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�¢¥¤¥­¨¥

�­®£®ç¨á«¥­­ë¥ ¯à¨ª« ¤­ë¥ § ¤ ç¨ (á¬., ­ ¯à., [1], [2] ¨ ¡¨¡«¨®£à ä¨î ¢ ­¨å) ¯à¨¢®¤ïâ
ª ­¥®¡å®¤¨¬®áâ¨ ¨áá«¥¤®¢ ­¨ï ¬­®£®¬¥à­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© á ¯®«ïà­ë¬¨ ï¤à ¬¨. �
¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ (á. ¨. ã.)

A' � a(x)'(x) +
Z
D

h(x; y)'(y)
��(x; y)

dy = f(x); x 2 D; � = const; 0 6 � < 2; (1)

£¤¥ D | ªàã£ ¥¤¨­¨ç­®£® à ¤¨ãá  á æ¥­âà®¬ ¢ ­ ç «¥ ª®®à¤¨­ â, x = (x1; x2), y = (y1; y2)
| ¥£® â®çª¨, �(x; y) = jx � yj | ¥¢ª«¨¤®¢® à ááâ®ï­¨¥ ¬¥¦¤ã íâ¨¬¨ â®çª ¬¨, a(x) 2 C(D),
h(x; y) 2 C(D�D), f(x) 2 L2(D) | ¤ ­­ë¥,   '(x) 2 L2(D) | ¨áª®¬ ï äã­ªæ¨¨. �â® ãà ¢­¥­¨¥,
ª ª ¯à ¢¨«®, â®ç­® ­¥ à¥è ¥âáï, ¯®íâ®¬ã ¤«ï ­ å®¦¤¥­¨ï ¥£® à¥è¥­¨ï ¯à¨å®¤¨âáï ¨á¯®«ì§®¢ âì
¯à¨¡«¨¦¥­­ë¥ ¬¥â®¤ë.

� à ¡®â å [3]{[6] ¯à¥¤«®¦¥­ë ¨ ®¡®á­®¢ ­ë ¯à¨¡«¨¦¥­­ë¥ ¬¥â®¤ë à¥è¥­¨ï ¬­®£®¬¥à­ëå
á. ¨. ã. á ¯ à ««¥«¥¯¨¯¥¤ «ì­®© ®á®¡¥­­®áâìî (á¬. â ª¦¥ à ¡®âã [7] ¨ ¡¨¡«¨®£à ä¨î ¢ ­¥©).
�¤­ ª® ¢®¯à®á ç¨á«¥­­®£® à¥è¥­¨ï á. ¨. ã. á® áä¥à¨ç¥áª®© ®á®¡¥­­®áâìî, ª ª®¢ë¬ ï¢«ï¥âáï ¨
ãà ¢­¥­¨¥ (1), ®áâ ¥âáï ¬ «® ¨§ãç¥­­ë¬. � [2] ¯®«ãç¥­ë «¨èì ­¥ª®â®àë¥ à¥§ã«ìâ âë, ª á -
îé¨¥áï ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï ®¤­®£® ç áâ­®£® á«ãç ï á. ¨. ã. (1). � à ¡®â¥ [8] ¨áá«¥¤ã¥âáï
¬­®£®¬¥à­®¥ ãà ¢­¥­¨¥ ¢¨¤  (1) ¯® ¯à®¨§¢®«ì­®© ®âªàëâ®© ®£à ­¨ç¥­­®© ®¡« áâ¨ á ªãá®ç­®-
£« ¤ª®© £à ­¨æ¥©. � ­¥© ¯à¨ ¤®áâ â®ç­® ¦¥áâª¨å ãá«®¢¨ïå ­  ¨§¢¥áâ­ë¥ äã­ªæ¨¨ ¤ ¥âáï â¥-
®à¥â¨ç¥áª®¥ ®¡®á­®¢ ­¨¥ ¬¥â®¤®¢ ª®««®ª æ¨© ¨ ¬¥å ­¨ç¥áª¨å ªã¡ âãà, ¯®áâà®¥­­ëå ­  ®á­®¢¥
ªãá®ç­®-¯®áâ®ï­­®©  ¯¯à®ªá¨¬ æ¨¨, ¯à¨ íâ®¬ ¯à¥¤¯®« £ îâáï áãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì
à¥è¥­¨ï ãà ¢­¥­¨ï. �¥á¬®âàï ­  ¯à®¢¥¤¥­­ë¥ ¨áá«¥¤®¢ ­¨ï ¬­®£®¬¥à­ëå ãà ¢­¥­¨© ¢¨¤  (1),
¬­®£¨¥ ç¨á«¥­­ë¥ ¬¥â®¤ë ¨å à¥è¥­¨ï ­¥ ¨§ãç¥­ë á â®çª¨ §à¥­¨ï ®¡®á­®¢ ­¨ï. �®íâ®¬ã § ¤ ç 
¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï ãà ¢­¥­¨ï (1) á á®®â¢¥âáâ¢ãîé¨¬ â¥®à¥â¨ª®-äã­ªæ¨®­ «ì­ë¬ ®¡®á­®-
¢ ­¨¥¬ ¯®-¯à¥¦­¥¬ã ®áâ ¥âáï  ªâã «ì­®©.

