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� ­­ ï áâ âìï ¯à®¤®«¦ ¥â æ¨ª« à ¡®â  ¢â®à  [1]{[6], áª®­æ¥­âà¨à®¢ ­­ëå ¢®ªàã£ ¢®¯à®á 
® á¢®¡®¤­®áâ¨ ¯à®¥ªâ¨¢­ëå ª®­¥ç­® ¯®à®¦¤¥­­ëå  «£¥¡à ¢ ¬­®£®®¡à §¨ïå «¨­¥©­ëå  «£¥¡à,
§ ¤ ¢ ¥¬ëå ¯®«¨«¨­¥©­ë¬¨ â®¦¤¥áâ¢ ¬¨ [7] (¯à®¡«¥¬ë 2.4 ¨ 2.53). �à®¥ªâ¨¢­ë¬¨  «£¥¡à ¬¨
­ §ë¢ îâáï à¥âà ªâë á¢®¡®¤­ëå  «£¥¡à. �®£¤  ¬­®£®®¡à §¨ï ­¥ èà¥©¥à®¢ë, ® á¢®¡®¤­®áâ¨ ¯à®-
¥ªâ¨¢­ëå  «£¥¡à ¨§¢¥áâ­® ®ç¥­ì ¬ «®. �á«¨ ¨áª«îç¨âì ª â¥£®à¨¨ ¬®¤ã«¥© (ª®â®àë¥ ¢ ¯à¨­æ¨¯¥
â®¦¥ ¬®¦­® áç¨â âì ¬­®£®®¡à §¨ï¬¨  «£¥¡à), ¨ à áá¬ âà¨¢ âì \®¡ëç­ë¥" «¨­¥©­ë¥ ¬ã«ìâ¨®¯¥-
à â®à­ë¥  «£¥¡àë, â® ¯à®¥ªâ¨¢­ë¥  «£¥¡àë á¢®¡®¤­ë ¢ ¬­®£®®¡à §¨ïå ­¨«ì¯®â¥­â­ëå  «£¥¡à
[8], ¬¥â ¡¥«¥¢ëå  «£¥¡à �¨ [9],   â ª¦¥ ¢ àï¤¥ ¤àã£¨å, ¬¥­¥¥ "ª« áá¨ç¥áª¨å", ¬­®£®®¡à §¨© [5],
[6]. �¥§ã«ìâ âë,  ­ «®£¨ç­ë¥ ¤®ª § ­­ë¬ ¢ [8], ¯®«ãç¥­ë â ª¦¥ ¤«ï áã¯¥à «£¥¡à [10].

�® áãé¥áâ¢ã, ® ¯à®¨§¢®«ì­®© ¯à®¥ªâ¨¢­®©  «£¥¡à¥ ¬ «® çâ® ¨§¢¥áâ­®, ªà®¬¥ â®£®, çâ® áã-
é¥áâ¢ã¥â ­¥ª®â®à ï ®¯à¥¤¥«ïîé ï ¥¥ à¥âà ªæ¨ï á¢®¡®¤­®©  «£¥¡àë. �®íâ®¬ã ¥áâ¥áâ¢¥­­® áç¨-
â âì ¨áå®¤­ë¬ ®¡ê¥ªâ®¬ ¨áá«¥¤®¢ ­¨ï á ¬¨ à¥âà ªæ¨¨ á¢®¡®¤­ëå  «£¥¡à. �á­®¢­®© à¥§ã«ìâ â
¤ ­­®© à ¡®âë á®áâ®¨â ¢ ãáâ ­®¢«¥­¨¨ â¥á­®© á¢ï§¨ ¬¥¦¤ã à¥âà ªæ¨ï¬¨ á¢®¡®¤­ëå  «£¥¡à,
®¯à¥¤¥«ïîé¨¬¨ ¤ ­­ãî ¯à®¥ªâ¨¢­ãî  «£¥¡àã, ¨ ¢®§¬®¦­ë¬¨ \¯à¥â¥­¤¥­â ¬¨" ­  à®«¨ ¨§®-
¬®àä¨§¬®¢ ¬¥¦¤ã ¤ ­­®© ¯à®¥ªâ¨¢­®©  «£¥¡à®© ¨ ­¥ª®â®à®© á¢®¡®¤­®©  «£¥¡à®© (¨«¨ ¯®¤å®-
¤ïé¨¬ à®¤áâ¢¥­­ë¬ ®¡ê¥ªâ®¬). �ª §ë¢ ¥âáï, çâ® ª®­áâàãªæ¨ï '(�; #),  (�; #), ¨§ãç ¢è ïáï ¢
ã¯®¬ï­ãâëå ¢ëè¥ à ¡®â å  ¢â®à , ¤ ¥â ¨áç¥à¯ë¢ îé¥¥ ®¯¨á ­¨¥: «î¡®© \¤®áâ â®ç­® å®à®è¨©"
£®¬®¬®àä¨§¬ (¢ ç áâ­®áâ¨, «î¡®© ¨§®¬®àä¨§¬) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ â ª®¬ ¢¨¤¥ ¯à¨ ¯®¤å®¤ï-
é¨å �; # (â¥®à¥¬  2 ¨ ¥¥ á«¥¤áâ¢¨¥). �¥®à¥¬  1 ®¯¨áë¢ ¥â á¨âã æ¨î, ª®£¤  ª ¦¤ ï à¥âà ªæ¨ï
®¯à¥¤¥«ï¥â ¨§®¬®àä¨§¬ ¬¥¦¤ã ¯à®¥ªâ¨¢­®© ¨ á¢®¡®¤­®©  «£¥¡à®©. �â® | ­¥¯®áà¥¤áâ¢¥­­®¥ ®¡-
®¡é¥­¨¥ à¥§ã«ìâ â  à ¡®âë [8]. � â¥®à¥¬¥ 3 ¨ ¥¥ á«¥¤áâ¢¨ïå ¡ã¤ãâ ¯®«ãç¥­ë ­¥®¡å®¤¨¬ë¥ ¨
¤®áâ â®ç­ë¥ ãá«®¢¨ï â®£®, çâ® ¯®«ãç ¥¬ë¥ ¨§ à¥âà ªæ¨¨ £®¬®¬®àä¨§¬ë '(�; #),  (�; #) ï¢«ï-
îâáï ¨§®¬®àä¨§¬ ¬¨. �¥ª®â®àë¥ ¤®áâ â®ç­ë¥ ãá«®¢¨ï â®£®, çâ® '(�; #) | ¨§®¬®àä¨§¬, ¤ ­ë
¢ â¥®à¥¬ å 4 ¨ 5.

�à¨áâã¯¨¬ ª ®¯¨á ­¨î â®£®, ª ª ¨§ à¥âà ªæ¨© ¬®£ãâ ¡ëâì ¯®«ãç¥­ë £®¬®¬®àä¨§¬ë. �ãáâì
R ¨M|­¥ª®â®àë¥ ª â¥£®à¨¨, Sets | ª â¥£®à¨ï ¬­®¦¥áâ¢, ¨ ¯ãáâì ¤ ­  ¤¨ £à ¬¬ äã­ªâ®à®¢,
ª®¬¬ãâ â¨¢­ ï á â®ç­®áâìî ¤® ¥áâ¥áâ¢¥­­ëå ¨§®¬®àä¨§¬®¢:
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(1)

�®áâ â®ç­® ¤ ¦¥ ¯à¥¤¯®« £ âì â®«ìª® ­ «¨ç¨¥ ¥áâ¥áâ¢¥­­®£® ¨§®¬®àä¨§¬  � : U � D � FrM
�=�!

FrM. �® ¬¥à¥ ­¥®¡å®¤¨¬®áâ¨ ¡ã¤ãâ ¢¢®¤¨âìáï ¤®¯®«­¨â¥«ì­ë¥ ãá«®¢¨ï. �¥ä®à¬ «ì­® £®¢®àï,
FrM(X) = Fr(X) | \á¢®¡®¤­ë©" ®¡ê¥ªâ ¢ M á \¡ §¨á®¬" X. �®¤ ¥£® à¥âà ªæ¨¥© ¯®­¨¬ ¥âáï
¯ à  ¬®àä¨§¬®¢ # : P ! Fr(X), � : Fr(X) ! P , á® á¢®©áâ¢®¬ �# = 1P . � áá¬®âà¨¬ á«¥¤ãîé¨¥
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¬®àä¨§¬ë:

'(�; #) :P #
�! Fr(X)

��1(X)
����! UD Fr(X)

UD(�)
����! UD(P );

 (�; #) :UD(P )
UD(#)
����! UD Fr(X)

�(X)
���! Fr(X) �

�! P:

�â® ¨¬¥­­® â  ª®­áâàãªæ¨ï,® ª®â®à®© è«  à¥çì ¢ëè¥. �®àä¨§¬ë '(�; #) ¨  (�; #) ¨§ãç «¨áì ¢
ã¯®¬ï­ãâëå à ¡®â å  ¢â®à , ¯®íâ®¬ã ¢ ¤ ­­®© áâ âì¥ ç áâì ¨å á¢®©áâ¢ ­¥ ¡ã¤¥â ¤®ª §ë¢ âìáï.
�¨¯¨ç­ë¥ á¨âã æ¨¨,¢ ª®â®àëå ¢®§­¨ª ¥â ¨§®¡à ¦¥­­ ï ¢ëè¥ ¤¨ £à ¬¬ ,â ª®¢ë.

�à¨¬¥à 1. �ãáâì M | ®¤­®à®¤­®¥ ¬­®£®®¡à §¨¥ «¨­¥©­ëå  «£¥¡à ­ ¤ ª®¬¬ãâ â¨¢­ë¬
 áá®æ¨ â¨¢­ë¬ ª®«ìæ®¬ á ¥¤¨­¨æ¥© R, R | ª â¥£®à¨ï R-¬®¤ã«¥©, FrM ¨ FrR | äã­ªâ®àë
¢§ïâ¨ï á¢®¡®¤­ëå  «£¥¡à ¨ ¬®¤ã«¥© á®®â¢¥âáâ¢¥­­®. �ã­ªâ®à U á®¯®áâ ¢«ï¥â ¬®¤ã«î M  ­ -
«®£ â¥­§®à­®©  «£¥¡àë ¬®¤ã«ï ¢ ¬­®£®®¡à §¨¨ M. �­ § ¢¥¤®¬® áãé¥áâ¢ã¥â, ¥á«¨ M ¯à®¥ªâ¨-
¢¥­.� ªâ¨ç¥áª¨ ¢¬¥áâ® ¢á¥£® ¬­®£®®¡à §¨ï ¨ ¢á¥© ª â¥£®à¨¨ ¬®¤ã«¥© ¤®áâ â®ç­® ¢§ïâì â®«ìª®
¯®¤ª â¥£®à¨¨ ¯à®¥ªâ¨¢­ëå ®¡ê¥ªâ®¢. �ã­ªâ®à D á®¯®áâ ¢«ï¥â  «£¥¡à¥ ¥¥ ä ªâ®à ¯® \ª¢ ¤à -
âã" | ¨¤¥ «ã, ¯®à®¦¤¥­­®¬ã ¢á¥¬¨ á«®¢ ¬¨, ¢ § ¯¨áì ª®â®àëå ¢å®¤¨â ­¥ ¬¥­¥¥ ¤¢ãå í«¥¬¥­â®¢
 «£¥¡àë. � ç áâ­®áâ¨, íâ®â äã­ªâ®à á®¯®áâ ¢«ï¥â á¢®¡®¤­®©  «£¥¡à¥ ¯¥à¢ãî ª®¬¯®­¥­âã £à -
¤ã¨à®¢ª¨.

