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�¢¥¤¥­¨¥

�®¤ ª®­¤¥­á â®à®¬ ¢ ¤ ­­®© áâ âì¥ ¯®­¨¬ ¥âáï ¯ à  (E;F ) ­¥¯ãáâëå ­¥¯¥à¥á¥ª îé¨åáï
ª®­â¨­ãã¬®¢ ¢ Rn,   ç¥à¥§ Cap(E;F ) (¨«¨ Capn(E;F )) ®¡®§­ ç ¥âáï ¥£® ª®­ä®à¬­ ï ¥¬ª®áâì
(®¯à¥¤¥«¥­¨¥ ¨ á¢®©áâ¢  á¬., ­ ¯à., [1], á. 83{96 ¨«¨ [2], á. 37{38). �¥®¬¥âà¨ç¥áª¨¬ ªà¨â¥à¨¥¬
ª¢ §¨ª®­ä®à¬­®áâ¨ £®¬¥®¬®àä¨§¬  f : Rn ! Rn, ¤ ­­ë¬ ¢ [3], á«ã¦¨â ¢ë¯®«­¥­¨¥ ®æ¥­ª¨

K�1Cap(E;F ) � Cap(f(E); f(F )) � K Cap(E;F ) (1)

¤«ï ¢á¥å ª®­¤¥­á â®à®¢ ¢ Rn. � á¢ï§¨ á íâ¨¬ ¢®§­¨ª ¥â ¢®¯à®á ® ª¢ §¨ª®­ä®à¬­®© ¤®áâ â®ç-

­®áâ¨ â®£® ¨«¨ ¨­®£® á¥¬¥©áâ¢  ª®­¤¥­á â®à®¢, â. ¥. ¢®¯à®á ® ª¢ §¨ª®­ä®à¬­®áâ¨ ®â®¡à ¦¥­¨ï
f ¯à¨ ­ «¨ç¨¨ ®æ¥­ª¨ (1) «¨èì ¤«ï ª®­¤¥­á â®à®¢ (E;F ) ¨§ § ¤ ­­®£® á¥¬¥©áâ¢  A. � ª, ­ -
¯à¨¬¥à, á¥¬¥©áâ¢® ª®­¤¥­á â®à®¢ f(@B(x;R); @B(x; r)) : x 2 Rn, r > 0, R > 0g ï¢«ï¥âáï ¢ íâ®¬
á¬ëá«¥ ¤®áâ â®ç­ë¬ [3].

�  ¯«®áª®áâ¨ R2 á ®â¬¥ç¥­­®© á¨áâ¥¬®© ¤¥ª àâ®¢ëå ª®®à¤¨­ â ä¨ªá¨àã¥¬ á¥¬¥©áâ¢® H ¢á¥å
£®¬¥®¬®àä¨§¬®¢ ¯«®áª®áâ¨ ­  á¥¡ï ¨ á¥¬¥©áâ¢® Q ¢á¥å ª¢ ¤à â®¢ á® áâ®à®­ ¬¨, ¯ à ««¥«ì­ë-
¬¨ ª®®à¤¨­ â­ë¬ ®áï¬, ª®â®àë¥ ¤ «ee ¡ã¤¥¬ ­ §ë¢ âì Q-ª¢ ¤à â ¬¨. � [4] ¡ë«® à áá¬®âà¥­®
á«¥¤ãîé¥¥ £¥®¬¥âà¨ç¥áª®¥ ãá«®¢¨¥, ­¥®¡å®¤¨¬®¥, ­® ­¥ ¤®áâ â®ç­®¥ ¤«ï ª¢ §¨ª®­ä®à¬­®áâ¨
£®¬¥®¬®àä¨§¬  f : R2 ! R2.

�« ¡®¥ ãá«®¢¨¥ ª¢ ¤à â : ¤«ï «î¡®£® Q-ª¢ ¤à â  T ª®­ä®à¬­ë© ¬®¤ã«ì ªà¨¢®«¨­¥©­®£®
ç¥âëà¥åáâ®à®­­¨ª  f(T ) ®£à ­¨ç¥­ á¢¥àåã ª®­áâ ­â®© M , ­¥ § ¢¨áïé¥© ®â ¢ë¡®à  ª¢ ¤à â  ¢
á¥¬¥©áâ¢¥ Q.

� [5] à áá¬®âà¥­®  ­ «®£¨ç­®¥ ãá«®¢¨¥ ¤«ï Q-¯àï¬®ã£®«ì­¨ª®¢ á ä¨ªá¨à®¢ ­­ë¬ ª®­ä®à¬-
­ë¬ ¬®¤ã«¥¬ m > 1 ¨ ¯®ª § ­  ¥£® ¤®áâ â®ç­®áâì ¤«ï ª¢ §¨ª®­ä®à¬­®áâ¨ f . �¥ª®â®àë¥ ¢ -
à¨ æ¨¨ íâ®© § ¤ ç¨ à áá¬®âà¥­ë ¢ [6]. �à®áâà ­áâ¢¥­­ë¥  ­ «®£¨ á« ¡®£® ãá«®¢¨ï ª¢ ¤à â 
¨§ãç «¨áì ¢ [7]{[9].

� ª ª ª íâ® ãá«®¢¨¥ ¢ ®¡é¥¬ á«ãç ¥ ­¥ ï¢«ï¥âáï ¤®áâ â®ç­ë¬ ¤«ï ª¢ §¨ª®­ä®à¬­®áâ¨, ¢
[10] ¡ë«® ¢¢¥¤¥­®

�¨«ì­®¥ ãá«®¢¨¥ ª¢ ¤à â  SSC(f;M 0): cãé¥áâ¢ã¥â ª®­áâ ­â  M 0 > 0 â ª ï, çâ® ¤«ï «î-
¡®£® ª¢ ¤à â  Q 2 Q ¨ «î¡®© ¯ àë E;F ¥£® ¯à®â¨¢®¯®«®¦­ëå áâ®à®­ ª®­ä®à¬­ ï ¥¬ª®áâì
ª®­¤¥­á â®à  (f(E); f(F )) ¨¬¥¥â ®æ¥­ªã

Cap(f(E); f(F )) �M 0: (2)

� [11] ¡ë«® ¤®ª § ­®, çâ® âà¥å¬¥à­ë©  ­ «®£ íâ®£® ãá«®¢¨ï (á¨«ì­®¥ ãá«®¢¨¥ ªã¡ ) ®¡¥á¯¥-
ç¨¢ ¥â ª¢ §¨ª®­ä®à¬­®áâì £®¬¥®¬®àä¨§¬  f : R3 ! R3. �¤­ ª® ­  ¯«®áª®áâ¨ ¢®¯à®á ® ¤®áâ -
â®ç­®áâ¨ ãá«®¢¨ï SSC(f;M) ¤«ï ª¢ §¨ª®­ä®à¬­®áâ¨ ®â®¡à ¦¥­¨ï f â ª ¨ ®áâ ¥âáï ®âªàëâë¬.
� íâ®© áâ âì¥ ¯®ª § ­®, çâ® £®¬¥®¬®àä¨§¬ ¯«®áª®áâ¨, ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î SSC(f;M),
¯¥à¥¢®¤¨â «î¡ãî ¯àï¬ãî ¢ ª¢ §¨¤ã£ã (ª¢ §¨ª®­ä®à¬­ë© ®¡à § ¯àï¬®©). � ç áâ­®¬ á«ãç ¥
¯àï¬®ã£®«ì­®£® ®â®¡à ¦¥­¨ï íâ® ãá«®¢¨¥ ®¡¥á¯¥ç¨¢ ¥â ¡¨«¨¯è¨æ¥¢®áâì £®¬¥®¬®àä¨§¬ , ¨ íâ®â
á«ãç © à áá¬®âà¥­ ®â¤¥«ì­® ¢ à §¤¥«¥ 4. �æ¥­ª¨, ¯®«ãç¥­­ë¥ ¢ â¥®à¥¬ å 2.1 ¨ 4.1, ­¥ ï¢«ïîâáï
â®ç­ë¬¨. �¥â ¢¨¤¨¬ëå áâ¨¬ã«®¢ ª ¯®«ãç¥­¨î â®ç­®© ®æ¥­ª¨ ¢ â¥®à¥¬¥ 2.1, ®¤­ ª® ¢ëç¨á«¥­¨¥
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â®ç­®© ®æ¥­ª¨ ª®íää¨æ¨¥­â  ¡¨«¨¯è¨æ¥¢®áâ¨ ¢ â¥®à¥¬¥ 4.1 ¡ë«® ¡ë ¯®«¥§­ë¬ £¥®¬¥âà¨ç¥áª¨¬
ã¯à ¦­¥­¨¥¬.

