
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

1998 ���������� ò 10 (437)

��� 517.546

�.�.�����������, �.�.������������

����������� � ���������� ��������

�¢¥¤¥­¨¥. �ãáâì Sp(M) | ¬­®¦¥áâ¢® ¢á¥å £®«®¬®àä­ëå ¢ ªàã£¥ E = fz : jzj < 1g äã­ªæ¨©
f(z) = z + � � � , ®¤­®«¨áâ­® ®â®¡à ¦ îé¨å E ­  ®¡« áâ¨ ¨§ ªàã£  fw : jwj < Mg (1 < M � 1),
¨¬¥îé¨¥ p-ªà â­ãî (p 2 N) á¨¬¬¥âà¨î ¢à é¥­¨ï ®â­®á¨â¥«ì­® â®çª¨ w = 0.

�«®â­ë© ¢ Sp(M) ¯®¤ª« áá äã­ªæ¨© (¢ â®¯®«®£¨¨ à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ ¢­ãâà¨ E) ®¡à -
§ãîâ äã­ªæ¨¨ w = M�(z; lnM), £¤¥ �(z; �), 0 � � � lnM , | à¥è¥­¨¥ ãà ¢­¥­¨ï ��¥¢­¥à  ([1],
á. 27)

d�

d�
= ��

�p(�) + �p

�p(�)� �p
; �(z; 0) = z 2 E; (1)

¢ ª®â®à®¬ �(�) | ­¥¯à¥àë¢­ ï äã­ªæ¨ï á ¬®¤ã«¥¬, à ¢­ë¬ ¥¤¨­¨æ¥. �­ «®£¨ç­®¥ ¯à¥¤«®¦¥­¨¥
á¯à ¢¥¤«¨¢® ¤«ï ª« áá  Sp(1) � Sp.

�à¨¬¥àë ¨­â¥£à¨à®¢ ­¨ï ãà ¢­¥­¨ï (1) ¢ ª¢ ¤à âãà å ¥¤¨­¨ç­ë. �à®¬¥ ¯à®áâ¥©è¥£® á«ã-
ç ï �(�) = ei�, � = const, ®â¬¥â¨¬ ¯à¨¬¥àë, à áá¬®âà¥­­ë¥ ¢ [2]{[4].

� ¤ ­­®© à ¡®â¥ ãª §ë¢ ¥âáï ã¯à ¢«ïîé ï äã­ªæ¨ï �(�), ¤«ï ª®â®à®© ãà ¢­¥­¨¥ (1) ¯à¨-
¢®¤¨â ª ä®à¬ã«¥ ¤«ï �(z; �) ¡®«¥¥ ®¡é¥©, ç¥¬ ¢ [2]{[4].

�ë¡®à �(�). �ãáâì ¢ (1)

�(�) = e�(�+��)i(�(�))1+
1
2s ; (2)

£¤¥ �, � | ¢¥é¥áâ¢¥­­ë¥ ¯®áâ®ï­­ë¥, s | ¯®«®¦¨â¥«ì­®¥ ç¨á«® ¨ �(�), �(0) = 1, | ­¥ª®â®à ï
­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï ­  (0; lnM) á ¬®¤ã«¥¬, à ¢­ë¬ ¥¤¨­¨æ¥. �ë¯®«­¨¢ ¢
(1) § ¬¥­ã

! = e(�+��)i(�(�))�
1
2s �; !(0) = ei�z; (3)

¯®«ãç¨¬ ¤«ï ! ãà ¢­¥­¨¥
!0

!
� i� +

1
2s
�0

�
= �

�p + !p

�p � !p
¨«¨, çâ® â® ¦¥ á ¬®¥,

!0

!
=
�
1 + i� �

1
2s
�0

�

�
�p � !p

�p � !p
; (4)

£¤¥

�p = �p(�) = �p
�0 + 2s(1� i�)�
�0 � 2s(1 + i�)�

:

�®«®¦¨¬
�(�) = e2i (�);  (0) = 0:

�ã­ªæ¨ï

�p(�) = e2ip (�)
s+ i( 0(�)� �)
�s+ i( 0(�)� �)

