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1. �®à¬ã«¨à®¢ª  § ¤ ç¨. �áâ ­®¢¨¬  á¨¬¯â®â¨ç¥áª®¥ ¯®¢¥¤¥­¨¥ à¥è¥­¨ï x(t) ¤¨ää¥à¥­æ¨-
 «ì­®-à §­®áâ­®£® ãà ¢­¥­¨ï

_x(t) = a(t)x(t� !); t 2 R+; x(�) = 0; � < 0;

£¤¥ ! > 0, äã­ªæ¨ï a : R+ ! C ®¡« ¤ ¥â á¢®©áâ¢®¬ a(t + !) = Ma(t), ¯à¨ç¥¬ M 2 C. �¤¥áì ¨
¤ «¥¥ C ®¡®§­ ç ¥â ª®¬¯«¥ªá­ãî ¯«®áª®áâì, a R+ | ¯®«®¦¨â¥«ì­ãî ¯®«ã®áì.

2. �¡é¨© ¯®¤å®¤. � ª ¨§¢¥áâ­® [1], [2], ­  ª ¦¤®¬ ª®­¥ç­®¬ ®âà¥§ª¥ [0; b] § ¤ ç  �®è¨ ¤«ï
à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï ¨¬¥¥â ¢ ¯à®áâà ­áâ¢¥  ¡á®«îâ­® ­¥¯à¥àë¢­ëå äã­ªæ¨© ¥¤¨­áâ¢¥­-
­®¥ à¥è¥­¨¥, ¯à¥¤áâ ¢¨¬®¥ ¢ ¢¨¤¥ x(t) = X(t)x(0), £¤¥ X(t) | à¥è¥­¨¥ § ¤ ç¨

_X(t) = a(t)X(t� !); t 2 R+; X(�) = 0; � < 0;

X(0) = 1:

� ª¨¬ ®¡à §®¬, ¨áá«¥¤®¢ ­¨¥  á¨¬¯â®â¨ç¥áª®£® ¯®¢¥¤¥­¨ï x(t) á¢¥«®áì ª ¨áá«¥¤®¢ ­¨î  á¨¬-
¯â®â¨ª¨ X(t). � ç áâ­®áâ¨, ¯à¥¤áâ ¢«ïîâ ¨­â¥à¥á á«¥¤ãîé¨¥ ¢ à¨ ­âë ¯®¢¥¤¥­¨ï X(t):

( ) X(t) ����!
t!1

0,

(¡) X(t) ®£à ­¨ç¥­®,
(¢) X(t) ­¥®£à ­¨ç¥­®.

� ¦­ãî à®«ì ¢ ¤ «ì­¥©è¥¬ ¨áá«¥¤®¢ ­¨¨ ¨£à îâ á«¥¤ãîé¨¥ ¤¢  ãâ¢¥à¦¤¥­¨ï, ¤®ª §ë¢ ¥-
¬ë¥ ¯® ¨­¤ãªæ¨¨.

�â¢¥à¦¤¥­¨¥ 1.

X((n+ 1)!) =
nX

k=0

1
k!

�
A

1�M

�k
M

k(k+1)
2 (1�Mn�k+1)k 8n 2 N0: (1)

�â¢¥à¦¤¥­¨¥ 2.

X(n! + �) =
nX

k=0

1
k!
T kMnk�

k(k+1)
2 X((n� k)!) 8n 2 N0; 8� 2 [0;!]: (2)

�¤¥áì ¨ ¤ «¥¥ T =
�R
0

a(�)d�, A =
!R
0

a(�)d�, Xn(�) = X(n! + �).

3. �«ãç © jM j < 1. � íâ®¬ á«ãç ¥, ª ª ¡ã¤¥â á¥©ç á ¯®ª § ­®, äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥
X(t)  á¨¬¯â®â¨ç¥áª¨ áâà¥¬¨âáï ª ­¥ª®â®à®© ª®­áâ ­â¥.

�¥®à¥¬  1. �á«¨ jM j < 1, â® áãé¥áâ¢ã¥â lim
t!1

X(t) =
1P
k=0

1
k!

�
A

1�M

�k
M

k(k+1)
2 .
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�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ ¢®§¬®¦­®áâì ¯à¥¤¥«ì­®£® ¯¥à¥å®¤  ¢ ä®à¬ã«¥ (1). �¡®§­ ç¨¬
B = 1+jMj

1�jMj
. �®£¤ 

��AkM
k(k+1)

2

�
1�Mn�k+1

1�M

�k�� � jABjk,
��� A

1�M

�k
M

k(k+1)
2

�� � jABjk. � ª ª ª 8" > 0

9N :
1P

k=N+1

1
k!
jABjk � "

4
¨ ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å n ¡« £®¤ àï ãá«®¢¨î jM j < 1 ¨¬¥¥â ¬¥áâ®

®æ¥­ª 

AnN �

���� NX
k=0

1
k!