C¨¬¢®«®¬ [s1; s2] ¢ áâ âì¥ ®¡®§­ ç ¥âáï ­¥®à¨¥­â¨à®¢ ­­ë© ®âà¥§®ª á ª®­æ ¬¨ ¢ â®çª å s1 ¨
s2,   ¯®¤ ¯à®¥ªæ¨¥© ¢á¥£¤  ¯®¤à §ã¬¥¢ ¥âáï ®àâ®£®­ «ì­ ï ¯à®¥ªæ¨ï. �¥à¥§ dist(E;F ) ®¡®§­ ç¥-
­  ¤¨áâ ­æ¨ï ¬¥¦¤ã ¬­®¦¥áâ¢ ¬¨ E;F � Rn, â. ¥. ¢¥«¨ç¨­  inffjx� yj : x 2 E, y 2 Fg, ®¡ëç­®
­ §ë¢ ¥¬ ï \à ááâ®ï­¨¥¬". � á«ãç ¥ ®¤­®â®ç¥ç­®£® ¬­®¦¥áâ¢  ­ àï¤ã á dist(fag; F ) ¨á¯®«ì-
§ã¥âáï â ª¦¥ § ¯¨áì dist(a; F ). �áâ «ì­ë¥ á¨¬¢®«ë, ¢áâà¥ç îé¨¥áï ¢ áâ âì¥, ¯®ïá­ïîâáï ¯à¨
¯¥à¢®¬ ¨å ã¯®âà¥¡«¥­¨¨ ¢ â¥ªáâ¥. �à¨¢¥¤¥­­ë¥ ¢ à §¤¥«¥ 3 ¯ à ««¥«ì­® ª ®á­®¢­®¬ã â¥ªáâã
­¥ç¥âª¨¥ ä®à¬ã«¨à®¢ª¨ «¥¬¬ ï¢«ïîâáï ­¥®¡ï§ â¥«ì­ë¬¨ ¨ á«ã¦ â «¨èì ¤«ï £¥®¬¥âà¨ç¥áª®©
­ £«ï¤­®áâ¨ à ááã¦¤¥­¨©.

1. � ¬¥­  ¥¬ª®áâ­®£® ãá«®¢¨ï £¥®¬¥âà¨ç¥áª¨¬

�¨ªá¨àã¥¬ á¥¬¥©áâ¢® T ¢á¥å â¥âà ¤ (ã¯®àï¤®ç¥­­ëå ç¥â¢¥à®ª ¯®¯ à­® à §«¨ç­ëå â®ç¥ª)
(s1; s2; s3; s4) ¢ ¯«®áª®áâ¨ R2 â ª¨å, çâ® ¯ àë (s1; s2) ¨ (s3; s4) «¥¦ â ­  ¯à®â¨¢®¯®«®¦­ëå áâ®-
à®­ å ª ª®£®-«¨¡® Q-ª¢ ¤à â .

�¯à¥¤¥«¥­¨¥ 1.1. �®¬¥®¬®àä¨§¬ f 2 H ã¤®¢«¥â¢®àï¥â ãá«®¢¨î Q(f;M) á ª®­áâ ­â®©
1 �M <1, ¥á«¨ ¤«ï «î¡®© â¥âà ¤ë (s1; s2; s3; s4) 2 T ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

jf(s1)� f(s2)j jf(s3)� f(s4)j �M jf(s1)� f(s3)j jf(s2)� f(s4)j: (3)

�¥®à¥¬  1.1. �«ï «î¡®£® f 2 H

(i) SSC(f;M1)) Q(f;M2) á ª®­áâ ­â®© M2, § ¢¨áïé¥© «¨èì ®â M1;
(ii) Q(f;M2)) SSC(f;M1) á ª®­áâ ­â®© M1, § ¢¨áïé¥© «¨èì ®â M2.

�®ª § â¥«ìáâ¢®. (i) �§¢¥áâ­® ([1], á. 94, «¥¬¬  7.35), çâ® ¤«ï «î¡®£® ª®­¤¥­á â®à  (E;F ),
¯« áâ¨­ë ª®â®à®£® E ¨ F áãâì ­¥¢ëà®¦¤¥­­ë¥ ª®­â¨­ãã¬ë ¢ Rn, n � 2, ¨ ¤«ï «î¡®© â¥âà ¤ë
(a1; a2; a3; a4) â ª®©, çâ® a1; a2 2 E ¨ a3; a4 2 F , ¢ë¯®«­ï¥âáï ®æ¥­ª 

Cap(E;F ) � �n(ja1 � a3j ja2 � a4j ja1 � a2j
�1 ja3 � a4j

�1); (4)

£¤¥ �n(t) | ¬®­®â®­­® ã¡ë¢ îé ï ¢¥é¥áâ¢¥­­ ï äã­ªæ¨ï ­  ¯®«ã®á¨ t 2 (0;+1), ®¯à¥¤¥«ï¥¬ ï
¢ ([1], (7.19), á. 88) ª ª ª®­ä®à¬­ ï ¥¬ª®áâì ª®­¤¥­á â®à  �¥©å¬î««¥à  ¢ ¯à®áâà ­áâ¢¥ Rn. �
­ è¥¬ á«ãç ¥ ¯à¨ n = 2 ¤«ï ¯ àë (B1; B2) ¯à®â¨¢®¯®«®¦­ëå áâ®à®­ ¯à®¨§¢®«ì­® ¢§ïâ®£® Q-
ª¢ ¤à â  ¨ â®ç¥ª s1; s2 2 B1, s3; s4 2 B2 ¯®«®¦¨¬ E = f(B1), F = f(B2), ai = f(si), i = 1; : : : ; 4.
�æ¥­ª  (4) ¨ ãá«®¢¨¥ SSC(f;M1) ¤ îâ ­¥à ¢¥­áâ¢®

jf(s1)� f(s2)j jf(s3)� f(s4)j
jf(s1)� f(s3)j jf(s2)� f(s4)j

� '(Cap(f(B1); f(B2))) � '(M1);

£¤¥ '(t) = 1=��12 (t) | ¬®­®â®­­® ¢®§à áâ îé ï äã­ªæ¨ï ­  ¯®«ã®á¨ (0;+1). �â® ¨ ®§­ ç ¥â
¢ë¯®«­¥­¨¥ ãá«®¢¨ï Q(f;M2) á ª®­áâ ­â®© M2 = 1=��12 (M1).

(ii) �á¯®«ì§ã¥¬ ¢¢¥¤¥­­ãî ¢ ([1], (2.34), á. 28) ¬¥âà¨ªã, § ¤ ­­ãî ¢ ¤®¯®«­¥­¨¨ ª ª®¬¯ ªâ-
­®¬ã ¬­®¦¥áâ¢ã A � Rn,

jA(x; y) = ln
�
1 +

jx� yj

minfdist(x;A);dist(y;A)g

�
:

�®­ä®à¬­ ï ¥¬ª®áâì ª®­¤¥­á â®à  (E;F ) ¢ Rn ¨¬¥¥â ®æ¥­ªã ([1], § ¬¥ç ­¨¥ 7.42, á. 97)

Cap(E;F ) � hn(minfdiamjE (F );diamjF (E)g); (5)

£¤¥ hn | ¬®­®â®­­® ¢®§à áâ îé ï äã­ªæ¨ï, ®¯à¥¤¥«ï¥¬ ï «¨èì à §¬¥à­®áâìî n,   diamjA(B)
| ¤¨ ¬¥âà ¬­®¦¥áâ¢  B ¢ ¬¥âà¨ª¥ jA. �ãáâì B1, B2 | ¯à®â¨¢®¯®«®¦­ë¥ áâ®à®­ë ¯à®¨§¢®«ì­®
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¢§ïâ®£® Q-ª¢ ¤à â , E = f(B1), F = f(B2). �ë¡¥à¥¬ â®çª¨ x1 2 E, x3 2 F â ª, çâ®¡ë jx1�x3j =
d = dist(E;F ). �®£¤  ¤«ï «î¡ëå â®ç¥ª x2 2 E ¨ x4 2 F ¨¬¥¥¬

jE(x3; x4) = ln(1 + jx3 � x4j=d); jF (x1; x2) = ln(1 + jx1 � x2j=d): (6)

�¥ ®£à ­¨ç¨¢ ï ®¡é­®áâ¨, ¬®¦­® áç¨â âì, çâ® � = diamjE (F ) � diamjF (E). �®¤®¡à ¢ â®çª¨ x2
¨ x4 â ª, çâ®¡ë ¢ë¯®«­ï«¨áì à ¢¥­áâ¢  jE(x3; x4) = �=2 = jF (x1; x2), ¨§ (6) ¯®«ãç ¥¬ jx1 � x2j =
d(e�=2 � 1) = jx3 � x4j. �à¨¬¥­¥­¨¥ ãá«®¢¨ï Q(f;M2) ª â¥âà ¤¥ (x1; x2; x3; x4) ¯à¨¢®¤¨â ª ®æ¥­ª¥

d2(e�=2 � 1)2 �M2jx1 � x3j jx2 � x4j �M2d(d+ 2d(e�=2 � 1)) =M2d
2(2e�=2 � 1);

â. ¥. (e�=2� 1)2 � 2M2e
�=2 ¨, á«¥¤®¢ â¥«ì­®, � � 4 ln(arsh

p
M2=2) = h�(M2). �®£¤  (5) ¤ ¥â ®æ¥­ªã

Cap(E;F ) � h2(h�(M2)) = M1, ®§­ ç îéãî ¢ë¯®«­¥­¨¥ ãá«®¢¨ï SSC(f;M1) á ª®­áâ ­â®© M1,
§ ¢¨áïé¥© «¨èì ®â M2.