�à¨¬¥à 2. �á¥ ª®­áâàãªæ¨¨ ¨ à¥§ã«ìâ âë á®åà ­ïâáï, ¥á«¨ ¢¬¥áâ® á¢®¡®¤­ëå  «£¥¡à ®¤­®-
à®¤­®£® ¬­®£®®¡à §¨ï ¡à âì ¨å ¯®¯®«­¥­¨ï ®â­®á¨â¥«ì­® áâ ­¤ àâ­®© £à ¤ã¨à®¢ª¨.

�à¨¬¥à 3. �®¤®¡­ãî ¦¥ ¤¨ £à ¬¬ã äã­ªâ®à®¢ ¬®¦­® ¯®«ãç¨âì ¢ á«ãç ¥, ª®£¤  M |
ª â¥£®à¨ï ¬®¤ã«¥© ­ ¤ ª®«ìæ®¬ K | ¯®«ã¯àï¬ë¬ ¯à®¨§¢¥¤¥­¨¥¬ R ¨ ­¥ª®â®à®£® ¨¤¥ «  A.
�®£¤  U(M) =M 
R K, D(N) = N 
K R �= N=NA.

�â®¡ë ¨¬¥âì ¢®§¬®¦­®áâì ¯à®¢®¤¨âì à ááã¦¤¥­¨ï áà §ã ¤«ï ¢á¥å íâ¨å á«ãç ¥¢, ¢®á¯®«ì§ã-
¥¬áï ï§ëª®¬ ä¨­¨â à­ëå  «£¥¡à ¨ç¥áª¨å â¥®à¨© ¢ á¬ëá«¥ �®¢¥à  ([11], [12], £«. 18; [13], [14],
[15], [16], [17]) (¤ «¥¥ ­ §ë¢ ¥¬ëå ¯à®áâ® â¥®à¨ï¬¨). �«£¥¡à ¨ç¥áª ï â¥®à¨ï T | íâ® ª â¥£®-
à¨ï á ®¡ê¥ªâ ¬¨ 0; 1; 2; : : : , ¯à¨ç¥¬ ®¡ê¥ªâ n+m ¥áâì ¤¥ª àâ®¢® ¯à®¨§¢¥¤¥­¨¥ ®¡ê¥ªâ®¢ n ¨ m,
çâ® à ¢­®á¨«ì­® áãé¥áâ¢®¢ ­¨î ¥áâ¥áâ¢¥­­®£® ¨§®¬®àä¨§¬  T(k; n + m) �= T(k; n) � T(k;m).
�à®áâ¥©è¨© ¯à¨¬¥à | ª â¥£®à¨ïMat(R), ¤ã «ì­ ï ª ª â¥£®à¨¨ á¢®¡®¤­ëå ¯à ¢ëå R-¬®¤ã«¥©
ª®­¥ç­®£® à ­£ : ¬­®¦¥áâ¢  Mat(R)(n;m) ¥áâì ¬­®¦¥áâ¢  ¢á¥å n �m-¬ âà¨æ ­ ¤ R (ª®â®à®¥
ã¦¥ ­¥ ®¡ï§ â¥«ì­® áç¨â âì ª®¬¬ãâ â¨¢­ë¬). �®àä¨§¬  «£¥¡à ¨ç¥áª¨å â¥®à¨© � : T!W ¥áâì
äã­ªâ®à, â®¦¤¥áâ¢¥­­ë© ­  ®¡ê¥ªâ å ¨ á®åà ­ïîé¨© ¯à®¨§¢¥¤¥­¨ï. T- «£¥¡à ¬¨ ­ §ë¢ îâáï
äã­ªâ®àë ¨§ T ¢ Sets, á®åà ­ïîé¨¥ ¯à®¨§¢¥¤¥­¨ï, £®¬®¬®àä¨§¬ ¬¨| ¥áâ¥áâ¢¥­­ë¥ ¯à¥®¡à §®-
¢ ­¨ï. �¥à¥§ Alg(T) ®¡®§­ ç ¥âáï á®®â¢¥âáâ¢ãîé ï ª â¥£®à¨ï. �®àä¨§¬ã â¥®à¨© á®®â¢¥âáâ¢ã¥â
äã­ªâ®à �# : Alg(T)! Alg(W), ®¡« ¤ îé¨© ¯à ¢ë¬ á®¯àï¦¥­­ë¬.

�¢ï§ì á ®¡ëç­ë¬¨ ¬­®£®®¡à §¨ï¬¨ ã­¨¢¥àá «ì­ëå  «£¥¡à â ª®¢ . �á«¨ M | ¬­®£®®¡à -
§¨¥, â® ¯® ­¥¬ã ®¤­®§­ ç­® áâà®¨âáï  «£¥¡à ¨ç¥áª ï â¥®à¨ï: ª â¥£®à¨ï T, ¤¢®©áâ¢¥­­ ï ª ª -
â¥£®à¨¨ á¢®¡®¤­ëå  «£¥¡à ª®­¥ç­®£® à ­£  ¬­®£®®¡à §¨ï M. �à®¨§¢®«ì­®©  «£¥¡à¥ A ¨§ M
á®¯®áâ ¢«ï¥âáï äã­ªâ®à ¨§ T ¢ Sets, ®â®¡à ¦ îé¨© ®¡ê¥ªâ n ¢ An | ¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥
n íª§¥¬¯«ïà®¢ A. �¡à â­ë© äã­ªâ®à á®¯®áâ ¢«ï¥â äã­ªâ®àã F : T ! Sets ¬­®¦¥áâ¢® F (1).
�á«¨ T | ¯à®¨§¢®«ì­ ï â¥®à¨ï, â® ¯® ­¥© ¬®¦­® ¯®áâà®¨âì ¬­®£®®¡à §¨¥ á«¥¤ãîé¨¬ ®¡à §®¬.
� ª ç¥áâ¢¥ ¬­®¦¥áâ¢  ¢á¥å n- à­ëå ®¯¥à æ¨© ¡¥à¥âáï ¬­®¦¥áâ¢® T(n; 1),   â®¦¤¥áâ¢  á®®â-
¢¥âáâ¢ãîâ ¯à ¢¨« ¬ ª®¬¯®§¨æ¨¨ ¬®àä¨§¬®¢ T. � ª®­¥ç­®¬ áç¥â¥ ¬­®£®®¡à §¨¥ ®¯à¥¤¥«ï¥âáï
 «£¥¡à ¨ç¥áª®© â¥®à¨¥© á â®ç­®áâìî ¤® à æ¨®­ «ì­®© (¨«¨ ª â¥£®à­®©) íª¢¨¢ «¥­â­®áâ¨. �á«¨
FrM(X) | á¢®¡®¤­ ï  «£¥¡à  ¬­®£®®¡à §¨ï M á ¡ §¨á®¬ X,   T | á®®â¢¥âáâ¢ãîé ï â¥®à¨ï,
â® FrM(x1; : : : ; xn) = T(n; 1),   T(n;m) ¨­â¥à¯à¥â¨àã¥âáï ª ª ¬­®¦¥áâ¢® ¢á¥å £®¬®¬®àä¨§¬®¢
¨§ FrM(x1; : : : ; xm) ¢ FrM(x1; : : : ; xn).

�¯à¥¤¥«¨¬ R-«¨­¥©­ãî  «£¥¡à ¨ç¥áªãî â¥®à¨î ª ª â¥®à¨î T ¢¬¥áâ¥ á ¬®àä¨§¬®¬ â¥®à¨©
� :Mat(R)! T. �ã¤¥¬ â ª¦¥ ¯à¥¤¯®« £ âì, çâ® ¬­®¦¥áâ¢  T(n; 0) á®áâ®ïâ ¨§ ®¤­®£® í«¥¬¥­â .
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�¥¬ á ¬ë¬ ­  ¬­®¦¥áâ¢ å T(n;m) ¢¢®¤ïâáï áâàãªâãàë ¯à ¢ëå R-¬®¤ã«¥©, ¯à¨ç¥¬ ª®¬¯®§¨æ¨ï
¬®àä¨§¬®¢ ­¥ ¡¨«¨­¥©­ . �ë¯®«­¥­ë â®«ìª® á®®â­®è¥­¨ï: 0 � f = 0, f � (g � h) = f � g � f � h.

� «¥¥ ¡ã¤¥â ¤®¯®«­¨â¥«ì­® ¯à¥¤¯®« £ âìáï, çâ® � | à áé¥¯«ïîé¨©áï ¬®­®¬®àä¨§¬, â.¥.
áãé¥áâ¢ã¥â ¬®àä¨§¬ â¥®à¨© � : T!Mat(R) â ª®©, çâ® � �� = 1Mat(R).

� ¯à¨¬¥à å 1, 2, 3 ¬ë ¨¬¥¥¬ ¤¥«® ¨¬¥­­® á â ª¨¬¨ R-«¨­¥©­ë¬¨ â¥®à¨ï¬¨. �¨ £à ¬¬  (1)
¢®§­¨ª ¥â â¥¯¥àì, ¥á«¨ ¢§ïâì R = Mod � R = Alg(Mat(R)), M = Alg(T), D = �#, U = �#.
� à¨ ­â: R = P(R),M = P(T) | ª â¥£®à¨¨ ¯à®¥ªâ¨¢­ëå R-¬®¤ã«¥© ¨ ¯à®¥ªâ¨¢­ëå T- «£¥¡à.

�à¨ á¤¥« ­­ëå ¯à¥¤¯®«®¦¥­¨ïå á¢®¡®¤­ë¥ T- «£¥¡àë Fr(X) = FrM(X) ®¡« ¤ îâ á«¥¤ãî-
é¥© áâàãªâãà®©: Fr(X) = Fr1(X) � Fr�(X), £¤¥ Fr1(X) | á¢®¡®¤­ë© ¯à ¢ë© R-¬®¤ã«ì á ¡ §¨-
á®¬ X, Fr1(X) �= D(Fr(X)), Fr�(X) | ¯®¤¬®¤ã«ì, â ª®© çâ® «î¡®© £®¬®¬®àä¨§¬ ¨§ Fr(X) ¢
Fr(Y ) (ª®â®àë© ª â®¬ã ¦¥ ï¢«ï¥âáï £®¬®¬®àä¨§¬®¬ ¯à ¢ëå R-¬®¤ã«¥©) ®â®¡à ¦ ¥â Fr�(X) ¢
Fr�(Y ). � ¬¥â¨¬, ¤«ï «î¡®£® à¥âà ªâ  P ®¡ê¥ªâ  Fr(X) ®¯à¥¤¥«¥­ ¯®¤¬®¤ã«ì P � á  ­ «®£¨ç­ë¬
á¢®©áâ¢®¬, ¢ë¤¥«ïîé¨©áï ¯àï¬ë¬ á« £ ¥¬ë¬ (¯àï¬®¥ ¤®¯®«­¥­¨¥, ®¯à¥¤¥«¥­® ­¥ ®¤­®§­ ç­®,
­® P=P � �= D(P )), ¨ ®¡« ¤ îé¨©  ­ «®£¨ç­ë¬ á¢®©áâ¢®¬. �ë ¡ã¤¥¬ § ¯¨áë¢ âì í«¥¬¥­âë
Fr(X) ¢ ¢¨¤¥ f = f 1 + f� ¨«¨ f(X) = f 1(X) + f�(X), f 1 2 Fr1(X), f� 2 Fr�(X), ¯à¨ç¥¬ f 1(X)
¬®¦­® ¬ëá«¨âì ª ª \«¨­¥©­ãî ç áâì" f(X),   f�(X) | ª ª \áã¬¬ã ç«¥­®¢ áâ¥¯¥­¥©,¡®«ìè¨å
¥¤¨­¨æë". �®áª®«ìªã ¬­®¦¥áâ¢  í«¥¬¥­â®¢ Fr(X) á®®â¢¥âáâ¢ãîâ £®¬®¬®àä¨§¬ ¬ á¢®¡®¤­ëå
 «£¥¡à ¢ Fr(X), â® ¢®§¬®¦­ë ¯®¤áâ ­®¢ª¨ ¯à®¨§¢®«ì­ëå í«¥¬¥­â®¢ ¢¬¥áâ® ¯¥à¥¬¥­­ëå, ®¡« -
¤ îé¨¥ ®¡ëç­ë¬¨ á¢®©áâ¢ ¬¨. �ã¤ãâ ¨á¯®«ì§®¢ ­ë ¢¥ªâ®à­ë¥ ®¡®§­ ç¥­¨ï: ¥á«¨ ¤ ­ë £®¬®-
¬®àä¨§¬ë Fr(X)