¨¬¥¥â ¬®¤ã«ì, à ¢­ë© ¥¤¨­¨æ¥. � ¤ «ì­¥©è¥¬ à áá¬ âà¨¢ ¥âáï â®«ìª® â®â á«ãç ©, ª®£¤ 

�p(�) = e2ip' = 
p
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| ¯®áâ®ï­­ ï. �à¨ íâ®¬  (�), ª ª «¥£ª® ¯®ª § âì, ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï

 0 = s(� + ctg( � ')p);  (0) = 0: (5)

�­â¥£à¨à®¢ ­¨¥ ãà ¢­¥­¨ï, íª¢¨¢ «¥­â­®£® (5),

�p
�0 + 2m�
�0 � 2m�

= 
p; �(0) = 1;

£¤¥ m = s(1 + i�), â. ¥. ãà ¢­¥­¨ï

d�

d�
= �

2m�(�p + "
p)
�p � 
p

; �(0) = 1;

¢ ª®â®à®¬ " = m=m, ¯à¨¢®¤¨â ª ä®à¬ã«¥

�p + "
p = (1 + "
p)�
p

1+" e�
2mp�

1+" (6)

¤«ï ­ å®¦¤¥­¨ï �(�),   á«¥¤®¢ â¥«ì­®, ¨ äã­ªæ¨¨ �(�) | ¯® ä®à¬ã«¥ (2).
�§ (6) á«¥¤ã¥â, çâ® ¯à¨ M =1

lim
�!1

�p(�) = �"
p: (7)

�ã­ªæ¨ï  (�). � (5) ¯à®¨§¢¥¤¥¬ § ¬¥­ë

( � ')p = y; ps� = t

¨ ¯à¨¤¥¬ ª ãà ¢­¥­¨î

dy

dt
= � + ctg y: (8)

�¡é¨© ¨­â¥£à « ãà ¢­¥­¨ï (8) ¤ ¥âáï ä®à¬ã«®©

�y � ln(cos y + � sin y) = (1 + �2)t+ const;

¨§ ª®â®à®© á ãç¥â®¬ ãá«®¢¨ï y(0) = �p'=2 ¯®«ãç ¥¬ ãà ¢­¥­¨¥

�(y + p')� ln
cos y + � sin y

cos p'� � sin p'
= (1 + �2)t;

¢ ï¢­®© ä®à¬¥ § ¤ îé¥¥ äã­ªæ¨î t = t(y), t(�p') = 0.
�á«¨ � = 0, â®

cos y = cos p' � e�t

¨, §­ ç¨â, á®®â¢¥âáâ¢ãîé ï ã¯à ¢«ïîé ï äã­ªæ¨ï �(�) ¨¬¥¥â ¢¨¤

�(�) = e�i�(�(�))1+
1
2s ;

£¤¥

�p(�) = e2ip'
�
cos p' � e�t � i

p
1� cos2 p' � e�2t

�2
: (9)

�á«¨ � 6= 0, â®, ¯®« £ ï  � s�� = u, '� s�� = v, ¢¨¤¨¬ ¨§ (5), çâ®

sign
u0

s
= sign(ctg(u� v)p)

¨, á«¥¤®¢ â¥«ì­®, äã­ªæ¨ï u ¬®­®â®­­® ¨§¬¥­ï¥âáï, ¥á«¨ ¥¥ §­ ç¥­¨ï ¯à¨­ ¤«¥¦ â «î¡®¬ã ¨§
¯à®¬¥¦ãâª®¢

k�=2 < (u� v)p < (k + 1)�=2 (k 2 Z):

�­â¥£à¨à®¢ ­¨¥ ãà ¢­¥­¨ï (4). �ç¨âë¢ ï à ¢¥­áâ¢®

1 + i� �
�0

2s�
=

2�p

�p � 
p
;

4



¯à¥¤áâ ¢¨¬ ãà ¢­¥­¨¥ (4) ¢ ¢¨¤¥

d!

d�
=

2�p!(
p � !p)
(�p � 
p)(�p � !p)

; !(0) = z1 = ei�z:

�¥à¥©¤¥¬ ®â ¯¥à¥¬¥­­®© � ª �. �®«ãç¨¬

d!

d�
= �

�p�1!(
p � !p)
m(�p � !p)(�p + "
p)

; !
��
�=1

= z1;