�
A

1�M

�k
M

k(k+1)
2 �

NX
k=0

1
k!
AkM

k(k+1)
2

�
1�Mn�k+1

1�M

�k���� � "

2
;

â®���� 1X
k=0

1
k!

�
A

1�M

�k
M

k(k+1)
2 �

nX
k=0

1
k!
AkM

k(k+1)
2

�
1�Mn�k+1

1�M

�k���� � AnN+2
1X

k=N+1

1
k!
jABjk �

"

2
+2

"

4
= ":

� ª¨¬ ®¡à §®¬,

X((n+ 1)!) ����!
n!1

1X
k=0

1
k!

�
A

1�M

�k
M

k(k+1)
2 ;

���� nX
k=1

1
k!
T kMnk�

k(k�1)
2 X((n� k)!)

���� � ejABjjM jn=2
�
ejTM

1=2j � 1
�
����!
n!1

0:

�âáî¤  ¨ ¨§ ä®à¬ã«ë (2) ¯®«ãç¨¬ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë.

� «¨ç¨¥ ¯à¥¤¥«  ã X(t) ®§­ ç ¥â ¤«ï à¥è¥­¨ï x(t) ãáâ®©ç¨¢®áâì ¯® �ï¯ã­®¢ã [3]. �à¥¤-

áâ ¢«ï¥â ¨­â¥à¥á ¢®¯à®á ® â®¬, ª®£¤  à ¢­  ­ã«î áã¬¬  àï¤ 
1P
k=0

1
k!

�
A

1�M

�k
M

k(k+1)
2 , â. ª. ¢ íâ®¬

á«ãç ¥ à¥è¥­¨¥ § ¤ ç¨  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®. � áá¬®âà¨¬ £®«®¬®àä­ãî ¢ C äã­ªæ¨î

f(z) =
1P
k=0

1
k!
zkM

k(k+1)
2 , £¤¥ z = A

1�M
. �®á«¥ ¯à¥¤áâ ¢«¥­¨ï f(z) = 1 + g0(z), £¤¥ g0(z) =

1P
k=1

1
k!
zkM

k(k+1)
2 , ®æ¥­¨¬ jg0(z)j �

1P
k=1

1
k!
jzM jk = ejzMj � 1. �à¨ jzM j � ln 2 ¯®«ãç¨¬ jg0(z)j < 1

¨ jf(z)j � 1� jg0(z)j > 0, â. ¥. ãà ¢­¥­¨¥ f(z) = 0 ­¥à §à¥è¨¬®.
� ª¨¬ ®¡à §®¬, ¤®ª § ­­®© ï¢«ï¥âáï

�¥®à¥¬  2. �«ï ¢á¥å ª®¬¯«¥ªá­ëå A ¨ M â ª¨å, çâ® jM j < 1 ¨
�� AM
1�M

�� < ln 2, á¯à ¢¥¤«¨¢®
á®®â­®è¥­¨¥ lim

t!1
X(t) 6= 0.

� ¯à¥¤áâ ¢«¥­¨¨ f(z) = P1(z) + g1(z), £¤¥ P1(z) = 1 +Mz, g1(z) =
1P
k=2

1
k!
zkM

k(k+1)
2 , ®æ¥­¨¬

jP1(z)j �
��1� jzM j

��; jg1(z)j �
1X
k=2

1
k!
jzM 3=2jk = ejzM

3=2j � 1� jzM 3=2j:

�¥®à¥¬  3. �«ï «î¡®£® ª®¬¯«¥ªá­®£® M á ãá«®¢¨¥¬ jM j < 1
(e�1)2

, ­ ©¤¥âáï â ª®¥ ª®¬-

¯«¥ªá­®¥ A, çâ® lim
t!1

X(t) = 0.

