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� §«¨çë¥ ¯à¨ª« ¤ë¥ § ¤ ç¨ ¯à¨¢®¤ïâ ª ¥®¡å®¤¨¬®áâ¨ à¥è¥¨ï á¨£ã«ïà®£® ¨â¥£à®-
¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï

Kx � x0(t) + a(t)x(t) +
b(t)
�(t)

Z +1

�1

�(�)x(�)
� � t

d� = f(t); �1 < t < 1; (1)

¯à¨  ç «ì®¬ ãá«®¢¨¨

x(�1) = 0; (2)

£¤¥ �(t) = (1 � t)�(1 + t)�, �1 < �; � < 1, | ¢¥á �ª®¡¨, a(t); f(t) 2 L2�[�1; 1],   b(t) 2 C[�1; 1],  
á¨£ã«ïàë© ¨â¥£à « ¯®¨¬ ¥âáï ¢ á¬ëá«¥ £« ¢®£® § ç¥¨ï ¯® �®è¨ (á¬. [1], [2]).

� ¤ ç  �®è¨ (1){(2) â®ç® à¥è ¥âáï «¨èì ¢ à¥¤ª¨å ç áâëå á«ãç ïå. �®íâ®¬ã à §à ¡®â ë
¨ ¯à¨¬¥ïîâáï ¬®£®ç¨á«¥ë¥ ¯à¨¡«¨¦¥ë¥ ¬¥â®¤ë à¥è¥¨ï íâ®© § ¤ ç¨ (á¬.,  ¯à., [3],
[4] ¨ ¡¨¡«¨®£à ä¨î ¢ ¨å). � [4] à áá¬®âà¥® à¥è¥¨¥ § ¤ ç¨ (1){(2) ¢ ç áâ®¬ á«ãç ¥ ¤«ï
�(t) = 1p

1�t2 | ¢¥á  �¥¡ëè¥¢  I à®¤ , ¢ [5] à áá¬®âà¥ á«ãç © �(t) � 1. � ¤ ®© à ¡®â¥ § ¤ ç 
(1){(2) à¥è ¥âáï ¤«ï ¢¥á®¢®© äãªæ¨¨ �ª®¡¨, çâ® ®¡®¡é ¥â ãª § ë¥ ç áâë¥ á«ãç ¨.

� ¤ ç  �®è¨ (1){(2) à¥è ¥âáï ¬¥â®¤®¬  ¨¬¥ìè¨å ª¢ ¤à â®¢. � à ¡®â¥ ¯à¨¢¥¤¥ë áå¥-
¬  ¬¥â®¤ ,   â ª¦¥ ®¡®á®¢ ¨¥ áå®¤¨¬®áâ¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ ¯à¨¡«¨¦¥ëå à¥è¥¨©, ¯®-
«ãç¥®© ¯® ¬¥â®¤ã  ¨¬¥ìè¨å ª¢ ¤à â®¢. �§«®¦¥¨¥ áãé¥áâ¢¥ë¬ ®¡à §®¬ ®¯¨à ¥âáï  
á®®â¢¥âáâ¢ãîé¨¥ à¥§ã«ìâ âë ¬®®£à ä¨© [3] ¨ [4]. �¥§ã«ìâ â à ¡®âë  ®á¨à®¢  ¢ [6].

1. �á®¢ë¥ à¥§ã«ìâ âë

�à¨¡«¨¦¥®¥ à¥è¥¨¥ § ¤ ç¨ (1)-(2) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

xn(t) =
nX

k=1

�k[P
(�;�)
k (t)� P

(�;�)
k (�1)]; n 2 N; (3)

£¤¥ fP (�;�)
k (t)g | ¬®£®ç«¥ë �ª®¡¨, ®àâ®£® «ìë¥   ®âà¥§ª¥ [�1; 1] á ¢¥á®¬ �(t). �¥¨§¢¥áâ-

ë¥ ª®íää¨æ¨¥âë ¡ã¤¥¬ ®¯à¥¤¥«ïâì ¬¥â®¤®¬  ¨¬¥ìè¨å ª¢ ¤à â®¢ ¨§ á¨áâ¥¬ë «¨¥©ëå
 «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© (����)

nX
k=1

�k(K'k;K'j) = (f;K'j); j = 1; n; (4)