£¤¥ m = s(1 + i�), " = m=m. �ë¯®«­¨¢ ¢ íâ®¬ ãà ¢­¥­¨¨ § ¬¥­ã ¯¥à¥¬¥­­®© � ­  v ¯® ä®à¬ã«¥

v =
1

�p + "
p
;

¡ã¤¥¬ ¨¬¥âì
d!

dv
=

!(
p � !p)
mpv

�
1
v
� "
p � !p

� ; !
��
v= 1

1+"
p
= z1:

�¥âàã¤­® § ¬¥â¨âì, çâ® ¯à®¨§¢®¤­ ï dv=d! «¨­¥©­  ®â­®á¨â¥«ì­® v. �à®¨­â¥£à¨àã¥¬ ãà ¢­¥­¨¥

dv

d!
= �

mp("
p + !p)
!(
p � !p)

v +
mp

!(
p � !p)
; v

��
!=z1

=
1

1 + "
p
;

¢ àì¨àãï ¯à®¨§¢®«ì­ãî ¯®áâ®ï­­ãî C ¢ ®¡é¥¬ à¥è¥­¨¨

v(!) =
C(
p � !p)2s

!mp

á®®â¢¥âáâ¢ãîé¥£® ®¤­®à®¤­®£® ãà ¢­¥­¨ï. � ãç¥â®¬ ­ ç «ì­®£® ãá«®¢¨ï ¯®«ãç¨¬

!mp

(
p � !p)2s
v = mp

Z !

z1

ump�1du

(
p � up)2s+1
�

zmp1

(1 + "
p)(
p � zp1)2s
:

� ª ª ª
zmp1

(
p � zp1)2s
= mp

Z z1

0

ump�1("
p + up)du
(
p � up)2s+1

;

â® ®ª®­ç â¥«ì­® ¯®«ãç¨¬

!mpv

mp(
p � !p)2s
=
Z !

z1

ump�1du

(
p � up)2s+1
+

1
1 + "
p

Z z1

0

ump�1("
p + up)du
(
p � up)2s+1

: (10)

�â ª, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  1. �ã­ªæ¨ï

�(z; �) = �e�(�+��)i�
1
2s (�)!(v(�)); �(0; �) = 0; � 0z(0; �) > 0;

£¤¥ �, � | ¢¥é¥áâ¢¥­­ë¥ ¯®áâ®ï­­ë¥, p 2 N, s 2 R
+ , �(�) = e2i (�), ¯à¨ç¥¬  (�) ®¯à¥¤¥«ï¥âáï

ãà ¢­¥­¨¥¬

� � ln
cos( � ')p+ � sin( � ')p

cos p'� � sin p'
= (1 + �2)ps�;

¨ !(v) ­¥ï¢­® § ¤ ¥âáï ãà ¢­¥­¨¥¬ (10), ¢ ª®â®à®¬ z1 = ei�z, m = s(1+i�), " = m=m, 
 = e2i' |
¯®áâ®ï­­ ï, ª®­ä®à¬­® ¨ ®¤­®«¨áâ­® ®â®¡à ¦ ¥â ªàã£ E ­  ®¡« áâì, «¥¦ éãî ¢ ¥¤¨­¨ç­®¬
ªàã£¥ ¨ ¨¬¥îéãî p-ªà â­ãî á¨¬¬¥âà¨î ¢à é¥­¨ï ®â­®á¨â¥«ì­® ­ã«ï.
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�à¥¤¥«ì­ë© á«ãç ©. �à¨ � = lnM äã­ªæ¨ï M�(z; �) ¢å®¤¨â ¢ ª« áá Sp(M). �áâà¥¬¨¬ M
ª 1. �à¥¤¥«ì­ ï äã­ªæ¨ï, ª ª ¨§¢¥áâ­®, £®«®¬®àä­  ¨ ®¤­®«¨áâ­ . � ©¤¥¬ ¥¥. �¥à¥©¤¥¬ ª
¯à¥¤¥«ã ¯à¨ � !1 á­ ç «  ¢ ¯à ¢®© ç áâ¨ ä®à¬ã«ë (10). �¬¥¥¬

lim
�!1

� Z !