� ¤ ­­®© à ¡®â¥ ãáâ ­ ¢«¨¢ îâáï ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¯®«®¦¨â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ ®¯¥-
à â®à  A ¢ ¯à®áâà ­áâ¢¥ L2, ­  ®á­®¢¥ ª®â®àëå ¢ë¢®¤ïâáï â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­-
­®áâ¨ à¥è¥­¨ï á. ¨. ã. (1). �à®¬¥ â®£®, ¯à¥¤«®¦¥­ë ¢ëç¨á«¨â¥«ì­ë¥ áå¥¬ë ¨ â¥®à¥â¨ç¥áª®¥ ®¡®-
á­®¢ ­¨¥ ¯à¨¡«¨¦¥­­ëå ¬¥â®¤®¢ à¥è¥­¨ï á. ¨. ã. (1).

1. �¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï

�¥¨§¢¥áâ­ãî äã­ªæ¨î '(x) ¡ã¤¥¬ ¨áª âì ¢ ¯à®áâà ­áâ¢¥ ª¢ ¤à â¨ç­®-áã¬¬¨àã¥¬ëå ¢ ªàã£¥
D äã­ªæ¨© L2(D) = L2 á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ¨ ­®à¬®© á®®â¢¥âáâ¢¥­­®

('; ) =
Z
D
'(x) (x)dx; ';  2 L2;

k'k = k'k2 = k'kL2
=
�Z

D

j'(x)j2dx
�1=2

; ' 2 L2:
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�®£¤  á. ¨. ã. (1) ¬®¦­® à áá¬ âà¨¢ âì ª ª ®¯¥à â®à­®¥ ãà ¢­¥­¨¥

A' � a'+ S' = f; S' =
Z
D

h(x; y)'(x)
��(x; y)

dy; '; f 2 L2: (2)

�ãáâì C(D) | ¯à®áâà ­áâ¢® ¢á¥å ­¥¯à¥àë¢­ëå ¢ ªàã£¥ D äã­ªæ¨© c ­®à¬®©

k'kC = k'kC(D) = max
x2D

j'(x)j; ' 2 C(D):

�«ï á. ¨. ã. (1) á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï.

�¥®à¥¬  1. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï
1) äã­ªæ¨ï a(x) 2 C(D) ­¥ ®¡à é ¥âáï ¢ ­ã«ì ­¨ ¢ ®¤­®© â®çª¥ ®¡« áâ¨ D, ¨ ¤«ï ­¥¥

á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

min
x2D

ja(x)j > m = const > 0; (3)

2) á¨¬¬¥âà¨ç­ ï äã­ªæ¨ï

g(x; y) =
h(x; y) + h(y; x)

��(x; y)
à §« £ ¥âáï ¢ á¨¬¬¥âà¨ç­ë© àï¤

g(x; y) =
1X
k=1

�k(x)�k(y); x; y 2 D;

áå®¤ïé¨©áï ¢ ¯à®áâà ­áâ¢¥ L2(D2), £¤¥ f�k(s)g1k=1 = f�k(s1; s2)g1k=1 | «¨­¥©­® ­¥§ ¢¨á¨¬ ï
á¨áâ¥¬  äã­ªæ¨© ¨§ L2(D). �®£¤  á. ¨. ã. (1) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ '�(x) 2 L2(D) ¯à¨
«î¡®© ¯à ¢®© ç áâ¨ f(x) 2 L2(D) ¨

k'�kL2(D) 6
1
m
kfkL2(D): (4)

�«¥¤áâ¢¨¥. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï
1) ¤«ï äã­ªæ¨¨ a(x) 2 C(D) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® (3),
2) h(x; y) = �h(y; x) 2 C(D2).
�®£¤  á¯à ¢¥¤«¨¢® ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 1.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. � ¤ «ì­¥©è¥¬ ¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦­® áç¨â âì, çâ®
a(x) > 0 (á«ãç © a(x) < 0 à áá¬ âà¨¢ ¥âáï  ­ «®£¨ç­®).

