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�áá«¥¤ã¥âáï ¢«¨ï¨¥ ç¨á«  à §¤¥«¥ëå â®ç¥ª ¬ ªá¨¬ã¬  ¬®¤ã«ï ¬¥à®¬®àä®© äãªæ¨¨
  ®ªàã¦®áâ¨ fz : jzj = rg   ®æ¥ªã �.�¨  ¤«ï ¢¥«¨ç¨ë ®âª«®¥¨ï. �®«ãç¥ë â®çë¥
®æ¥ª¨ á®®â¢¥âáâ¢ãîé¨å ¢¥«¨ç¨.

�ã¤¥¬ ¨á¯®«ì§®¢ âì áâ ¤ àâë¥ ®¡®§ ç¥¨ï ¥¢ «¨®¢áª®© â¥®à¨¨ à á¯à¥¤¥«¥¨ï § -
ç¥¨©: T (r; f), m(r; a; f), N(r; a; f) [1].

�®á«¥ à ¡®â �.�.�¥âà¥ª®, à¥§ã«ìâ âë ª®â®àëå ¨§«®¦¥ë ¢ [2], áâ «  à §¢¨¢ âìáï â¥®à¨ï
à®áâ  ¬¥à®¬®àäëå äãªæ¨©. � íâ®© â¥®à¨¨ ¤«ï ª ¦¤®£® a 2 C ®¯à¥¤¥«ï¥âáï äãªæ¨ï ¯à¨-
¡«¨¦¥¨ï ¤«ï ç¨á«  a ¢ à ¢®¬¥à®© ¬¥âà¨ª¥

L(r; a; f) = max
jzj=r

log+
1

jf(z)� aj
; L(r;1; f) = max

jzj=r
log+ jf(z)j:

� ¯®¬®éìî íâ®© äãªæ¨¨ ¯à¨¡«¨¦¥¨ï ¢¢®¤¨âáï ¢¥«¨ç¨ 

�(a; f) = lim inf
r!1

L(r; a; f)
T (r; f)

;

ª®â®à ï  §ë¢ ¥âáï ¢¥«¨ç¨®© ®âª«®¥¨ï äãªæ¨¨ f ®â®á¨â¥«ì® ç¨á«  a. �â¬¥â¨¬, çâ® ¥-
¢ «¨®¢áª ï äãªæ¨ï ¯à¨¡«¨¦¥¨ïm(r; a; f) ¨§¬¥àï¥â áª®à®áâì ¯à¨¡«¨¦¥¨ï f ª a ¢ ¬¥âà¨ª¥
L1[0; 2�],   äãªæ¨ï L(r; a; f) | ¢ à ¢®¬¥à®© ¬¥âà¨ª¥. �®íâ®¬ã ¥¢ «¨®¢áª¨© ¤¥ä¥ªâ

�(a; f) = lim inf
r!1

m(r; a; f)
T (r; f)

¥ ¯à¥¢®áå®¤¨â ¢¥«¨ç¨ë ®âª«®¥¨ï.
� 1976 £. �.�. �à¨è¨ [3] ¯®áâà®¨« ¯à¨¬¥à ¬¥à®¬®àä®© äãªæ¨¨ ¯à®¨§¢®«ì®£® ¯®àï¤ª 

�, ¤«ï ª®â®à®© �(1; f) = 0, ® �(1; f) > 0. �®âï ¢¥«¨ç¨  �(a; f) å à ªâ¥à¨§ã¥â ¯à¨¡«¨¦¥¨¥
f ª § ç¥¨î a ¢ à ¢®¬¥à®© ¬¥âà¨ª¥, â. ¥. ¢ ¡®«¥¥ á¨«ì®©, ç¥¬ ¬¥âà¨ª  L1, â¥¬ ¥ ¬¥¥¥
®ª § «®áì, çâ® ¤«ï ¬¥à®¬®àäëå äãªæ¨© f(z) 2 �(�), ¨¬¥îé¨å ª®¥çë© ¨¦¨© ¯®àï¤®ª

� := lim inf
r!1

log T (r; f)
log r

;

á¢®©áâ¢  ¢¥«¨ç¨ ®âª«®¥¨©  ¯®¬¨ îâ á¢®©áâ¢  ¤¥ä¥ªâ®¢. �¥à¢ë¥ à¥§ã«ìâ âë â ª®£® â¨¯ 
¯®«ãç¥ë �.�.�¥âà¥ª®, ª®â®àë¬, ¢ ç áâ®áâ¨, ¤®ª §  

