¡å®¤¨¬ë¥ ¢ ¤ «ì¥©è¥¬ â¥®à¥¬ë ¢«®¦¥¨ï ¤«ï ¢¥á®¢ëå ¯à®áâà áâ¢ �®¡®«¥¢ 
(á¬. [19]).

�¥®à¥¬  1. �ãáâì 1 < p < +1,  = m� k � n=p > 0, k < m, �; � � 0. �á«¨ � < �+ , â®
Wm

p;�(
) ª®¬¯ ªâ® ¢«®¦¥® ¢ Ck
�(
) ¨ á¯à ¢¥¤«¨¢  ®æ¥ª 

kukCk
�(
)

� c��
kukWm
p;�

(
);

£¤¥ � = max(0; � � �).

�¥®à¥¬  2. �ãáâì 1 < p � q < +1, k < m,  = m � k � n=p + n=q > 0, �; � � 0. �á«¨
� � �+ , â® Wm

p;�(
) ¥¯à¥àë¢® ¢«®¦¥® ¢ W k
q;�(
), â. ¥.

kukWk
q;�(
)

� ckukWm
p;�

(
):

�á«¨ � < �+ , â® ãª § ®¥ ¢«®¦¥¨¥ ª®¬¯ ªâ®.

�¥®à¥¬  3. �ãáâì �| n�1-¬¥à®¥ £« ¤ª®¥ ¬®£®®¡à §¨¥. �á«¨ � < m�k�1=p, â® Wm
p;�(
)

ª®¬¯ ªâ® ¢«®¦¥® ¢ W k
p (�).

2. �««¨¯â¨ç¥áª®¥ ãà ¢¥¨¥, ¢ëà®¦¤ îé¥¥áï   ç áâ¨ £à ¨æë. � áá¬®âà¨¬ ãà ¢¥¨¥

Au =
mX
k=0

X
jij;jjj=k

(�1)kDi(ai;j(x)Dju(x)) = f(x); x 2 
: (1)

�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® aij = aji ¨ ¢ë¯®«¥ë á«¥¤ãîé¨¥ ãá«®¢¨ï:

cm�
2�(x)

X
jij=m

j�ij2 �
X

jij;jjj=m

ai;j(x)�i�j �cm�2�(x)
X
jij=m

j�ij2; (2)

cm > 0, � � 0,

0 �
X

jij;jjj=k

ai;j(x)�i�j �ck�2�k(x)
X
jij=k

j�ij2 (x 2 
; � 2 Rn); (3)

�k � 0, �k � ��m+ k, ck � 0, k = 0;m� 1;Z



j���0f(x)j2dx: (4)

�à¨ � > 0 ãà ¢¥¨¥ (1) ¢ëà®¦¤ ¥âáï   S.
�¡®§ ç¨¬ ç¥à¥§ V § ¬ëª ¨¥ ¢ ®à¬¥ Wm

2;�(
) ä¨¨âëå ¢ 
 äãªæ¨©. �áî¤ã ¤ «¥¥ ç¥à¥§
k � k ®¡®§ ç ¥âáï ®à¬  íâ®£® ¯à®áâà áâ¢ . �¥è¥¨¥ ãà ¢¥¨ï (1) ¡ã¤¥¬ ¨áª âì ¢ ¯à®áâà -
áâ¢¥ V . �¢¥¤¥¬   V ¡¨«¨¥©ãî ä®à¬ã a(u; v) ¨ «¨¥©ë© äãªæ¨® « F (v), ®¯à¥¤¥«ï¥¬ë¥
ª®íää¨æ¨¥â ¬¨ ¨ ¯à ¢®© ç áâìî ãà ¢¥¨ï

a(u; v) =
Z



X
jij;jjj�m

ai;j(x)D
iu(x)Djv(x)dx;

F (v) =
Z


f(x)v(x)dx:

�¡®¡é¥ë¬ à¥è¥¨¥¬ ãà ¢¥¨ï (1) ¢ ¯à®áâà áâ¢¥ V ¡ã¤¥¬  §ë¢ âì à¥è¥¨¥ u 2 V ¢ à¨ -
æ¨®®£® ãà ¢¥¨ï

a(u; v) = F (v) 8v 2 V: (5)

3. �à ¨çë¥ ãá«®¢¨ï ¨ à §à¥è¨¬®áâì. �ëïá¨¬, ª ª ¢«¨ï¥â áâ¥¯¥ì ¢ëà®¦¤¥¨ï ãà ¢¥-
¨ï �   £à ¨çë¥ § ç¥¨ï à¥è¥¨ï ¨ ¥¥ ¯à®¨§¢®¤ëå, ¨ ®¡áã¤¨¬ ¢ á¢ï§¨ á íâ¨¬ ¯®áâ ®¢ªã
£à ¨çëå ãá«®¢¨©. �à¥¦¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® ¢ á¨«ã ®¯à¥¤¥«¥¨ï ¯à®áâà áâ¢  V äãªæ¨ï
u 2 V ®¡à é ¥âáï ¢ ã«ì   @
 n S ¢¬¥áâ¥ á ¯à®¨§¢®¤ë¬¨ ¤® ¯®àï¤ª  m� 1

