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1. �®áâ ­®¢ª  § ¤ ç¨

�ãáâì ­  § ¤ ­­®¬ ®âà¥§ª¥ ¢à¥¬¥­¨ T = [t0; t1] ª ¦¤ë© i-© ãç áâ­¨ª ¤¨ää¥à¥­æ¨ «ì­®©
¨£àë ¢ë¡¨à ¥â á¢®¥ ã¯à ¢«¥­¨¥ ui = ui(t), ui(t) 2 Eri , i = 1; 2; : : : ;m, ¨§ ª« áá  ¨§¬¥à¨¬ëå
äã­ªæ¨©, áâ¥á­¥­­ëå ¯àï¬ë¬¨ ®£à ­¨ç¥­¨ï¬¨ ui(t) 2 Ui, £¤¥ Ui � Eri | ª®¬¯ ªâ. �ãáâì â ª¦¥
¢ë¡à ­­ë© ­ ¡®à ¤®¯ãáâ¨¬ëå ã¯à ¢«¥­¨©

u(t) = (u1(t); : : : ; um(t)); u(t) 2 U;

U = U1 � U2 � � � � � Um � Er; r =
mX
i=1

ri;

å à ªâ¥à¨§ã¥â á¨âã æ¨î ¢ ¨£à¥. �à¨ á«®¦¨¢è¥©áï á¨âã æ¨¨ á®áâ®ï­¨¥ x = x(t; u), x(t; u)2En,
¯à®æ¥áá  ¨£àë ®¯à¥¤¥«ï¥âáï § ¤ ç¥© �®è¨ ¤«ï á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨©

_x = f(x; u; t); x(t0) = x0; t 2 T: (1.1)

�ã­ªæ¨®­ «

Ji(u) = Ji(u1; : : : ; um) = 'i(x(t1)) +
Z
T

Fi(x; u; t)dt; i = 1; 2; : : : ;m; (1.2)

£¤¥ 'i, Fi | áª «ïà­ë¥ äã­ªæ¨¨ á¢®¨å ¯¥à¥¬¥­­ëå, å à ªâ¥à¨§ã¥â ¢ë¨£àëè i-£® ¨£à®ª . � -
¦¤ë© ¨§ ¨£à®ª®¢ ¢ë¡®à®¬ á¢®¥£® ¤®¯ãáâ¨¬®£® ã¯à ¢«¥­¨ï áâà¥¬¨âáï ¬ ªá¨¬¨§¨à®¢ âì á¢®©
äã­ªæ¨®­ « ¢ë¨£àëè . �®¤ ª®­æ®¬ ¨«¨ à¥è¥­¨¥¬ ¨£àë ¡ã¤¥¬ ¯®­¨¬ âì â ª®© ­ ¡®à ¤®¯ãáâ¨-
¬ëå ã¯à ¢«¥­¨© u� = u�(t) ¨ ¥¬ã á®®â¢¥âáâ¢ãîé¥¥ á®áâ®ï­¨¥ x� = x(t; u�), ¯à¨ ª®â®àëå

Ji(u�) = max
ui(t)2Ui

Ji(u�1; : : : ; u
�

i�1; ui; u
�

i+1; : : : ; u
�

m
); i = 1; 2; : : : ;m: (1.3)

� ¡®à ã¯à ¢«¥­¨© u� = u�(t), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ (1.3), ¯®  ­ «®£¨¨ á ª®­¥ç­®¬¥à­®©
á¨âã æ¨¥© ([1]; [2], c. 81) ¡ã¤¥¬ ­ §ë¢ âì à ¢­®¢¥á­ë¬¨ ã¯à ¢«¥­¨ï¬¨. � è  § ¤ ç  á®áâ®¨â ¢
¯®áâà®¥­¨¨ ¬¥â®¤  ¯®¨áª  à ¢­®¢¥á­ëå ã¯à ¢«¥­¨©.