�¥®à¥¬  A. �«ï f 2 �(�) ¨ ¤«ï ª ¦¤®£® a 2 C ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

�(a; f) �

8>><>>:
��

sin��
; ¥á«¨ � <

1
2
; (1)

��; ¥á«¨ � �
1
2
: (2)

�«¥¤ã¥â ®â¬¥â¨âì, çâ® ®æ¥ª  (1) ¡ë«  ¯®«ãç¥  à ¥¥ ¢ [4]. � ç áâ®¬ á«ãç ¥ æ¥«ëå äãª-
æ¨© ¯®àï¤ª  � > 1

2
¨ a = 1 ®æ¥ª  (2) ¡ë«  ¯®«ãç¥  ¢ [5], ¨ â¥¬ á ¬ë¬ ¡ë«  ¯®¤â¢¥à¦¤¥ 
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£¨¯®â¥§  �í©«¨, ¢ëáª §  ï ¢ 1932 £. � à ¡®â¥ [6] ¯®«ãç¥   «®£ á®®â®è¥¨ï ¤¥ä¥ªâ®¢ ¤«ï
¢¥«¨ç¨ ®âª«®¥¨ï.

�¥®à¥¬  B. �«ï f 2 �(�) á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

X
(a)

�(a; f) �

8>><>>:
2��
sin��

; ¥á«¨ � <
1
2
;

2��; ¥á«¨ � �
1
2
:

� 1971 £. �.�¨  (á¬.,  ¯à., [2], [7]) ¯®«ãç¨« ®æ¥ªã ¤«ï ¢¥«¨ç¨ë ®âª«®¥¨ï ç¥à¥§ ¢ «¨-
à®®¢áª¨© ¤¥ä¥ªâ

�(a; f) := lim sup
r!1

m(r; a; f)
T (r; f)

:

�¥®à¥¬  C. �ãáâì f 2 �(�) ¨

�(�) =
�
� : 0 � � � 0:5 ¨ sin

��

2
�

s
�
2

�
:

�®£¤ 

�(a; f) � B(�;�) :=

8>><>>:
��
p
�(2��); ¥á«¨ � =2 �(�);

��

sin��
(1� (1��) cos ��); ¥á«¨ � 2 �(�);

(3)

£¤¥ � = �(a; f).

�®ç®áâì ®æ¥ª¨ ¢ â¥®à¥¬¥ C ¡ë«  ¤®ª §   ¢ à ¡®â¥ [8].
� [9], [10] ¬ë ¢¢¥«¨ ¨ ¨áá«¥¤®¢ «¨ ç¨á«® à §¤¥«¥ëå â®ç¥ª ¬ ªá¨¬ã¬  ¬®¤ã«ï ¬¥à®¬®àäëå

äãªæ¨©   ®ªàã¦®áâ¨ fz : jzj = rg. � ¯®¬¨¬ ®á®¢ë¥ ®¯à¥¤¥«¥¨ï. �ãáâì p(r;1; f) |
ç¨á«® á®áâ ¢«ïîé¨å ¨â¥à¢ «®¢ ¬®¦¥áâ¢  f' : jf(rei')j > 1g, ¢ ª ¦¤®¬ ¨§ ª®â®àëå ¥áâì
â®çª  ¬ ªá¨¬ã¬  ¬®¤ã«ï f   ®ªàã¦®áâ¨ fz : jzj = rg. �¥«¨ç¨  p(r;1; f) á®¢¯ ¤ ¥â á ç¨á«®¬
à §¤¥«¥ëå â®ç¥ª ¬ ªá¨¬ã¬  ¬®¤ã«ï f . �®«®¦¨¬

p(1; f) = lim inf
r!1

p(r;1; f); p(a; f) = p

�
1;

1
f � a

�
:

� ¤ ®© à ¡®â¥ ¨áá«¥¤ã¥âáï ¢«¨ï¨¥ ¢¥«¨ç¨ë p(a; f)   ®æ¥ªã (3). �«ï ¨§¬¥à¨¬®£® ¬®¦¥-
áâ¢  E   ¯®«®¦¨â¥«ì®© ¯®«ã®á¨ ¢¥«¨ç¨ë

L0(E) = lim sup
R!1

1
logR

Z
E\[1;R]

dt

t
;

l0(E) = lim inf
R!1

1
logR

Z
E\[1;R]

dt

t

 §ë¢ îâáï á®®â¢¥âáâ¢¥® ¢¥àå¥© ¨ ¨¦¥© «®£ à¨ä¬¨ç¥áª®© ¯«®â®áâìî ¬®¦¥áâ¢  E.
� ¡®â  ¯®á¢ïé¥  ¤®ª § â¥«ìáâ¢ã á«¥¤ãîé¥£® à¥§ã«ìâ â .