2. �¢ §¨ª®­ä®à¬­®áâì ®¡à §®¢ ¯àï¬ëå

� ¯®¬­¨¬ ®¡é¥¥ ®¯à¥¤¥«¥­¨¥ ªà¨¢®© á ®£à ­¨ç¥­­ë¬ ¨áªà¨¢«¥­¨¥¬, ¢¢¥¤¥­­®¥ ¢ ([12], (2.7),
á. 100).

�¯à¥¤¥«¥­¨¥ 2.1. �â­®á¨â¥«ì­ë¬ à ááâ®ï­¨¥¬ �� ¬¥¦¤ã â®çª ¬¨ x, y ¬¥âà¨ç¥áª®£® ª®­-
â¨­ãã¬  � ­ §ë¢ ¥âáï ¢¥«¨ç¨­  ��(x; y) = inf



diam(
), £¤¥ inf ¡¥à¥âáï ¯® ¢á¥¬ ª®­â¨­ãã¬ ¬


 � �, á®¤¥à¦ é¨¬ â®çª¨ x, y. �áªà¨¢«¥­¨¥¬ ¬¥âà¨ç¥áª®£® ª®­â¨­ãã¬  � ­ §ë¢ ¥âáï ¢¥«¨ç¨­ 

Cur(�) = sup
x;y2�

��(x; y)=jx� yj:

� R2 à®«ì ¦®à¤ ­®¢ëå ªà¨¢ëå (¨«¨ ¤ã£) � á ®£à ­¨ç¥­­ë¬ ¨áªà¨¢«¥­¨¥¬ á®áâ®¨â ¢ â®¬,
çâ® ®­¨ ¨ â®«ìª® ®­¨ ï¢«ïîâáï ®¡à § ¬¨ ¯àï¬ëå (á®®â¢¥âáâ¢¥­­® ¯àï¬®«¨­¥©­ëå ®âà¥§ª®¢)
¯à¨ ª¢ §¨ª®­ä®à¬­ëå ®â®¡à ¦¥­¨ïå ¯«®áª®áâ¨ ­  á¥¡ï, á ¢¥àå­¥© ®æ¥­ª®© ª®íää¨æ¨¥­â  ª¢ -
§¨ª®­ä®à¬­®áâ¨, § ¢¨áïé¥© «¨èì ®â Cur(�) ([13], (8.6), á. 105).

�á­®¢­ë¬ à¥§ã«ìâ â®¬ ¤ ­­®© áâ âì¨ ï¢«ï¥âáï

�¥®à¥¬  2.1. �á«¨ £®¬¥®¬®àä¨§¬ f : R2 ! R2 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î Q(f;M), â® ®¡à §
f(L) «î¡®© ¯àï¬®© L � R2 ¨¬¥¥â ®£à ­¨ç¥­­®¥ ¨áªà¨¢«¥­¨¥ Cur(f(L)) � 2(4M + 3)23.

�à¨¬¥­¥­¨¥ â¥®à¥¬ë 1.1 (i) ¨ â¥®à¥¬ë 2.1 ¯®§¢®«ï¥â ¯®«ãç¨âì

�«¥¤áâ¢¨¥ 2.1. �á«¨ £®¬¥®¬®àä¨§¬ f : R2 ! R2 ã¤®¢«¥â¢®àï¥â á¨«ì­®¬ã ãá«®¢¨î ª¢ ¤à -
â  SSC(f;M), â® ®¡à § f(L) «î¡®© ¯àï¬®© L � R2 ¥áâì ªà¨¢ ï á ®£à ­¨ç¥­­ë¬ ¨áªà¨¢«¥­¨¥¬
Cur(f(L)) � c0, £¤¥ c0 § ¢¨á¨â «¨èì ®â M .

�¤­ ª® ¢®¯à®á ® ª¢ §¨ª®­ä®à¬­®áâ¨ ®â®¡à ¦¥­¨ï f â ª ¨ ®áâ ¥âáï ®âªàëâë¬.

3. �®ª § â¥«ìáâ¢® ®á­®¢­®© â¥®à¥¬ë

�«¥¤ãîé¨¥ «¥¬¬ë ¨¬¥îâ ä®à¬ã «®£¨ç¥áª¨å ¯à®æ¥¤ãà á ¢å®¤­ë¬¨ ¯ à ¬¥âà ¬¨, ®¡«¥£ç -
îéãî ¨å ¬­®£®ªà â­®¥ ¨á¯®«ì§®¢ ­¨¥ ¢ â¥ªáâ¥. �«ï ªà âª®áâ¨ § ¯¨á¥© ¢¢®¤¨¬ «¥ªá¨ç¥áª®¥
á®ªà é¥­¨¥ Kn := K(4M + 3)n.

�¥¬¬  3.1. ós1; s2; s3; s4;M;Kô. �ãáâì f 2 H ã¤®¢«¥â¢®àï¥â ãá«®¢¨î Q(f;M), ¨ ¯ãáâì

¤¢¥ ¯ àë â®ç¥ª fs1; s2g, fs3; s4g «¥¦ â ­  ¯à®â¨¢®¯®«®¦­ëå áâ®à®­ å Q-ª¢ ¤à â . �á«¨
(3:1:1) jf(s1)j � K, jf(s3)j � K; jf(s4)j � K1,

â®

(3:1:2) jf(s2)j � K1.
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�®ª § â¥«ìáâ¢®. �§ ãá«®¢¨ï Q(f;M) á«¥¤ã¥â ­¥à ¢¥­áâ¢® jf(s4) � f(s3)j jf(s1) � f(s2)j �
M jf(s1)� f(s3)j jf(s4)� f(s2)j, ª®â®à®¥ á ãç¥â®¬ (3.1.1) ¤ ¥â ®æ¥­ªã

jf(s4)� f(s3)j jf(s2)� f(s1)j � 2KM(jf(s4)� f(s3)j+ 2K + jf(s2)� f(s1)j): (7)

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï � = 1=jf(s2) � f(s1)j, � = 1=jf(s4) � f(s3)j ¨ § ¬¥â¨¬, çâ® ¢ á¨«ã (3.1.1)
jf(s4)�f(s3)j � K1�K � 4KM , â. ¥. � � 1=(4KM). � ¯¨á ¢ (7) ¢ ¢¨¤¥ 1=(2KM) � �+�+2K��,
¯®«ãç ¥¬ á ãç¥â®¬ ®æ¥­ª¨ ¤«ï � ­¥à ¢¥­áâ¢® 1=(4KM) � �(1+2K=(4KM)), ¨§ ª®â®à®£® á«¥¤ã¥â
� � 1=(2K(2M + 1)). �®íâ®¬ã

jf(s2)j � jf(s1)j+ jf(s2)� f(s1)j � K + 2K(2M + 1) = K(4M + 3) = K1: �

(� ¨á¯®«ì§®¢ ­¨¥¬ ­¥ç¥âª¨å ¯à¥¤¨ª â®¢ \¡«¨§ª¨©" ¨ \¤ «¥ª¨©" [14], á®¤¥à¦ ­¨¥ íâ®© «¥¬¬ë
¢ëà ¦ ¥âáï äà §®©: eá«¨ â®çª¨ s1, s3 \¡«¨§ª¨¥",   â®çª  s4 \¤ «¥ª ï", â® s2 | \¡«¨§ª ï" â®çª .)

�¥¬¬  3.2. ós1; s2; s3; s4; s5; s6;M;Kô. �ãáâì f 2 H ã¤®¢«¥â¢®àï¥â ãá«®¢¨î Q(f;M), ¨
â®çª¨ s1, s2, s3, s4 ï¢«ïîâáï ¢¥àè¨­ ¬¨ Q-ª¢ ¤à â  á æ¥­âà®¬ s5 ¨ ¤¨ £®­ «ìî [s1; s3]. �á«¨

(3:2:1) jf(s1)j � K, jf(s3)j � K
¨

(3:2:2) s6 2 [s4; s3], jf(s6)j > K4,

â®

(3:2:3) jf(z)j � K4 ¤«ï ¢á¥å z 2 [s1; s5].

�®ª § â¥«ìáâ¢®. �á«®¢¨ï (3.2.1) ¨ (3.2.2) ¯®§¢®«ïîâ ¯à¨¬¥­¨âì ª ¯à®¨§¢®«ì­®© â®çª¥
z 2 [s1; s2] «¥¬¬ã 3.1 ós1; z; s3; s6;M;Kô ¨ ¯®«ãç¨âì á®®â­®è¥­¨¥

jf(z)j � K1 ¤«ï ¢á¥å z 2 [s1; s2]: (8)

� áá¬®âà¨¬ ¤®¯ãé¥­¨¥ D1: cãé¥áâ¢ã¥â â®çª  p 2 [s1; s5], ¢ ª®â®à®©

jf(p)j > K4: (9)

�ãáâì p1 | ¯à®¥ªæ¨ï â®çª¨ p ­  ®âà¥§®ª [s1; s2]. �§ (8), ¢ ç áâ­®áâ¨, á«¥¤ã¥â

jf(s2)j � K1; jf(p1)j � K1: (10)