Diu(x) = 0; x 2 @
 n S; jij � m� 1:
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�ãáâì k ®¡®§ ç ¥â  ¨¡®«ìè¥¥ æ¥«®¥, ã¤®¢«¥â¢®àïîé¥¥ ¥à ¢¥áâ¢ã k < m�1=2��. �®£¤ 
(á¬. â¥®à¥¬ã 3) äãªæ¨ï u(x) ¨ ¥¥ ¯à®¨§¢®¤ë¥ ¤® ¯®àï¤ª  k ¢ª«îç¨â¥«ì® (¥á«¨ k � 0) ¨¬¥îâ
á«¥¤   S, à ¢ë© ã«î

Diu(x) = 0; x 2 S; jij � k:

�«ï ¯à®¨§¢®¤ëå Diu(x) ¡®«¥¥ ¢ëá®ª¨å ¯®àï¤ª®¢ jij > k á«¥¤   S, ¢®®¡é¥ £®¢®àï, ¥ ®¯à¥¤¥«¥,
¨ ¢ íâ®¬ á«ãç ¥ (¤«ï £« ¤ª®£® à¥è¥¨ï)   S ¢®§¨ª îâ ¥áâ¥áâ¢¥ë¥ £à ¨çë¥ ãá«®¢¨ï. �
ç áâ®áâ¨, ¯à¨ á¨«ì®¬ ¢ëà®¦¤¥¨¨, â. ¥. ¯à¨ � � m � 1=2, ®¯¥à â®à á«¥¤    S äãªæ¨©
¯à®áâà áâ¢  V ¥ ®¯à¥¤¥«¥, ¨   S ¢®§¨ª îâ â®«ìª® ¥áâ¥áâ¢¥ë¥ £à ¨çë¥ ãá«®¢¨ï.

� ª¨¬ ®¡à §®¬, ¥á«¨ m� k � 3=2 � � < m� k � 1=2, â®

V = fv 2Wm
2;�(
) : D

iv(x) = 0; x 2 S; jij � k;Div(x) = 0; x 2 @
 n S; jij � m� 1g:
� ç áâ®áâ¨, ¥á«¨ � � m� 1=2, â®

V = fv 2Wm
2;�(
) : D

iv(x) = 0; x 2 @
 n S; jij � m� 1g:
�á«¨ ¯à¨ íâ®¬ S = @
, â. ¥. ¢áï £à ¨æ  ï¢«ï¥âáï ¯®¢¥àå®áâìî ¢ëà®¦¤¥¨ï ª®íää¨æ¨¥â®¢
ãà ¢¥¨ï, â® V =Wm

2;�(
).
�¡áã¤¨¬ â¥¯¥àì à §à¥è¨¬®áâì § ¤ ç¨ (5). �à¥¦¤¥ ®â¬¥â¨¬, çâ® ¨§ ¥à ¢¥áâ¢ �r � ��m+r

¢ á¨«ã â¥®à¥¬ë 2 ¢ëâ¥ª ¥â

kukW r
2;�r

(
) � ckukWm
2;�

(
); r = 0;m� 1:

�á¯®«ì§ãï ãá«®¢¨ï   ª®íää¨æ¨¥âë ¨ ¯à ¢ãî ç áâì, ¥âàã¤® ãáâ ®¢¨âì ¥¯à¥àë¢®áâì ä®à-
¬ë a(u; v) ¨ «¨¥©®£® äãªæ¨® «  F (v)   ¯à®áâà áâ¢¥ V (¨¦¥ ®¡®§ ç¥® �m = �)

a(u; v) �
mX
r=0

crj��rrruj2;
 j��rrrvj2;
 � ckuk kvk;

jF (v)j =
����
Z



f(x)v(x)dx
���� �j���0f j2;
 j��0vj2;
 � ckvk:

�à¥¤¯®« £ ï ¢ë¯®«¥ë¬ å®âï ¡ë ®¤® ¨§ ãá«®¢¨©

� < m� 1=2; S 6= @
; a00 6� 0; (6)

¡ã¤¥¬ ¨¬¥âì V -í««¨¯â¨ç®áâì ä®à¬ë a(u; v)

a(u; u) � cmj��rmuj22;
 +
Z



a00(x)u2(x)dx � ckuk2:

� ª¨¬ ®¡à §®¬, ¢ á¨«ã â¥®à¥¬ë � ªá {�¨«ì£à ¬  ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  4. � ¤ ç  (5) ®¤®§ ç® à §à¥è¨¬  ¢ ¯à®áâà áâ¢¥ V .