� ª ª ª äã­ªæ¨ï h(x; y) ­¥¯à¥àë¢­ , â® ¢ á¨«ã ([1], £«. 7, x 3) ®¯¥à â®à S ï¢«ï¥âáï ¢¯®«­¥
­¥¯à¥àë¢­ë¬ ¢ ¯à®áâà ­áâ¢¥ L2(D) ¨ á®£« á­® â¥®à¥¬¥ 7.3.1 [1] ¤«ï ­¥£® ¢ë¯®«­ï¥âáï ­¥à ¢¥­-
áâ¢®

kSkL2!L2
6

23��

2� �
�h0 =M0; h0 = max

x;y2D
jh(x; y)j: (5)

�®«¥¥ â®£®, ª®¬¯ ªâ­ë¬ ¢ ¯à®áâà ­áâ¢¥ L2(D) ¡ã¤¥â ¨ ®¯¥à â®à eS
eS' =

Z
D

h(x; y)
a(x)��(x; y)

'(y)dy; k eSkL2!L2
6

23��

2� �
�h1 =M1; h1 = max

x;y2D

����h(x; y)a(x)

���� : (6)

� ª¨¬ ®¡à §®¬, ¢ á¨«ã ãá«®¢¨ï 1) â¥®à¥¬ë ¨ ­¥à ¢¥­áâ¢  (5) ®¯¥à â®à A : L2 ! L2 ®£à ­¨ç¥­

kAkL2!L2
= sup

'2L2

k'k261

kA'kL2
6 kakC +M0 �M <1: (7)

�ç¨âë¢ ï (2) ¨ ãá«®¢¨¥ 1) â¥®à¥¬ë, ¤«ï «î¡®£® ' 2 L2 ¨¬¥¥¬

(A';') = (a'; ') + (S';') > m(';') + (S';'): (8)
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�«ï ®æ¥­ª¨ ¢â®à®£® á« £ ¥¬®£® ¢ (8) ï¤à® h(x; y) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

h(x; y) = h+(x; y) + h�(x; y); h�(x; y) =
h(x; y)� h(y; x)

2
: (9)

�®£¤  ¨­â¥£à «ì­ë© ®¯¥à â®à ¨§ (2) ¯à¨­¨¬ ¥â ¢¨¤

S' =
Z
D

h(x; y)'(x)
��(x; y)

dy =
Z
D

h+(x; y)'(x)
��(x; y)

dy +
Z
D

h�(x; y)'(x)
��(x; y)

dy � S+'+ S�':

� áá¬®âà¨¬ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥

(S';') = (S�';') + (S+';'): (10)

�ç¨âë¢ ï ª®á®á¨¬¬¥âà¨ç­®áâì äã­ªæ¨¨ h�(x; y) ¨ â®â ä ªâ, çâ® äã­ªæ¨ï ��(x; y) ï¢«ï¥âáï
á¨¬¬¥âà¨ç­®© ¯à¨ «î¡®¬ §­ ç¥­¨¨ �, ¯®á«¥¤®¢ â¥«ì­® ­ å®¤¨¬

(S�';') =
Z
D

'(x)dx
Z
D

h�(x; y)'(y)
��(x; y)

dy =
Z
D

'(y)dy
Z
D

�h�(y; x)'(x)
��(x; y)

dx =

= �

Z
D

'(y)dy
Z
D

h�(y; x)'(x)
��(x; y)

dx = �('; S�') = �(S�';') = 0; ' 2 L2:

�®ª ¦¥¬, çâ® ¢â®à®¥ á« £ ¥¬®¥ ¢ (10) ­¥®âà¨æ â¥«ì­®. �¬¥¥¬

(S+';') =
Z
D

'(x)dx
Z
D

2g(x; y)'(y)dy = 2
Z
D

'(x)dx
Z
D

1X
k=1

�k(x)�k(y)'(y)dy =

= 2
1X
k=1

�Z
D

'(y)�k(y)dy
�2

> 0:

�âáî¤  á«¥¤ã¥â ¯®«®¦¨â¥«ì­ ï ®¯à¥¤¥«¥­­®áâì ®¯¥à â®à  A

(A';') = (a'; ') + (S+';') + (S�';') > (a'; ') > mk'k2L2
; ' 2 L2(D):