�®çª¨ p2, p3 ®¤­®§­ ç­® ®¯à¥¤¥«¥­ë ãá«®¢¨¥¬: \ª¢ ¤à â á ¢¥àè¨­ ¬¨ p1, s2, p2 ¨§ [s2; s3], p3
¯à¨­ ¤«¥¦¨â á¥¬¥©áâ¢ã Q". � á¨«ã (10) ¨ (9) ¤«ï «î¡®© â®çª¨ z 2 [s2; p2] ¢ë¯®«­¥­ë ãá«®¢¨ï
«¥¬¬ë 3.1 ós2; z; p1; p;M;K1 ô ¨, á«¥¤®¢ â¥«ì­®,

jf(z)j � K2 ¤«ï ¢á¥å z 2 [s2; p2]: (11)

�ãáâì p4 ¨ p5 |¯à®¥ªæ¨¨ â®çª¨ p ­  ®âà¥§ª¨ [s2; p2] ¨ [s4; s3] á®®â¢¥âáâ¢¥­­®. �§ (11), ¢ ç áâ­®áâ¨,
á«¥¤ã¥â

jf(p4)j � K2: (12)

� ª ª ª jf(s3)j � K � K2 ¨ jf(p)j � K2(4M + 3), â® ¤«ï «î¡®© â®çª¨ z 2 [p5; s3] ¢ë¯®«­¥­ë
ãá«®¢¨ï «¥¬¬ë 3.1 ós3; z; p4; p;M;K2ô, ¢ á¨«ã ª®â®à®©

jf(z)j � K2(4M + 3) = K3 ¤«ï ¢á¥å z 2 [p5; s3]: (13)

�ãáâì p6 | ¯à®¥ªæ¨ï â®çª¨ p ­  ®âà¥§®ª [s1; s4]. �¥à ¢¥­áâ¢  jf(p1)j � K1 � K2 (á¬. (10)),
jf(s1)j � K2 (á¬. (3.2.1)) ¨ jf(p)j � K3 (á¬. (9)) ¯®§¢®«ïîâ ¯à¨¬¥­¨âì «¥¬¬ã 3.1 ós1; p6; p1; p;M;K2ô
¨ ¯®«ãç¨âì ®æ¥­ªã

jf(p6)j � K3: (14)
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� áá¬®âà¨¬ Q-ª¢ ¤à â á ¢¥àè¨­ ¬¨ p6, p7, p8, s4 ¨ áâ®à®­®© [s4; p8] � [s4; s3]. � ª ª ª p 2 [s1; s5],
â® p8 2 [p5; s3] ¨, á«¥¤®¢ â¥«ì­®, jf(p8)j � K3 (á¬. (13)). �æ¥­ª¨ (14) ¨ (9) ¯®§¢®«ïîâ ¯à¨¬¥­¨âì
«¥¬¬ã 3.1 óp8; z; p6; p;M;K3ô ¯à¨ «î¡®¬ z 2 [s4; p8] ¨ ¯®«ãç¨âì ®æ¥­ªã

jf(z)j � K4 ¤«ï ¢á¥å z 2 [s4; p8]: (15)

� ª ª ª s6 2 [s4; s3] = [s4; p8] [ [p5; s3], â® (15) ¨ (13) ¤ îâ ­¥à ¢¥­áâ¢® jf(s6)j � K4, ¯à®â¨¢®à¥-
ç é¥¥ (3.2.2). �®íâ®¬ã ¤®¯ãé¥­¨¥ D1 ¢ ä®à¬¥ (9) ­¥ ¬®¦¥â à¥ «¨§®¢ âìáï, ¨, á«¥¤®¢ â¥«ì­®,
¢¥à­® á®®â­®è¥­¨¥ (3.2.3).

(�¥ç¥âª ï ä®à¬ã«¨à®¢ª  íâ®© «¥¬¬ë: eá«¨ ª®­æë ¤¨ £®­ «¨ D ¯à ¢¨«ì­®£® ª¢ ¤à â  |
\¡«¨§ª¨¥" â®çª¨,   ­  áâ®à®­¥ S íâ®£® ª¢ ¤à â  ¨¬¥¥âáï \¤ «¥ª ï" â®çª , â® ¢á¥ â®çª¨ â®©
¯®«®¢¨­ë ¤¨ £®­ «¨ D, ª®â®à ï ­¥ ¯¥à¥á¥ª ¥âáï á S, ï¢«ïîâáï \¡«¨§ª¨¬¨".)

�¥¬¬  3.3. ós1; s2; s3; s4;M;Kô. �ãáâì f 2 H ã¤®¢«¥â¢®àï¥â ãá«®¢¨î Q(f;M), ¨ â®çª¨

s1, s3, s2, s4 áãâì ¢¥àè¨­ë Q-ª¢ ¤à â  á ¤¨ £®­ «ìî [s1; s2]. �á«¨
(3:3:1) jf(s1)j � K, jf(s2)j � K, jf(s4)j > K4,

â®

(3:3:2) jf(z)j � K4 ¤«ï ¢á¥å z 2 [s1; s2].

�®ª § â¥«ìáâ¢®. �ãáâì c = (s1 + s2)=2. �¥¬¬  3.2 ós1; s3; s2; s4; c; s4;M;Kô ¤ ¥â ®æ¥­ªã
(3.3.2) ¤«ï ¢á¥å z 2 [s1; c],   «¥¬¬  3.2 ós2; s3; s1; s4; c; s4;M;Kô ¤ ¥â âã ¦¥ ®æ¥­ªã ¤«ï ¢á¥å
z 2 [s2; c]. � ª ª ª [s1; s2] = [s1; c] [ [c; s2], â® ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥ (3.3.2).

(� ­¥ç¥âª®© ä®à¬ã«¨à®¢ª¥: eá«¨ ª®­æë ¤¨ £®­ «¨ ¯à ¢¨«ì­®£® ª¢ ¤à â  ï¢«ïîâáï \¡«¨§-
ª¨¬¨" â®çª ¬¨,   ®¤­  ¨§ ¥£® ¢¥àè¨­, ­¥ «¥¦ é ï ­  íâ®© ¤¨ £®­ «¨, \¤ «¥ª ï", â® ¢á¥ â®çª¨
â®© ¦¥ ¤¨ £®­ «¨ ï¢«ïîâáï \¡«¨§ª¨¬¨".)

�¥¬¬  3.4. ós1; s2;M;Kô. �ãáâì f 2 H ã¤®¢«¥â¢®àï¥â ãá«®¢¨î Q(f;M), ¨ ®âà¥§®ª [s1; s2]
á«ã¦¨â ¤¨ £®­ «ìî Q-ª¢ ¤à â . �á«¨

(3:4:1) jf(s1)j � K, jf(s2)j � K,

â®

(3:4:2) jf((s1 + s2)=2)j � K4.

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ c = (s1 + s2)=2 ¨ ¯®áâà®¨¬ Q-ª¢ ¤à â á ¢¥àè¨­ ¬¨ s1, z1, s2, z2
¨ æ¥­âà®¬ ¢ â®çª¥ c. �ãáâì ¢ë¯®«­ï¥âáï ¤®¯ãé¥­¨¥ D2: jf(c)j > K4. � á¨«ã (3.4.1) ¨ £®¬¥®¬®àä-
­®áâ¨ ®â®¡à ¦¥­¨ï f ­ ©¤¥âáï â®çª  z3 ­  £à ­¨æ¥ íâ®£® ª¢ ¤à â , ¢ ª®â®à®© jf(z3)j > K4. �¥
®£à ­¨ç¨¢ ï ®¡é­®áâ¨, ¬®¦­® áç¨â âì, çâ® z3 2 [z2; s2]. �®£¤  «¥¬¬  3.2 ós1; z1; s2; z2; c; z3;M;Kô
¤ ¥â ®æ¥­ªã jf(c)j � K4, ¯à®â¨¢®à¥ç éãî ¤®¯ãé¥­¨î D2.

(�¥ç¥âª ï ä®à¬ã«¨à®¢ª : eá«¨ ª®­æë ¤¨ £®­ «¨ ¯à ¢¨«ì­®£® ª¢ ¤à â  áãâì \¡«¨§ª¨¥" â®ç-
ª¨, â® ¨ ¥£® æ¥­âà ï¢«ï¥âáï \¡«¨§ª®©" â®çª®©.)

�¥¬¬  3.5. ós1; s2;M;Kô. �ãáâì f 2 H ã¤®¢«¥â¢®àï¥â ãá«®¢¨î Q(f;M), ¨ â®çª¨ s1, s2
á«ã¦ â ª®­æ ¬¨ ¤¨ £®­ «¨ Q-ª¢ ¤à â . �á«¨

(3:5:1) jf(s1)j � K, jf(s2)j � K,

â®

(3:5:2) jf(z)j � K16 ¤«ï ¢á¥å z 2 [s1; s2].