� ¬¥â¨¬, çâ®

J(u) =
mX
i=1

Ji(u) (1.4)

®¡ëç­® ­ §ë¢ îâ æ¥­®© ¨£àë. �á«¨ J(u) = 0, u 2 U , â® â ª ï ¨£à  ­ §ë¢ ¥âáï ¨£à®© á ­ã«¥¢®©
áã¬¬®©. �à¨ m = 2 ¨£à  á ­ã«¥¢®© áã¬¬®© ­ §ë¢ ¥âáï  ­â £®­¨áâ¨ç¥áª®©. �«£®à¨â¬ à¥è¥­¨ï
 ­â £®­¨áâ¨ç¥áª®© ¨£àë ¯à¥¤«®¦¥­ ¢ [3]. �¤¥áì ¡ã¤¥¬ à áá¬ âà¨¢ âì ¨£àã m «¨æ á ¯¥à¥¬¥­­®©
áã¬¬®©.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨© ¨ ä¥¤¥à «ì­®©

æ¥«¥¢®© ¯à®£à ¬¬ë \�­â¥£à æ¨ï".
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2. �¥â®¤ à¥è¥­¨ï

�à¥¤¢ à¨â¥«ì­® ¢ ­ ¡®à¥ ã¯à ¢«¥­¨© u = (u1; : : : ; um) ä®à¬ «ì­® ¢ë¤¥«¨¬ ã¯à ¢«¥­¨¥ ui,
ª®â®à®¥ á®®â¢¥âáâ¢ã¥â äã­ªæ¨®­ «ã ¢ë¨£àëè  Ji(u), ¨ ¢¢¥¤¥¬ ®¡®§­ ç¥­¨¥

u = (ui; vi); vi = (u1; : : : ; ui�1; ui+1; : : : ; um):

�¥¯¥àì ¢ á¨áâ¥¬¥ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (1.1) ®¯à¥¤¥«¨¬ m § ¤ ç ®¯â¨¬ «ì­®£® ã¯à -
¢«¥­¨ï

ui(t; vi) : Ji(ui(vi); vi) = max
ui(t)2Ui

Ji(ui; vi); i = 1; 2; : : : ;m: (2.1)

�à¥¤¯®«®¦¨¬, çâ® ®¯â¨¬ «ì­ë¥ ã¯à ¢«¥­¨ï ui = ui(t; vi) ¢ § ¤ ç å (2.1) áãé¥áâ¢ãîâ ¤«ï «î-
¡ëå vi = vi(t), vi(t) 2 Ui, i = 1; 2; : : : ; i� 1; i+1; : : : ;m. �«ï ­ å®¦¤¥­¨ï íâ¨å ã¯à ¢«¥­¨© ¬®¦­®
¨á¯®«ì§®¢ âì ¨â¥à æ¨®­­ë¥ ¯à®æ¥ááë ¯à¨­æ¨¯  ¬ ªá¨¬ã¬  ([4], c. 114), å®âï á ¨å ¯®¬®éìî ®âëá-
ª¨¢ îâáï «®ª «ì­®-®¯â¨¬ «ì­ë¥ ã¯à ¢«¥­¨ï. �áâ¥áâ¢¥­­®, çâ® ¯à¨ íâ®¬ ­  ¯ à ¬¥âàë á¨áâ¥¬ë
(1.1) ¨ äã­ªæ¨®­ «®¢ (1.2) ­ ¤® ­ «®¦¨âì ¨§¢¥áâ­ë¥ ãá«®¢¨ï, ¯à¨ ª®â®àëå á¯à ¢¥¤«¨¢ ¯à¨­-
æ¨¯ ¬ ªá¨¬ã¬ �.�.�®­âàï£¨­ . � ¯®¬­¨¬ íâ¨ ãá«®¢¨ï. �¥ªâ®à-äã­ªæ¨ï f(x; u; t) ¨ áª «ïà­ë¥
äã­ªæ¨¨ 'i(x), Fi(x; u; t), i = 1; 2; : : : ;m, ­¥¯à¥àë¢­ë ¯® á¢®¨¬ ¯¥à¥¬¥­­ë¬ ¢¬¥áâ¥ á ç áâ­ë¬¨
¯à®¨§¢®¤­ë¬¨ ¯® x. �à®¬¥ â®£®, ¢¥ªâ®à-äã­ªæ¨ï f(x; u; t) ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã �¨¯è¨æ 
¯® x á ®¤­®© ª®­áâ ­â®© ¤«ï ¢á¥å u(t) 2 U , t 2 T .