�®ª § â¥«ìáâ¢®. �  ®ªàã¦­®áâ¨ jzj = R > 1
jMj

­¥à ¢¥­áâ¢®
��1�jzM j

�� > ejzM
3=2j�1�jzM 3=2j

§ ¯¨è¥âáï ¢ ¢¨¤¥ jzM 3=2j(1 + jM j�1=2) > ejzM
3=2j. �¨­¨¬ã¬ äã­ªæ¨¨ y(x) = ex � x(1 + 1=

p
jM j)

¬¥­ìè¥ ­ã«ï, ¥á«¨ xmin = ln(1 + 1=
p
jM j) > 1, â. ¥. ¥á«¨ jM j < 1

(e�1)2
. � ª ª ª ¨á¯®«ì§ã¥âáï

®ªàã¦­®áâì jzj = j A
1�M

j > 1
jMj

, â® ­ ©¤ãâáï â ª¨¥ §­ ç¥­¨ï A, çâ® jzM 3=2j = ln(1 + 1=
p
jM j) > 1,

â. ¥. ­  ®ªàã¦­®áâ¨ jzj = jM j�3=2 ln(1 + 1=
p
jM j) > 1

jMj
¨¬¥¥¬ jzM j3=2(1 + jM j�1=2) > ejzM

3=2j,
  §­ ç¨â, ­  ­¥© jP1(z)j > jg1(z)j. �«¥¤®¢ â¥«ì­®, ¯® â¥®à¥¬¥ �ãè¥ [4] ®­  ®£à ­¨ç¨¢ ¥â ªàã£,
á®¤¥à¦ é¨© ­ã«ì äã­ªæ¨¨ f(z).
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4. �«ãç © jM j = 1. �  ®ªàã¦­®áâ¨ jM j = 1 â®çª  M = 1 ï¢«ï¥âáï ¢ ­¥ª®â®à®¬ á¬ëá«¥
®á®¡®©, â. ª. ¤¥« ¥â ¢®§¬®¦­ë¬¨ ¢á¥ âà¨ ¯®¢¥¤¥­¨ï X(t): ( ), (¡) ¨ (¢).

�«ï íâ®£® á«ãç ï ¨§¢¥áâ­ 

�¥®à¥¬  ([5], [6]). �¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï:

1. A 2 D ) X(t) ����!
t!1

0;

2. A 2 @D ) X(t) ®£à ­¨ç¥­  ­  R+, ­® ¯à¥¤¥«  ­¥ ¨¬¥¥â;
3. A =2 D [ @D ) X(t) ­e o£à ­¨ç¥­  ­  R+,

£¤¥ D | ®¢ « ¢ ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ (®¢ « �¥å«¨æª®£®), £à ­¨æ  @D ª®â®à®£® ¢ ¯®«ïà­ëå

ª®®à¤¨­ â å (�; ') § ¤ ¥âáï ª ª

�(') =

(
'� �

2
; ' 2 [�

2
; �];

�'� �
2
; ' 2 [��;��

2
]:

� ®áâ «ì­ëå â®çª å ®ªàã¦­®áâ¨ jM j = 1 ¬®¦­® ¡ë«® ¡ë ®¦¨¤ âì, çâ® ¯à¨ ­ ¤«¥¦ é¥¬
¢ë¡®à¥ A ¢®§¬®¦­  ­¥®£à ­¨ç¥­­®áâì äã­¤ ¬¥­â «ì­®£® à¥è¥­¨ï X(t). �¤­ ª® íâ® ­¥ â ª,
¯®â®¬ã çâ® ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  4. �á«¨ jM j = 1 ¨ M 6= 1, â® X(t) ®£à ­¨ç¥­  ­  R+.

�®ª § â¥«ìáâ¢®. �¢¥¤¥¬ ®¡®§­ ç¥­¨¥ eA �
!R
0

ja(�)jd�. �®á¯®«ì§®¢ ¢è¨áì ä®à¬ã« ¬¨ (1),

(2), ¯®«ãç ¥¬ ®æ¥­ª¨

jX((n+ 1)!)j �
nX

k=0

1
k!
jAjk

���� 2
1�M

����k � nX
k=0

1
k!

���� 2 eA
1�M

����k = e
2 ~A

j1�Mj ;

jX(n! + �)j � e
2 ~A

j1�Mj +
1X
k=1

1
k!
eAke

2 ~A
j1�Mj = e

2 ~A
j1�Mj e

~A = e
~A( 2

j1�Mj
+1):

� ª¨¬ ®¡à §®¬, jX(t)j � e
~A( 2

j1�Mj
+1) = const.

�¥®à¥¬ã 4 ¬®¦­® ¤®¯®«­¨âì ¨áá«¥¤®¢ ­¨¥¬ ¢®¯à®á  ® áâà¥¬«¥­¨¨ äã­¤ ¬¥­â «ì­®£® à¥è¥-
­¨ï X(t) ª ­ã«î.

�¥®à¥¬  5. �ãáâì jM j = 1, M 6= 1 ¨ j 2A
1�M

j < ln 2. �®£¤  ¥á«¨ lim
t!1

X(t) áãé¥áâ¢ã¥â, â® ®­
®â«¨ç¥­ ®â ­ã«ï.