�«¥¤®¢ â¥«ì­®, ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

kA'kL2
>mk'kL2

; ' 2 L2:

�®£¤  ([9], £«. 5, x 4) ®¯¥à â®à A : L2 ! L2 ¨¬¥¥â «¥¢ë© ­¥¯à¥àë¢­ë© ®¡à â­ë© A
�1
l ¨

kA�1l k 6
1
m
<1: (11)

�«¥¤ã¥â ®â¬¥â¨âì, çâ® ãà ¢­¥­¨¥ (1) ï¢«ï¥âáï ¯à¨¢®¤ïé¨¬áï ª ãà ¢­¥­¨î ¢â®à®£® à®¤ . �®-
áª®«ìªã ®¯¥à â®à eS ª®¬¯ ªâ¥­ ¢ L2, â® ¢ á¨«ã ¨§¢¥áâ­®£® à¥§ã«ìâ â  [9] ãà ¢­¥­¨¥ (2) (  á«¥-
¤®¢ â¥«ì­®, ¨ íª¢¨¢ «¥­â­®¥ ¥¬ã á. ¨. ã. (1)) à §à¥è¨¬® ¯à¨ «î¡®¬ á¢®¡®¤­®¬ ç«¥­¥ f 2 L2(D).
�¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï ¥¤¨­áâ¢¥­­® ¨ ­ å®¤¨âáï ¯® ä®à¬ã«¥

'� = A�1l f = A�1r f = A�1f; (12)

£¤¥ A�1r ¨ A�1 | ¯à ¢ë© ¨ á®®â¢¥âáâ¢¥­­® ¤¢ãáâ®à®­­¨© ®¡à â­ë¥ ®¯¥à â®àë. �®íâ®¬ã ¨§ ä®à-
¬ã« (11) ¨ (12) á«¥¤ã¥â âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë, ¢ â®¬ ç¨á«¥ ¨ ­¥à ¢¥­áâ¢® (4). �

� ãá«®¢¨ïå á«¥¤áâ¢¨ï ï¤à® h+(x; y) = 0, ¯®íâ®¬ã ãâ¢¥à¦¤¥­¨¥ á«¥¤áâ¢¨ï áà §ã ¯®«ãç ¥âáï
¨§ â¥®à¥¬ë 1.

� ¬¥ç ­¨¥. �â¢¥à¦¤¥­¨¥,  ­ «®£¨ç­®¥ â¥®à¥¬¥ 1, á¯à ¢¥¤«¨¢® ¨ ¢ á«ãç ¥, ª®£¤  a(x) � 1,
  ï¤à® h(x; y) ï¢«ï¥âáï à §àë¢­®© äã­ªæ¨¥©, ­ ¯à¨¬¥à, ª®£¤ 

h(x; y) � h(y) =
1p

1� jyj2
; jyj2 = y21 + y22:
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�¥®à¥¬  2. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï
1) ¤«ï äã­ªæ¨¨ a(x) 2 C(D) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® (3);
2) äã­ªæ¨ï h(x; y) â ª®¢ , çâ® ¤«ï «î¡ëå fckg1k=1 2 R ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

1X
j=1

1X
k=1

Gjkcjck > 0; Gjk =
Z
D

!j(x)dx
Z
D

h(x; y) + h(y; x)
��(x; y)

!k(y)dy;

£¤¥ f!r(x)g1r=1 = f!r(x1; x2)g1r=1 { ¯®«­ ï á¨áâ¥¬  äã­ªæ¨© ¨§ L2(D).
�®£¤  áãé¥áâ¢ã¥â ®¡à â­ë© ®¯¥à â®à A�1 : L2 ! L2 ¨

kA�1k 6
1
m
<1:

�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ¯®ª § âì, çâ® ®¯¥à â®à A ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­, ¨ § â¥¬
¢®á¯®«ì§®¢ âìáï ¤®ª § â¥«ìáâ¢®¬ â¥®à¥¬ë 1 ¤ ­­®© à ¡®âë.