�á«¨ ¯à¥¤¯®«®¦¨âì, çâ® á¨áâ¥¬  (1.1) «¨­¥©­  ¯® á®áâ®ï­¨î

_x = A(t)x+ b(u; t); x(t0) = x0;

¯®¤¨­â¥£à «ì­ë¥ äã­ªæ¨¨ Fi ¢ äã­ªæ¨®­ « å (1.2) ¨¬¥îâ ¢¨¤

Fi(x; u; t) = F
(1)
i
(x; t) + F

(2)
i
(u; t); i = 1; 2; : : : ;m;

  äã­ªæ¨¨ 'i(x), F
(1)
i (x; t), i = 1; 2; : : : ;m, ¢®£­ãâë ¯® x ¤«ï ª ¦¤®£® t 2 T , â® «î¡®¥ «®ª «ì­®-

®¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥ ui ¡ã¤¥â ®¯â¨¬ «ì­ë¬.

� ¬¥ç ­¨¥. � ¨á¯®«ì§®¢ ­¨¥¬ § ¤ ç (2.1) à ¢­®¢¥á­ë¥ ã¯à ¢«¥­¨ï (1.3) ¬®¦­® ®¯à¥¤¥«ïâì
ª ª à¥è¥­¨ï á¨áâ¥¬ë ®¯¥à â®à­ëå ãà ¢­¥­¨© ui(t) = ui(t; vi); i = 1; 2; : : : ;m, £¤¥ à ¢¥­áâ¢®
¯®­¨¬ ¥âáï ¯®çâ¨ ¢áî¤ã ­  T .

� ¦ãé ïáï ¯à®áâ®â  â ª®£® ¯®¤å®¤  à¥¤ª® ¯à¨¢®¤¨â ª à¥§ã«ìâ âã ¤ ¦¥ ¤«ï ª®­¥ç­®¬¥à­®©
á¨âã æ¨¨ ([1]; [2], c. 84). �®íâ®¬ã ¯à¥¤«®¦¨¬ ¤àã£®© ¬¥â®¤.

�  ®á­®¢¥ ¢®§¬®¦­®áâ¨ à¥è¥­¨ï § ¤ ç (2.1) áä®à¬¨àã¥¬ äã­ªæ¨®­ «ë

J(u) =
mX
i=1

Ji(ui(vi); vi); (2.2)

�(u) = J(u)� J(u) =
mX
i=1

(Ji(ui(vi); vi)� Ji(ui; vi)); (2.3)

£¤¥ ª ¦¤®¥ á« £ ¥¬®¥ ¢ äã­ªæ¨®­ «¥ (2.3) ­¥®âà¨æ â¥«ì­®.

�¥®à¥¬ . �(u) � 0, u(t) 2 U . �á«¨ �(u�) = 0, â® u� | ­ ¡®à à ¢­®¢¥á­ëå ã¯à ¢«¥­¨©. �á«¨

u� | ­ ¡®à à ¢­®¢¥á­ëå ã¯à ¢«¥­¨©, â® �(u�) = 0.

�¥§ã«ìâ â â¥®à¥¬ë á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥­¨ï (1.3), § ¤ ç (2.1), § ¬¥ç ­¨ï ¨ ¢¨¤  äã­ªæ¨®­ «®¢
(2.2), (2.3).