�®ª § â¥«ìáâ¢®. �ãáâì s1, z1, s2, z2 | ¢¥àè¨­ë à áá¬ âà¨¢ ¥¬®£® Q-ª¢ ¤à â . �á«¨
å®âï ¡ë ¢ ®¤­®© ¨§ â®ç¥ª z1 ¨«¨ z2 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® jf(z)j > K4, â® «¥¬¬  3.3
ós1; s2; z1; z2;M;Kô ¤ ¥â âà¥¡ã¥¬ãî ®æ¥­ªã jf(z)j � K4 � K16 ¤«ï ¢á¥å z 2 [s1; s2]. �®íâ®¬ã
¤®áâ â®ç­® à áá¬®âà¥âì á«ãç ©, ª®£¤ 

jf(z1)j � K4; jf(z2)j � K4: (16)
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�ãáâì ¢ë¯®«­ï¥âáï ¤®¯ãé¥­¨¥ D3: ­ è« áì â®çª  q 2 [s1; s2], ¢ ª®â®à®© jf(q)j > K16, ¨ ¤«ï
®¯à¥¤¥«¥­­®áâ¨ q 2 [c; s2], £¤¥ c | æ¥­âà à áá¬ âà¨¢ ¥¬®£® ª¢ ¤à â . �®§ì¬¥¬ Q-ª¢ ¤à â á ¢¥à-
è¨­ ¬¨ s1, w1, b, w2, æ¥­âà®¬ ¢ â®çª¥ q ¨ ¤¨ £®­ «ìî [s1; b]. �á«¨ ¤®¯ãáâ¨âì, çâ® jf(b)j � K8,
â® «¥¬¬  3.4 ós1; b;M;K8ô ¤ áâ ®æ¥­ªã jf(q)j � K12, ¯à®â¨¢®à¥ç éãî ¤®¯ãé¥­¨î D3. �«¥¤®¢ -
â¥«ì­®,

jf(b)j > K8: (17)

�á«¨ ¤®¯ãáâ¨âì, çâ® jf(w1)j � K8 ¨ jf(w2)j � K8, â® «¥¬¬  3.4 ów1; w2;M;K8ô ¤ áâ ®æ¥­ªã
jf(q)j � K12, ¯à®â¨¢®à¥ç éãî ¤®¯ãé¥­¨î D3. �«¥¤®¢ â¥«ì­®, ¢ ®¤­®© ¨§ â®ç¥ª w1 ¨«¨ w2 (¯ãáâì
¤«ï ®¯à¥¤¥«¥­­®áâ¨ íâ® ¡ã¤¥â w2) ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

jf(w2)j > K8: (18)

�á«¨ ¤®¯ãáâ¨âì, çâ® ­ è« áì â®çª  z 2 [w1; b], ¢ ª®â®à®© jf(z)j � K7, â® «¥¬¬  3.1 ós1; w2; z; b;M;K7ô
¤ áâ ®æ¥­ªã jf(w2)j � K8, ¯à®â¨¢®à¥ç éãî (18). �«¥¤®¢ â¥«ì­®,

jf(z)j > K7 ¤«ï ¢á¥å z 2 [w1; b] (19)

¨, ¢ ç áâ­®áâ¨,

jf(w1)j > K7: (20)

�á«¨ ¤®¯ãáâ¨âì, çâ® ¨¬¥¥âáï â®çª  z 2 [w2; b], ¢ ª®â®à®© jf(z)j � K6, â® «¥¬¬  3.1 óz; b; s1; w1;M;K6ô
¤ ¥â ®æ¥­ªã jf(b)j � K7, ¯à®â¨¢®à¥ç éãî (17). �«¥¤®¢ â¥«ì­®,

jf(z)j > K6 ¤«ï ¢á¥å z 2 [w2; b]: (21)

�®«®¦¨¬ q1 = (b + w1)=2 ¨ q2 = (b + w2)=2. �á«¨ ¯à¥¤¯®«®¦¨âì, çâ® ¨¬¥¥âáï â®çª  z 2 [q; q2],
¢ ª®â®à®© jf(z)j � K7, â® «¥¬¬  3.1 óz; q; z2; w2;M;K7ô ¯à¨¢®¤¨â ª ­¥à ¢¥­áâ¢ã jf(q)j � K8,
¯à®â¨¢®à¥ç é¥¬ã ¤®¯ãé¥­¨î D3. �®íâ®¬ã

jf(z)j > K7 ¤«ï ¢á¥å z 2 [q; q2]: (22)

�á«¨ ¯à¥¤¯®«®¦¨âì, çâ® ¨¬¥¥âáï â®çª  z 2 [q; q1], ¢ ª®â®à®© jf(z)j � K6, â® «¥¬¬  3.1
óz; q; z1; w1;M;K6ô ¤ áâ ­¥à ¢¥­áâ¢® jf(q)j � K7, ¯à®â¨¢®à¥ç é¥¥ ¤®¯ãé¥­¨î D3. �«¥¤®¢ â¥«ì-
­®,

jf(z)j > K6 ¤«ï ¢á¥å z 2 [q; q1]: (23)

� á¨«ã (23), (22), (21) ¨ (19) ­¥à ¢¥­áâ¢® jf(z)j > K6 ¢ë¯®«­ï¥âáï ­  ¢á¥© £à ­¨æ¥ ª¢ ¤à â 
q, q1, b, q2, ¨ ¢ á¨«ã £®¬¥®¬®àä­®áâ¨ ®â®¡à ¦¥­¨ï f ®­® ¢ë¯®«­ï¥âáï ¨ ¢® ¢­ãâà¥­­¥© â®çª¥
s2 íâ®£® ª¢ ¤à â , â. ¥. jf(s2)j > K6, çâ® ¯à®â¨¢®à¥ç¨â (3.5.1). � ª¨¬ ®¡à §®¬, ¤®¯ãé¥­¨¥ D3
­¥ ¬®¦¥â ¡ëâì à¥ «¨§®¢ ­®, ¨, á«¥¤®¢ â¥«ì­®, ¢áî¤ã ­  [s1; s2] ¢ë¯®«­¥­  âà¥¡ã¥¬ ï ®æ¥­ª 
jf(z)j � K16.

(�¥ç¥âª ï ä®à¬ã«¨à®¢ª : eá«¨ ª®­æë ®âà¥§ª , ®¡à §ãîé¥£® ã£®« �=4 á ª®®à¤¨­ â­ë¬¨ ®áï-
¬¨, ï¢«ïîâáï \¡«¨§ª¨¬¨" â®çª ¬¨, â® ¨ ¢¥áì íâ®â ®âà¥§®ª á®áâ®¨â ¨§ \¡«¨§ª¨å" â®ç¥ª.)

�¥¬¬  3.6. ós1; s2;M;Kô. �ãáâì ¤«ï f 2 H ¢ë¯®«­ï¥âáï ãá«®¢¨¥ Q(f;M) (¨§ ®¯à¥¤¥«¥­¨ï
1:1), ¨ â®çª¨ s1, s2 | á¬¥¦­ë¥ ¢¥àè¨­ë ­¥ª®â®à®£® Q-ª¢ ¤à â . �á«¨

(3:6:1) jf(s1)j � K, jf(s2)j � K,

â®

(3:6:2) jf(z)j � K21 ¤«ï ¢á¥å z 2 [s1; s2].
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�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ Q-ª¢ ¤à âë s1, s2, z1, z2 ¨ s1, s2, w1, w2, ¨¬¥îé¨¥ ®âà¥§®ª
[s1; s2] ®¡é¥© áâ®à®­®© ¨ æ¥­âàë ¢ â®çª å z0 ¨ w0 á®®â¢¥âáâ¢¥­­®. �á«¨ jf(z1)j > K1, â® «¥¬¬  3.1
ós2; z1; s1; z2;M;Kô ¤ ¥â ®æ¥­ªã jf(z2)j � K1. �«¥¤®¢ â¥«ì­®, ­¥à ¢¥­áâ¢® jf(z)j � K1 ¢ë¯®«­ï-
¥âáï «¨¡® ¢ â®çª¥ z1, «¨¡® ¢ â®çª¥ z2. �à¨¬¥­¥­¨¥ «¥¬¬ë 3.4 ós1; z1;M;K1ô ¨«¨ á®®â¢¥âáâ¢¥­­®
«¥¬¬ë 3.4 ós2; z2;M;K1ô ¯à¨¢®¤¨â ª ®æ¥­ª¥ jf(z0)j � K5. �®£¤  «¥¬¬  3.5 ós1; z0;M;K5ô ¤ ¥â
®æ¥­ªã

jf(z)j � K21 ¤«ï ¢á¥å z 2 [s1; z0]; (24)

  «¥¬¬  3.5 ós2; z0;M;K5ô ¤ ¥â ®æ¥­ªã

jf(z)j � K21 ¤«ï ¢á¥å z 2 [s2; z0]: (25)

� ¬¥­¨¢ ¢ íâ®¬ à ááã¦¤¥­¨¨ z1, z2, z0 á®®â¢¥âáâ¢¥­­® ­  w1, w2, w0, ¯®«ãç ¥¬ ¢ë¯®«­¥­¨¥
­¥à ¢¥­áâ¢  jf(z)j � K21 ¯à¨ ¢á¥å z 2 [s1; w0] [ [s2; w0]. �®¢¬¥áâ­® á ®æ¥­ª ¬¨ (24) ¨ (25) íâ®
¤ ¥â ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢  jf(z)j � K21 ­  ¢á¥© £à ­¨æ¥ ª¢ ¤à â  á ¢¥àè¨­ ¬¨ s1, z0, s2, w0,
á®¤¥à¦ é¥£® ®âà¥§®ª [s1; s2] ¢ á¢®¥¬ § ¬ëª ­¨¨. �®íâ®¬ã ¢ á¨«ã £®¬¥®¬®àä­®áâ¨ ®â®¡à ¦¥­¨ï
f âà¥¡ã¥¬ ï ®æ¥­ª  jf(z)j � K21 ¢ë¯®«­ï¥âáï ¨ ­  ®âà¥§ª¥ [s1; s2].