� ª ª ª á¨áâ¥¬  f!r(x)g1r=1 ¯®«­  ¢ ¯à®áâà ­áâ¢¥ L2(D), â® ¬®¦­® ¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨
áç¨â âì ¥¥ ®àâ®­®à¬¨à®¢ ­­®©. �®£¤  «î¡ãî äã­ªæ¨î ' 2 L2(D) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥
áå®¤ïé¥£®áï àï¤ 

'(x) =
1X
j=1

('; !j)!j(x) =
1X
j=1

cj!j(x); cj =
Z
D

'(x)!j(x)dx:

� ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1, ¯à¥¤áâ ¢¨¬ ï¤à® h(x; y) ¢ ¢¨¤¥ (9) ¨ à áá¬®âà¨¬ áª «ïà­®¥
¯à®¨§¢¥¤¥­¨¥ (10). �¥à¢®¥ á« £ ¥¬®¥ ¢ áã¬¬¥ (10) à ¢­® ­ã«î ¢ á¨«ã ª®á®á¨¬¬¥âà¨ç­®áâ¨ ï¤à .
�«ï ¢â®à®£® á« £ ¥¬®£®, ãç¨âë¢ ï ãá«®¢¨¥ 2) ¤®ª §ë¢ ¥¬®© â¥®à¥¬ë, ¨¬¥¥¬

(S+';') =
Z
D

'(x)dx
Z
D

h(x; y) + h(y; x)
2��(x; y)

'(y)dy =
Z
D

1X
j=1

cj!j(x)dx
Z
D

g(x; y)
1X
k=1

ck!k(y)dy;

g(x; y) =
h+(x; y)
��(x; y)

=
h(x; y) + h(y; x)

��(x; y)
:

�âáî¤  á«¥¤ã¥â ¯®«®¦¨â¥«ì­®áâì ®¯¥à â®à  S+:

(S+';') =
1X
j=1

1X
k=1

cjck

Z
D

!j(x)dx
Z
D

g(x; y)!k(y)dy =
1X
j=1

1X
k=1

Gjkcjck > 0:

�«¥¤®¢ â¥«ì­®, ¢ á¨«ã à ¢¥­áâ¢ (2) ¨ (10) ®¯¥à â®à A ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­.

2. �â¥à æ¨®­­ë¥ ¬¥â®¤ë

�«ï á. ¨. ã. (1) á¯à ¢¥¤«¨¢ 

�¥®à¥¬  3. � ãá«®¢¨ïå «î¡®© ¨§ â¥®à¥¬ 1 ¨ 2 ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ '� 2 L2 ãà ¢­¥­¨ï (1)
¯à¨ «î¡®© äã­ªæ¨¨ f 2 L2 ¬®¦­® ­ ©â¨ ª ª ¯à¥¤¥« ¢ L2 ¨â¥à æ¨®­­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨

'k = 'k�1 +
m

M 2
(f �A'k�1); k = 1; 2; : : : ; (13)

á «î¡ë¬ ­ ç «ì­ë¬ ¯à¨¡«¨¦¥­¨¥¬ '0 2 L2. �à¨ íâ®¬ ¯®£à¥è­®áâì k-£® ¯à¨¡«¨¦¥­¨ï ¬®¦¥â
¡ëâì ®æ¥­¥­  ­¥à ¢¥­áâ¢ ¬¨

k'� � 'kk 6 �kk'� � '0k 6
�k

1� �
k'1 � '0k; k = 0; 1; : : : ; (14)

£¤¥

� =

s
1�

m2

M 2
< 1; (15)
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¥á«¨ ¦¥ §  ­ ç «ì­®¥ ¯à¨¡«¨¦¥­¨¥ ¯à¨­ïâì '0 = (m=M 2) f , â®

k'� � 'kk 6
�k+1

1� �

m

M 2
kfk; k = 0; 1; : : : ; (16)

£¤¥ m ¨ M ®¯à¥¤¥«¥­ë ¢ (3) ¨ (7) á®®â¢¥âáâ¢¥­­®.

�®ª § â¥«ìáâ¢®. �à ¢­¥­¨¥ (2) § ¯¨è¥¬ ¢ íª¢¨¢ «¥­â­®¬ ¢¨¤¥

' = B'+ �f; � > 0;

£¤¥ B = B(�) = E � �A : L2 ! L2 ¥áâì â ª ­ §ë¢ ¥¬ë© ®¯¥à â®à ¯¥à¥å®¤ . �¥âàã¤­® ¯®ª § âì,
çâ® ¯à¨ � = �0 = m=M 2 ®¯¥à â®à B(�0) | á¦¨¬ îé¥¥ ®â®¡à ¦¥­¨¥ á ª®íää¨æ¨¥­â®¬ á¦ â¨ï
(15). �®£¤  ¢ á¨«ã ¯à¨­æ¨¯  á¦¨¬ îé¨å ®â®¡à ¦¥­¨© (­ ¯à., [9]) ãà ¢­¥­¨¥