� ª¨¬ ®¡à §®¬, ¯®¨áª à ¢­®¢¥á­ëå ã¯à ¢«¥­¨© á¢®¤¨âáï ª ¥é¥ ®¤­®© § ¤ ç¥ ®¯â¨¬ «ì­®£®
ã¯à ¢«¥­¨ï. �¬¥­­®, ª § ¤ ç¥ ¬¨­¨¬¨§ æ¨¨ ­¥®âà¨æ â¥«ì­®£® äã­ªæ¨®­ « 

u� : �(u�) = min
u(t)2U

�(u) = 0; (2.4)
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®¯à¥¤¥«¥­­®£® ­  á¨áâ¥¬¥ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (1.1) ¨ á¨áâ¥¬ å

_xi = f(xi; (ui(vi); vi); t); xi(t0) = x0;

xi(t) = x(t; (ui(vi); vi); t); i = 1; 2; : : : ;m:
(2.5)

� á®¦ «¥­¨î, ¤«ï à¥è¥­¨ï § ¤ ç¨ (2.4), (2.5) ­¥ ¢á¥£¤  ¬®¦­® ¨á¯®«ì§®¢ âì ¬¥â®¤ë, á ¯®¬®éìî
ª®â®àëå à¥è «¨áì § ¤ ç¨ (2.1). �â® á¢ï§ ­® á ¢®§¬®¦­ë¬¨ à §àë¢ ¬¨ ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨©
ui(vi) ¨ ­ àãè¥­¨¥¬ ­¥¯à¥àë¢­®áâ¨ ¯à ¢ëå ç áâ¥© á¨áâ¥¬ë ¨ ¨­â¥£à «ì­®© ç áâ¨ äã­ªæ¨®­ « 
¯® á®áâ®ï­¨î ¨ ã¯à ¢«¥­¨ï¬. �«ï â®£® çâ®¡ë ¨á¯®«ì§®¢ âì â¥ ¦¥ ¬¥â®¤ë, á ¯®¬®éìî ª®â®àëå
à¥è «¨áì § ¤ ç¨ (2.1), ¢¢¥¤¥¬  ¯¯à®ªá¨¬¨àãîé¨© äã­ªæ¨®­ «

�u(z) = Ju(z)� J(z); z(t) 2 U; (2.6)

£¤¥ Ju(z) = J1(u1; z2; : : : ; zm) + � � � + Jm(z1; : : : ; zm�1; um) =
mP
i=1

Ji(ui; pi), ui = ui(t; vi), pi =

(z1; : : : ; zi�1; zi+1; : : : ; zm), i = 1; 2; : : : ;m.

�¥¬¬ . �ã­ªæ¨®­ « �u(z), z(t) 2 U , ®¯à¥¤¥«¥­­ë© ­  à¥è¥­¨ïå á¨áâ¥¬ë (1:1) ¨ á¨áâ¥¬

(2:5) ¯à¨ ä¨ªá¨à®¢ ­­ëå ui, i = 1; 2; : : : ;m, ã¤®¢«¥â¢®àï¥â â¥¬ ¦¥ ãá«®¢¨ï¬, ª®â®àë¬ ã¤®¢«¥-

â¢®àïîâ äã­ªæ¨®­ «ë Ji(u), ®¯à¥¤¥«¥­­ë¥ ­  à¥è¥­¨ïå á¨áâ¥¬ë (1:1). �à®¬¥ â®£®,

�u(u) = �(u); u(t) 2 U; �u(z) � �(z); z(t) 2 U:

�¥©áâ¢¨â¥«ì­®,

�u(z) =
mX
i=1

Ji(ui; pi)� J(z) �

� max
z12U1

J1(z1; p1) + � � �+ max
zm2Um

Jm(zm; pm)� J(z) = J(z) � J(z) = �(z):

�¥à¢ë¥ ¤¢  ¯®«®¦¥­¨ï «¥¬¬ë ®ç¥¢¨¤­ë.
� ª¨¬ ®¡à §®¬, äã­ªæ¨®­ « �u(z), z(t)2U ,  ¯¯à®ªá¨¬¨àã¥â á­¨§ã äã­ªæ¨®­ « �(z), z(t)2U ,

  ¯à¨ z = u §­ ç¥­¨ï íâ¨å äã­ªæ¨®­ «®¢ á®¢¯ ¤ îâ.
�ç¥¢¨¤­®

�â¢¥à¦¤¥­¨¥. �á«¨ äã­ªæ¨®­ «ì­®¥ ¬­®¦¥áâ¢® U� = fu = u(t) : u(t) 2 U; t 2 T; �(u) = 0g
à ¢­®¢¥á­ëå ã¯à ¢«¥­¨© ­¥ ¯ãáâ®, ¨ ¤«ï ª ¦¤®© äã­ªæ¨¨ u = u(t), u(t) 2 U , t 2 T , ­¥ ¯ãáâ®
¬­®¦¥áâ¢® Z(u) = fz = z(t) : z(t) 2 U; t 2 T; �u(z) = 0g, â® u� � Z(u).

