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� à¨ æ¨®ë© ¯à¨æ¨¯ ¬ ªá¨¬ã¬  ¢¯¥à¢ë¥ ¡ë« ¯®«ãç¥ ª ª á ¬®áâ®ïâ¥«ìë© à¥§ã«ìâ â
�.�. �à®çª® [1] ¤«ï £¨¯¥à¡®«¨ç¥áª¨å á¨áâ¥¬ ª ®¨ç¥áª®£® ¢¨¤  ¨ �ãàá {� à¡ã. �à®áâ®â  ¨
ä ªâ¨ç¥áª ï íª¢¨¢ «¥â®áâì íâ¨å á¨áâ¥¬ ®¡êïáï¥âáï ®¤¨ ª®¢ë¬ áâà®¥¨¥¬ á¥¬¥©áâ¢ ¨å å -
à ªâ¥à¨áâ¨ª: ª ¦¤ ï å à ªâ¥à¨áâ¨ª  ®¤®£® ¨§ á¥¬¥©áâ¢ ®àâ®£® «ì  «î¡®© å à ªâ¥à¨áâ¨ª¥
¤àã£®£® á¥¬¥©áâ¢ . �®§¤¥¥ ¢ à¨ æ¨®ë© ¯à¨æ¨¯ ¬ ªá¨¬ã¬  ã¤ «®áì à á¯à®áâà ¨âì   ¡®-
«¥¥ ®¡é¨¥ £¨¯¥à¡®«¨ç¥áª¨¥ á¨áâ¥¬ë [2], ¢ ª®â®àëå ä¨£ãà¨àãîâ ªà¨¢®«¨¥©ë¥ å à ªâ¥à¨áâ¨ª¨
¯à®¨§¢®«ì®£® ª®¥ç®£® ç¨á«  á¥¬¥©áâ¢. �¤ ª® ¢ à ¡®â å [2]{[4] áãé¥áâ¢¥® ¨á¯®«ì§®¢ « áì
¨§ ç «ì ï § ¯¨áì £¨¯¥à¡®«¨ç¥áª®© á¨áâ¥¬ë ¢ ¨¢ à¨ â å �¨¬  , çâ® ¯®§¢®«ï«® ¤®áâ â®ç®
«¥£ª® ¯à®¢¥áâ¨ áã¦¥¨¥ ¤¨ää¥à¥æ¨ «ì®£® ®¯¥à â®à    å à ªâ¥à¨áâ¨ª¨ ¨ ¯®«ãç¨âì ¥®¡å®-
¤¨¬ë¥ ®æ¥ª¨ ¤«ï ¯à¨à é¥¨ï âà ¥ªâ®à¨¨ ç¥à¥§ ¯ à ¬¥âàë ¢ à¨ æ¨© ã¯à ¢«¥¨ï. � «ì¥©è¨¥
¦¥ ¯®¯ëâª¨ ®¡®¡é¥¨ï ¤ ®£® à¥§ã«ìâ â    á¨áâ¥¬ë ¬®£®¬¥àëå £¨¯¥à¡®«¨ç¥áª¨å ãà ¢¥-
¨© ¢ëï¢¨«¨ ¯®âà¥¡®áâì ¢ ¯à¨æ¨¯¨ «ì® ¤àã£®© â¥å¨ª¥, â. ª. ¢ ®¡é¥¬ á«ãç ¥ ¬®£®¬¥àë¥
£¨¯¥à¡®«¨ç¥áª¨¥ á¨áâ¥¬ë ¥ ¯à¨¢®¤ïâáï ª ¨¢ à¨ â®¬ã ¢¨¤ã ¢ ®¡ëç®¬ ¯®¨¬ ¨¨ íâ®£®
â¥à¬¨ .