' = B(�0)'+ �0f; (20)

  â ª¦¥ íª¢¨¢ «¥­â­®¥ ¥¬ã ãà ¢­¥­¨¥ (2), ®¤­®§­ ç­® à §à¥è¨¬ë ¯à¨ «î¡®© ¯à ¢®© ç áâ¨.
�®áª®«ìªã kBk 6 � < 1, â® ¯® ¬ «®© â¥®à¥¬¥ � ­ å  áãé¥áâ¢ã¥â ®¡à â­ë© ®¯¥à â®à

(E �B(�0))
�1, ¯à¨ç¥¬

k(E �B(�0))
�1k 6

1
1� �

:

�®£¤  ¨¬¥¥¬

k'�k = k(E �B(�0))�1�0fk 6
m

M 2

1
1� �

kfk;

â. ¥. à¥è¥­¨¥ ãà ¢­¥­¨ï (20) ãáâ®©ç¨¢® ®â­®á¨â¥«ì­® ¬ «ëå ¨§¬¥­¥­¨© ­ ç «ì­ëå ¤ ­­ëå.
� ¯¨è¥¬ ¬¥â®¤ ¯à®áâ®© ¨â¥à æ¨¨ ¤«ï ãà ¢­¥­¨ï (20)

'k = B'k�1 + �0f = 'k�1 +
m

M 2
(f �A'k�1) 8'0 2 L2(D); k = 1; 2; : : :

�ç¥¢¨¤­®, ã­¨¢¥àá «ì­ë© ¨â¥à æ¨®­­ë© ¬¥â®¤ (13) ¤«ï ¨áå®¤­®£® ãà ¢­¥­¨ï (2) á®¢¯ ¤ ¥â á
¬¥â®¤®¬ ¯à®áâ®© ¨â¥à æ¨¨ ¤«ï ¢á¯®¬®£ â¥«ì­®£® ãà ¢­¥­¨ï (20), íª¢¨¢ «¥­â­®£® ¨áå®¤­®¬ã
ãà ¢­¥­¨î (2). �®£¤  ­¥à ¢¥­áâ¢  (14) á«¥¤ãîâ ¨§ ¨§¢¥áâ­ëå à¥§ã«ìâ â®¢ ¤«ï ¬¥â®¤  ¯®á«¥-
¤®¢ â¥«ì­ëå ¯à¨¡«¨¦¥­¨© (­ ¯à., [9]). �¥à ¢¥­áâ¢® (16) ¯®«ãç ¥âáï ¨§ (14), ¥á«¨ ãç¥áâì, çâ®

k'1 � '0k = kB'0k 6 �k'0k = ��0kfk = �
m

M 2
kfk: �

�®áª®«ìªã a(x) 6= 0 ¢ ãá«®¢¨ïå «î¡®© ¨§ â¥®à¥¬ 1 ¨ 2 ¨ ®¯¥à â®à eS, ®¯à¥¤¥«¥­­ë© ¢ (6),
ï¢«ï¥âáï ¢¯®«­¥ ­¥¯à¥àë¢­ë¬, â® ¨â¥à æ¨®­­ë© ¬¥â®¤ à¥è¥­¨ï ãà ¢­¥­¨ï '+ eS' = f=a ¬®¦¥â
¡ëâì ­¥¬­®£® ãâ®ç­¥­,   ¨¬¥­­®, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  3*. � ãá«®¢¨ïå «î¡®© ¨§ â¥®à¥¬ 1 ¨ 2 ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ '� 2 L2 ãà ¢­¥­¨ï (1)
¯à¨ «î¡®© äã­ªæ¨¨ f 2 L2 ¬®¦­® ­ ©â¨ ª ª ¯à¥¤¥« ¢ L2 ¨â¥à æ¨®­­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨

'k = � eS'k�1 + f

a
8'0 2 L2(D); k = 1; 2; : : :

�à¨ íâ®¬ ¯®£à¥è­®áâì k-£® ¯à¨¡«¨¦¥­¨ï ¬®¦¥â ¡ëâì ®æ¥­¥­  á«¥¤ãîé¨¬ ­¥à ¢¥­áâ¢®¬:

k'� � 'kkL2
6 k eSkL2!L2

k'� � '0kL2
6M1k'

� � '0kL2
;