�à¨¢¥¤¥­­ë¥ ¯®«®¦¥­¨ï á«ã¦ â ®á­®¢ ­¨¥¬ ¤«ï ¯®áâà®¥­¨ï  «£®à¨â¬  ¯®¨áª  à ¢­®¢¥á­ëå
ã¯à ¢«¥­¨©.

3. �«£®à¨â¬. �à¨¬¥àë

�«£®à¨â¬.

� £ 0. � ¤ ¥¬ u0(t) 2 U , u0 = (u0
i
; v0

i
), i = 1; 2; : : : ;m, k = 0. �¥è ¥¬ § ¤ ç¨ ®¯â¨¬ «ì-

­®£® ã¯à ¢«¥­¨ï (2.1). � å®¤¨¬ ¤®¯ãáâ¨¬ë¥ ã¯à ¢«¥­¨ï uk
i
= ui(t; vki ) ¨ á®®â¢¥âáâ¢ãîé¨¥ ¨¬

á®áâ®ï­¨ï xk
i
= x(t; uk

i
; vk

i
), i = 1; 2; : : : ;m. � ®¡®§­ ç¥­¨¨ à¥è¥­¨ï x = x(t; u) § ¤ ç¨ �®è¨ (1.1)

xk1 = x(t; uk1; u
k

2 ; : : : ; u
k

m
); : : : ; xk

m
= x(t; uk1 ; : : : ; u

k

m�1; u
k

m
).

� £ 1. �ëç¨á«ï¥¬ §­ ç¥­¨¥ äã­ªæ¨®­ «  �(uk) ¯® ä®à¬ã« ¬ (1.2), (1.4), (2.2), (2.3). �á«¨
�(uk) > 0, â® ¯¥à¥å®¤ ­  è £ 2. �á«¨ �(uk) = 0, â® uk = u�, u� = (u�1; : : : ; u

�

m
) | à ¢­®¢¥á­®¥

ã¯à ¢«¥­¨¥. �¥è¥­¨¥ § ¤ ç¨ ®ª®­ç¥­®.
� £ 2. �® ä®à¬ã«¥ (2.6) ¯à¨ u = uk, z = u ä®à¬¨àã¥¬  ¯¯à®ªá¨¬¨àãîé¨© äã­ªæ¨®­ «

�k(u) = �uk(u); �k(uk) = �(uk) > 0:
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� ¬¥â¨¬, çâ® äã­ªæ¨®­ « �k(u) ¨¬¥¥â ¢¨¤

�k(u) =
mX
i=1

�
'i(xi(t1))� 'i(x(t1)) +

Z
T

(Fi(xi; u
k

i
; vi; t)� Fi(x; u; t))dt

�
; (3.1)

¨ íâ®â äã­ªæ¨®­ « ®¯à¥¤¥«¥­ ­  à¥è¥­¨ïå x = x(t; u) á¨áâ¥¬ë (1.1) ¨ à¥è¥­¨ïå xk
i
= xi(t; uki ; vi)

á¨áâ¥¬
_x = f(x; uk

i
; vi; t); x(t0) = x0; i = 1; 2; : : : ;m:

�á«®¢¨ï ­  ¯ à ¬¥âàë íâ®© § ¤ ç¨ â¥ ¦¥, çâ® ¨ ¤«ï § ¤ ç (2.1). �®íâ®¬ã, ®â¯à ¢«ïïáì ®â
uk : �k(uk) > 0, § ¤ çã ¬¨­¨¬¨§ æ¨¨ äã­ªæ¨®­ «  (3.1) ¬®¦­® à¥è âì ¬¥â®¤ ¬¨ à¥è¥­¨ï
§ ¤ ç (2.1). � ¬¥â¨¬ â®«ìª®, çâ® ­ á ¨­â¥à¥áã¥â ­¥ ¬¨­¨¬ã¬ íâ®£® äã­ªæ¨®­ « ,   ¥£® ­ã«¥¢®¥
§­ ç¥­¨¥

uk+1 : �k(uk+1) = 0:

� £ 3. �®« £ ¥¬ uk+1 = uk, k = k + 1 ¨ ¯¥à¥å®¤¨¬ ­  è £ 0.
� § ª«îç¥­¨¥ ¯à¨¢¥¤¥¬ ¨««îáâà â¨¢­ë¥ ¯à¨¬¥àë.

�à¨¬¥à 1.

u = (u1; u2); ju1(t)j � 1; ju2(t)j � 1; t 2 T = [t0; t1];

_x = A(t)x+B1(t)u1(t) +B2(t)u2(t) + b(t); x(t0) = x0; (3.2)

Ji(u) = hci; x(t1; u)i; i = 1; 2:

�¤¥áì u1(t) 2 Er1 , u2(t) 2 Er2 , x(t; u) 2 En, ci 2 En, i = 1; 2, x(t; u) | à¥è¥­¨¥ § ¤ ç¨ �®è¨ (3.2)
¯à¨ ¢ë¡à ­­ëå ¤®¯ãáâ¨¬ëå u1 = u1(t), u2 = u2(t), h�; �i| á¨¬¢®« áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï ¢ En.
�«ï à¥è¥­¨ï § ¤ ç (2.1) ¨á¯®«ì§ã¥¬ ¯à¨­æ¨¯ ¬ ªá¨¬ã¬  �.�.�®­âàï£¨­ , ª®â®àë© ï¢«ï¥âáï
­¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ £«®¡ «ì­®-®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï. �ãáâì  =  (t; ci) :
_ = �A(t) ,  (t1) = ci, i = 1; 2. �®£¤  ¨§ ãá«®¢¨© ¬ ªá¨¬ã¬  äã­ªæ¨¨

H( (t; ci); x; u1; u2; t) = h (t; ci); A(t)x +B1(t)u1 +B2(t)u2 + b(t)i; i = 1; 2;

¯® ã¯à ¢«¥­¨ï¬ u1 ¨ u2

u1(t; u2) = u1(t) = signB1(t)0 (t; c1);

u2(t; u1) = u2(t) = signB2(t)0 (t; c2):
(3.3)

�¤¥áì èâà¨å ®§­ ç ¥â âà ­á¯®­¨à®¢ ­¨¥ ¬ âà¨æë. �¥¯¥àì ¯®áâà®¨¬ ­¥®âà¨æ â¥«ì­ë© äã­ªæ¨-
®­ « �(u) (ä®à¬ã«ë (2.2), (2.3)):

�(u) = hc1; x(t1; u1; u2)� x(t1; u)i + hc2; x(t1; u1; u2)� x(t1; u)i = hc1; �x1(t1; u)i+ hc1; �x2(t1; u)i;

£¤¥

� _x1 = B1(t)[u1(t)� u1(t)]; �x1(t0) = 0;

� _x2 = B2(t)[u2(t)� u2(t)]; �x2(t0) = 0:

�ç¥¢¨¤­®, u� : �(u�) = 0 ¤®áâ¨£ ¥âáï ¯à¨ u�1(t) = u1(t), u�2(t) = u2(t). � ª¨¬ ®¡à §®¬, à ¢­®¢¥á­ë¥
ã¯à ¢«¥­¨ï ¢ à áá¬®âà¥­­®© § ¤ ç¥ ­ å®¤ïâáï áà §ã ¯® ä®à¬ã« ¬ (3.3).