4. �««¨¯â¨ç¥áª®¥ ãà ¢¥¨¥, ¢ëà®¦¤ îé¥¥áï ¢ãâà¨ ®¡« áâ¨. �ãáâì ¥ª®â®à ï n�1-¬¥à-
 ï ¤®áâ â®ç® £« ¤ª ï ¯®¢¥àå®áâì S � 
 à §¡¨¢ ¥â 
   ¤¢¥ ®¡« áâ¨ 
1 ¨ 
2. � ª ¦¥, ª ª ¨
¢ëè¥, �(x) ®¡®§ ç ¥â à ááâ®ï¨¥ ®â x ¤® S. � áá¬®âà¨¬ ãà ¢¥¨¥ (1) á ¢å®¤ë¬¨ ¤ ë¬¨,
ã¤®¢«¥â¢®àïîé¨¬¨ ãá«®¢¨ï¬ (2){(4). � ª¨¬ ®¡à §®¬, ª®íää¨æ¨¥âë ãà ¢¥¨ï ¢ëà®¦¤ îâáï
  ¯®¢¥àå®áâ¨ S, â. ¥. ¢ãâà¨ ®¡« áâ¨ 
. �«ï ¨áá«¥¤®¢ ¨ï íâ®£® ãà ¢¥¨ï,   â ª¦¥   «¨§ 
¥£®  ¯¯à®ªá¨¬ æ¨© ª®¥çë¬¨ í«¥¬¥â ¬¨, ®¯à¥¤¥«¨¬   
 ¯à®áâà áâ¢® äãªæ¨© Wm

2;�(
),
ï¢«ïîé¥¥áï ¯à®áâà áâ¢®¬ �®¡®«¥¢  á ¢¥á®¬ ��(x),  ã«¨àãîé¨¬áï   S. �ãáâì Qlu = uj
l
| ®¯¥à â®àë áã¦¥¨ï   
l (l = 1; 2), k |  ¨¡®«ìè¥¥ æ¥«®¥, ã¤®¢«¥â¢®àïîé¥¥ ¥à ¢¥áâ¢ã
k < m� �� 1=2, n | ¢¥èïï ª 
1 ®à¬ «ì. �®£¤ 

Wm
2;�(
) =

�
v 2 L2;�(
) : Qlv 2Wm

2;�(
l); l = 1; 2;
@r

@nr
Q1v

���
S
=

@r

@nr
Q2v

���
S
; r = 0; k

�
¨

kvkWm
2;�

(
) = kQ1vkWm
p;�(
1)

+ kQ2vkWm
2;�

(
2)
:
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� ¬¥â¨¬, çâ® ¢ á«ãç ¥ � = 0 ®¯à¥¤¥«¥®¥ ¢ëè¥ ¯à®áâà áâ¢® á®¢¯ ¤¥â á ª« áá¨ç¥áª¨¬
(¥¢¥á®¢ë¬) ¯à®áâà áâ¢®¬ �®¡®«¥¢ . �à®áâà áâ¢® Wm

2;�(
) ¬®¦® ®â®¦¤¥áâ¢¨âì á ¯®¤¯à®-
áâà áâ¢®¬ ¤¥ª àâ®¢  ¯à®¨§¢¥¤¥¨ï Wm

2;�(
1) �Wm
2;�(
2), á®áâ®ïé¥£® ¨§ ¯ à äãªæ¨© (v1; v2) 2

Wm
2;�(
1)�Wm

2;�(
2), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ á®£« á®¢ ¨ï   S,

@r

@nr
v1
���
S
=

@r

@nr
v2
���
S
; r = 0; k:

� «¥¥, ª ª ¨ ¢ á«ãç ¥ ¢ëà®¦¤¥¨ï   ç áâ¨ £à ¨æë ®¡« áâ¨, ®¯à¥¤¥«¨¬ ¯à®áâà áâ¢® V
ª ª § ¬ëª ¨¥ ¢ ®à¬¥ ¯à®áâà áâ¢  Wm

2;�(
) ¬®¦¥áâ¢  ä¨¨âëå ¢ 
 äãªæ¨©. �®áª®«ìªã
¯® ãá«®¢¨î ¯¥à¥á¥ç¥¨¥ S á @
 ¨¬¥¥â ã«¥¢ãî n�1-¬¥àãî ¯®¢¥àå®áâãî ¬¥àã, â®