�¥®à¥¬  1. �ãáâì äãªæ¨ï f 2 �(�) ¨ ¨¬¥¥â ¯®àï¤®ª �,  | ¯à®¨§¢®«ì®¥ ¯®«®¦¨â¥«ì®¥

ç¨á«®,

E() =
�
r > 0 : L(r; a; f) < B

�


p(a; f)
;�(a; f)

�
T (r; f)

�
1:

1�ë ¥ § ¥¬, ¬®¦¥â «¨ p(a; f) ¡ëâì à ¢®1 ¤«ï ¬¥à®¬®àäëå äãªæ¨© ª®¥ç®£® ¨¦¥£® ¯®àï¤ª .
�á«¨ p(a; f) =1, â® ¢ â¥®à¥¬¥ 1 ¢ ª ç¥áâ¢¥ p(a; f) ¢ëáâã¯ ¥â ¯à®¨§¢®«ì®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«®.
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�®£¤ 

L0(E()) � 1� �=; l0(E()) � 1� �=: (4)

�®ª § â¥«ìáâ¢® ®á®¢ ®   á¢®©áâ¢ å å®à®è® ¨§¢¥áâ®© T �-äãªæ¨¨ �¥àáâ¥©  ¤«ï ¬¥à®-
¬®àä®© äãªæ¨¨ f [11]

T �(z; f) = sup
jEj=2�

1
2�

Z
E

log+ jf(rei')jd'+N(r;1; f) (z = rei�);

£¤¥ jEj | «¥¡¥£®¢  ¬¥à  ¬®¦¥áâ¢  E. �«ï íâ®© äãªæ¨¨ ¨á¯®«ì§ã¥¬ ¥à ¢¥áâ¢® â¨¯  � à¨¯-
¯¨{�ìî¨á  [12], ¯®«ãç¥®¥ ¢ à ¡®â¥ [9],

r
d

dr
r
d

dr
T �(rei�; f) � �

1
�
p2(r;1; f)

@eu(r; �)
@�

;

£¤¥ eu(z) = eu(r; �) | ªàã£®¢ ï ¯¥à¥áâà®©ª  äãªæ¨¨ log+ jf(z)j ([13], á. 90). �á¯®«ì§ãï íâ® ¥-
à ¢¥áâ¢® ¨ ¬¥â®¤ �.�ãªá  [14] (á¬. â ª¦¥ [15]), ¯à¨å®¤¨¬ ª ¤¨ää¥à¥æ¨ «ì®¬ã ¥à ¢¥áâ¢ã
â¨¯  � ¦ã {�¥«ì¡¥à£ . � «¥¥, ¯à¨¬¥ïï ¬¥â®¤ �.� àà¨ [16], ãáâ  ¢«¨¢ ¥¬ á¯à ¢¥¤«¨¢®áâì
â¥®à¥¬ë 1.

�®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬ ¤«ï á«ãç ï a =1. �á«¨ a 6=1, ¥®¡å®¤¨¬® à áá¬®âà¥âì äãªæ¨î

F(z) =
1

f(z)� a
:

�á«¨ �(1; f) = 0 ¨«¨  � �, â® â¥®à¥¬  ®ç¥¢¨¤ . �ãáâì �(1; f) > 0 ¨  > �. � áá¬®âà¨¬ á«ã-
ç © p(1; f) < 1. �á«¨ p(1; f) = 1, â® ¤®ª § â¥«ìáâ¢®   «®£¨ç®, â®«ìª® ¢ ª ç¥áâ¢¥ p(1; f)
¢ëáâã¯ ¥â ¯à®¨§¢®«ì®¥ ¯®«®¦¨â¥«ì®¥ ä¨ªá¨à®¢ ®¥ ç¨á«®. �ë¡¥à¥¬ ç¨á«  � , �,  , ã¤®¢«¥-
â¢®àïîé¨¥ ¥à ¢¥áâ¢ ¬

� < � < ; 0 < � � min
�
�;
�p(1; f)

2�

�
; �

�p(1; f)
2�

�  �
�p(1; f)

2�
� �:

� «¥¥ ¯®«®¦¨¬ [14], [15], [9]

�(r) =
Z �

0

T �(rei'; f) cos
�('+  )
p(1; f)

d':