�à¨¬¥à 2.

u = (u1; u2); u1(t) 2 U1; u2(t) 2 U2; t 2 T = [t0; t1];

_x = A(t)x+ b(u; t); x(t0) = x0;

Ji(u) = hci; x(t; u)i; i = 1; 2:
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�¤¥áì à ¢­®¢¥á­ë¥ ã¯à ¢«¥­¨ï u� = (u�1; u
�

2) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

h (t; c1); b(u�; t)i = max
u12U1

h (t; c1); b(u1; u�2; t)i;

h (t; c2); b(u�; t)i = max
u22U2

h (t; c2); b(u�1; u2; t)i:
(3.4)

� ª ¦¤®¬ t 2 T ãá«®¢¨ï (3.4) ®¯à¥¤¥«ïîâ â®çªã �íè  [1], [2] ¢ ª®­¥ç­®¬¥à­®¬ ¯à®áâà ­áâ¢¥. �«ï
­ å®¦¤¥­¨ï íâ¨å â®ç¥ª ¬®¦­® ¨á¯®«ì§®¢ âì ª®­¥ç­®¬¥à­ë©  «£®à¨â¬ ¯®¨áª  â®ç¥ª à ¢­®¢¥á¨ï
[5]. �«ï ®¡¥á¯¥ç¥­¨ï áãé¥áâ¢®¢ ­¨ï â®ç¥ª �íè  ¨, á«¥¤®¢ â¥«ì­®, áãé¥áâ¢®¢ ­¨ï à ¢­®¢¥á­ëå
ã¯à ¢«¥­¨© ­ã¦­® ¯à¥¤¯®«®¦¨âì ¢ë¯ãª«®áâì ¨ ª®¬¯ ªâ­®áâì Ui, i = 1; 2, ¢®£­ãâ®áâì äã­ªæ¨¨
h (t; c1); b(u1; u2; t)i ¯® u1 ¤«ï ¢á¥å u2(t) 2 U2 ¨ ¢®£­ãâ®áâì äã­ªæ¨¨ h (t; c2); b(u1; u2; t)i ¯® u2
¤«ï ¢á¥å u1(t) 2 U1 ¢ ª ¦¤®¬ t 2 T [2].

�à¨¬¥à 3.

_x = x+ u1(t)� 2u2(t); x(0) = 0; t 2 [0; 1];

ju1(t)j � 1; ju2(t)j � 1; u = (u1; u2);

J1(u) = x(1); J2(u) = �x2(1);

_ = � ;  1(1) = 1;  2(1) = �2x(1);

 1(t) = e � e�t > 0; t 2 [0; 1]; u1(t; u2) = sign 1(t);

u1(t; u2) = u1(t) = 1;

 2(t) = �2x(1)e � e�t;

u2(t; u1) = � sign 2(t) = signx(1);

�(u) = x(1; u1; u2)� x(1; u1; u2)� x2(1; u1; u2) + x2(1; u1; u2) � 0;

x(t; u1; u2) : _x = x+ u1 � 2u2; x(0) = 0;

x(t; u1; u2) : _x = x+ 1� 2u2; x(0) = 0;

x(t; u1; u2) : _x = x+ u1 � 2 signx(1); x(0) = 0:

� ¬¥â¨¬, çâ® ¯à ¢ ï ç áâì ¯®á«¥¤­¥£® ãà ¢­¥­¨ï ­¥ ã¤®¢«¥â¢®àï¥â â¥¬ ãá«®¢¨ï¬, ¯à¨ ª®-
â®àëå á¯à ¢¥¤«¨¢ ¯à¨­æ¨¯ ¬ ªá¨¬ã¬  �.�.�®­âàï£¨­ . �®íâ®¬ã ¤«ï à¥è¥­¨ï § ¤ ç¨ (2.4)
­¥«ì§ï ¨á¯®«ì§®¢ âì â¥ ¬¥â®¤ë, á ¯®¬®éìî ª®â®àëå à¥è «¨áì § ¤ ç¨ (2.1).