£¤¥ ¯®áâ®ï­­ ï M1 ®¯à¥¤¥«¥­  ¢ (6).
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3. �¡é¨© ¯à®¥ªæ¨®­­ë© ¬¥â®¤

� á¨«ã á¥¯ à ¡¥«ì­®áâ¨ ¯à®áâà ­áâ¢  L2 ¢ ­¥¬ ¢á¥£¤  áãé¥áâ¢ã¥â «¨­¥©­® ­¥§ ¢¨á¨¬ ï ¯®«-
­ ï ®àâ®­®à¬ «ì­ ï á¨áâ¥¬  äã­ªæ¨©

f k(x)g11 ;  k 2 L2(D); D � R
2 : (17)

�¡®§­ ç¨¬ ç¥à¥§ Xn «¨­¥©­ãî ®¡®«®çªã, ­ âï­ãâãî ­  ¯¥à¢ë¥ n 2 N í«¥¬¥­â®¢ á¨áâ¥¬ë (17).
�à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ áã¬¬ë

'n(x) =
nX

k=1


k k(x); 'n 2 Xn; x 2 D; n 2 N: (18)

�¥¨§¢¥áâ­ë¥ ª®íää¨æ¨¥­âë 
k ­ å®¤ïâáï ¨§ ãá«®¢¨ï ®àâ®£®­ «ì­®áâ¨ ­¥¢ï§ª¨, çâ® ¯à¨¢®¤¨â ª
á®®â­®è¥­¨ï¬

(A'n � f;  l) = 0; l = 1; n: (19)

�ç¥¢¨¤­®, á¨áâ¥¬  ãà ¢­¥­¨© (19) íª¢¨¢ «¥­â­ , á ®¤­®© áâ®à®­ë, á¨áâ¥¬¥ «¨­¥©­ëå  «£¥¡à ¨-
ç¥áª¨å ãà ¢­¥­¨© (����) ¯®àï¤ª  n ®â­®á¨â¥«ì­® ­¥¨§¢¥áâ­ëå 
k

nX
k=1


kcl(A k) = cl(f); l = 1; n; (20)

£¤¥ cp(y) | ª®íää¨æ¨¥­âë �ãàì¥ äã­ªæ¨¨ y 2 L2 ¯® á¨áâ¥¬¥ ª®®à¤¨­ â­ëå äã­ªæ¨© (17).
� ¤àã£®© áâ®à®­ë, ãá«®¢¨¥ (19) íª¢¨¢ «¥­â­® ®¯¥à â®à­®¬ã ãà ¢­¥­¨î

An'n � PnA'n = Pnf ('n; Pnf 2 Xn); (21)

£¤¥ Pn : L2 ! Xn � L2 | «¨­¥©­ë© ®¯¥à â®à ®àâ®£®­ «ì­®£® ¯à®¥ªâ¨à®¢ ­¨ï, ®¯à¥¤¥«ï¥¬ë©
¯® ä®à¬ã«¥

Pn(f ;x) =
nX

k=1

ck(f) k(x); f 2 L2:

�®£¤ 

P 2
n = Pn; P �n = Pn; kPnkL2

= 1; n 2 N: (22)

�«ï ¢ëç¨á«¨â¥«ì­®© áå¥¬ë (1), (18){(21) á¯à ¢¥¤«¨¢ 

�¥®à¥¬  4. � ãá«®¢¨ïå «î¡®© ¨§ â¥®à¥¬ 1 ¨ 2 ���� (20) ®¤­®§­ ç­® à §à¥è¨¬  ¯à¨ «î¡®¬
§­ ç¥­¨¨ n 2 N ¨ ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï (18) áå®¤ïâáï ¢ L2 ª â®ç­®¬ã à¥è¥­¨î ãà ¢­¥­¨ï
(1). �à¨ íâ®¬ ¯®£à¥è­®áâì ¯à¨¡«¨¦¥­­®© ä®à¬ã«ë '�(x) � 'n(x) ¯à¨ «î¡®¬ n 2 N ¬®¦¥â
¡ëâì ®æ¥­¥­  á ¯®¬®éìî ä®à¬ã«

En('
�) 6 k'� � 'nk 6

M

m
En('

�); n 2 N; (23)

En('
�) 6 k'� � 'nk 6 (1 + "n)En('

�); n 2 N; (24)

£¤¥ En('�) | ­ ¨«ãçè¥¥ ¯à¨¡«¨¦¥­¨¥ ¢ L2 äã­ªæ¨¨ '
� 2 L2 ¢á¥¢®§¬®¦­ë¬¨ í«¥¬¥­â ¬¨ ¨§

Xn, ¯®áâ®ï­­ë¥ m ¨ M ®¯à¥¤¥«ïîâáï ¨§ ãá«®¢¨© (3) ¨ (7) á®®â¢¥âáâ¢¥­­®,   0 < "n ! 0 ¯à¨
n!1.