(�¥ç¥âª ï ä®à¬ã«¨à®¢ª : eá«¨ ª®­æë ®âà¥§ª , ¯ à ««¥«ì­®£® ®¤­®© ¨§ ª®®à¤¨­ â­ëå ®á¥©
ï¢«ïîâáï \¡«¨§ª¨¬¨" â®çª ¬¨, â® ¨ ¢¥áì íâ®â ®âà¥§®ª á®áâ®¨â ¨§ \¡«¨§ª¨å" â®ç¥ª.)

�¥¬¬  3.7. ós1; s2;M;Kô. �ãáâì f 2 H ã¤®¢«¥â¢®àï¥â ãá«®¢¨î Q(f;M). �á«¨
(3:7:1) jf(s1)j � K, jf(s2)j � K,

â®

(3:7:2) jf(z)j � K23 ¤«ï ¢á¥å z 2 [s1; s2].

(� ­¥ç¥âª®© ä®à¬ã«¨à®¢ª¥: ¢á¥ â®çª¨ «î¡®£® ®âà¥§ª  á \¡«¨§ª¨¬¨" ª®­æ ¬¨ ï¢«ïîâáï
\¡«¨§ª¨¬¨" â®çª ¬¨.)

�®ª § â¥«ìáâ¢®. �«ãç ¨, ª®£¤  ®âà¥§®ª [s1; s2] ¯ à ««¥«¥­ ®¤­®© ¨§ ª®®à¤¨­ â­ëå ®á¥©
¨«¨ ®¡à §ã¥â á ­¨¬¨ ã£®« �=4, à áá¬®âà¥­ë ¢ «¥¬¬ å 3.6 ¨ 3.5 á®®â¢¥âáâ¢¥­­®. �®íâ®¬ã ¬®¦­®
¨áª«îç¨âì íâ¨ á«ãç ¨ ¨§ à áá¬®âà¥­¨ï. �®£¤  ¨¬¥¥âáï ¥¤¨­áâ¢¥­­ë© Q-ª¢ ¤à â s1, a2, a3, a4
â ª®©, çâ® s2 2 [a3; a4]. �à¨ íâ®¬ s2 6= a3; a4. � áá¬®âà¨¬ âà¨ ¢®§¬®¦­ëå á¨âã æ¨¨.

1. �ãáâì jf(a4)j > K1. �®áâà®¨¬ ¯à®¥ªæ¨î p â®çª¨ s2 ­  ®âà¥§®ª [s1; a2] ¨ Q-ª¢ ¤à â b1, p, s2,
b4 â ª®©, çâ® s1 2 [b1; p] ¨ a4 2 [s2; b4]. �«ï «î¡®© â®çª¨ z 2 [b1; p] «¥¬¬  3.1 ós1; z; s2; a4;M;Kô
¤ ¥â ®æ¥­ªã

jf(z)j � K1 ¤«ï ¢á¥å z 2 [b1; p]: (26)

� ª ª ª, ¢ ç áâ­®áâ¨, jf(b1)j � K1, jf(p)j � K1, â® ¯à¨¬¥­¥­¨¥ «¥¬¬ë 3.5 ób1; s2;M;K1ô ¨ «¥¬-
¬ë 3.6 óp; s2;M;K1ô ¯à¨¢®¤¨â ª ®æ¥­ª ¬

jf(z)j � K17 ¤«ï ¢á¥å z 2 [b1; s2]; jf(z)j � K22 ¤«ï ¢á¥å z 2 [p; s2]: (27)

�§ ®æ¥­®ª (26) ¨ (27) á«¥¤ã¥â jf(z)j � K22 ­  £à ­¨æ¥ âà¥ã£®«ì­¨ª  b1, s2, p. � á¨«ã £®¬¥®¬®àä-
­®áâ¨ ®â®¡à ¦¥­¨ï f â® ¦¥ ­¥à ¢¥­áâ¢® ¢¥à­® ¨ ­  ®âà¥§ª¥ [s1; s2], á®¤¥à¦ é¥¬áï ¢ § ¬ëª ­¨¨
íâ®£® âà¥ã£®«ì­¨ª .

2. �ãáâì jf(a3)j > K2 ¨ p | ¯à®¥ªæ¨ï â®çª¨ s2 ­  ®âà¥§®ª [s1; a2]. �à¨ «î¡®¬ z 2 [s1; a2]
«¥¬¬  3.1 ós1; z; s2; a3;M;Kô ¤ ¥â á®®â­®è¥­¨¥

jf(z)j � K1 ¤«ï ¢á¥å z 2 [s1; a2]; jf(p)j � K1: (28)

�®áâà®¨¬ Q-ª¢ ¤à â p, c2, c3, s2, ¤«ï ª®â®à®£® a2 2 [p; c2]. �«ï «î¡®© â®çª¨ z 2 [p; c2] «¥¬¬  3.1
óp; z; s2; a3;M;K1ô ¯à¨¢®¤¨â ª ®æ¥­ª¥

jf(z)j � K2 ¤«ï ¢á¥å z 2 [p; c2]; jf(c2)j � K2: (29)
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�¥¬¬  3.5 ós2; c2;M;K2ô ¤ ¥â ®æ¥­ªã

jf(z)j � K18 ¤«ï ¢á¥å z 2 [s2; c2]: (30)

� á¨«ã (28) ¯à¨ «î¡®¬ z 2 [s1; a4] «¥¬¬  3.1 ós1; z; a2; a3;M;K1ô ¤ ¥â ®æ¥­ªã

jf(z)j � K2 ¤«ï ¢á¥å z 2 [s1; a4]; jf(a4)j � K2: (31)

�¥¬¬  3.6 óa4; s2;M;K2ô ¯à¨¢®¤¨â ª ®æ¥­ª¥

jf(z)j � K23 ¤«ï ¢á¥å z 2 [a4; s2]: (32)

�§ á®®â­®è¥­¨© (28){(32) á«¥¤ã¥â ¢ë¯®«­¥­¨¥ ®æ¥­ª¨ jf(z)j � K23 ­  £à ­¨æ¥ âà ¯¥æ¨¨ s1, c2,
s2, a4, á®¤¥à¦ é¥© ®âà¥§®ª [s1; s2] ¢ á¢®¥¬ § ¬ëª ­¨¨. � á¨«ã £®¬¥®¬®àä­®áâ¨ f â  ¦¥ ®æ¥­ª 
¢ë¯®«­ï¥âáï ¨ ­  [s1; s2].

3. �ãáâì jf(a3)j � K2 ¨ jf(a4)j � K1. �®£¤  ¯à¨¬¥­¥­¨¥ «¥¬¬ë 3.6 ós1; a4;M;K1ô, «¥¬¬ë 3.6
óa4; a3;M;K2ô ¨ «¥¬¬ë 3.5 ós1; a3;M;K2ô ¤ ¥â ®æ¥­ªã jf(z)j � K23 ¢áî¤ã ­  £à ­¨æ¥ âà¥ã£®«ì-
­¨ª  s1, a4, a3. � á¨«ã £®¬¥®¬®àä­®áâ¨ f â  ¦¥ ®æ¥­ª  ¢¥à­  ¨ ­  ®âà¥§ª¥ [s1; s2], á®¤¥à¦ é¥¬áï
¢ § ¬ëª ­¨¨ íâ®£® âà¥ã£®«ì­¨ª .

� ª¨¬ ®¡à §®¬, ¢ ª ¦¤®© ¨§ âà¥å á¨âã æ¨© ¢ë¯®«­ï¥âáï âà¥¡ã¥¬®¥ á®®â­®è¥­¨¥ (3.7.2).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2.1. �ãáâì ­  ¯àï¬®© L § ¤ ­ë â®çª¨ s1, s2. �à¨¬¥­¨¢ ¢ ®¡à §¥
¯ à ««¥«ì­ë© ¯¥à¥­®á, ­¥ ¢«¨ïîé¨© ­  ãá«®¢¨¥ Q(f;M), ¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦­®
áç¨â âì, çâ® f(s1) = 0. �®£¤  «¥¬¬  3.7 ós1; s2;M; jf(s2)jô ¤ ¥â ®æ¥­ªã jf(z) � f(s1)j = jf(z)j �
jf(s2)� f(s1)j(4M + 3)23 ¤«ï ¢á¥å z 2 [s1; s2]. �â® ®§­ ç ¥â

diam f([s1; s2]) � 2(4M + 3)23jf(s2)� f(s1)j:

� á¨«ã ¯à®¨§¢®«ì­®áâ¨ ¢ë¡®à  â®ç¥ª s1; s2 2 L ªà¨¢ ï f(L) ¨¬¥¥â ®£à ­¨ç¥­­®¥ ¨áªà¨¢«¥­¨¥
Cur(f(L)) � 2(4M + 3)23.