�«ï à¥è¥­¨ï ¯®áâ ¢«¥­­®© § ¤ ç¨ ¨á¯®«ì§ã¥¬ ¢ëè¥¨§«®¦¥­­ë©  «£®à¨â¬. �ãáâì u01 � 0,
u02 � 0, u0 = (u01; u

0
2) = 0. �®£¤  x(t; u0) = 0, J1(u0) = J2(u0) = 0. �¥è ¥¬ § ¤ ç¨ (2.1):

u01(t) = 1; x(1; u01; u
0
2) = e� 1;

u02(t) : J2(u
0
1; u2) = �x2(1)! max; ju2j � 1;

_x = x� 2u2; x(0) = 0:

�ç¥¢¨¤­®, u02(t) = 0, x(1; u01; u
0
2) = 0, �(u0) = e � 1 > 0. �® ä®à¬ã«¥ (2.6) ¯à¨ u = u0; z = u

¯®áâà®¨¬  ¯¯à®ªá¨¬¨àãîé¨© äã­ªæ¨®­ «

�0(u) = x2(1) � x1(1)� x23(1) + x21(1); (3.5)

_x1 = x1 + u1(t)� 2u2(t); x1(0) = 0;

_x2 = x2 + 1� 2u2(t); x2(0) = 0; (3.6)

_x3 = x3 + u1(t); x3(0) = 0:

� ¤ ç  ¬¨­¨¬¨§ æ¨¨ äã­ªæ¨®­ «  (3.5), ®¯à¥¤¥«¥­­®£® ­  à¥è¥­¨ïå á¨áâ¥¬ë (3.6), ¯® ãá«®¢¨-
ï¬ ­  ¥¥ ¯ à ¬¥âàë íª¢¨¢ «¥­â­  § ¤ ç ¬ (2.1). �®íâ®¬ã ¯à¨ \á¯ãáª¥" �0(u), �0(u0) > 0, ¤®
¥£® ­ã«¥¢®£® §­ ç¥­¨ï ¬®¦­® ¯à¨¬¥­ïâì ¬¥â®¤ë à¥è¥­¨ï § ¤ ç¨ (2.1). �«ï § ¤ ç¨ (3.5), (3.6)
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­¥âàã¤­® ã¢¨¤¥âì, çâ® �0(u1) = 0 ¯à¨ u11(t) = 1, u12(t) = 0, u1 = (u11; u
1
2). �¥¯¥àì ®¯ïâì à¥è ¥¬

§ ¤ ç¨ (2.1):

u11(t) = 1;

u12(t) : J2(u
1
1; u2) = �x2(1)! max; ju2j � 1;

_x = x+ 1� 2u2; x(0) = x0:

�ç¥¢¨¤­®, u12(t) = 0;5. � «¥¥, x(1; u11; u
1
2) = e � 1, x(1; u1; u12) = e � 1, x(1; u11; u

1
2) = 0. �âáî¤ 

�(u1) = (e� 1)2 > 0. �¯ïâì áâà®¨¬  ¯¯à®ªá¨¬¨àãîé¨© äã­ªæ¨®­ «

�1(u) = x2(1) � x1(1)� x23(1) + x21(1);

_x1 = x1 + u1 � 2u2; x1(0) = 0;

_x2 = x2 + 1� 2u2; x2(0) = 0;

_x3 = x2 + u1 � 1; x3(0) = 0:

�ç¥¢¨¤­®, �1(u2) = 0 ¯à¨ u2 = (u21; u
2
2), u

2
1(t) = 1, u22(t) = 0;5. �à¨ u2 = u2(t) à¥è¥­¨ï u21(t),

u22(t) § ¤ ç (2.1) ¨¬¥îâ ¢¨¤ u21(t) = 1, u22(t) = 0;5. �®£¤  �(u2) = 0 ¨, á«¥¤®¢ â¥«ì­®, u�1(t) = 1,
u�2(t) = 0;5 | à ¢­®¢¥á­ë¥ ã¯à ¢«¥­¨ï, J1(u�) = J2(u�) = 0. �¥­  ¨£àë J(u�) = 0, å®âï æ¥­  J(u)
¯à¨ ¤®¯ãáâ¨¬ëå u = (u1; u2) | ¯¥à¥¬¥­­ ï ¢¥«¨ç¨­ .
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