£¤¥ 'k(t) = P
(�;�)
k (t)� P

(�;�)
k (�1),  

(f; g) =
Z +1

�1
�(t)f(t)g(t)dt (f; g 2 L2�[�1; 1])

44



| áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢ ¯à®áâà áâ¢¥ L2�[�1; 1].
�«ï ®¡®á®¢ ¨ï áå®¤¨¬®áâ¨ ¬¥â®¤   ¨¬¥ìè¨å ª¢ ¤à â®¢  ¬ ¯® ¤®¡ïâáï á«¥¤ãîé¨¥

äãªæ¨® «ìë¥ ¯à®áâà áâ¢ : Y = L2�[�1; 1] | ¢¥á®¢®¥ £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® áã¬¬¨àã¥-
¬ëå á ª¢ ¤à â®¬   [�1; 1] äãªæ¨© á® áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬, ãª § ë¬ ¢ëè¥ ¨ ®à¬®©

kfkL2�[�1;1] =
�Z +1

�1
�(t)jf(t)j2dt

�1=2

; f 2 L2�[�1; 1];

¨ X =
�
W 1

2�[�1; 1] | ¯à®áâà áâ¢® �®¡®«¥¢ , â. ¥.

�
W 1

2�[�1; 1] = ff 2 L2�[�1; 1] j f
0 2 L2�[�1; 1]; f(�1) = 0g

á ®à¬®© kfkW 1

2�
[�1;1] = kf 0kL2�[�1;1].

�«ï ¢ëç¨á«¨â¥«ì®© áå¥¬ë (1){(4) á¯à ¢¥¤«¨¢  á«¥¤ãîé ï

�¥®à¥¬ . �á«¨ § ¤ ç  (1){ (2) ®¤®§ ç® à §à¥è¨¬  ¢ X ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ f 2 Y ,

â® ���� (4) ®¤®§ ç® à §à¥è¨¬  ¯à¨ «î¡ëå n 2 N. �à¨¡«¨¦¥ë¥ à¥è¥¨ï (3) áå®¤ïâáï ª
â®ç®¬ã à¥è¥¨î x� 2 X á® áª®à®áâìî, ®¯à¥¤¥«ï¥¬®© ¥à ¢¥áâ¢ ¬¨

En(x�)X � kx� � xnkX � �(K)En(x�)X ; (5)

En�1(x
�0)Y � kx� � xnkX � �(K)En�1(x

�0)Y ; (6)

£¤¥ �(K) = kKk kK�1k | ç¨á«® ®¡ãá«®¢«¥®áâ¨ ®¯¥à â®à  K : X ! Y ,  

En(x)Z = inf
xn2Zn�Z

kx� xnk

|  ¨«ãçè¥¥ à ¢®¬¥à®¥ ¯à¨¡«¨¦¥¨¥ äãªæ¨¨ x 2 Z  «£¥¡à ¨ç¥áª¨¬¨ ¬®£®ç«¥ ¬¨ áâ¥-

¯¥¨ ¥ ¢ëè¥ n.

�®ª § â¥«ìáâ¢®. �â¬¥â¨¬, çâ® X ¨ Y | ¯®«ë¥ ¯à®áâà áâ¢ , f'kg11 | «¨¥©® ¥§ ¢¨-
á¨¬ ï á¨áâ¥¬ , ¯®« ï ¢ ¯à®áâà áâ¢¥ X,   ¢ á¨«ã ®¤®§ ç®© à §à¥è¨¬®áâ¨ § ¤ ç¨ (1){(2)
¯à¨ «î¡®© ¯à ¢®© ç áâ¨ f 2 Y ®¯¥à â®à K ¥¯à¥àë¢® ®¡à â¨¬.

�®ª ¦¥¬, çâ® á¨áâ¥¬  f kg11 = fK'kg
1
1 ï¢«ï¥âáï «¨¥©® ¥§ ¢¨á¨¬®© ¢ Y . �à¥¤¯®«®¦¨¬

¯à®â¨¢®¥. �ãáâì á¨áâ¥¬  f kg11 «¨¥©® § ¢¨á¨¬ . �®£¤  áãé¥áâ¢ãîâ ç¨á«  1; 2; : : : ; n, ¥