�®ª § â¥«ìáâ¢®. �à®¢¥¤¥¬ ­¥âàã¤­ë¥ ¢ëª« ¤ª¨

X((n+ 1)!) = 1 +
nX

k=1

1
k!

�
A

1�M

�k
M

k(k+1)
2 (1�Mn�k+1)k;

  â¥¯¥àì ®æ¥­¨¬���� nX
k=1

1
k!

�
A

1�M

�k
M

k(k+1)
2 (1�Mn�k+1)k

���� � nX
k=1

1
k!

���� 2A
1�M

����k � ej
2A

1�M j � 1 < 1;

â. ª. j 2A
1�M

j < ln 2.

�¥®à¥¬  6. �ãáâì M 6= 1 ¨ áãé¥áâ¢ã¥â â ª®¥ ­ âãà «ì­®¥ n, çâ® Mn+1 = 1. �®£¤ 

1) ¥á«¨ lim
t!1

X(t) áãé¥áâ¢ã¥â, â® ®­ à ¢¥­ ­ã«î;

2) lim
t!1

X(t) = 0 , 1 +
nP

q=1
M�

q(q+1)
2 zqme

Azm
1�Mq

Mq(1�M) = 0 8m = 1; : : : ; n+ 1,

£¤¥ fzmg
n+1
m=1 | ¬­®¦¥áâ¢® ª®à­¥© ãà ¢­¥­¨ï zn+1M

n(n+1)
2 = 1.
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�®ª § â¥«ìáâ¢®. �ã­ªæ¨ï F (�; z) =
1P
k=0

M�
k(k+1)

2 Xk(�)zk ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ F (�; z) =

K(z)ez
R
�

0
a(�)d�, £¤¥ K(z) =

1P
k=0

M�
k(k+1)

2 zke
Az 1�Mk

Mk(1�M) ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï K(Mz) =

1 + zeAzK(z). �¥â®¤®¬ ¬ â¥¬ â¨ç¥áª®© ¨­¤ãªæ¨¨ ­¥á«®¦­® ¤®ª § âì, çâ® à¥è¥­¨¥ íâ®£® ãà ¢-
­¥­¨ï ã¤®¢«¥â¢®àï¥â ¢á¥¬ ãà ¢­¥­¨ï¬

K(M l+1z) = 1 +
lX

k=1

(Mk(l+1)�
k(k+1)

2 zkeAz
Ml+1( 1

Mk
�1)

1�M ) +M
l(l+1)

2 zl+1eAz
Ml+1�1
M�1 K(z) 8l 2 N:

� ¯¨è¥¬ ãà ¢­¥­¨¥, á®®â¢¥âáâ¢ãîé¥¥ l = n,

K(z) = 1 +
nX

k=1

M�
k(k+1)

2 e
Az 1�Mk

Mk(1�M) zk + zn+1M
n(n+1)

2 K(z):

�®£¤  ¨¬¥¥¬

F (�; z) =
e
z
R
�

0
a(�)d�

�
1 +

nP
k=1

M�
k(k+1)

2 e
Az 1�Mk

Mk(1�M) zk
�

1� zn+1M
n(n+1)

2

�
'(z)
 (z)

:

�á«¨ 
r ¨ 
R | ¯à®¨§¢®«ì­ë¥ ®ªàã¦­®áâ¨ jzj=r < 1 ¨ jzj=R > 1 á®®â¢¥âáâ¢¥­­®, â®, ¯®áª®«ìªã
zn+1
m M

n(n+1)
2 = 1,

M�
k(k+1)

2 Xk(�) =
1
2�i

Z

r

'(z)
zk+1 (z)

dz = �
n+1X
m=1

res
zm

'(z)
zk+1 (z)

+
1
2�i

Z

R

'(z)
zk+1 (z)

dz =

=
n+1X
m=1

1
n+ 1

'(zm)
zkm

+
1
2�i

Z

R

'(z)
zk+1 (z)

dz 8k 2 N0; (3)

��� 1
2�i

Z

R

'(z)
zk+1 (z)

dz
��� � const

Rk
����!
k!1

0 à ¢­®¬¥à­® ¯® � 2 [0; !].