� ¯à¥¤« £ ¥¬®© à ¡®â¥, ª ª ¨ à ¥¥ [2]{[4], ¯®«ãç¥ ¢ à¨ æ¨®ë© ¯à¨æ¨¯ ¬ ªá¨¬ã¬  ¤«ï
®¤®¬¥àëå £¨¯¥à¡®«¨ç¥áª¨å á¨áâ¥¬, ® § ¯¨á ëå ¢ ®¡é¥© ¥¨¢ à¨ â®© ä®à¬¥. �¡®á®¢ -
¨¥¬ â ª®© \¯à®¬¥¦ãâ®ç®áâ¨" æ¥«¨ ¬®£ãâ á«ã¦¨âì,  ¯à¨¬¥à, á«¥¤ãîé¨¥ ®¡áâ®ïâ¥«ìáâ¢ . �®-
¯¥à¢ëå, ¯à¥¤¢ à¨â¥«ì®¥ ¨áá«¥¤®¢ ¨¥ ®¤®¬¥àëå á¨áâ¥¬ ®¡é¥£® ¢¨¤  ¯®§¢®«ï¥â áà ¢¨â¥«ì®
«¥£ª® § £®â®¢¨âì ¨  ¯à®¡¨à®¢ âì ¬®£¨¥ ª®áâàãªæ¨¨, ¯®ïâ¨ï, ãâ¢¥à¦¤¥¨ï, ª®â®àë¥ ¯à¨ ¯¥-
à¥®á¥   ¬®£®¬¥àë¥ á¨áâ¥¬ë ¬¥ïîâáï ¥§ ç¨â¥«ì®, ¯® ªà ©¥© ¬¥à¥, á ä®à¬ «ì®© â®çª¨
§à¥¨ï. �®-¢â®àëå, ¢ ¡®«ìè¨áâ¢¥ ¯à¨«®¦¥¨© á¨áâ¥¬ë ¨¬¥îâ ¥¨¢ à¨ âãî ä®à¬ã § ¯¨á¨.
�à¨¢¥¤¥¨¥ ¨å ª ¨¢ à¨ â®¬ã ¢¨¤ã âà¥¡ã¥â ¯¥à¥áç¥â  ¯ãâ¥¬ «¨¥©®© § ¬¥ë ¯¥à¥¬¥ëå
á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©,  ç «ìëå ¨ £à ¨çëå ãá«®¢¨©, æ¥«¥¢®£® äãªæ¨® -
« . �®ïâ®, çâ® £®à §¤® ã¤®¡¥¥ ¯®«ì§®¢ âìáï ãá«®¢¨¥¬ ®¯â¨¬ «ì®áâ¨, áä®à¬ã«¨à®¢ ë¬ ¢
â¥à¬¨ å ¨áå®¤®© ¯®áâ ®¢ª¨ § ¤ ç¨. � ª®¥æ, ¢-âà¥âì¨å, ¥¬ «®¢ ¦ë¬ ¬®¬¥â®¬ ï¢«ï¥âáï
¢®§¬®¦®áâì ¯à®¢¥àª¨ ®¢®£® à¥§ã«ìâ â  ¯ãâ¥¬ áà ¢¥¨ï á ã¦¥ ¨¬¥îé¨¬áï.

1. �®áâ ®¢ª  § ¤ ç¨ ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï

� ¯«®áª®áâ¨ ¥§ ¢¨á¨¬ëå ¯¥à¥¬¥ëå (s; t) à áá¬®âà¨¬ ¯àï¬®ã£®«ì¨ª P = S�T , S = [s0; s1],
T = [t0; t1]. �ãáâì 
, G, G0, G1, D0, D1 | á®®â¢¥âáâ¢¥® ¥£® ¯®« ï, ¡®ª®¢ ï, «¥¢ ï, ¯à ¢ ï,
¢¥àåïï ¨ ¨¦ïï £à ¨æë, 
 = G[D0[D1,G = G0[G1. �ãâà¨ ¯àï¬®ã£®«ì¨ª  P § ä¨ªá¨àã¥¬
¢¥àâ¨ª «ìë© ®âà¥§®ª G = f(s; t) : s = s; t 2 Tg, ¢ë¡à ¢ s 2 (s0; s1).