V =
�
v 2Wm

2;�(
) :
@rv

@nr

���
@


= 0; r = 0;m� 1
�

(n | ¢¥èïï ®à¬ «ì ª @
). �®¤ ®¡®¡é¥ë¬ à¥è¥¨¥¬ ãà ¢¥¨ï (1) ¢ ¯à®áâà áâ¢¥ V ,
â ª ¦¥, ª ª ¨ ¢ ¯. 2, ¡ã¤¥¬ ¯®¨¬ âì à¥è¥¨¥ ¢ à¨ æ¨®®© § ¤ ç¨ (5). �®áª®«ìªã ¢¥á®¢ ï
äãªæ¨ï �(x) ¢ëà®¦¤ ¥âáï   ®¡é¥© ç áâ¨ £à ¨æ 
1 ¨ 
2, â® ¤«ï ª ¦¤®© ¨§ íâ¨å ¯®¤®¡« áâ¥©
á¯à ¢¥¤«¨¢ë â¥®à¥¬ë ¢«®¦¥¨ï 1{3. �«¥¤®¢ â¥«ì®, à ááã¦¤ ï ¤ «¥¥ â ª ¦¥, ª ª ¨ ¢ ¯. 2,
ãáâ  ¢«¨¢ ¥¬ à §à¥è¨¬®áâì § ¤ ç¨.

�¥®à¥¬  5. � ¤ ç  (5) ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ¢ëà®¦¤¥¨ï ª®íää¨æ¨¥â®¢ ¢ãâà¨

®¡« áâ¨ ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥.

�ëïá¨¬ ¤ «¥¥, ª ª¨¬ ãá«®¢¨ï¬ ¢ â®çª å ¢ëà®¦¤¥¨ï ã¤®¢«¥â¢®àï¥â à¥è¥¨¥ § ¤ ç¨ (5).
�â¥£à¨àãï ¯® ç áâï¬ ®â¤¥«ì® ¯® ª ¦¤®© ®¡« áâ¨ 
l, áª« ¤ë¢ ï § â¥¬ à¥§ã«ìâ âë ¨ ®¡®§ ç ï
ç¥à¥§ [v]S áª ç®ª v ¯à¨ ¯¥à¥å®¤¥ ç¥à¥§ S, ¯®á«¥ àï¤  ¯à¥®¡à §®¢ ¨© ¯®«ãç¨¬

a(u; v) =
Z



� mX
k=0

X
jij;jjj=k

(�1)kDi(ai;jDju)
�
v dx+

+
Z
S

kX
r=0

[q2m�1�r(u)]S
@rv

@nr
dx+

Z
S

m�1X
r=k+1

q2m�1�r(u)
@rv

@nr
dx;

£¤¥ qr(u), r = m; 2m� 1, | ¤¨ää¥à¥æ¨ «ìë¥ ¢ëà ¦¥¨ï, ¢®§¨ª îé¨¥   S ¯à¨ ¨â¥£à¨à®-
¢ ¨¨ ¯® ç áâï¬ (¤«ï m = 2 ¨¦¥ ¯à¨¢®¤¨âáï ¨å ï¢ë© ¢¨¤; ¢ ®¡é¥¬ á«ãç ¥ ¢¢¨¤ã ¨å £à®¬®§¤-
ª®áâ¨ íâ¨ ¢ëà ¦¥¨ï ®¯ãáª ¥¬). � ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬ á«¥¤ãîé¨¥ ãá«®¢¨ï   ¯®¢¥àå®áâ¨
¢ëà®¦¤¥¨ï S: �

@ru

@nr

�
S

= 0; [q2m�1�r(u)]S = 0; r = 0; 1; : : : ; k; (7)

qr(u)jS = 0; r = m;m+ 1; : : : ; 2m� k � 2: (8)

�â¬¥â¨¬ ¤¢  ªà ©¨å á«ãç ï.

1. � < 1=2. � íâ®¬ á«ãç ¥ k = m� 1 ¨ ¢ë¯®«¥ë ãá«®¢¨ï (7); ãá«®¢¨ï (8) ®âáãâáâ¢ãîâ.
2. � � m � 1=2. � íâ®¬ á«ãç ¥ k < 0 ¨ ¢ë¯®«¥ë ¥áâ¥áâ¢¥ë¥ ãá«®¢¨ï (8); ãá«®¢¨ï (7)

®âáãâáâ¢ãîâ. �®íâ®¬ã § ¤ ç  (5) ä ªâ¨ç¥áª¨ à á¯ ¤ ¥âáï   ¤¢¥ ¥§ ¢¨á¨¬ë¥ § ¤ ç¨ ¢
¯®¤®¡« áâïå 
1 ¨ 
2 á ¥áâ¥áâ¢¥ë¬¨ £à ¨çë¬¨ ãá«®¢¨ï¬¨   S | ®¡é¥© ç áâ¨ ¨å
£à ¨æ (á¬. ®¯à¥¤¥«¥¨¥ ¯à®áâà áâ¢ Wm

2;�(
) ¨ V ¢ëè¥).