4. �«ãç © ¯àï¬®ã£®«ì­®£® ®â®¡à ¦¥­¨ï

�ãáâì ­ àï¤ã á ®â¬¥ç¥­­®© á¨áâ¥¬®© ¤¥ª àâ®¢ëå ª®®à¤¨­ â, ¢ ª®â®à®© à áá¬ âà¨¢ «¨áì
Q-ª¢ ¤à âë, ­  â®© ¦¥ ¯«®áª®áâ¨ ¢¢¥¤¥­  áâàãªâãà  ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ (z = x+ iy), ¢ ª®-
â®à®© â®çª  z = 0 á®®â¢¥âáâ¢ã¥â ­ ç «ã ª®®à¤¨­ â,   ¢¥é¥áâ¢¥­­ ï ®áì ®âª«®­¥­  ®â ®á¨  ¡æ¨áá
­  ã£®« � 2 (��=2; �=2). �î¡®© ¯àï¬®ã£®«ì­¨ª á® áâ®à®­ ¬¨, ¯ à ««¥«ì­ë¬¨ ¢¥é¥áâ¢¥­­®© ¨
¬­¨¬®© ®áï¬, ¡ã¤¥¬ ­ §ë¢ âì Z-¯àï¬®ã£®«ì­¨ª®¬. �®¬¥®¬®àä¨§¬ f : R2 ! R2, ¯¥à¥¢®¤ïé¨©
Z-¯àï¬®ã£®«ì­¨ª¨ ¢ Z-¯àï¬®ã£®«ì­¨ª¨ ¨ ­ §ë¢ ¥¬ë© \¯àï¬®ã£®«ì­ë¬", ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨-
¤¥ f(x + iy) = u(x) + iv(y) ¨ ï¢«ï¥âáï ¯àï¬ë¬ ¯à®¨§¢¥¤¥­¨¥¬ £®¬¥®¬®àä¨§¬®¢ u : R1 ! R1 ¨
v : R1 ! R1. � áá¬®âà¥­¨¥ íâ®£® á¯¥æ¨ «ì­®£® á«ãç ï ¬®â¨¢¨à®¢ ­® â¥¬, çâ® ¢ â¥®à¨¨ ¤¨ää¥-
à¥­æ¨ «ì­ëå ãà ¢­¥­¨© â ª¨¥ ®â®¡à ¦¥­¨ï (®â®¡à ¦¥­¨ï \á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨")
¨£à îâ ®á®¡ãî à®«ì. �®ª ¦¥¬, çâ® «î¡®© ¯àï¬®ã£®«ì­ë© £®¬¥®¬®àä¨§¬, ã¤®¢«¥â¢®àïîé¨©
ãá«®¢¨î Q(f;M), ï¢«ï¥âáï ¡¨«¨¯è¨æ¥¢ë¬.

�¥¬¬  4.1. ó�; z0; ";Mô. �ãáâì " � 1=(32M), ¨ ¯àï¬®ã£®«ì­ë© £®¬¥®¬®àä¨§¬ f(x+ iy) =
u(x) + iv(y) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î Q(f;M). �®£¤  ¤«ï «î¡®£® Z-ª¢ ¤à â  � á æ¥­âà®¬ z0 =
x0+iy0 ¨ ¥£® ®¡à §  | Z-¯àï¬®ã£®«ì­¨ª  f(�) á ¢¥àè¨­ ¬¨ w1, w2, w3, w4 â ª¨¬¨, çâ® Re(w4�
w1) = 0 = Im(w2 � w1) ¨ jw4 �w1j=jw2 � w1j � ", ¢ë¯®«­ï¥âáï «¨¡®

ju(x0)�Rew1j < (2M")1=2jw2 � w1j; (33)

«¨¡®

jRew2 � u(x0)j < (2M")1=2jw2 � w1j: (34)
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�®ª § â¥«ìáâ¢®. �®¯ãáâ¨¬ ¯à®â¨¢­®¥

minfju(x0)�Rew1j; ju(x0)�Rew2jg � (2M")1=2jw2 � w1j: (35)

�  áâ®à®­ å Z-ª¢ ¤à â  � c ¢¥àè¨­ ¬¨ zj = f�1(wj), j = 1; : : : ; 4, ®â¬¥â¨¬ â®çª¨ s1 2 [z1; z4],
s2 2 [z1; z2], s3 2 [z2; z3] ¨ s4 2 [z3; z4], ï¢«ïîé¨¥áï ¯®á«¥¤®¢ â¥«ì­ë¬¨ ¢¥àè¨­ ¬¨ Q-ª¢ ¤à â 
T , ¢¯¨á ­­®£® ¢ �. �  ¥£® áâ®à®­ å ®â¬¥â¨¬ â®çª¨ p1 ¨ p2 â ª¨¥, çâ® Re p1 = Re p2 = x0. � ª
ª ª u(Re p1) = u(Re p2) = u(x0), â®

jf(p1)� f(p2)j � jw1 � w4j � "jw1 � w2j:

� á¨«ã (35) jf(pj) � f(sk)j � (2M")1=2jw1 � w2j ¯à¨ ¢á¥å j = 1; 2 ¨ k = 1; 3. � ª ª ª " < 1=2 ¨
jf(s1)�f(s3)j � 2jw1�w4j+jw1�w2j � (1+2")jw1�w2j < 2jw1�w2j, â® ¯à¨¬¥­¥­¨¥ ãá«®¢¨ï Q(f;M)
«¨¡® ª ¯ à ¬ â®ç¥ª s1, p1 ¨ s3, p2, «¨¡® ª ¯ à ¬ s1, p2 ¨ s3, p1 (¢ § ¢¨á¨¬®áâ¨ ®â â®£®, ­  ª ª®©
¯ à¥ ¯à®â¨¢®¯®«®¦­ëå áâ®à®­ Q-ª¢ ¤à â  T «¥¦ â â®çª¨ p1 ¨ p2) ¯à¨¢®¤¨â ª ¯à®â¨¢®à¥ç¨î

2M"jw1 � w2j
2 �M jf(p1)� f(p2)j jf(s1)� f(s3)j < M"jw1 �w2j 2jw1 � w2j = 2M"jw1 � w2j

2: �

�¥¬¬  4.2. óLô. �î¡®© ¯àï¬®ã£®«ì­ë© £®¬¥®¬®àä¨§¬ f(x+ iy) = u(x)+ iv(y), ã¤®¢«¥â¢®-
àïîé¨© ¯à¨ «î¡ëå x, y ¨ h 6= 0 ãá«®¢¨î

L�1 � ju(x+ h)� u(x)j=jv(y + h)� v(y)j � L; (36)

ï¢«ï¥âáï L0-¡¨«¨¯è¨æ¥¢ë¬ á L0 = L5maxfju(1) � u(0)j; 1=ju(1) � u(0)jg.

�®ª § â¥«ìáâ¢®. �«ï «î¡ëå ¢¥é¥áâ¢¥­­ëå x1, x2 ¨ y1, y2 â ª¨å, çâ® jx1�x2j = jy1�y2j = h,
¨§ (36) ¢ëâ¥ª îâ ®æ¥­ª¨

L�1 �
ju(x2)� u(x1)j
jv(h) � v(0)j

� L; L�1 �
ju(y2)� u(y1)j
jv(h) � v(0)j

� L;

¨§ ª®â®àëå á«¥¤ã¥â L�2 � ju(x2) � u(x1)j=ju(y2) � u(y1)j � L2. �â® ®§­ ç ¥â, çâ® £®¬¥®¬®àä¨§¬
u ï¢«ï¥âáï á¢®¡®¤­® L2-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨¬ ([15], (5.6), á. 119) ¨, á«¥¤®¢ â¥«ì­® ([15], (5.7),
á. 120), ®­ ï¢«ï¥âáï L1-¡¨«¨¯è¨æ¥¢ë¬ á ª®­áâ ­â®© L1 = L4maxfju(1) � u(0)j, 1=ju(1) � u(0)jg.
�­ «®£¨ç­® ãáâ ­ ¢«¨¢ ¥âáï L2-¡¨«¨¯è¨æ¥¢®áâì £®¬¥®¬®àä¨§¬  v : R1 ! R1 á ª®­áâ ­â®© L2 =
L4maxfjv(1)�v(0)j; 1=jv(1)�v(0)jg. �®£¤  ¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥ £®¬¥®¬®àä¨§¬®¢ u ¨ v ï¢«ï¥âáï
L3-¡¨«¨¯è¨æ¥¢ë¬ á L3 = maxfL1; L2g. � ª ª ª ¨§ (36) á«¥¤ã¥â L�1 � ju(1)�u(0)j=jv(1)�v(0)j �
L, â® L3 � L5maxfju(1) � u(0)j; 1=ju(1) � u(0)jg = L0.