�
�! Fr(Y )

�
�! P , X = fx1; : : : ; xng, Y = fy1; : : : ; ymg; ¨ �(yj) = pj , 1 � j � m,

�(xk) = gk = gk(Y ), 1 � k � n, â® ¯®« £ ¥¬ p = fpj j1 � j � mg, ¨ �(�(xk)) = gk(p), 1 � k � n.
�­®¦¥áâ¢® fgk(p)j1 � k � ng ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ g(p). � ç áâ­®áâ¨, X = fxkj1 � k � ng,
Y = fyj j1 � j � mg ãª« ¤ë¢ îâáï ¢ íâã ¦¥ áå¥¬ã.

�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï. �ãáâì ¤ ­  à¥âà ªæ¨ï � : Fr(X) ! P , # : P ! Fr(X),
� � # = 1P , ®¯à¥¤¥«ïîé ï ¤ ­­ãî ¯à®¥ªâ¨¢­ãî  «£¥¡àã P . �®«®¦¨¬ 0P = UD(P ), 0� = UD(�),
0# = UD(#), �� = 0� � ��1(X) : Fr(X) ! 0P , �# = �(X) � 0# : 0P ! Fr(X). �®£¤  �� � �# = 1UD(P ),
'(�; #) = �� � # : P ! 0P ,  (�; #) = � � �#0 : P ! P . �â¬¥â¨¬, çâ® ®¡®§­ ç¥­¨ï â¨¯  0P ¢¢¥¤¥­ë
§¤¥áì ¯®  ­ «®£¨¨ á à ¡®â®© [18].

�ãáâì X = fx1; x2; : : : ; xng. �à¥¤¯®«®¦¥­¨¥ ® ª®­¥ç­®áâ¨ X ­¥ ¡ã¤¥â ¨£à âì ¢ ¤ «ì­¥©è¥¬
¯®çâ¨ ­¨ª ª®© à®«¨ ¨ á¤¥« ­® «¨èì ¤«ï ã¯à®é¥­¨ï ®¡®§­ ç¥­¨©. �®«®¦¨¬ fi = # � �(xi), i =
1; : : : ; n, fi = f 1i + f

�
i , f = ffi j 1 � i � ng, f 1 = ff 1i j 1 � i � ng. �®£¤  ¨§ � �# = 1 ¨ ¨§ á¤¥« ­­ëå

¢ëè¥ ¯à¥¤¯®«®¦¥­¨© ¡ã¤ãâ á«¥¤®¢ âì á®®â­®è¥­¨ï: fi(X) = fi(f), f 1i (X) = f 1i (f
1), 1 � i � n, ¨

ªà®¬¥ â®£®, ¤«ï ¢á¥å i f 1i (X) =
�#(��(xi)).

�¯à¥¤¥«¨¬ £®¬®¬®àä¨§¬ë �; � : Fr(X) ! Fr(X) ¤«ï ä¨ªá¨à®¢ ­­®© à¥âà ªæ¨¨ (�; #), ¯®« -
£ ï

�(xi) = xi � fi + f 1i = xi � f�i ; �(xi) = xi + fi � f 1i = xi + f�i :

�¥¬¬  1. �¬¥¥â ¬¥áâ® ª®¬¬ãâ â¨¢­ ï ¤¨ £à ¬¬ 

Fr(X)
��

���! 0P
�#

���! Fr(X) �
���! P??y�

??y 
??y�

??y'
Fr(X) �

���! 0P
#

���! Fr(X)
��

���! 0P;

£¤¥ ' = '(�; #),  =  (�; #). �á«¨ ' | ¨­ê¥ªæ¨ï, ¨ áãé¥áâ¢ã¥â ��1, â® áãé¥áâ¢ã¥â ¨ '�1 =
� � ��1 � �#. �á«¨  | ¨­ê¥ªæ¨ï, ¨ áãé¥áâ¢ã¥â ��1, â® áãé¥áâ¢ã¥â ¨  �1 = �� � ��1 � #.

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ pi = �(xi), 0pi = ��(xi), 1 � i � n. �®£¤  ¨§ ®¯à¥¤¥«¥­¨© á«¥¤ã-
¥â,çâ®  (0pi) = f 1i (p), '(pi) = fi(0p), ¯à¨ç¥¬ p = f(p), 0p = f 1(0p). �®¬¬ãâ â¨¢­®áâì ¤®áâ â®ç­®
¯à®¢¥à¨âì,áà ¢­¨¢ ï §­ ç¥­¨ï £®¬®¬®àä¨§¬®¢ ­  xi ¨«¨ 0pi. �â® ¤®áâ¨£ ¥âáï «¥£ª¨¬ ¢ëç¨-
á«¥­¨¥¬, á ãç¥â®¬ â®£®, çâ® ¯®¤áâ ­®¢ª¨ ¢¥¤ãâ á¥¡ï ®¡ëç­ë¬ ®¡à §®¬. � ¯à¨¬¥à, ¤«ï «¥¢®£®
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ª¢ ¤à â   (��(xi)) = f 1i (p), �(�(xi)) = �(xi � fi + f 1i ) = pi � fi(p) + f 1i (p). �à®¢¥à¨¬, çâ® ãª -
§ ­­ë¥ ¢ëà ¦¥­¨ï ¤¥©áâ¢¨â¥«ì­® ®¯à¥¤¥«ïîâ ®¡à â­ë¥ ¤«ï ' ¨  . �§ ' � � = �� � � á«¥¤ã¥â
' � (� � ��1 � �#) = 1, á«¥¤®¢ â¥«ì­®, ' | áîàê¥ªæ¨ï,   â.ª. ¯® ãá«®¢¨î íâ® ¥é¥ ¨ ¨­ê¥ªæ¨ï, â®
¯®«ãç ¥¬ ¡¨¥ªâ¨¢­®áâì. �­ «®£¨ç­® à ááã¦¤ ¥¬ ¤«ï á«ãç ï  .

� §®¢¥¬ ¬­®£®®¡à §¨¥M ª¢ §¨®¤­®à®¤­ë¬, ¥á«¨ «î¡®© í­¤®¬®àä¨§¬ ¢¨¤ 

� : Fr(X)! Fr(X); �(xi) = xi + qi; qi 2 Fr�(X)

ï¢«ï¥âáï ¬®­®¬®àä¨§¬®¬, ¨ ª¢ §¨¯®«­ë¬, ¥á«¨ ¢á¥ â ª¨¥ � áîàê¥ªâ¨¢­ë. � ¯à¨¬¥à¥ 1 M
ª¢ §¨®¤­®à®¤­®, ¢ ¯à¨¬¥à¥ 2 | ª¢ §¨®¤­®à®¤­® ¨ ª¢ §¨¯®«­®. � ¯à¨¬¥à¥ 3 ¢á¥ § ¢¨á¨â ®â
¨¤¥ «  A. �á«¨ A- ¤¨ç¥áª ï ä¨«ìâà æ¨ï ®â¤¥«¨¬ , â® M ª¢ §¨®¤­®à®¤­®,   ¥á«¨ ª®«ìæ® R
¯®«­® ®â­®á¨â¥«ì­® á®®â¢¥âáâ¢ãîé¥© â®¯®«®£¨¨, â®M ª¢ §¨¯®«­®. �® ¢á¥å íâ¨å ¯à¨¬¥à åM
®¡« ¤ ¥â á¢®©áâ¢®¬, ª®â®à®¥ ¡ã¤¥â ­ §ë¢ âìáï ª¢ §¨å®¯ä®¢®áâìî: áîàê¥ªâ¨¢­ë© í­¤®¬®àä¨§¬
Fr(X) ãª § ­­®£® ¢ëè¥ ¢¨¤  ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ (­ ¯®¬­¨¬, çâ® å®¯ä®¢®áâì [19] ®§­ ç ¥â,
çâ® ¥á«¨ X ª®­¥ç­®,â® «î¡®© áîàê¥ªâ¨¢­ë© í­¤®¬®àä¨§¬ Fr(X) ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬).

�¥®à¥¬  1. �á«¨ ¬­®£®®¡à §¨¥ M ª¢ §¨®¤­®à®¤­®,â® «î¡®© ¬®àä¨§¬  (�; #) ¨­ê¥ªâ¨-

¢¥­,   ¥á«¨ ª¢ §¨¯®«­®, â® ¢á¥  (�; #) ¨ '(�; #) áîàê¥ªâ¨¢­ë. �á«¨ M ª¢ §¨¯®«­® ¨ ®¡« -

¤ ¥â á¢®©áâ¢®¬ ª¢ §¨å®¯ä®¢®áâ¨, â® ¢á¥  (�; #) ï¢«ïîâáï ¡¨¥ªæ¨ï¬¨, ¨ ¢ íâ®¬ á«ãç ¥

Fr(X) �= #(P )
`
Q, £¤¥ Q | à¥âà ªâ Fr(X), ï¢«ïîé¨©áï ®¡à §®¬ ¨¤¥¬¯®â¥­â­®£® í­¤®¬®à-

ä¨§¬  Fr(X), ®â®¡à ¦ îé¥£® xi ¢ xi � f 1i , 1 � i � n.

�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥­¨ï ®¡ ¨­ê¥ªâ¨¢­®áâ¨ ¨ áîàê¥ªâ¨¢­®áâ¨ á«¥¤ãîâ ¨§ «¥¬¬ë 1.
�á«¨M ª¢ §¨¯®«­® ¨ ®¡« ¤ ¥â á¢®©áâ¢®¬ ª¢ §¨å®¯ä®¢®áâ¨, â® � | ¡¨¥ªæ¨ï. �âáî¤  á«¥¤ã¥â,
çâ®  | â ª¦¥ ¡¨¥ªæ¨ï. � ¬¥â¨¬, çâ® f 1i (X) =

P
1�j�n

xjaji, 1 � i � n, £¤¥ (aji) | ¨¤¥¬¯®â¥­â­ ï

¬ âà¨æ  ­ ¤ R. �«¥¤®¢ â¥«ì­®, á®®â¢¥âáâ¢¨¥ xi 7�! xi � f 1i ®¯à¥¤¥«ï¥â ¨¤¥¬¯®â¥­â­ë© í­¤®-
¬®àä¨§¬ Fr(X), ®¡à § ª®â®à®£® Q ¥áâì à¥âà ªâ Fr(X). �¥£ª® ã¡¥¤¨âìáï, çâ® Q �= 0Q = UD(Q),
¯à¨ç¥¬ D(Q) | ª®­¥ç­® ¯®à®¦¤¥­­ë© ¯à®¥ªâ¨¢­ë© R{¬®¤ã«ì | ®¡à § í­¤®¬®àä¨§¬  Rn, § -
¤ ¢ ¥¬®£® ¬ âà¨æ¥© In � (aij) (£¤¥ In | ¥¤¨­¨ç­ ï n� n {¬ âà¨æ ). � á¢®î ®ç¥à¥¤ì, D(P ) ¥áâì
®¡à § í­¤®¬®àä¨§¬  á ¬ âà¨æ¥© (aij). �¥¯¥àì à áá¬®âà¨¬ æ¥¯®çªã ¨§®¬®àä¨§¬®¢

#(P )
a

Q �= 0P
a

0Q = UD(P )
a

UD(Q) �= U(D(P )�D(Q)) �= U(Rn) �= Fr(X):

�¤¥áì ¨á¯®«ì§ãîâáï á¢®©áâ¢  äã­ªâ®à®¢ U ¨ D, ¢ ç áâ­®áâ¨, ¨å ¯¥à¥áâ ­®¢®ç­®áâì á ª®¯à®¨§¢¥-
¤¥­¨ï¬¨. �®áª®«ìªã #(P ) ¨ Q ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¢«®¦¥­ë ¢ Fr(X), â® áãé¥áâ¢ã¥â £®¬®¬®à-
ä¨§¬ � : #(P )

`
Q! Fr(X). �§ï¢ ª®¬¯®§¨æ¨î � á ¯à¥¤è¥áâ¢ãîé¨¬ ¨§®¬®àä¨§¬®¬ ¬¥¦¤ã Fr(X)

¨ #(P )
`
Q, ¨ ¯à®á«¥¦¨¢ ï è £ §  è £®¬ ¤¥©áâ¢¨¥ ¯®«ãç¥­­®£® £®¬®¬®àä¨§¬  Fr(X) ! Fr(X)

­  í«¥¬¥­âë X, ¬®¦­® «¥£ª® ã¡¥¤¨âìáï, çâ® ª ¦¤ë© xi ®â®¡à ¦ ¥âáï ¢ í«¥¬¥­â ¢¨¤  xi + qi,
qi 2 Fr�(X). �«¥¤®¢ â¥«ì­®, ¯à¨¬¥­¨¬ë ãá«®¢¨ï ª¢ §¨¯®«­®âë ¨ ª¢ §¨å®¯ä®¢®áâ¨.

� ¬¥â¨¬, çâ®, ª ª ¯®ª § ­® ¢ [2], [4], [6], ¢ ¯à¨¬¥à å 1 ¨ 2, ª®£¤  ¬­®£®®¡à §¨¥ § ¤ ¥âáï ®¤-
­®à®¤­ë¬¨ â®¦¤¥áâ¢ ¬¨ (  â ª¦¥ ¢ ¯à¨¬¥à¥ 3, ¥á«¨ ä¨«ìâà æ¨ï ®â¤¥«¨¬ ), ¢á¥£¤  ¨­ê¥ªâ¨¢­ë
­¥ â®«ìª®  , ­® ¨ '. � à ¬ª å ¤ ­­®© áâ âì¨ ­¥â ­¥®¡å®¤¨¬®áâ¨ ¢ á®®â¢¥âáâ¢ãîé¥¬ ãá¨«¥­¨¨
â¥®à¥¬ë 1, ª®â®à®¥ ¯®âà¥¡®¢ «® ¡ë ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨©. � ¬¥â¨¬ ¥é¥ à §, çâ® ¯®á«¥¤­¥¥
ãâ¢¥à¦¤¥­¨¥ íâ®© â¥®à¥¬ë ¬®¦­® à áá¬ âà¨¢ âì ª ª ®¡®¡é¥­¨¥ ®á­®¢­®£® à¥§ã«ìâ â  à ¡®âë
[8].

�¥¯¥àì ­ áâ «® ¢à¥¬ï ¢á¯®¬­¨âì, çâ® ¨§ á¯®á®¡  ¯®áâà®¥­¨ï ¤¨ £à ¬¬ë (1) á«¥¤ã¥â ä ªâ áã-
é¥áâ¢®¢ ­¨ï ¥áâ¥áâ¢¥­­®£® ¨§®¬®àä¨§¬  � : IdR ! D � U â ª®£®, çâ® £®¬®¬®àä¨§¬ë

D Fr(X)
�(D Fr(X))
������! DUD Fr(X), DUD Fr(X)

D(�(X))
�����! D Fr(X) ï¢«ïîâáï ¢§ ¨¬­® ®¡à â­ë¬¨

¨§®¬®àä¨§¬ ¬¨. �¥£ª® ¯à®¢¥à¨âì, çâ® D('(�; #)) = �(D(P )), D( (�; #)) = �(D(P ))�1. �à®-
¨§¢®«ì­ë¥ £®¬®¬®àä¨§¬ë ¢¨¤   0 : 0P ! P , '0 : P ! 0P â ª¨¥, çâ® D('0) = �(D(P )),
D( 0) = �(D(P ))�1, ¡ã¤¥¬ ­ §ë¢ âì ª¢ §¨¨­ê¥ªâ¨¢­ë¬¨. �® ¢á¥å ¤ «ì­¥©è¨å à¥§ã«ìâ â å ­¥
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¯à¥¤¯®« £ ¥âáï ­¨ ª¢ §¨®¤­®à®¤­®áâ¨, ­¨ ª¢ §¨¯®«­®âë, ­¨ ª®­¥ç­®áâ¨ ¡ §¨á®¢ á¢®¡®¤­ëå  «-
£¥¡à.

�¥¬¬  2. �ãáâì ¤ ­ë à¥âà ªæ¨¨ � : Fr(X) ! P , # : P ! Fr(X), �# = 1P , � : P ! Q,
� : Q! P , �; � = 1Q. �®£¤  '(� � �; # � �) = UD(�) � '(�; #) � �,  (� � �; # � �) = � �  (�; #) � UD(�).

�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥­¨©.

�¥¬¬  3. �ãáâì  0 : 0P ! P , '0 : P ! 0P , ª¢ §¨¨­ê¥ªâ¨¢­ë, ¨ ¯ãáâì ¤ ­ë «î¡ë¥ � :
Fr(X) ! P , � : P ! Fr(X), � � � = 1P . �®£¤  áãé¥áâ¢ãîâ ª¢ §¨¨­ê¥ªâ¨¢­ë¥  00 : 0 Fr(X) !
Fr(X), '00 : Fr(X)! 0 Fr(X) â ª¨¥, çâ® ª®¬¬ãâ â¨¢­ë ¤¨ £à ¬¬ë

P
'0

���! 0P??y�
x??UD(�)

Fr(X)
'00

���! 0 Fr(X)

0P
 0

���! P??yUD(�)
x??�

0 Fr(X)
 00

���! Fr(X)

�®ª § â¥«ìáâ¢®. �ãáâì X = fxj jj 2 Jg. � ¬¥â¨¬, ¯à¥¦¤¥ ¢á¥£®, çâ® ª¢ §¨¨­ê¥ªâ¨¢­®áâì
¤«ï £®¬®¬®àä¨§¬  ¢¨¤  � : Fr(X) ! 0 Fr(X) ®§­ ç ¥â, çâ® ª®¬¯®§¨æ¨ï � á ¥áâ¥áâ¢¥­­ë¬ ¨§®-
¬®àä¨§¬®¬ � = �(X) ¥áâì £®¬®¬®àä¨§¬ ¢¨¤  Fr(X) ! Fr(X), xj 7�! xj + qj, qj 2 Fr�(X),
j 2 J. �­ «®£¨ç­® ®¡áâ®ïâ ¤¥«  á ª¢ §¨¨­ê¥ªâ¨¢­ë¬¨ £®¬®¬®àä¨§¬ ¬¨ ¨§ 0 Fr(X) ¢ Fr(X). �®-
«®¦¨¬ pj = �(xj), j 2 J, ¨ ¯ãáâì P 1 = ��1(Fr1(X)), 0P 1 = ���1(Fr1(X)). �®£¤  P = P 1 � P �,
0P = 0P 1�0P �, ¨ ¥á«¨ 0pj = ��(xj), â® 0pj 2

0P 1. � ª ª ª P 1 �= D(P ), 0P 1 �= D(0P ), â® áãé¥áâ¢ã¥â
§ ¯¨áì '0(pj) = 0pj + hj(0p),  0(0pj) = pj + gj(p), £¤¥ hj(X) 2 Fr�(X), hj(0p) 2 0P � ¨  ­ «®£¨ç­®
¤«ï gj .

�®«®¦¨¬ ehj = �(UD(�)(hj(0p))), egj = �(gj(p)), '00(xj) = ��1(xj + ehj),  00(��1(xj)) = xj + egj ,
¨ ¯à®¢¥à¨¬, ­ ¯à¨¬¥à, ª®¬¬ãâ â¨¢­®áâì «¥¢®£® ª¢ ¤à â . �ãáâì fj = �(�(xj)), j 2 J. �®£¤ 

UD(�)('00(�(pj))) = UD(�)('00(�(�(xj)))) = UD(�)('00(fj(X))) =

= UD(�)(fj(��1(X + eh))) = ��(fj(X + eh)) = fj(0p+ hj(0p)) =

= fj('
0(p)) = '0(fj(p)) = '0(pj):

�®¬¬ãâ â¨¢­®áâì ¯à ¢®£® ª¢ ¤à â  ¯à®¢¥àï¥âáï  ­ «®£¨ç­®, ¨, â ª¨¬ ®¡à §®¬, «¥¬¬  ¤®ª § -
­ .

�¥®à¥¬  2. �ãáâì P | ¯à®¥ªâ¨¢­ ï  «£¥¡à  ¨§ ¬­®£®®¡à §¨ï M.

(1) �ãáâì ¤ ­ ª¢ §¨¨­ê¥ªâ¨¢­ë© £®¬®¬®àä¨§¬ '0 : P ! 0P . �®£¤  ­ ©¤ãâáï â ª¨¥

� : Fr(Y ) ! P , # : P ! Fr(Y ), � � # = 1P , çâ® '0 = '(�; #). �­ «®£¨ç­®, ¥á«¨ ¤ ­

ª¢ §¨¨­ê¥ªâ¨¢­ë©  0 : 0P ! P , â® ­ ©¤ãâáï â ª¨¥ �; #, çâ®  0 =  (�; #).
(2) �ãáâì ¤ ­ë ¤¢  ª¢ §¨¨­ê¥ªâ¨¢­ëå £®¬®¬®àä¨§¬   0 : 0P ! P , '0 : P ! 0P , �®£¤ 

áãé¥áâ¢ãîâ £®¬®¬®àä¨§¬ë � : Fr(X 0) ! P , #1; #2 : P ! Fr(X 0) â ª¨¥, çâ® � � #i = 1P ,
i = 1; 2, ¨ '0 = '(�; #1),  0 =  (�; #2).

(3) �à¨ â¥å ¦¥ ¯à¥¤¯®«®¦¥­¨ïå áãé¥áâ¢ãîâ £®¬®¬®àä¨§¬ë �1; �2 : Fr(X 00) ! P , # : P !
Fr(X 00) â ª¨¥, çâ® �i � # = 1P , i = 1; 2, ¨ '0 = '(�1; #),  0 =  (�2; #).

�®ª § â¥«ìáâ¢®. �ãáâì ¢­ ç «¥ P = Fr(X), X = fxj jj 2 Jg. � ª ã¦¥ ¡ë«® ®â¬¥ç¥­® ¢ëè¥,
�(X)('0(xj)) = xj +mj(X),  0(��1(X)(xj)) = xj + nj(X), mj ; nj 2 Fr�(X), j 2 J.