� á¨«ã ¥à ¢¥áâ¢  (2.4) ¨§ [9] ¤«ï ¯®çâ¨ ¢á¥å r � r0 á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

r
d

dr
r�0�(r) � �

Z �

0

p2(1; f)
�

@eu(r; �)
@�

cos
�(� +  )
p(1; f)

d� = h� (r) + � 2�(r); (5)

£¤¥ �0�(r) | «¥¢®áâ®à®ïï ¯à®¨§¢®¤ ï �(r),

h� (r) = �
p2(1; f)

�
eu(r; �) cos �(�+  )

p(1; f)
+
p2(1; f)

�
L(r;1; f) cos

� 

p(1; f)
�

� �p(1; f)T �(r; �; f) sin
�(�+  )
p(1; f)

+ �p(1; f)N(r;1; f) sin
� 

p(1; f)
:

�¥«¨¬ ¥à ¢¥áâ¢® (5)   r�+1 ¨ § â¥¬ ¨â¥£à¨àã¥¬ ®¡¥ ¥£® ç áâ¨ ¯® ®âà¥§ªã [r;R]. �á¯®«ì§ãï
¨â¥£à¨à®¢ ¨¥ ¯® ç áâï¬, ¯®«ãçae¬Z R

r

h� (t)
t�+1

dt �

�
r�0�(r)
r�

+ �
�(r)
r�

�����R
r

; r0 � r � R: (6)

� «¥¥ ¢®á¯®«ì§ã¥¬áï à ááã¦¤¥¨¥¬, ¢®áå®¤ïé¨¬ ª à ¡®â¥ �.� àà¨ [16]. � áá¬®âà¨¬ äãªæ¨î

�(r) = �

Z R

r

h�(t)
t�+1

dt; r0 � r � R:
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�ãáâì

	(r) = r�
�
�(r) +

�0�(R)
R��1

+ �
�(R)
R�

�
:

�¥à ¢¥áâ¢® (6) ¤ ¥â

	(r) � r�0�(r) + ��(r); r0 � r � R: (7)

� «¥¥,

r	0(r) = �	(r) + h� (r); r0 � r � R: (8)

� ª ª ª T �(rei�; f) ¬®®â®® ¢®§à áâ ¥â ¯® r > 0, â® �(r) ¬®®â®® ¢®§à áâ ¥â ¯à¨ r > 0.
�®íâ®¬ã ¤«ï ¢á¥å r > 0 ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® r�0�(r) � 0. �à®¬¥ â®£®, ¤«ï ¢á¥å r > 0 ¨¬¥¥¬
�(r) > 0. �§ ¥à ¢¥áâ¢  (7) á«¥¤ã¥â, çâ® 	(r) > 0 ¯à¨ r � r0. �®ª ¦¥¬, çâ® 	0(r) � 0 ¯à¨
r 2 [r0; R]. �§ ¬®®â®®áâ¨ eu(r; �) ¯® � ¨ á®®â®è¥¨ï (5) á«¥¤ã¥â

h� (r) + � 2�(r) � 0; r � r0:

�¥à ¢¥áâ¢  (7), (8) ¤ îâ

r	0(r) � �r�0�(r) � 0; r0 � r � R:

�ãáâì

A1(�) = fr 2 [r0;1) : h� (r) > 0g:

�®£¤  ¢ á¨«ã (8) ¯à¨ r 2 A1(�) \ [r0; R] ¯®«ãç ¥¬ r	0(r) > �	(r) > 0. �âáî¤ 

	0(r)
	(r)

>
�

r
:

�«¥¤®¢ â¥«ì®,

�

Z
A1(�)\[r0;R]

dr

r
�

Z
A1(�)\[r0;R]

	0(r)
	(r)

dr �

RZ
r0

	0(r)
	(r)

dr = ln
	(R)
	(r0)

: (9)

�® 	(R) = R�0�(R) + ��(R). �® ®¯à¥¤¥«¥¨î äãªæ¨¨ �(R) ¨¬¥¥¬

�(R) � �T (R; f):

� ª ª ª äãªæ¨ï r�0�(r) ¬®®â®® ¢®§à áâ ¥â [9] ¯à¨ r > 0, â®

�(2R)� �(R) =
Z 2R

R

�0�(r)dr =
Z 2R

R

r�0�(r)
r

dr � R�0�(R) ln 2:

�®íâ®¬ã R�0�(R) �
1

ln 2
�(2R) � �

ln 2
T (2R; f). � ª¨¬ ®¡à §®¬, 	(R) � (6 + �)T (2R; f).