�¯à ¢«ï¥¬ë© ¯à®æ¥áá fu;xg c r-¬¥àë¬ ã¯à ¢«¥¨¥¬ u = u(s; t) ¨ n-¬¥àë¬ á®áâ®ï¨¥¬
x = x(s; t) ¯®¤ç¨¨¬ á¨áâ¥¬¥ ¯®«ã«¨¥©ëå £¨¯¥à¡®«¨ç¥áª¨å ãà ¢¥¨©

xt +A(s; t)xs = f(x; u; s; t) (1.1)

c  ç «ìë¬¨ ãá«®¢¨ï¬¨   ¨¦¥© £à ¨ D0

x(s; t0) = x0(s); s 2 S; (1.2)
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¨ á¬¥è ë¬¨ ãá«®¢¨ï¬¨   ¡®ª®¢®© £à ¨æ¥

B�(s; t)x(s; t) = q(s; t); (s; t) 2 G: (1.3)

�¤¥áì ¬ âà¨æ  B�(s; t) ª®áâàã¨àã¥âáï ¯® á¯¥æ¨ «ì®¬ã ¯à ¢¨«ã, ª®â®à®¥ à áá¬ âà¨¢ ¥âáï ¢
á«¥¤ãîé¥¬ ¯ à £à ä¥, á ¯®¬®éìî ¬ âà¨æë A(s; t) ¨ ¥¤¨¨ç®£® ¢¥ªâ®à  ¢¥è¥© ®à¬ «¨ ª
£à ¨æ¥ 
 ¯àï¬®ã£®«ì¨ª  P â ª, çâ®¡ë £à ¨çë¥ ãá«®¢¨ï (1.3) ¡ë«¨ ª®àà¥ªâë ¯® ®â®è¥¨î
ª «¨¥©®¬ã ¤¨ää¥à¥æ¨ «ì®¬ã ®¯¥à â®àã á¨áâ¥¬ë (1.1).

�®¦¥áâ¢® ¤®¯ãáâ¨¬ëå ã¯à ¢«¥¨© ¢ë¡¥à¥¬ ª ª á®¢®ªã¯®áâì ¨§¬¥à¨¬ëå ¢ P ¢¥ªâ®à-
äãªæ¨©, ã¤®¢«¥â¢®àïîé¨å ¯®çâ¨ ¢áî¤ã ¢ ¥¬ ®£à ¨ç¥¨î

u(s; t) 2 U (1.4)

á § ¤ ë¬ ª®¬¯ ªâë¬ ¬®¦¥áâ¢®¬ U � Er.
�®áâ ¢¨¬ § ¤ çã ® ¯®¨áª¥ ¤®¯ãáâ¨¬®£® ã¯à ¢«¥¨ï, ¬¨¨¬¨§¨àãîé¥£®   à¥è¥¨ïå á¨áâ¥¬ë

(1.1) á  ç «ì®-ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ (1.2), (1.3) äãªæ¨® «

J(u) =
Z

nD0

'(B+x; s; t)d! +
Z
T

g(A(s; t)x(s; t); t)dt+
Z Z

P

�(x; u; s; t)ds dt: (1.5)

�ãªæ¨¨ '(x; s; t), g(x; t) ¨ �(x; u; s; t), f(x; u; s; t) § ¤ îâáï á®®â¢¥âáâ¢¥®   ¬®¦¥áâ¢ å En�
S � T , En � T ¨ En � Er � S � T ,   n � n-¬ âà¨æ  B+(s; t) áâà®¨âáï ¢ á«¥¤ãîé¥¬ ¯ à £à ä¥
á®¢¬¥áâ® á ¬ âà¨æ¥© B�(s; t).

�â®á¨â¥«ì® ¯ à ¬¥âà®¢ § ¤ ç¨ (1.1){(1.5) ¡ã¤¥¬ áç¨â âì ¢ë¯®«¥ë¬¨ á«¥¤ãîé¨¥ ¯à¥¤-
¯®«®¦¥¨ï:

1) A(s; t) | £« ¤ª ï á¨¬¬¥âà¨ç ï ¬ âà¨æ  c § ª®¯®áâ®ïë¬¨ ¨ à §«¨çë¬¨ ¢áî¤ã ¢ P
á®¡áâ¢¥ë¬¨ äãªæ¨ï¬¨;

2) f(x; u; s; t), '(x; s; t), g(x; t), �(x; u; s; t) ¥¯à¥àë¢ë ¯® á®¢®ªã¯®áâ¨ á¢®¨å  à£ã¬¥â®¢
¢áî¤ã ¢ ®¡« áâ¨ ®¯à¥¤¥«¥¨ï ¢¬¥áâ¥ á ç áâë¬¨ ¯à®¨§¢®¤ë¬¨ ¯® x;

3) ¢¥ªâ®à-äãªæ¨¨ 'x(x; s; t), gx(x; t), �x(x; u; s; t) ¨ ¬ âà¨ç ï äãªæ¨ï fx(x; u; s; t) ã¤®¢«¥-
â¢®àïîâ ãá«®¢¨î �¨¯è¨æ  ¯® x;

4) x0(s) ¨ g(s; t) ¨â¥£à¨àã¥¬ë á ª¢ ¤à â®¬ ¯® �¥¡¥£ã ¢ ®¡« áâïå S ¨ G á®®â¢¥âáâ¢¥®.