�®ª ¦¥¬ á­ ç «  ¯. (3). �®«®¦¨¬ Y = X0
S
X1
S
X2
S
X3, £¤¥ Xk, k = 1; 2; 3 | ­¥¯¥-

à¥á¥ª îé¨¥áï ¬­®¦¥áâ¢  ®¤¨­ ª®¢®© ¬®é­®áâ¨, ¨­¤¥ªá¨à®¢ ­­ë¥ í«¥¬¥­â ¬¨ J. �¯à¥¤¥«¨¬
# : P ! Fr(Y ) â ª: #(xj) = x0j � x1j + mj(X2) � nj(X3), j 2 J. �¤¥áì xkj 2 Xk. �®áâà®¨¬
�1; �2 : Fr(Y ) ! P , ¯®« £ ï �1(x0j) = xj , �1(x1j) = mj , �1(x2j ) = xj , �1(x3j) = 0, �2(x0j ) = xj,
�2(x1j ) = �nj, �2(x2j ) = 0, �2(x0j ) = xj .

�ç¥¢¨¤­®,çâ® �1 � # = �2 � # = 1P . �à®¢¥à¨¬,çâ® '(�1; #) = '0,  (�2; #) =  0. �§ ®¯à¥¤¥«¥­¨ï
¥áâ¥áâ¢¥­­®£® ¨§®¬®àä¨§¬  � á«¥¤ã¥â, çâ® �(X)(��1(x0j)) = �(X)(��1(x2j)) = xj , �(X)(��1(x1j )) =
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�(X)(��1(x3j )) = 0. �®£¤  �(X)('(�1; #)(xj)) = �(X)(��1(#(xj))) = �(X)(��1(x0j � x1j +mj(X2) �
nj(X3))) = xj +mj(X) = �(X)(f 0(xj)). �­ «®£¨ç­® ¤¥« ¥âáï ¯à®¢¥àª  ¤«ï  0.

�á«¨ P | ¯à®¨§¢®«ì­ ï ¯à®¥ªâ¨¢­ ï  «£¥¡à , â® ¢ë¡¥à¥¬ ¤«ï ­¥¥ ¯à®¨§¢®«ì­ãî à¥âà ªæ¨î
� : Fr(X)! P , � : P ! Fr(X), ��� = 1P , ¨ ¯à¨¬¥­¨¬ «¥¬¬ã 3, çâ®¡ë ¯®«ãç¨âì ª¢ §¨¨­ê¥ªâ¨¢­ë¥
'00,  00. � íâ¨¬ £®¬®¬®àä¨§¬ ¬ ¯à¨¬¥­¨¬ â®«ìª® çâ® ¤®ª § ­­ë© ä ªâ: '00 = '(�1; #);  00 =
 (�2; #). �¥¯¥àì ¯® «¥¬¬¥ 2 '0 = '(� � �1; # � �),  0 =  (� � �2; # � �).

�ã­ªâ (2) ¤®ª §ë¢ ¥âáï ¯à¨¬¥à­® ¯® â ª®¬ã ¦¥ ¯« ­ã. �­ ç «¥ P = Fr(X), X = fxj jj 2
Jg. �(X)('0(xj)) = xj + mj(X),  0(��1(X)(xj)) = xj + nj(X), mj ; nj 2 Fr�(X), j 2 J. �¢¥¤¥¬
âà¨ ­¥¯¥à¥á¥ª îé¨¥áï ¬­®¦¥áâ¢ ,à ¢­®¬®é­ë¥ X : X0, X1, X2, ¨ ¯ãáâì Y = X0

S
X1
S
X2,

� : Fr(Y ) ! Fr(X) áâà®¨âáï â ª: �(x0j) = xj �mj(X), �(x1j ) = mj(X), �(x2j) = nj(X). �¯à¥¤¥«¨¬
à áé¥¯«ïîé¨¥ � ¬®­®¬®àä¨§¬ë #1; #2 : Fr(X)! Fr(Y ) á«¥¤ãîé¨¬ ®¡à §®¬:

#1(xj) = x0j +mj(X0 +X1); #2(xj) = x0j + x1j + x2j � nj(X0 +X1):

�¤¥áì X0 + X1, à §ã¬¥¥âáï, ®§­ ç ¥â, çâ® ¢¬¥áâ® ª ¦¤®£® xj ¯®¤áâ ¢«¥­ë x0j + x1j . �¥£ª® ã¡¥-
¤¨âìáï,çâ® � � #1 = � � #2 = 1P . �à®¬¥ â®£®, �(X)(��(x0j)) = xj , �(X)(��(x1j)) = �(X)(��(x2j )) = 0,
�#(��1(X)(xj)) = x0j + x1j + x2j , ®âªã¤  á«¥¤ã¥â, çâ® '(�; #1) =

�� � #1 = '0,  (�; #2) = � � �#1 =  0.
�«ï ¯à®¨§¢®«ì­®£® P ¯®áâã¯ ¥¬ â®ç­® â ª ¦¥, ª ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ ¯. (3).
�®ª § â¥«ìáâ¢® ¯. (1) â¥¯¥àì ¯®çâ¨ ®ç¥¢¨¤­®. �®áâ â®ç­® ­ ¯à¨¬¥à, à áá¬®âà¥âì P = Fr(X),

Y = X0
S
X1
S
X2, �(x0j) = xj , �(x1j ) = �mj, �(x2j) = xj , #(xj) = x0j + x1j + mj(X2): �®£¤ 

'0 = '(�; #).

�®áª®«ìªã Fr(X) �= UD Fr(X), ¢®¯à®á ® â®¬, ª ¦¤ ï «¨ ¯à®¥ªâ¨¢­ ï  «£¥¡à  ¨§®¬®àä­ 
 «£¥¡à¥ ¢¨¤  Fr(X), ¥áâ¥áâ¢¥­­® ®¡®¡é¨âì â ª: ª ¦¤ ï «¨  «£¥¡à  P ¨§®¬®àä­   «£¥¡à¥ ¢¨¤ 
UD(Q). �á«¨ P �= UD(Q), â® ¢¢¨¤ã â®£®, çâ® DU(N) �= N , ¨¬¥¥¬D(Q) �= D(P ), ¨, â ª¨¬ ®¡à §®¬
P �= UD(Q) �= UD(P ) = 0P . �«¥¤®¢ â¥«ì­®, 0P ¬®¦­® áç¨â âì  «£¥¡à®©, ­ ¨¡®«¥¥ ¡«¨§ª®© ¨ ª
P , ¨ ª á¢®¡®¤­®©  «£¥¡à¥.

�ã¤¥¬ ­ §ë¢ âì £®¬®¬®àä¨§¬ � : UD(B) ! UD(C) ®¤­®à®¤­ë¬, ¥á«¨ � = U(�(D(C))�1) �
UD(�) � U(�(D(B))). � ç áâ­®áâ¨, ®¤­®à®¤­ë ¢á¥ £®¬®¬®àä¨§¬ë ¢¨¤  U(
). �â® á«¥¤ã¥â ¨§
¥áâ¥áâ¢¥­­®áâ¨ �.

�«¥¤áâ¢¨¥ 1. �ãáâì ¨¬¥¥âáï £®¬®¬®àä¨§¬ ¯à®¥ªâ¨¢­ëå  «£¥¡à � : P ! 0P â ª®©, çâ®
D(�) | ¨§®¬®àä¨§¬. �®£¤  áãé¥áâ¢ã¥â ®¤­®à®¤­ë©  ¢â®¬®àä¨§¬ � : 0P ! 0P , ¨ £®¬®¬®à-
ä¨§¬ '(�; #) : P ! 0P â ª¨¥, çâ® � = � � '(�; #). �­ «®£¨ç­®¥ ãâ¢¥à¦¤¥­¨¥ ¨¬¥¥â ¬¥áâ® ¤«ï
£®¬®¬®àä¨§¬®¢ ¨§ 0P ¢ P á § ¬¥­®© ' ­   .

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ � = U(�(D(P )))�1 �UD(�). �á­®, çâ® íâ® |  ¢â®¬®àä¨§¬. �à®-
¢¥à¨¬ ®¤­®à®¤­®áâì �, ª®â®à ï íª¢¨¢ «¥­â­  à ¢¥­áâ¢ã � = U(�(D(P )))�1 �UD(�) �U(�(D(P ))).
�­® ¡ã¤¥â á«¥¤®¢ âì ¨§ â ª®£® ä ªâ :

D(�) = DU(�(D(P ))�1) �DUD(�) � �(D(P )):

�®ª § â¥«ìáâ¢® íâ®£® á®®â­®è¥­¨ï á¢®¤¨âáï ª ¤¢ã¬ â®¦¤¥áâ¢ ¬ | á«¥¤áâ¢¨ï¬ ¥áâ¥áâ¢¥­­®-
áâ¨ �: DUD(�) � �(D(P )) = �(DUD(P )) �D(�), DU(�(D(P ))) � �(D(P )) = �(DUD(P )) � �(D(P )).

� ç áâ­®áâ¨, DU(�(D(P ))) = �(DUD(P )). �¥¯¥àì à áá¬®âà¨¬ £®¬®¬®àä¨§¬ ��1� ¨ ¢ëç¨-
á«¨¬ D(��1�), ¨á¯®«ì§ãï ¯®«ãç¥­­®¥ ¢ëè¥ ¢ëà ¦¥­¨¥ ¤«ï D(�):

D(��1�) = DUD(�)�1 �DU(�(D(P ))) �D(�) =

= DUD(�)�1 � �(DUD(P )) �D(�) =

= DUD(�)�1 �DUD(�) � �(D(P )) = �(D(P )):

�áâ ¥âáï ¯à¨¬¥­¨âì â¥®à¥¬ã 2: ��1� = '(�; #).
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� «¥¥ ­ ¬ ¯®âà¥¡ãîâáï ¥áâ¥áâ¢¥­­ë¥ ¨§®¬®àä¨§¬ë: �1 : U FrR
�=�! FrM, �2 : D FrM

�=�! FrR
â ª¨¥, çâ® � = �1 � U(�2), ¨ ®¤­® á®®â­®è¥­¨¥ ¬¥¦¤ã ­¨¬¨: ª®¬¯®§¨æ¨ï

D Fr(X)
�(D Fr(X))
������! DUD Fr(X)

D(�(X))
�����! D Fr(X)

¥áâì â®¦¤¥áâ¢¥­­ë© ¨§®¬®àä¨§¬. � ¨­â¥à¥áãîé¥© ­ á á¨âã æ¨¨ ¢á¥ íâ® ¨¬¥¥âáï.
�¯à¥¤¥«¨¬ äã­ªâ®à ­  ª â¥£®à¨¨ á¢®¡®¤­ëå T{ «£¥¡à, ª®â®àë© â®¦¤¥áâ¢¥­¥­ ­  ®¡ê¥ªâ å,

  £®¬®¬®àä¨§¬ë � : Fr(X)! Fr(Y ) ®â®¡à ¦ ¥â ¢

� : Fr(X)
��1(X)
�! UD Fr(X)

UD(�)
�! UD Fr(Y )

�(Y )
�! Fr(Y ):

�¥£ª® ã¡¥¤¨âìáï, çâ® � = �. �ç¥¢¨¤­® â ª¦¥, çâ® # � � = �# � ��, ¨ çâ® '(�; #) = �� � #,  (�; #) =
� � (�#).