à ¢ë¥ ®¤®¢à¥¬¥® ã«î, â ª¨¥, çâ®
nP

k=1
k k = 0. �ç¨âë¢ ï, çâ®  k = K'k, ¯®á«¥¤¥¥ à -

¢¥áâ¢® ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ K
� nP
k=1

k'k

�
= 0. �à¨¬¥¨¬ ª ®¡¥¨¬ ç áâï¬ ¯®«ãç¥®£®

à ¢¥áâ¢  ®¡à âë© ®¯¥à â®à K�1. �®£¤  ¨¬¥¥¬
nP

k=1
k'k = K�10 = 0. � ª¨¬ ®¡à §®¬, á¨áâ¥¬ 

f'kg
1
1 «¨¥©® § ¢¨á¨¬ . �® íâ® ¥¢®§¬®¦® ¯® ¯à¥¤¯®«®¦¥¨î. �«¥¤®¢ â¥«ì®, á¨áâ¥¬  f kg11

«¨¥©® ¥§ ¢¨á¨¬ . �®£¤  ®¯à¥¤¥«¨â¥«ì �à ¬  det( k;  j) = det(K'k;K'j) 6= 0, k; j = 1; n (á¬.
[3]), ¨ ���� (4) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ¯à¨ «î¡ëå ¯à ¢ëå ç áâïå ¨ «î¡®¬ n 2 N.

�ãáâì ��1; �
�
2; : : : ; �

�
n | à¥è¥¨¥ á¨áâ¥¬ë (4). �®£¤  ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ § ¤ ç¨ (1){(2)

áâà®¨âáï ¯® ä®à¬ã«¥

x�n(t) =
nX

k=1

��k'k(t): (3�)

�¥¯¥àì ¤®ª ¦¥¬ á¯à ¢¥¤«¨¢®áâì ®æ¥ª¨ áª®à®áâ¨ áå®¤¨¬®áâ¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ ¯à¨¡«¨¦¥-
ëå à¥è¥¨© (3�) ª â®ç®¬ã à¥è¥¨î x�.
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� ª ¨§¢¥áâ®, ¬¥â®¤  ¨¬¥ìè¨å ª¢ ¤à â®¢ ¬¨¨¬¨§¨àã¥â ¥¢ï§ªã kf � KxnkY . �®íâ®¬ã
kf �Kx�nkY � kf �KxnkY , £¤¥ xn | ¯à®¨§¢®«ìë© í«¥¬¥â ¢¨¤  (3). �æ¥¨¬ ®¡¥ ç áâ¨ ¥à -
¢¥áâ¢  ®â¤¥«ì®. �¬¥¥¬

kf �KxnkY = kKx� �KxnkY = kK(x� � xn)kY � kKkX!Y kx
� � xnkX

¨

kf �Kx�nkY = kKx� �Kx�nkY �
kx� � x�nkX
kK�1kY!X

;

â. ¥.
kx� � x�nkX
kK�1kY!X

� kKkX!Y kx
� � xnkX

¨«¨
kx� � x�nkX � kK�1kY!XkKkX!Y kx

� � xnkX = �(K)kx� � xnkX :

� ª ª ª f'kg11 | ¯®« ï á¨áâ¥¬ , â® ¬®¦® ¯®áâà®¨âì â ªãî ¯®á«¥¤®¢ â¥«ì®áâì xn, ¤«ï ª®-
â®à®© ¢ë¯®«ï¥âáï ãá«®¢¨¥

kx� � xnkX ! 0 (n!1):

� ª ª ª xn | ¯à®¨§¢®«ìë© í«¥¬¥â ¢¨¤  (3), ¢ë¡¥à¥¬ �k â ª, çâ®¡ë xn ¡ë« í«¥¬¥â®¬  ¨-
«ãçè¥£® ¯à¨¡«¨¦¥¨ï ¤«ï x�, â. ¥. kx� � xnkX = En(x�)X . �®£¤  kx� � x�nkX � �(K)En(x�)X .
�à®¬¥ â®£®, kx��x�nkX � En(x�)X ¢ á¨«ã ®¯à¥¤¥«¥¨ï En(x�)X . �¥¬ á ¬ë¬ ®æ¥ª  (5) ¤®ª §  .
�æ¥ª  (6) ¯®«ãç ¥âáï ¨§ (5) á ãç¥â®¬ ®¯à¥¤¥«¥¨ï ®à¬ë ¢ ¯à®áâà áâ¢¥ X.
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