�à¨¢¥¤¥¬ ï¢ë© ¢¨¤ ¤¨ää¥à¥æ¨ «ìëå ¢ëà ¦¥¨© qr(u), r = 2; 3, ¤«ï ãà ¢¥¨ï ç¥â¢¥à-
â®£® ¯®àï¤ª  (m = 2) ¢ ¤¢ã¬¥à®© (n = 2) ®¡« áâ¨. �¡®§ ç¨¬

Aj =
X
jij�2

aijD
iu; jjj � 2:
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�®£¤ 

q2(u) = A20 cos2(n; x1) +A11 cos(n; x1) cos(n; x2) +A02 cos2(n; x2);

q3(u) =
�
A10 � @

@x1
A20 � @

@x2
A11

�
cos(n; x1) +

�
A01 � @

@x2
A02 � @

@x1
A11

�
cos(n; x2)�

� @

@�
((A20 �A02) cos(n; x1) cos(n; x2) +A11(cos2(n; x1)� cos2(n; x2)))

(� | ¢¥ªâ®à, ª á â¥«ìë© ª S).

5. �¥â®¤ ª®¥çëå í«¥¬¥â®¢. �áî¤ã ¨¦¥ ¯à¨ ¨§«®¦¥¨¨ ��� ¨á¯®«ì§ã¥âáï â¥à¬¨®«®-
£¨ï ¨ ¥ª®â®àë¥ ®¡®§ ç¥¨ï, ¯à¨ïâë¥ ¢ [21]. �£à ¨ç¨¬áï §¤¥áì à áá¬®âà¥¨¥¬ ¢ëà®¦¤¥¨ï
¢ãâà¨ ¤¢ã¬¥à®© ®¡« áâ¨ ¤«ï ãà ¢¥¨ï ç¥â¢¥àâ®£® ¯®àï¤ª . � ¤ «ì¥©è¥¬ ¤«ï ¯à®áâ®âë
¨§«®¦¥¨ï ¡ã¤¥¬ áç¨â âì, çâ® ®¡« áâì 
 | ¬®£®ã£®«ì¨ª, ¨ «¨¨ï ¢ëà®¦¤¥¨ï S ªãá®ç®-
«¨¥© . �ãáâì 
 ¯®¤¢¥à£ãâ  ¯à ¢¨«ì®© à¥£ã«ïà®© âà¨ £ã«ïæ¨¨ (à §¡¨¥¨î   âà¥ã£®«ì-
ë¥ ¨«¨ ¯àï¬®ã£®«ìë¥ ª®¥çë¥ í«¥¬¥âë) Th â ª, çâ® S ¥ ¯¥à¥á¥ª ¥âáï á ¢ãâà¥®áâìî ¨
®¤®£® ãç áâ¢ãîé¥£® ¢ âà¨ £ã«ïæ¨¨ ª®¥ç®£® í«¥¬¥â . �à¥¤¯®«®¦¨¬, çâ® ª®¥ç®¬¥à®¥
¯à®áâà áâ¢® ¯à¨¡«¨¦¥ëå à¥è¥¨© Vh ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

Vh � C1(
)
\ o

W 2
2 (
)

(¯à¨¬¥àë â ª¨å ª®¥ç®í«¥¬¥âëå ¯à®áâà áâ¢ á¬. ¢ [21], c. 325{347). �à¨ ¢ë¯®«¥¨¨ íâ¨å
ãá«®¢¨© ®¡¥á¯¥ç¨¢ ¥âáï ª®ä®à¬®áâì ¬¥â®¤ , â. ¥. ¢ª«îç¥¨¥ Vh � V .

�®¤ ¯à¨¡«¨¦¥ë¬ à¥è¥¨¥¬ § ¤ ç¨ (5), ª ª ®¡ëç®, ¡ã¤¥¬ ¯®¨¬ âì äãªæ¨î uh 2 Vh,
ã¤®¢«¥â¢®àïîéãî ¨â¥£à «ì®¬ã â®¦¤¥áâ¢ã

a(uh; vh) = F (vh) 8vh 2 Vh: (9)

�á«®¢¨ï (2), (3) £ à â¨àãîâ ®¤®§ çãî à §à¥è¨¬®áâì § ¤ ç¨ (9) ¯à¨ «î¡®© f 2 (W 2
2;�(
))

�

(¢ ç áâ®áâ¨, ¤«ï ¯à ¢®© ç áâ¨ f(x), ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨î (4)) ¨ á¯à ¢¥¤«¨¢®áâì ®æ¥ª¨
¤«ï à §®áâ¨ â®ç®£® ¨ ¯à¨¡«¨¦¥®£® à¥è¥¨©

ku � uhk � c inf
vh2Vh

ku � vhk (10)