�ä®à¬ã«¨àã¥¬ ãá«®¢¨ï ¨§®¬®àä¨§¬  '(�; #) ¨  (�; #). �ãáâì ¤ ­ë e; " : Fr(X) ! Fr(X),
¯à¨ç¥¬ e2 = e.

�á«®¢¨¥ ISO(e; "; ') �á«®¢¨¥ ISO(e; ";  )
ISO1 ee" = e "ee = e
ISO2 e"e = e e"e = e
ISO3 "e = " e" = "

�¥®à¥¬  3. �ãáâì ¤ ­  à¥âà ªæ¨ï � : Fr(X) ! P , # : P ! Fr(X), � � # = 1P , e = # � �.
�ª¢¨¢ «¥­â­ë á«¥¤ãîé¨¥ ãá«®¢¨ï:

(1) '(�; #) | ¨§®¬®àä¨§¬,

(2) ¢ë¯®«­¥­® ãá«®¢¨¥ ISO(e; "; ') ¤«ï ­¥ª®â®à®£® ",
(3) áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ u : Fr(X) ! Fr(X), ¤«ï ª®â®à®£® u = e � u = u � e, u � e = e,

e � u = e.

�®¬®¬®àä¨§¬ u ¢ ¯. (3) ®¯à¥¤¥«ï¥âáï ¯à¨¢¥¤¥­­ë¬¨ â ¬ ãá«®¢¨ï¬¨ ®¤­®§­ ç­®, ¯à¨ç¥¬

¢ë¯®«­ïîâáï á®®â­®è¥­¨ï u = u2, u = e. �à¨ íâ®¬ '(�; #)�1 = � � u � (�#). �® § ¤ ­­®¬ã " ¨§
¯. (2) â ª¦¥ ¬®¦­® ­ ©â¨ '(�; #)�1 = � � " � (�#),   á¢ï§ì ¬¥¦¤ã u ¨ " â ª®¢ : u = e � ".

�á«®¢¨ï ®¡à â¨¬®áâ¨  (�; #) ä®à¬ã«¨àãîâáï ¤¢®©áâ¢¥­­ë¬ ®¡à §®¬.

�®ª § â¥«ìáâ¢®. (1)=) (3). �ãáâì áãé¥áâ¢ã¥â h = '�1, ' = '(�; #). �®«®¦¨¬ u = #�h�(��),
â®£¤  h = � � u � (�#). �à®¢¥à¨¬ ãá«®¢¨ï ¯. (3):

u � e = # � h � �� � # � � = # � '�1 � ' � � = # � � = e;

e � u = �# � �� � # � h � �� = �# � ' � '�1 � �� = e:

�áâ «ì­®¥ ¥é¥ ¡®«¥¥ âà¨¢¨ «ì­®. �®ª ¦¥¬ ¥¤¨­áâ¢¥­­®áâì. �ãáâì áãé¥áâ¢ãîâ £®¬®¬®àä¨§¬ë
u1 ¨ u2, ã¤®¢«¥â¢®àïîé¨¥ á®®â­®è¥­¨ï¬ ¯. (3). �®£¤  u1u2 = (u1e)u2 = u1(eu2) = u1e = u1,
u1u2 = u1(eu2) = (u1e)u2 = eu2 = u2.

(3)=) (2). �§ ãá«®¢¨© ¯. (3) á«¥¤ã¥â ¢ë¯®«­¨¬®áâì ãá«®¢¨ï ISO(e; u; ') : e(eu) = eu = e,
e(ue) = ee = e, ue = u.

(2)=) (1). �®«®¦¨¬ h = � � "(�#) ¨ ¯à®¢¥à¨¬, çâ® ' � h = 1, h � ' = 1.

' � h = 1() �# � (' � h) � �� = �# � �� () e � e � " � e = e;

­® ¯®á«¥¤­¥¥ á®®â­®è¥­¨¥ íª¢¨¢ «¥­â­® ãá«®¢¨î ISO1. � «¥¥, h � ' = � � " � e � # = � � " � #, â. ª.
¯® ISO3 " � e = ". �¥¯¥àì

h � ' = 1() # � (h � ') � � = # � � () e � " � e = e;

â. ¥. ¢á¥ á¢®¤¨âáï ª ãá«®¢¨î ISO2.
� ª®­¥æ, ¯ãáâì ¢ë¯®«­¥­® ãá«®¢¨¥ ISO(e; "; '). �®«®¦¨¬ u = e � " ¨ ¯à®¢¥à¨¬ ¢ë¯®«­¨¬®áâì

á®®â­®è¥­¨© ¯. (3): eu = ee" = e" = u, ue = e("e) = e" = u, ue = e"e = e, eu = ee" = e.
�â¢¥à¦¤¥­¨ï, ®â­®áïé¨¥áï ª ®¡à â¨¬®áâ¨  (�; #), ¤®ª §ë¢ îâáï á®¢¥àè¥­­®  ­ «®£¨ç-

­®.
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�«¥¤áâ¢¨¥ 2. �á«¨ ¬­®£®®¡à §¨¥ Alg(T) â ª®¢®, çâ® ¢á¥ '(�; #) ¨­ê¥ªâ¨¢­ë (  â ª¨¬¨ ï¢«ï-
îâáï, ­ ¯à¨¬¥à, ¢á¥ ®¤­®à®¤­ë¥ ¬­®£®®¡à §¨ï (á¬. [2], [4]), â® ¤«ï ®¡à â¨¬®áâ¨ '(�; #) ­¥®¡-
å®¤¨¬® ¨ ¤®áâ â®ç­® ¢ë¯®«­¥­¨¥ ãá«®¢¨ï ISO1 ¨§ ­ ¡®à  ãá«®¢¨© ISO(e; "; '). �­ «®£¨ç­®¥
ãâ¢¥à¦¤¥­¨¥ ¨¬¥¥â ¬¥áâ® ¨ ¤«ï  (�; #).

�®ª § â¥«ìáâ¢® ¯® áãâ¨ ¤¥«  á®¤¥à¦¨âáï ¢ ç áâ¨ (2)=) (1) ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1.

�«¥¤áâ¢¨¥ 3. �«ï â®£® çâ®¡ë  (�; #) = '(�; #)�1, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¢ë¯®«-
­ï«¨áì á®®â­®è¥­¨ï eee = e, eee = e. �á«¨ ¬­®£®®¡à §¨¥ ®¤­®à®¤­®, â® íâ¨ á®®â­®è¥­¨ï à ¢­®-
á¨«ì­ë.

�â® «¥£ª® á«¥¤ã¥â ¨§ â¥®à¥¬ë 3, ­® ¥é¥ «¥£ç¥ ¤®ª §ë¢ ¥âáï ­¥¯®áà¥¤áâ¢¥­­®.

�«¥¤áâ¢¨¥ 4. �ãáâì ¤ ­  à¥âà ªæ¨ï � : Fr(X)! P , # : P ! Fr(X), � �# = 1P ,e = # ��. �á«¨
¢ë¯®«­¥­® ãá«®¢¨¥ ISO(e; "; ') ¯à¨ " = " = "2, â® ¢ë¯®«­¥­ë ãá«®¢¨ï ¯à¥¤ë¤ãé¥£® á«¥¤áâ¢¨ï,
¨ ªà®¬¥ â®£® áãé¥áâ¢ãîâ ®¡à â¨¬ë¥ á«¥¢  ¢«®¦¥­¨ï ¢¨¤ 

�0 : UD(P )
UD(#0)
����! UD Fr(X)

�(X)
���! Fr(X);

�00 : UD(Q)
UD(#00)
����! UD Fr(X)

�(X)
���! Fr(X);

¨­¤ãæ¨àãîé¨¥ ¨§®¬®àä¨§¬ UD(P )
`
UD(Q)

�=�! Fr(X), ¨ â ª¨¥, çâ® ª®¬¯®§¨æ¨ï � � �0 ¥áâì
£®¬®¬®àä¨§¬, ®¡à â­ë© ª '(�; #).

�¥à¢®¥ ãâ¢¥à¦¤¥­¨¥ á«¥¤áâ¢¨ï 4 ®ç¥¢¨¤­®. �à¥¦¤¥ ç¥¬ ¤®ª §ë¢ âì ¢á¥ ®áâ «ì­®¥, á¤¥« ¥¬
­¥áª®«ìª® ¡®«¥¥ ®¡é¨å ­ ¡«î¤¥­¨©. � §®¢¥¬ � : Fr(X)! Fr(Y ) ®¤­®à®¤­ë¬, ¥á«¨ � = � (\®¤­®-
à®¤­®áâì", ¢¢¥¤¥­­ ï ¯¥à¥¤ á«¥¤áâ¢¨¥¬ 1 | ¯®çâ¨ â® ¦¥ á ¬®¥, ª â®¬ã ¦¥ ®­  ¡®«ìè¥ ­¥ ¡ã¤¥â
ã¯®âà¥¡«ïâìáï).

�¥¬¬  4. �®¬®¬®àä¨§¬ � : Fr(X) ! Fr(Y ) ®¤­®à®¤¥­ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  � =
�1(Y ) � U(�) � �1�1(X).

�®ª § â¥«ìáâ¢®. �á«¨ � ®¤­®à®¤¥­, â®

� = � = �UD(�)��1 = �1U(�2)UD(�)U(�
�1
2 )��11 = �1U(�2D(�)�

�1
2 )��11 :

�¡à â­®, ¯ãáâì � = �1(Y ) � U(�) � �
�1
1 (X). � ¬¥â¨¬ á­ ç « , çâ® ãá«®¢¨¥ D(�) � �(D Fr) = 1

á¢®¤¨âáï ª D(�1(X))�(FrR(X))�2(X) = 1, ®âªã¤  ¢ëâ¥ª ¥â �(FrR(X)) = D(��11 (X))��12 (X).
�¥¯¥àì ª®¬¬ãâ â¨¢­®áâì ¤¨ £à ¬¬ë, á®®â¢¥âáâ¢ãîé ï à ¢¥­áâ¢ã � = �, á«¥¤ã¥â ¨§ ¥áâ¥áâ¢¥­-
­®áâ¨ �.

�§ íâ®© «¥¬¬ë á«¥¤ã¥â, çâ® ®¤­®à®¤­ë¥ £®¬®¬®àä¨§¬ë á¢®¡®¤­ëå  «£¥¡à | íâ® ¢ â®ç­®-
áâ¨ £®¬®¬®àä¨§¬ë, ®â®¡à ¦ îé¨¥ ¡ §¨á­ë¥ í«¥¬¥­âë xj ¢ í«¥¬¥­âë ¢¨¤ 

P
i

yiaij , aij 2 R. �

ç áâ­®áâ¨, â ª®¢ë £®¬®¬®àä¨§¬ë ¢¨¤  Fr(
), ­ ¯à¨¬¥à, £®¬®¬®àä¨§¬ inX : Fr(X)! Fr(X [Y ),
á®®â¢¥âáâ¢ãîé¨© ¢«®¦¥­¨î X � X [ Y .

�¥¬¬  5. �§ ãá«®¢¨ï ISO(e; "; '), e = # � �, " = "2 = " á«¥¤ã¥â,çâ® " = #0 � ��, �� � #0 = 1,
#0 = �(" � #). �¢®©áâ¢¥­­ë¬ ®¡à §®¬, ¨§ ISO(e; ";  ) ¨ " = "2 = " á«¥¤ã¥â, çâ® " = �# � �0,
�0 � �# = 1, �0 = �(�0 � ").