1) �®¯ãáâ¨¬, çâ® 9 lim
t!1

X(t) 6= 0. � áá¬®âà¨¬ fXk(�)gk=2p(n+1); p2N0
. �® ä®à¬ã«¥ (3) ¨¬¥¥¬

Xk(�) =
n+1X
m=1

1
n+ 1

'(zm) +
1
2�i

Z

R

'(z)
zk+1 (z)

dz ����!
k!1

n+1X
m=1

1
n+ 1

'(zm) 6= 0:

� á¨«ã ®¯à¥¤¥«¥­¨ï ¯à¥¤¥«  ¢¥«¨ç¨­ 
n+1P
m=1

1
n+1

'(zm) ­e § ¢¨á¨â ®â á¯®á®¡  áâà¥¬«¥­¨ï t!1,  

§­ ç¨â, ­¥ ¬®¦¥â ¡ëâì äã­ªæ¨¥© � 2 [0; !]. �®íâ®¬ã

n+1X
m=1

1
n+ 1

'(zm) =
n+1X
m=1

1
n+ 1

e
zm
R �
0
a(�)d�

�
1 +

nX
q=1

M�
q(q+1)

2 zqme
Azm

1�Mq

Mq(1�M)

�
� const 6= 0:

� á¨«ã «¨­¥©­®© ­¥§ ¢¨á¨¬®áâ¨ äã­ªæ¨© ezm
R �
0
a(�)d�, m = 0; : : : ; n + 1, ¤®«¦­® ¡ëâì const = 0.

�®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â 1).
2) �®¯ãáâ¨¬, çâ® lim

t!1
X(t) = 0. �®¢â®àïï ¢á¥ ¯à®¢¥¤¥­­ë¥ ¢ëè¥ à ááã¦¤¥­¨ï ® «¨­¥©­®©

­¥§ ¢¨á¨¬®áâ¨ äã­ªæ¨©, ¯à¨å®¤¨¬ ª âà¥¡®¢ ­¨î ® à ¢¥­áâ¢¥ ­ã«î ¢á¥å ª®íää¨æ¨¥­â®¢ ¯à¨
­¨å. �¥®¡å®¤¨¬®áâì ¤®ª § ­ . �®áâ â®ç­®áâì ¤®ª §ë¢ ¥âáï ¯à®áâ®, â. ª. ¢ íâ®¬ á«ãç ¥ '(zm) = 0
8m = 1; : : : ; n+ 1 ¨ ¯® ä®à¬ã«¥ (3) ¯®«ãç ¥¬

jXk(�)j =
���� 12�i

Z

R

'(z)
zk+1 (z)

dz

���� � const
Rk

����!
k!1

0 à ¢­®¬¥à­® ¯® � ;

â. ¥. lim
t!1

X(t) = 0. �®á«¥¤­¥¥ ­¥ â®«ìª® § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®, ­® ¨ ¤ ¥â ®æ¥­ªã áª®à®áâ¨
áå®¤¨¬®áâ¨.
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�«¥¤áâ¢¨¥. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ 5 ¨ 6. �®£¤  X(t) ­¥ ¨¬¥¥â ¯à¥¤¥«  ­  ¡¥áª®-
­¥ç­®áâ¨.

5. �«ãç © jM j > 1. � íâ®¬ ç áâ­®¬ á«ãç ¥ ãâ¢¥à¦¤¥­¨¥ ® ­¥®£à ­¨ç¥­­®áâ¨ äã­¤ ¬¥­â «ì-
­®£® à¥è¥­¨ï X(t) ¯à¨ ¯®«®¦¨â¥«ì­ëå §­ ç¥­¨ïå M ¨ A ï¢«ï¥âáï âà¨¢¨ «ì­ë¬. � ®¡é¥¬ ¦¥
á«ãç ¥ ¥£® ¤®ª § â¥«ìáâ¢® á®¯àï¦¥­® á® §­ ç¨â¥«ì­ë¬¨ âàã¤­®áâï¬¨, â. ª. âà¥¡ã¥â ®æ¥­ª¨ jX(t)j
á­¨§ã,   ­¥ á¢¥àåã, ª ª íâ® ®¡ëç­® ¡ë¢ ¥â ¯à¨ ¤®ª § â¥«ìáâ¢¥ ®£à ­¨ç¥­­®áâ¨. �¥¬ æ¥­­¥¥

�¥®à¥¬  7. �á«¨
jMj+1=jMj

j1�Mj
< 1 ¨ A 6= 0, â® X(t) ­¥®£à ­¨ç¥­®.

�®ª § â¥«ìáâ¢®. � ¯®¬®éìî ä®à¬ã«ë (1) ¯®«ãç¨¬ ¯à¥¤áâ ¢«¥­¨¥

Xn(0) =
M

n(n+1)
2

(n� 1)!

�
A

M

�n� 1
A
+Mn

nX
k=2

(n� 1) : : : (n� k + 1)

AkM
k(k+1)

2

�
1�Mk

Mk(1�M)

�n�k�
;

���� 1�Mk

Mk(1�M)

���� � 1 + 1
jMjk

j1�M j
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