�®ª § â¥«ìáâ¢®. �®«ãç¨¬ ãâ¢¥à¦¤¥­¨ï íâ®© â¥®à¥¬ë ¢ ãá«®¢¨ïå â¥®à¥¬ë 1. �«ï «î¡®£®
'n 2 Xn ¯®á«¥¤®¢ â¥«ì­® ­ å®¤¨¬

(An'n; 'n) = (PnA'n; 'n) = (A'n; P
�
n'n) = (A'n; Pn'n) = (A'n; 'n) > mk'nk

2:

�®íâ®¬ã
kAn'nk >mk'nk; 'n 2 Xn; n 2 N:
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�â® ãá«®¢¨¥, ª ª ¨§¢¥áâ­® (­ ¯à., [10]), ï¢«ï¥âáï ¢ á¨«ã ª®­¥ç­®¬¥à­®áâ¨ ¯®¤¯à®áâà ­áâ¢ Xn

­¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ áãé¥áâ¢®¢ ­¨ï ®£à ­¨ç¥­­®£® ¤¢ãáâ®à®­­¥£® ®¡à â­®£®
®¯¥à â®à  A�1n : Xn ! Xn

kA�1n k 6
1
m
<1; n 2 N: (25)

�®íâ®¬ã ãà ¢­¥­¨¥ (21),   á«¥¤®¢ â¥«ì­®, ¨ ���� (20) ®¤­®§­ ç­® à §à¥è¨¬ë ¯à¨ «î¡®¬ n 2 N.
�æ¥­¨¬ ¯®£à¥è­®áâì '� � 'n = A�1f � A�1n Pnf ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï ¢ ¯à®áâà ­áâ¢¥ L2. �
ãç¥â®¬ (25) ¨ 'n 2 Xn ¨§ «¥¬¬ë 2.2 ([4], £«. 1) ­ å®¤¨¬

En('�) 6 k'� � 'nk = k
�
E �A�1n PnA

�
('� � Pn'

�)k 6


E �A�1n PnA



 k'� � Pn'
�k: (26)

�®£¤ , ãç¨âë¢ ï ¯®á«¥¤­¥¥ ¨§ à ¢¥­áâ¢ (22) ¨ ­¥à ¢¥­áâ¢® (25), ¨§ (26) ¯®«ãç¨¬

En('
�) 6 k'� � 'nk 6



A�1n PnA


 k'� � Pn'

�k 6
M

m
En('

�):

�æ¥­ª  (24) ¬®¦¥â ¡ëâì ¤®ª § ­  á«¥¤ãîé¨¬ ®¡à §®¬. � á¨«ã ãá«®¢¨ï (3) ¨ ª®¬¯ ªâ­®áâ¨
®¯¥à â®à  eS, ®¯à¥¤¥«¥­­®£® ¢ (6), ª ¯®«ãç¥­­®¬ã ãà ¢­¥­¨î ¬®¦­® ¯à¨¬¥­¨âì â¥®à¥¬ã 1 ¨§
[11],   ¨¬¥­­® ¢®á¯®«ì§®¢ âìáï ®æ¥­ª®©

k'� � 'nk 6 (1 + "n)k'
� � Pn'

�k;

£¤¥ "n ®¯à¥¤¥«ï¥âáï ¢ ï¢­®¬ ¢¨¤¥, ¯à¨ç¥¬ "n ! 0 ¯à¨ n !1, ®âªã¤  ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â
®æ¥­ª  (24).

� ª ª ª En(y)! 0 ¯à¨ n!1 ¤«ï «î¡®£® í«¥¬¥­â  y 2 L2, â® ¨§ (23),(24) á«¥¤ã¥â âà¥¡ã¥¬®¥
ãâ¢¥à¦¤¥­¨¥ ¢ ãá«®¢¨ïå â¥®à¥¬ë 1. � ãá«®¢¨ïå â¥®à¥¬ë 2  ­ «®£¨ç­ë¥ à ááã¦¤¥­¨ï á­®¢ 
¯à¨¢®¤ïâ ª âà¥¡ã¥¬®¬ã à¥§ã«ìâ âã.
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