�§ (7) á«¥¤ã¥â 	(r0) � r0�
0
�(r0)+�(r0) > 0. �®¤áâ ¢«ïï ¯®«ãç¥ë¥ ¥à ¢¥áâ¢  ¢ (9), ¨¬¥¥¬

�

Z
A1(�)\[r0;R]

dr

r
� lnT (2R; f) + log(6 + �)� log(r0�

0
�(r0) + �(r0)):

�âáî¤  L0(A1(�)) � �=� , l0(A1(�)) � �=� .
�ãáâì E1(�) = fr 2 [r0;1) : h� (r) � 0g. � ª ª ª E1(�) = [r0;1) nA1(�), â®

L0(E1(�)) � 1� �=�; l0(E1(�)) � 1� �=�: (10)
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� ®¯à¥¤¥«¥¨ïå äãªæ¨© �(r) ¨ h� (r) ¢ ª ç¥áâ¢¥  ¢ë¡¥à¥¬  = �p(1;f)

2�
� �. �®£¤ 

h� (r) =
p2(1; f)

�

�
L(r;1; f) sin

��

p(1; f)
�

�
��

p(1; f)
T �(rei�; f) +

��

p(1; f)
N(r;1; f) cos

��

p(1; f)

�
: (11)

� ¯®¬¨¬ ®¯à¥¤¥«¥¨¥ ¤¥ä¥ªâ  � «¨à® 

�(1; f) = lim sup
r!1

m(r;1; f)
T (r; f)

= 1� lim inf
r!1

N(r;1; f)
T (r; f)

:

�âáî¤  ¯à¨ r � r0(") á«¥¤ã¥â

N(r;1; f) > (1��(1; f)� ")T (r; f): (12)

�à®¬¥ â®£®, ¤«ï ¢á¥å � 2 [0; �] ¨ r > 0 ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

T �(rei�; f) � T (r; f): (13)

�®¤áâ ¢«ïï (12), (13) ¢ á®®â®è¥¨¥ (11), ¯à¨ r � r0(") ¨¬¥¥¬

h� (r) �
p2(1; f)

�

�
L(r;1; f) sin

��

p(1; f)
�

��

p(1; f)

�
1� (1��(1; f)� ") cos

��

p(1; f)

�
T (r; f)

�
:

�ãáâì r 2 E1(�). �®£¤  h� (r) � 0. �®íâ®¬ã

L(r;1; f) �
��

p(1; f) sin ��
p(1;f)

�
1� (1��(1; f)) cos

��

p(1; f)

�
T (r; f) +

+ o(T (r; f)) (r 2 E1(�); r!1): (14)

�á«¨
arccos(1��(1; f)) <

��

p(1; f)
;

â® ¢ (14) ¯®«®¦¨¬ � = arccos(1��(1; f)),   ¥á«¨

arccos(1��(1; f)) �
��

p(1; f)
;

â® ¯®«®¦¨¬ � = �. �«¥¤®¢ â¥«ì®, ¤«ï ¢á¥å r 2 E1(�) ¯à¨ r !1 ¨¬¥¥¬

L(r;1; f) � B

�
�

p(1; f)
;�(1; f)

�
T (r; f) + o(T (r; f)) < B

�


p(1; f)
;�(1; f)

�
T (r; f);

£¤¥ äãªæ¨ï B(�;�) ®¯à¥¤¥«¥  ¢ (3).
� ª¨¬ ®¡à §®¬, E1(�) ï¢«ï¥âáï ¯®¤¬®¦¥áâ¢®¬ E(). �âáî¤ , ¨§ á®®â®è¥¨ï (10) ¨ ¯à®¨§-

¢®«ì®áâ¨ ç¨á«  � <  á«¥¤ã¥â (4).

�«¥¤áâ¢¨¥. �«ï f 2 �(�) ¨ a 2 C á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

�(a; f) � B

�
�

p(a; f)
;�(a; f)

�
: (15)

�â¬¥â¨¬, çâ® ¨§ ¥à ¢¥áâ¢  �(a; f) > 0 á«¥¤ã¥â p(a; f) � 1. �®íâ®¬ã ¨§ ®æ¥ª¨ (15) á«¥¤ã¥â
®æ¥ª  (3).

�æ¥ª  (15) ï¢«ï¥âáï â®ç®©. �  ¤®áâ¨£ ¥âáï ¤«ï äãªæ¨¨

F�(z) = f�=n(zn);

£¤¥ f(z) | äãªæ¨ï ¨§ [8].
�¢â®à ¢ëà ¦ ¥â ¯à¨§ â¥«ì®áâì �.�. �à¨è¨ã §  ¢¨¬ ¨¥ ª à ¡®â¥.
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