(á¬.,  ¯à., [21], c. 315).
�à¨áâã¯¨¬ â¥¯¥àì ª ®æ¥ª¥ inf

vh2Vh
ku � vhk ç¥à¥§ ku ��huk, £¤¥ �h |®¯¥à â®à Vh-¨â¥à¯®«ïæ¨¨,

¤«ï ¥ª®â®àëå á¯¥æ¨ «ìëå ¢¨¤®¢ ª®¥çëå í«¥¬¥â®¢. � á¢®î ®ç¥à¥¤ì, ®æ¥ª  ¢¥«¨ç¨ë (£«®-
¡ «ì ï ®æ¥ª  ¯®£à¥è®áâ¨ ¨â¥à¯®«ïæ¨¨) ku��huk áª« ¤ë¢ ¥âáï ¨§ ¯®£à¥è®áâ¥© ¨â¥à¯®-
«ïæ¨¨   ª®¥çëå í«¥¬¥â å, ãç áâ¢ãîé¨å ¢ ¨â¥à¯®«ïæ¨¨. � ª¨¬ ®¡à §®¬,   «¨§ â®ç®áâ¨
��� á¢®¤¨âáï ª ¯®«ãç¥¨î ®æ¥®ª ¯®£à¥è®áâ¥© ¨â¥à¯®«ïæ¨¨ ¢ ¢¥á®¢ëå ®à¬ å   â¨¯¨ç®¬
ª®¥ç®¬ í«¥¬¥â¥.

�¢¥¤¥¬ ®¡®§ ç¥¨ï

�K = supf�(x) : x 2 Kg; hK = diamK;

h = maxfhK : K 2 Thg; dk = supfdiamS : S � K; S | ªàã£g:
�ç¥¢¨¤®, dK � hK . �ã¤¥¬ áç¨â âì ¢ë¯®«¥ë¬ ãá«®¢¨¥ à¥£ã«ïà®áâ¨ hK � �dK . �ãáâì
(K;PK ;�K) | â¨¯¨çë© ª®¥çë© í«¥¬¥â âà¨ £ã«ïæ¨¨ Th, l|¬ ªá¨¬ «ìë© ¯®àï¤®ª ¯à®¨§-
¢®¤ëå, ãç áâ¢ãîé¨å ¢ ®¯à¥¤¥«¥¨¨ ¬®¦¥áâ¢  áâ¥¯¥¥© á¢®¡®¤ë �K í«¥¬¥â K, �K : C l(K)!
PK | ®¯¥à â®à PK-¨â¥à¯®«ïæ¨¨. �à¨ ä®à¬ã«¨à®¢ª¥ ®æ¥®ª ¨á¯®«ì§ã¥¬ ®¡®§ ç¥¨¥

Wm+1
p;�

c�W r
q;�

\
C l; (11)
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®§ ç îé¥¥ ¢ë¯®«¨¬®áâì á«¥¤ãîé¨å ¥à ¢¥áâ¢:

p � q; �; � � 0; r < m+ 1;  � m+ 1� 2=p� r + 2=q > 0;

� < �+ ; � < m+ 1� 2=p;

ª®â®àë¥ ®¡¥á¯¥ç¨¢ îâ ª®¬¯ ªâ®áâì ¢«®¦¥¨ï (á¬. â¥®à¥¬ë 1, 2)

Wm+1
p;� (K)

c�W r
q;�(K)

\
C l(K)

¤«ï ¯à®¨§¢®«ì®£® K 2 Th. �á¯®«ì§ãï â¥å¨ªã à ¡®âë [20], ¤«ï  ää¨ëå á¥¬¥©áâ¢ ª®¥ç-
ëå í«¥¬¥â®¢ (« £à ¦¥¢ëå ¨«¨ íà¬¨â®¢ëå) ([21], c. 88) ãáâ  ¢«¨¢ ¥¬ á«¥¤ãîéãî ®á®¢ãî
®æ¥ªã.

�¥®à¥¬  6. �á«¨ Th  ää¨® ¨ ¨¬¥¥â ¬¥áâ® ¢ª«îç¥¨¥ (11), â® cãé¥áâ¢ã¥â ¯®áâ®ï-

 ï c, ¥ § ¢¨áïé ï ®â S, â ª ï, çâ®

ku��KukW r
q;�(K) � c����K hK j��rm+1ujp;K ;

£¤¥  = m+ 1� 2=p� r + 2=q.

�â¬¥â¨¬, çâ® íâ¨ ®æ¥ª¨ ®¡®¡é îâ   ¢¥á®¢ë¥ ®à¬ë å®à®è® ¨§¢¥áâë¥ ¨ áâ ¢è¨¥ ª« á-
á¨ç¥áª¨¬¨ ®æ¥ª¨ ¯®£à¥è®áâ¨ ª®¥ç®í«¥¬¥â®© ¨â¥à¯®«ïæ¨¨ ¢ ¥¢¥á®¢ëå ¯à®áâà áâ¢ å
�®¡®«¥¢  (á¬.,  ¯à., [21]).