z1

ump�1du

(
p � up)2s+1
+

1
1 + "
p

Z z1

0

ump�1("
p + up)du
(
p � up)2s+1

�
= �

1
1 + "
p

Z z1

0

(1� up)ump�1du
(
p � up)2s+1

;

¯®áª®«ìªã ª ¦¤®¥ à¥è¥­¨¥ �(z; �), z 2 E, ãà ¢­¥­¨ï (1) áâà¥¬¨âáï ª ­ã«î ¯à¨ � ! 1 à ¢­®-
¬¥à­® ®â­®á¨â¥«ì­® z ¢­ãâà¨ E ¨, á«¥¤®¢ â¥«ì­®, lim

�!1
!(�) = 0.

�ë¯®«­¨¬ â¥¯¥àì ¯à¥¤¥«ì­ë© ¯¥à¥å®¤ ¯à¨ � !1 ¢ «¥¢®© ç áâ¨ ä®à¬ã«ë (10). �çâ¥¬, çâ®
lim
�!1

e��(z; �) = f(z) 2 Sp. �¬¥¥¬, ¨á¯®«ì§ãï (6), (7),

lim
�!1

!mp

(�p + "
p)(
p � !p)2s
=
ei�mp


2ps
lim
�!1

ei��mp��
mp

2s �mp

�p + "
p
=

=
ei�mp


2ps(1 + "
p)
lim
�!1

�
��

mp

2s
�

p

1+" � ei��mp+
2mp�

1+"
��mp

�
fmp(z) =

=
ei�mp


2ps(1 + "
p)
lim
�!1

��p � fmp(z) = �
mei�mpfmp(z)

m(1 + "
p)
(2s+1)p
:

�à¨à ¢­¨¢ ï ¯®«ãç¥­­ë¥ ¯à¥¤¥«ë, ­ ©¤¥¬

f(z) = ei�
�
mp

Z z1

0

(1� up)ump�1du
(1� 
 pup)2s+1

� 1
mp

: (11)

�¥®à¥¬  2. �ãáâì �, � | ¢¥é¥áâ¢¥­­ë¥ ¯®áâ®ï­­ë¥, p 2 N, s 2 R+ ,m = s(1+i�), z1 = ei�z.
�®£¤  ®¤­®§­ ç­ ï ¢¥â¢ì äã­ªæ¨¨ f(z) = z + � � � , ¤ ¢ ¥¬ ï ä®à¬ã«®© (11), ®¤­®«¨áâ­  ¢ ¥¤¨-

­¨ç­®¬ ªàã£¥ ¨ ®â®¡à ¦ ¥â ¥£® ­  ®¡« áâì á p-ªà â­®© á¨¬¬¥âà¨¥© ¢à é¥­¨ï ®â­®á¨â¥«ì­®

­ ç « .

�«ãç © m = 1. �§ï¢ ¨­â¥£à «ë ¢ (10) ¯à¨ s = 1, � = 0 ¨ " = 1, ¯®«ãç ¥¬ ãà ¢­¥­¨¥

!p

(�p + 
p)(
p � !p)2
=

1
2(
p � !p)2

+
�

zp1
1 + 
p

�
1
2

�
1

(
p � zp1)2
;

á¢®¤ïé¥¥áï ª ª¢ ¤à â­®¬ã  «£¥¡à ¨ç¥áª®¬ã ãà ¢­¥­¨î ®â­®á¨â¥«ì­® !p. �áâ ­®¢¨¬áï §¤¥áì ­ 
á«ãç ¥, ª®£¤  � = ' = 0. �à®áâë¥ ¢ëç¨á«¥­¨ï ¨ ä®à¬ã«  (3) ¯à¨¢®¤ïâ ª á®®â­®è¥­¨î

�p(z; �) = �p=2!p =
�p=2

1 + �p
�
�p + zp � �p

q
(1� zp)(1� ��2pzp)

�
:

�ã­ªæ¨ï �(z; �) = e��z + � � � á �(�), § ¯¨áë¢ ¥¬®© ¯® ä®à¬ã«¥ (9), ®â®¡à ¦ ¥â ¥¤¨­¨ç­ë© ªàã£
­  ªàã£ á p ¨áª«îç¥­­ë¬¨ «ã­®çª ¬¨.
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