�®ª § â¥«ìáâ¢®. �ãáâì " = " = "2. �®«®¦¨¬ #0 = " � �#. �®£¤  ¢ á¨«ã ®¤­®à®¤­®áâ¨ "

#0 = " � �(X) � UD(#) = �(X) � UD(") � UD(#) = �(X) � UD(" � #) = �("#):

� áá¬®âà¨¬ �� �#0 = �� � " � �#. �â®¡ë ¯®ª § âì, çâ® íâ® â®¦¤¥áâ¢¥­­ë© £®¬®¬®àä¨§¬, ã¬­®¦¨¬
¥£® á«¥¢  ­  ¬®­®¬®àä¨§¬ �# ¨ á¯à ¢  ­  í¯¨¬®àä¨§¬ ��. �®«ãç¨âáï e"e, çâ® ¯® ãá«®¢¨î
ISO2 à ¢­® e = �# � ��. �®ªà é ï ­  ¬®­®¬®àä¨§¬ á«¥¢  ¨ í¯¨¬®àä¨§¬ á¯à ¢ , ¯®«ãç ¥¬
âà¥¡ã¥¬®¥.
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�¥¯¥àì ¬®¦­® § ª®­ç¨âì ¤®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï 4. �¡à â­ë© ª '(�; #) £®¬®¬®àä¨§¬ ¨¬¥-
¥â ¢¨¤ ��"�(�#) = ��(�" � #). �®«®¦¨¬ #0 = "�#, â®£¤  " = �#0�(��), ���(�#0) = 1. �¢¨¤ã ®¤­®à®¤­®áâ¨
" íâ®â £®¬®¬®àä¨§¬ ®â®¡à ¦ ¥â í«¥¬¥­âë ¡ §¨á  á¢®¡®¤­®©  «£¥¡àë xj ¢ í«¥¬¥­âë ¢¨¤ 

P
i

xiaij ,

¯à¨ç¥¬ ¬ âà¨æ  E á ª®¬¯®­¥­â ¬¨ aij ¨¤¥¬¯®â¥­â­ . � áá¬®âà¨¬ ¨¤¥¬¯®â¥­â­ë© í­¤®¬®àä¨§¬
"0 á¢®¡®¤­®©  «£¥¡àë Fr(X), ®â®¡à ¦ îé¨© í«¥¬¥­âë ¡ §¨á  xj ¢ í«¥¬¥­âë

P
i

xi(�ij�aij), £¤¥ �ij

| á¨¬¢®« �à®­¥ª¥à . �¡à § Q íâ®£® í­¤®¬®àä¨§¬  ã¤®¢«¥â¢®àï¥â ¢á¥¬ ­¥®¡å®¤¨¬ë¬ ãá«®¢¨ï¬.
�«¥¤áâ¢¨¥ ¤®ª § ­®.

� á¢ï§¨ á â®«ìª® çâ® ¤®ª § ­­ë¬ ãâ¢¥à¦¤¥­¨¥¬ ®â¬¥â¨¬ ­¥áª®«ìª® à ¡®â, ª á îé¨åáï ¡«¨§-
ª¨å ¢®¯à®á®¢. � [20] ¤®ª § ­®, çâ® ¢ èà¥©¥à®¢ëå ¬­®£®®¡à §¨ïå ­ ¤ ¯®«ï¬¨ ¤«ï ª ¦¤®© áîàê-
¥ªæ¨¨ á¢®¡®¤­ëå  «£¥¡à � : Fr(X [ Y ) ! Fr(X) áãé¥áâ¢ã¥â  ¢â®¬®àä¨§¬ 
  «£¥¡àë Fr(X [ Y )
â ª®©, çâ® ª®¬¯®§¨æ¨ï

Fr(X) inX�! Fr(X [ Y )


�! Fr(X [ Y ) �

�! Fr(X)

¥áâì â®¦¤¥áâ¢¥­­ë© £®¬®¬®àä¨§¬,   ª®¬¯®§¨æ¨ï

Fr(Y ) inY�! Fr(X [ Y )


�! Fr(X [ Y ) �

�! Fr(X)

¥áâì ­ã«¥¢®© £®¬®¬®àä¨§¬. � ¬ ¦¥ ¤ ­ ¯à¨¬¥à áîàê¥ªæ¨¨ ª®«¥æ ¬­®£®ç«¥­®¢ ­ ¤ ¯®«¥¬ R
å à ªâ¥à¨áâ¨ª¨ 2 � : R[x1; x2; x3]! R[y1; y2] á® á«¥¤ãîé¨¬ á¢®©áâ¢®¬: ­¥ áãé¥áâ¢ã¥â z1; z2; z3 2
R[x1; x2; x3] â ª¨å, çâ®

R[z1; z2; z3] = R[x1; x2; x3]; �(z1) = y1; �(z2) = y2; �(z3) = 0:

� áâ âì¥ [21] ¯®áâà®¥­  à¥âà ªæ¨ï á¢®¡®¤­®© ¬¥â ¡¥«¥¢®©  «£¥¡àë �¨, ®¡à § ª®â®à®© ­¥ ¢ë¤¥«ï-
¥âáï á¢®¡®¤­ë¬ ¬­®¦¨â¥«¥¬. � ¯®¬­¨¬, çâ® ¢ [9] ¡ë«® ¯®ª § ­® çâ® «î¡®© à¥âà ªâ á¢®¡®¤­®©
¬¥â ¡¥«¥¢®©  «£¥¡àë �¨ ­ ¤ ¯®«¥¬ ¨§®¬®àä¥­ á¢®¡®¤­®©  «£¥¡à¥.

�¥®à¥¬  4. �ãáâì ¤ ­ ª¢ §¨¨­ê¥ªâ¨¢­ë© '0 : P ! 0P . �â®â £®¬®¬®àä¨§¬ ï¢«ï¥âáï

¨§®¬®àä¨§¬®¬ â®£¤  ¨ â®«ìª® â®£¤ , ¥á«¨ áãé¥áâ¢ã¥â â ª ï à¥âà ªæ¨ï �+ : Fr(Z) ! P ,
#+ : P ! Fr(Z), �+ � #+ = 1P , çâ® '0 = '(�+; #+), ¨ ¤«ï e+ = #+ � �+ ¢ë¯®«­¥­® ãá«®¢¨¥

ISO(e+; "+; '), ¯à¨ç¥¬ (¨ íâ® áãé¥áâ¢¥­­®!) "+ = "+ = "2+. � ç áâ­®áâ¨, ¢ë¯®«­¥­ë ãá«®¢¨ï

á«¥¤áâ¢¨ï 4. �­ «®£¨ç­ë© ä ªâ ¨¬¥¥â ¬¥áâ® ¤«ï ª¢ §¨¨­ê¥ªâ¨¢­®£®  0 : 0P ! P .

�â¢¥à¦¤¥­¨¥ ¤«ï  0 á«¥¤ã¥â ¨§ á®®â¢¥âáâ¢ãîé¥£® ä ªâ  ¤«ï '0, â.ª. ( 0)�1 = '0 | ª¢ -
§¨¨­ê¥ªâ¨¢¥­, ¯à¨ç¥¬ ¯® á«¥¤áâ¢¨î 3 '0 = '(�+; #+),  0 =  (�+; #+) ¨ ¢ë¯®«­¥­ë ãá«®¢¨ï
e+; e+; e+ = e+, e+; e+; e+ = e+, â. ¥. ¢ë¯®«­¥­® ISO(e+; "+;  ). �«¥¤®¢ â¥«ì­®,¤®áâ â®ç­® à §®-
¡à âì á«ãç © '0. �®áâ â®ç­®áâì ãá«®¢¨© â¥®à¥¬ë 4 á«¥¤ã¥â ¨§ â¥®à¥¬ë 3,   ­¥®¡å®¤¨¬®áâì ¡ã¤¥â
á«¥¤®¢ âì ¨§ á«¥¤ãîé¥£® ¡®«¥¥ ª®­ªà¥â­®£® ä ªâ .

�¥®à¥¬  5. �ãáâì ¤ ­ë � : Fr(X) ! P , # : P ! Fr(X), � � # = 1P . '(�; #) | ¨§®¬®àä¨§¬

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ãîâ ­¥¯¥à¥á¥ª îé¥¥áï á X ¬­®¦¥áâ¢® Y , ¢®§¬®¦­®,

¤ ¦¥ ¯ãáâ®¥ (ª®­¥ç­®¥, ¥á«¨ X ª®­¥ç­®), ¨ à¥âà ªæ¨ï �+ : Fr(X [ Y ) ! P , #+ : P ! Fr(X [
Y ), �+ � #+ = 1P â ª¨¥, çâ® ¥á«¨ inX : Fr(X) ! Fr(X [ Y ) | ¥áâ¥áâ¢¥­­ë© £®¬®¬®àä¨§¬,

á®®â¢¥âáâ¢ãîé¨© ¢ª«îç¥­¨î X � X [ Y , ¨ e+ = #+ � �+, â® �+ � inX = �, inX �# = #+, ¨ ¤«ï

­¥ª®â®à®£® "+ = "2+ ¢ë¯®«­¥­® ãá«®¢¨¥ ISO(e+; "+; '), ¯à¨ç¥¬ "+ = "+.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë ¡ã¤¥â ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥ æ¥¯®çª¨ «¥¬¬. �¥£ª® ¯à®¢¥àï¥âáï
á¯à ¢¥¤«¨¢®áâì á«¥¤ãîé¥£® ãâ¢¥à¦¤¥­¨ï.

�¥¬¬  6. �ãâì ¤ ­  ª®¬¬ãâ â¨¢­ ï ¤¨ £à ¬¬ 

Fr(X) �1���! P
#1���! Fr(X)

??y� ��
��*�2 H

HHHj

#2 ??y�
Fr(Y ) Fr(Y )
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£¤¥ �i#i = 1P , i = 1; 2 ¨ � ®¤­®à®¤¥­. �®£¤  '(�1; #1) = '(�2; #2),  (�1; #1) =  (�2; #2).

�§ íâ®© «¥¬¬ë ¨ ¨§ â¥®à¥¬ë 3 á«¥¤ã¥â ¤®áâ â®ç­®áâì ¢ â¥®à¥¬¥ 5. � ¦¤ãî ¨§ á«¥¤ãîé¨å
«¥¬¬ ¬®¦­® áä®à¬ã«¨à®¢ âì ¨ ¤®ª § âì ¤«ï ¤¢ãå ¤¢®©áâ¢¥­­ëå á«ãç ¥¢. �®à¬ã«¨à®¢ª¨ ¨ ¤®-
ª § â¥«ìáâ¢  ¤ ­ë â®«ìª® ¤«ï á«ãç ï ', â.ª. ¢ á«ãç ¥  ¢ëª« ¤ª¨ ¢¨¤®¨§¬¥­ïîâáï ®ç¥¢¨¤­ë¬
®¡à §®¬.

�¥¬¬  7. �ãáâì ¤ ­ë ¤¢¥ à¥âà ªæ¨¨

�j : Fr(Xj)! Q; �j : Q! Fr(Xj); �j�j = 1Q; j = 1; 2:

�®«®¦¨¬ uj = �j � �j, p = �2�1, q = �1�2. �®£¤  à ¢­®á¨«ì­ë á«¥¤ãîé¨¥ ãá«®¢¨ï:

(1) '(�1; �1) = '(�2; �2);
(2) u1 � u1 = q � p;
(3) u2 � u2 = p � q.