�á¯®«ì§ãï íâ¨ ®¡é¨¥ à¥§ã«ìâ âë, ¯®«ãç¨¬ ®æ¥ª¨ ¯®£à¥è®áâ¨ ¨â¥à¯®«¨à®¢ ¨ï   ¥ª®-
â®àëå ª®ªà¥âëå ª®¥çëå í«¥¬¥â å.

1) �à¬¨â®¢ ¯àï¬®ã£®«ìë© í«¥¬¥â �®£¥à {�®ªá {�¬¨¤â  ([21], c. 82). � íâ®¬ á«ãç ¥ m =
3,  = 4� 2=p� r + 2=q (r < 4), ¨ ¯à¨ � <  + �, � < 2� 2=p W 4

p;� � C2. �¬¥¥â ¬¥áâ® ®æ¥ª 

ku��KukW r
q;�(K) � ch

4�r�2=p+2=q
K ����K j��r4ujp;K : (12)

2) �à¬¨â®¢ âà¥ã£®«ì¨ª â¨¯  (5) ([21], c. 329). � íâ®¬ á«ãç ¥ PK = P5(K), dimPK = 21,
m = 5,  = 6� 2=p� r+2=q (r < 6), � < 4� 2=p, ¨ ¯à¨ � < +� W 6

p;� � C2. �¬¥¥â ¬¥áâ® ®æ¥ª 

ku��KukW r
q;�(K) � ch6�r�2=p+2=qK ����K j��r6ujp;K : (13)

� «®£¨çë¥ ®æ¥ª¨ ã¤ ¥âáï ¯®«ãç¨âì ¨ ¤«ï â ª  §ë¢ ¥¬ëå ¯®çâ¨  ä¨ëå á¥¬¥©áâ¢ ª®-
¥çëå í«¥¬¥â®¢,  ¨¡®«¥¥ ç áâ® ¨á¯®«ì§ã¥¬ëå ¯à¨ à¥è¥¨¨ ãà ¢¥¨© ç¥â¢¥àâ®£® ¯®àï¤ª .

� áá¬®âà¨¬,  ¯à¨¬¥à, âà¥ã£®«ì¨ª �à£¨à¨á  ([21], á. 328).

�¥®à¥¬  7. �ãáâì r < 6, 1 < p � q � +1,  = 6 � 2=p � r + 2=q, � <  + �, � < 4 � 2=p.
�®£¤ 

ku��KukW r
q;�(K) � chK�

���
K j��r6ujp;K : (14)

�®ª § â¥«ìáâ¢® (áà. [21], á. 330). �ãáâì � : C2(K)! P5(K) | ®¯¥à â®à ¨â¥à¯®«¨à®¢ ¨ï
  íà¬¨â®¢®¬ âà¥ã£®«ì¨ª¥ â¨¯  (5). � á¨«ã (13)

ku� �ukW r
q;�(K) � chK�

���
K j��r6ujp;K :

�æ¥¨¬ äãªæ¨î � = �Ku��u ¢ ®à¬¥W r
q;�(K). �ç¥¢¨¤® �(x) = 0 ¯à¨ x 2 @K, â. ª. Di�(as) = 0

¯à¨ jij � 2. �à®¬¥ â®£®,

�0(bs)(as � bs) � r�(bs)(as � bs) =
@

@n
(u� �u)(bs)(as � bs)ns

¤«ï s = 1; 2; 3 ([21], á. 330).
�ãáâì �s | ¡ §¨á ï äãªæ¨ï, á®®â¢¥âáâ¢ãîé ï áâ¥¯¥¨ á¢®¡®¤ë v ! v0(bs)(as � bs). �®£¤ 

� = �Ku� �u =
3X

s=1

�0(bs)(as � bs)�s =
3X

s=1

@

@n
(u� �u)(bs)[(as � bs)ns]�s:
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�®áª®«ìªã
��� @@n(u� �u)(bs)

��� � p
2ku� �ukW 1

1
(K), â® ¯® â¥®à¥¬¥ 6 ¯à¨ r = 1, q = 1, m = 5,

 = 5 � 2=p, � = 0 ¯®«ãç¨¬ ku� �ukW 1
1
(K) � ch

5�2=p
K ���K j��r6ujp;K . � «¥¥, ®ç¥¢¨¤®, ¤«ï ¯®çâ¨

¢á¥å x 2 K ¨ ¤«ï r = 0; 1; : : : ; r ¨¬¥¥¬ j��(x)rr�s(x)j � ��K jrr�s(x)j, ®âªã¤  j��rr�s(x)jq;K �
��K jrr�s(x)jq;K . �®áª®«ìªã ([21], á. 331) jrr�s(x)jq;K � h