�¥®à¥¬  4.1. �î¡®© ¯àï¬®ã£®«ì­ë© £®¬¥®¬®àä¨§¬ f(x+ iy) = u(x) + iv(y), ã¤®¢«¥â¢®àï-
îé¨© ãá«®¢¨î Q(f;M), ï¢«ï¥âáï K-¡¨«¨¯è¨æ¥¢ë¬ á ª®­áâ ­â®©

K = (32M)5maxfju(1) � u(0)j; 1=ju(1) � u(0)jg:

�®ª § â¥«ìáâ¢®. � ¤ ¤¨¬ ¯à®¨§¢®«ì­® ¢¥é¥áâ¢¥­­ë¥ x, y ¨ h 6= 0 ¨ ¤®¯ãáâ¨¬, çâ® jv(y +
h)�v(y)j = "(0)ju(x+h)�u(x)j c "(0) < 1=(32M). �¨¬¢®«®¬ �(0) ®¡®§­ ç¨¬ Z-ª¢ ¤à â á ¢¥àè¨­ ¬¨
¢ â®çª å z

(0)
1 = x + iy, z(0)2 = x + h + iy, z(0)3 = x + h + i(y + h), z(0)4 = x + i(y + h) ¨ ¯®áâà®¨¬

¯®á«¥¤®¢ â¥«ì­®áâì ¢«®¦¥­­ëå Z-ª¢ ¤à â®¢ �(0) � �(1) � � � � � �(k) � � � � , ¤«ï ª®â®àëå
a) ª¢ ¤à â �(k) ¨¬¥¥â áâ®à®­ã ¤«¨­ë jhj=2k,   ¥£® æ¥­âà z

(k)
0 á«ã¦¨â ¢¥àè¨­®© ª¢ ¤à â 

�(k+1);
b) ®¡à §ë ¯®á«¥¤®¢ â¥«ì­® § ­ã¬¥à®¢ ­­ëå ¢¥àè¨­ z

(k)
1 , z(k)2 , z(k)3 , z(k)4 ª¢ ¤à â  �(k) ã¤®¢«¥-

â¢®àïîâ ¯à¨ ¢á¥å k = 1; 2; : : : ãá«®¢¨ï¬ Re(z(k)1 � z
(k)
4 ) = 0 = Im(z(k)1 � z

(k)
2 ) ¨

jf(z(k)2 )� f(z(k)1 )j � jf(z(k�1)2 )� f(z(k�1)1 )j(1� (2M"(k�1))1=2);

£¤¥

"(k) =
jf(z(k)4 )� f(z(k)1 )j

jf(z(k)2 )� f(z(k)1 )j
� (2=3)"(k�1) � (2=3)k"(0):
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�®¯ãáâ¨¬, çâ® ¯®áâà®¥­ ª¢ ¤à â �(k�1) á æ¥­âà®¬ z
(k�1)
0 = x

(k�1)
0 + iy

(k�1)
0 . � ª ª ª "(k�1) �

"(0) � 1=(32M), â® ¢ á¨«ã «¥¬¬ë 4.1 á ¯ à ¬¥âà ¬¨ ó�(k�1); z(k�1)0 ; "(k�1);Mô à¥ «¨§ã¥âáï ®¤­ 
¨§ á¨âã æ¨© | (33) ¨«¨ (34).

�¨âã æ¨ï (33) ¢ ­ è¥¬ á«ãç ¥ á®®â¢¥âáâ¢ã¥â ­¥à ¢¥­áâ¢ã

ju(x(k�1)0 )�Re f(z(k�1)1 )j < (2M"(k�1))1=2jf(z(k�1)2 )� f(z(k�1)1 )j;

¨§ ª®â®à®£® á«¥¤ã¥â

ju(x(k�1)0 )�Re f(z(k�1)2 )j > (1� (2M"(k�1))1=2)jf(z(k�1)2 )� f(z(k�1)1 )j: (37)

�á«¨ j Im f(z(k�1)3 ) � v(y(k�1)0 )j � j Im f(z(k�1)2 ) � v(y(k�1)0 )j, â® ¢ ª ç¥áâ¢¥ �(k) ¡¥à¥¬ Z-ª¢ ¤à â á
¤¨ £®­ «ìî [z(k�1)0 ; z

(k�1)
2 ], ¯®« £ ï z

(k)
4 = z

(k�1)
0 ¨ z

(k)
2 = z

(k�1)
2 . � ¯à®â¨¢­®¬ á«ãç ¥ ¢ ª ç¥áâ¢¥

�(k) ¡¥à¥¬ Z-ª¢ ¤à â á ¤¨ £®­ «ìî [z(k�1)0 ; z
(k�1)
3 ], ¯®« £ ï z

(k)
1 = z

(k�1)
0 ¨ z

(k)
3 = z

(k�1)
3 . � «î¡®¬

¨§ íâ¨å á«ãç ¥¢, ¨á¯®«ì§ãï (37) ¨ ãç¨âë¢ ï (1� (2M"(k�1))1=2) � 3=4, ¯®«ãç ¥¬ ®æ¥­ªã

jf(z(k)1 )� f(z(k)4 )j � (1=2)jf(z(k�1)1 )� f(z(k�1)4 )j =

= (1=2)"(k�1)jf(z(k�1)2 )� f(z(k�1)1 )j � (2=3)"(k�1)jf(z(k)1 )� f(z(k)2 )j;

â. ¥. "(k) � (2=3)"(k�1) . �§ (37) á«¥¤ã¥â â ª¦¥ jf(z(k)1 ) � f(z(k)2 )j � (1 � (2M"(k�1))1=2)jf(z(k�1)1 ) �
f(z(k�1)2 )j. � ª¨¬ ®¡à §®¬, ¯®áâà®¥­­ë© ª¢ ¤à â �(k) ã¤®¢«¥â¢®àï¥â âà¥¡®¢ ­¨ï¬ a) ¨ b).

� á¨âã æ¨¨ (34) ¢ ª ç¥áâ¢¥ �(k) ¢ë¡¨à ¥âáï â®â ¨§ ¤¢ãå Z-ª¢ ¤à â®¢ á ¤¨ £®­ «ìî [z(k�1)0 ; z
(k�1)
1 ]

¨«¨ [z(k�1)0 ; z
(k�1)
4 ] á®®â¢¥âáâ¢¥­­®, ®¡à § ª®â®à®£® ¨¬¥¥â ¬¥­ìè¨© à §¬¥à ¢¤®«ì ¬­¨¬®© ®á¨. �ë-

¯®«­¥­¨¥ ãá«®¢¨ï b) ¤«ï ¢ë¡à ­­®£® ª¢ ¤à â  �(k) ¯à®¢¥àï¥âáï  ­ «®£¨ç­ë¬ ®¡à §®¬.
� ª ª ª ¤«ï ª ¦¤®£® k = 1; 2; : : : ¢ë¯®«­ï¥âáï ®æ¥­ª  "(k) � (2=3)k"(0) < (2=3)k=(32M), â®

¤«ï ¯®áâà®¥­­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ Z-ª¢ ¤à â®¢ ¢¥à­® ­¥à ¢¥­áâ¢®

jf(z(k)1 )� f(z(k)2 )j � jf(z(0)1 )� f(z(0)2 )j
k�1Y
j=0

(1� (2M"(j))1=2) �

� jf(z(0)1 )� f(z(0)2 )j
k�1Y
j=0

(1� (2=3)j=2=4):

�§ áå®¤¨¬®áâ¨ àï¤ 
1P
k=0

(2=3)k=2=4 á«¥¤ã¥â áå®¤¨¬®áâì àï¤ 
1P
k=0

ln(1 � (2=3)k=2=4), à ¢­®á¨«ì­ ï

áå®¤¨¬®áâ¨ ¡¥áª®­¥ç­®£® ¯à®¨§¢¥¤¥­¨ï � =
1Q
k=0

(1 � (2=3)k=2=4) > 0. �¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨

k !1, ¯®«ãç ¥¬ ®æ¥­ªã

lim inf
k!1

jf(z(k)1 )� f(z(k)2 )j � �jf(z(0)1 )� f(z(0)2 )j > 0:

�®áª®«ìªã jz(k)1 � z
(k)
2 j ! 0 ¯à¨ k !1, íâ  ®æ¥­ª  ¯à®â¨¢®à¥ç¨â ­¥¯à¥àë¢­®áâ¨ ®â®¡à ¦¥­¨ï f .

�«¥¤®¢ â¥«ì­®, ¤®¯ãé¥­¨¥ ­¥ à¥ «¨§ã¥âáï, ¨ ¤«ï «î¡ëå x, y ¨ h 6= 0 ¢ë¯®«­ï¥âáï ®æ¥­ª 
jv(y + h) � v(y)j � ju(x + h) � u(x)j=(32M). �®« £ ï L = 32M , ¯®«ãç ¥¬ ¯à ¢ãî ç áâì ãá«®¢¨ï
(36) ¢ «¥¬¬¥ 4.2. �à¨¬¥­¨¢ â® ¦¥ à ááã¦¤¥­¨¥ ª ª®¬¯«¥ªá­®© áâàãªâãà¥ z0 = x0 + iy0, x0 = y,
y0 = x, f(z0) = u0(x0) + iv0(y0), u0 = v, v0 = u, ¯®«ãç¨¬ ¢ë¯®«­¥­¨¥ «¥¢®© ¯®«®¢¨­ë ãá«®¢¨ï (36).
�¥¯¥àì «¥¬¬  4.2 ¤ ¥â âà¥¡ã¥¬ãî ®æ¥­ªã ¡¨«¨¯è¨æ¥¢®áâ¨ £®¬¥®¬®àä¨§¬  f .

�¢â®à ¯à¨§­ â¥«¥­  ª ¤¥¬¨ªã �.�.� ¢à¥­âì¥¢ã, ãª § ¢è¥¬ã ­  ¢ ¦­®áâì à áá¬®âà¥­¨ï
ç áâ­®£® á«ãç ï ¯àï¬®ã£®«ì­ëå £®¬¥®¬®àä¨§¬®¢ ¢ íâ®© ¨ ¯®¤®¡­ëå ¥© § ¤ ç å á £¥®¬¥âà¨ç¥-
áª¨¬¨ ãá«®¢¨ï¬¨.
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