�®ª § â¥«ìáâ¢®. �§ ãá«®¢¨© á«¥¤ã¥â, çâ® u1 = q � p, u2 = p � q. �®ª ¦¥¬ à ¢­®á¨«ì­®áâì
¯¯. (1) ¨ (2). �ã­ªâ (1) ä ªâ¨ç¥áª¨ ¥áâì à ¢¥­áâ¢® ��1 � �1 = ��2 � �2 �¬­®¦ ï ¥£® á«¥¢  ­ 
¬®­®¬®àä¨§¬ ��1,   á¯à ¢  ­  í¯¨¬®àä¨§¬ �1, ¯®«ãç¨¬ à ¢¥­áâ¢® ¨§ ¯. (2). �ç¥¢¨¤­®, çâ® íâ¨
¤¥©áâ¢¨ï ®¡à â¨¬ë, â.ª. ­  ¬®­®¬®àä¨§¬ á«¥¢  ¨ ­  í¯¨¬®àä¨§¬ á¯à ¢  ¬®¦­® á®ªà é âì.
�®ç­® â ª ¦¥ ãáâ ­ ¢«¨¢ ¥âáï à ¢­®á¨«ì­®áâì (1) ¨ (3).

�¥¬¬  8. �ãáâì ¤ ­  ª®¬¬ãâ â¨¢­ ï ¤¨ £à ¬¬ 

Fr(X1)
�1���! Q

�1���! Fr(X1)
??y� ��

��*�2 H
HHHj

�2 ??y�
Fr(X2) Fr(X2)

¢ ª®â®à®© �i�i = 1Q, i = 1; 2, ¨ � ®¤­®à®¤¥­. �®«®¦¨¬ ui = �i ��i, i = 1; 2. �®£¤ , ¥á«¨ ¢ë¯®«­¥­®

ãá«®¢¨¥ ISO(u1; "0; ') ¤«ï "0 = "0 = "2, â® ¢ë¯®«­¥­® ãá«®¢¨¥ ISO(u2; "00; ') ¯à¨ "00 = � � "0 � q, £¤¥
q = �1�2, ¯à¨ç¥¬ "00 = ("00)2 = "00.

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ p = �2�1, �®£¤  ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ á®®â­®è¥­¨ï:

u1 = qp = q� u2 = pq = �q qpq = q pqp = p;

u1u1 = qp u2u2 = pq;

p = u2� = �u1 q = qu2 = u1q:

� áá¬®âà¨¬ "00 = � � "0 � q. �ç¥¢¨¤­®, çâ® "00 = "00. �¤¥¬¯®â¥­â­®áâì á«¥¤ã¥â ¨§ à ¢¥­áâ¢, ¯à¨
¢ë¢®¤¥ ª®â®àëå ¯à¨¬¥­ïîâáï ¯à¥¤ë¤ãé¨¥ á®®â­®è¥­¨ï ¨ ãá«®¢¨ï ISO(u1; "0; '):

("00)2 = � � "0 � (q � �) � "0 � q = � � "0 � (u1 � "
0) � q = � � "0 � u1 � q = � � "0 � q = "00:

�á«®¢¨¥ ISO3 ¢ë¢®¤¨âáï â ª

"00 � u2 = � � "0 � q � u2 = � � "0 � u1 � q = � � "0 � q:

�ë¢¥¤¥¬ ãá«®¢¨¥ ISO1

u2u2"
00 = u2u2�"

0q = pq�"0q = pu1"
0q = �u1u1"

0q = � � u1 � q = p � q = u2:

� ª®­¥æ, ãá«®¢¨¥ ISO2 ¯®«ãç ¥âáï â ª

u2"
00u2 = u2�"

0qu2 = �u1"
0q(u2u2) = �u1"

0q(pq) = �u1"
0qu1q = �u1"

0q = �u1"
0u1q = �u1q = pq = u2: �
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�¥¬¬  9. �ãáâì ¤ ­ë £®¬®¬®àä¨§¬ë

� : Fr(Z)! Q; 
1; 
2 : Q! Fr(Z); � � 
i = 1Q; i = 1; 2:

�®¯ãáâ¨¬, çâ® '(�; 
1) = '(�; 
2). �®«®¦¨¬ ui = � � 
i, i = 1; 2. �®£¤ , ¥á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥

ISO(u1; "; '), ¯à¨ç¥¬ " = ", â® ¢ë¯®«­¥­® ¨ ãá«®¢¨¥ ISO(u2; "; ').

�®ª § â¥«ìáâ¢®. �§ ãá«®¢¨© á«¥¤ã¥â, çâ® u1 = u1u2, u2 = u2u1. � ®¡®§­ ç¥­¨ïå «¥¬¬ë
7 p = u2, q = u1 ¨ ãá«®¢¨¥ '(�1; 
) = '(�2; 
) íª¢¨¢ «¥­â­® «î¡®¬ã ¨§ à ¢¥­áâ¢ u1u1 = u1u2,
u2u2 = u2u1. � «ì­¥©è¨¥ ¢ëç¨á«¥­¨ï  ­ «®£¨ç­ë ¯à®¤¥« ­­ë¬ ¢ëè¥. �à®¢¥à¨¬, ­ ¯à¨¬¥à,
çâ® u2"u2 = u2. �â® à ¢¥­áâ¢® íª¢¨¢ «¥­â­® à ¢¥­áâ¢ã �"
2 = 1Q (á®ªà é ¥¬ ­  ¬®­®¬®àä¨§¬
á«¥¢  ¨ ­  í¯¨¬®àä¨§¬ á¯à ¢ ). �®£« á­® «¥¬¬¥ 5 ¯à¥¤áâ ¢¨¬ " ¢ ¢¨¤¥ " = 
0 � ��, �� � 
0 = 1,

0 = �("
1). �âáî¤  ¯®«ãç ¥¬ �"
2 = �
0(��)
2 = (�
0) � '(�; 
2) = (�
0) � '(�; 
1). �® ¯® â¥®à¥¬¥
3 �
0 = '(�; 
1)�1, çâ® ¨ ¤®ª §ë¢ ¥â ­ è¥ ãâ¢¥à¦¤¥­¨¥. �á«®¢¨ï ISO2 ¨ ISO3 ¯®«ãç îâáï ¥é¥
¡®«¥¥ ¯à®áâ®: u2u2" = u2u1" = (u2 � u1), u1" = u2(u1u1") = u2 � u1 = u2, epu2 = ("u1)u2 = "(u1u2) =
"u1 = ".

�®¯ãáâ¨¬ â¥¯¥àì, çâ® '(�; #)| ¨§®¬®àä¨§¬. �® â¥®à¥¬¥ 3 ¬®¦­® ­ ©â¨ ¬­®¦¥áâ¢® Y ¨
£®¬®¬®àä¨§¬ë �0 : Fr(Y ) ! P , #1; #2 : P ! Fr(Y ), �0 � #1 = �0 � #2 = 1P â ª¨¥, çâ® '(�; #) =
'(�0; #1), '(�; #)�1 =  (�0; #2).

�¥¬¬  10. �®«®¦¨¬ e1 = #1�
0, e2 = #2�

0. �®£¤  ¢ë¯®«­¥­® ãá«®¢¨¥ ISO(e1; e2; ').

�®ª § â¥«ìáâ¢®. �® ¯®áâà®¥­¨î e1e2 = e1 ¨ e2e1 = e2. �âáî¤  e1 � e2 = e1 ¨ e2 � e1 = e2.
�§ ¢§ ¨¬­®© ®¡à â­®áâ¨ '(�0; #1) = ��0 � #1 ¨  (�0; #2) = �0 � �#2 ¯®«ãç ¥¬ ��0 � #1 � �

0 � �#2 = 1,
�0 ��#2 �

��0 �#1 = 1. �¥à¢®¥ à ¢¥­áâ¢® ã¬­®¦ ¥¬ á«¥¢  ­  �#1, á¯à ¢  | ­  ��0, ¢â®à®¥ | á«¥¢  ­ 
#1, á¯à ¢  ­  �0. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ e1 � e1 � e2 = e1, e1 � e2 � e1 = e1. �®«ãç¥­­ë¥ á®®â­®è¥­¨ï
¢¬¥áâ¥ á®áâ ¢«ïîâ ãá«®¢¨¥ ISO(e1; e2; ').

�®¦­® áç¨â âì,çâ® X \ Y = ;. � áá¬®âà¨¬ ¥áâ¥áâ¢¥­­ë¥ ¢«®¦¥­¨ï ¨ ¯à®¥ªæ¨¨

inX : Fr(X)! Fr(X [ Y ); prX : Fr(X [ Y )! Fr(X);

inY : Fr(Y )! Fr(X [ Y ); prY : Fr(X [ Y )! Fr(Y );

£¤¥, ­ ¯à¨¬¥à, inX á®®â¢¥âáâ¢ã¥â ¢ª«îç¥­¨î X � Y ,   prX ®â®¡à ¦ ¥â ¡ §¨á­ë¥ í«¥¬¥­âë ¨§
X ¢ á ¬¨å á¥¡ï,   ¡ §¨á­ë¥ í«¥¬¥­âë ¨§ Y | ¢ ­ã«ì. �ç¥¢¨¤­®, çâ® ¢á¥ íâ¨ £®¬®¬®àä¨§¬ë
®¤­®à®¤­ë ¢ á¬ëá«¥ ¤ ­­®£® ¢ëè¥ ®¯à¥¤¥«¥­¨ï. �¯à¥¤¥«¨¬ �+ : Fr(X [ Y ) ! P ãá«®¢¨ï¬¨:
�+ � inX = �, �+ � inY = �0, ¨ ¯ãáâì #+ = inX �#, #0+ = inY �#1. �ç¥¢¨¤­®, çâ® �+ �#+ = �+ �#

0
+ = 1P .

�¥¯¥àì ¬®¦­® § ª®­ç¨âì ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë. � áá¬®âà¨¬ ª®¬¬ãâ â¨¢­ãî ¤¨ £à ¬¬ã

Fr(Y ) �0

���! P
#1���! Fr(Y )

??yinY ��
��*�+ H

HHHj

#0+ ??yinY
Fr(X [ Y ) Fr(X [ Y )

(2)

�®£« á­® «¥¬¬¥ 10, ¨¬¥¥â ¬¥áâ® ãá«®¢¨¥ ISO(#1��0; #2 � �0; '). �¥¬¬  8, ¯à¨¬¥­¥­­ ï ª ¤¨ £à ¬¬¥
(2), ¯®ª §ë¢ ¥â, çâ® ¤«ï ­¥ª®â®à®£® "+ = "+ = "2+ ¢ë¯®«­ï¥âáï ãá«®¢¨¥ ISO(#0+ � �+; "+; ').
�®á¯®«ì§ã¥¬áï â¥¬, çâ® ¨¬¥¥â ¬¥áâ® ª®¬¬ãâ â¨¢­ ï ¤¨ £à ¬¬ 

Fr(X) �
���! P

#
���! Fr(X)

??yinX ��
��*�+ H

HHHj

#+ ??yinX
Fr(X [ Y ) Fr(X [ Y )

(3)
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�® «¥¬¬¥ 6 '(�+; #0+) = '(�0; #1) = '(�; #) = '(�+; #+). �áâ ¥âáï ¯à¨¬¥­¨âì «¥¬¬ã 9, á®£« á­®
ª®â®à®© ¨§ ISO(#0+ � �+; "+; ') á«¥¤ã¥â ISO(#+ � �+; "+; '). �¥®à¥¬  ¤®ª § ­ .

� ¬¥ç ­¨¥. �§ ¤®ª § â¥«ìáâ¢  á«¥¤ã¥â, çâ® ï¢­ë© ¢¨¤ "+ â ª®¢: "+ = inY �#2 � �+.
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