2�2=q�r
K jrrb�sjq;bK , â®, ãç¨âë¢ ï ®æ¥ªã

j(as � bs) � nsj � hK , ®ª®ç â¥«ì® ¡ã¤¥¬ ¨¬¥âì

k�Ku� �ukW r
q;�(K) � ch

5�2=p
K ���K hKh

2=q�r
K ��K j��r6ujp;K = ch

6�2=p+2=q�r
K ����K j��r6ujp;K : �

�æ¥ª¨ (12){(14) ¯®ª §ë¢ îâ, çâ® ¯®£à¥è®áâì ¨â¥à¯®«¨à®¢ ¨ï   í«¥¬¥â¥ § ¢¨á¨â ª ª
®â ¤¨ ¬¥âà  í«¥¬¥â , â ª ¨ ®â à ááâ®ï¨ï í«¥¬¥â  ¤® ¬®¦¥áâ¢  ¢ëà®¦¤¥¨ï S. �®íâ®¬ã
¯à¨ ¯®«ãç¥¨¨ ®æ¥®ª ¯®£à¥è®áâ¨ ¯® ¢á¥© ®¡« áâ¨ ¥áâ¥áâ¢¥® á®£« á®¢ âì ¢¥«¨ç¨ë �K ¨
hK . �¬¥®, á«¥¤ãï [20], [15]{[17], ¡ã¤¥¬ £®¢®à¨âì, çâ® á¥¬¥©áâ¢® âà¨ £ã«ïæ¨© á£ãé ¥âáï ¢¡«¨-
§¨ ¬®¦¥áâ¢  S á® áâ¥¯¥ìî á£ãé¥¨ï � � 1, ¥á«¨ áãé¥áâ¢ãîâ â ª¨¥ ¥ § ¢¨áïé¨¥ ®â h ¯®-
«®¦¨â¥«ìë¥ ¯®áâ®ïë¥ �1, �2, çâ® ¤«ï ¢á¥å ª®¥çëå í«¥¬¥â®¢ âà¨ £ã«ïæ¨¨ ¢ë¯®«¥®
¥à ¢¥áâ¢®

�1h
� � hK � �2h�

1�1=�
K : (15)

�á«®¢¨¥ (15) ®§ ç ¥â, çâ® ª®¥çë© í«¥¬¥â, à á¯®«®¦¥ë©   à ááâ®ï¨¨ O(1) ®â S, ¨¬¥¥â
¤¨ ¬¥âà O(h),   ¤«ï í«¥¬¥â®¢, «¥¦ é¨å ¢¡«¨§¨ S, ¨¬¥¥¬ hK = O(h�). � á«ãç ¥ � = 1 ãá«®¢¨¥
(15) ®§ ç ¥â ª¢ §¨à ¢®¬¥à®áâì âà¨ £ã«ïæ¨¨.

�à¥¤¯®« £ ï â¥¯¥àì, çâ® à¥è¥¨¥ § ¤ ç¨ (5) ã¤®¢«¥â¢®àï¥â á®®â¢¥âáâ¢ãîé¨¬ ãá«®¢¨ï¬ £« ¤-
ª®áâ¨, ¨ ¨á¯®«ì§ãï ®æ¥ª¨ (10), (12){(14), â®ç® â ª ¦¥, ª ª ¨ ¢ [15]{[17], ¬®¦® ¯®«ãç¨âì ®æ¥ª¨
â®ç®áâ¨ ��� ¯à¨ ¨á¯®«ì§®¢ ¨¨ â®£® ¨«¨ ¨®£® ª®ªà¥â®£® ª®¥ç®£® í«¥¬¥â . �ä®à¬ã«¨-
àã¥¬,  ¯à¨¬¥à, á®®â¢¥âáâ¢ãîé¨© à¥§ã«ìâ â ¤«ï âà¥ã£®«ì¨ª  �à£¨à¨á .

�¥®à¥¬  8. �ãáâì u | à¥è¥¨¥ § ¤ ç¨ (5) | â ª®¢®, çâ® ¥£® áã¦¥¨¥   ª ¦¤ãî ¨§

¯®¤®¡« áâ¥© 
l, l = 1; 2, ¯à¨ ¤«¥¦¨â ª« ááã W 6
2;�(
l), ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 7 ¯à¨

r = 2, p = q = 2,   â ª¦¥ ãá«®¢¨ï (2), (3) ¨ ¥à ¢¥áâ¢® (15). �®£¤ 

ku� uhkW 2

2;�
(
) � ch#j��r6uj2;
;

£¤¥ # = min(; �( + �� �)).
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