�®ïâ®, çâ® § ¤ ç  ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï (1.1){(1.5) ¥ ¤® ª®æ  ä®à¬ «¨§®¢  , â. ª.,
¢®-¯¥à¢ëå, ¯®ª  ¥ áª § ®, ¢ ª ª®¬ á¬ëá«¥ ¯®¨¬ ¥âáï à¥è¥¨¥ x á¨áâ¥¬ë (1.1) ¢ ãá«®¢¨ïå
à §àë¢®£® ã¯à ¢«¥¨ï u,   ¢®-¢â®àëå, ¥ ª®ªà¥â¨§¨à®¢  á¯®á®¡ ¯®áâà®¥¨ï ¬ âà¨æ B�(s; t)
¨ B+(s; t), ãç áâ¢ãîé¨å ¢ ä®à¬¨à®¢ ¨¨ £à ¨çëå ãá«®¢¨© (1.3) ¨ â¥à¬¨ «ì®© ç áâ¨ äãª-
æ¨® «  (1.5). �â¨ ¢®¯à®áë à áá¬ âà¨¢ îâáï ¢ á«¥¤ãîé¥¬ ¯ à £à ä¥.

2. �®¯ãáâ¨¬ë© ¯à®æ¥áá

�¢¥¤¥¬ ¯®ïâ¨¥ ®¡®¡é¥®£® à¥è¥¨ï, á«¥¤ãï à ¡®â ¬ [5], [6], ¢ ª®â®àëå ¤®ª § ® ¥£® áãé¥-
áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì ¤«ï ¬®£®¬¥àëå £¨¯¥à¡®«¨ç¥áª¨å á¨áâ¥¬ ¢¨¤  (1.1). �ãáâì (�0; �)
| ¢¥è¨© ¢¥ªâ®à ¥¤¨¨ç®© ®à¬ «¨ ª 
, E | ¥¤¨¨ç ï n�n-¬ âà¨æ . �¯à¥¤¥«¨¬ ¢ â®çª å
(s; t) 2 
 ¬ âà¨çãî äãªæ¨î

B(s; t) = �0E + �A(s; t):

�ç¥¢¨¤®, çâ® ¬ âà¨æ  B(s; t) ¥áâì ¢áïª¨© à § «¨¡® �E, «¨¡® �A(s; t) ¢ § ¢¨á¨¬®áâ¨ ®â ¯à¨ ¤-
«¥¦®áâ¨ â®çª¨ (s; t) ª®ªà¥â®© £à ¨ ¯àï¬®ã£®«ì¨ª  P. � ª ¨§¢¥áâ®, ¤«ï á¨¬¬¥âà¨çëå
¬ âà¨æ ¢á¥£¤  ¬®¦® ¯®áâà®¨âì ®àâ®£® «ìãî ¬ âà¨æã ¯¥à¥å®¤  L(s; t) ª ¥¥ á®¡áâ¢¥®© ¬ -
âà¨æ¥, ¯à¨ç¥¬ L(s; t)T � L(s; t) = E (§¤¥áì ¨ ¤ «¥¥ T | § ª âà á¯®¨à®¢ ¨ï). �ãáâì Z(s; t) |
á®¡áâ¢¥ ï ¬ âà¨æ  ¬ âà¨æë B(s; t). �¨¥©®¥ ¯à¥®¡à §®¢ ¨¥

B(s; t) = LT (s; t)Z(s; t)L(s; t); (s; t) 2 
;
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¡ã¤¥¬ áç¨â âì ¨§¢¥áâë¬. �¡®§ ç¨¬ ç¥à¥§ Z�(s; t) ¨ Z+(s; t) ¬ âà¨æë, ¯®«ãç¥ë¥ ¨§ ¬ âà¨æë
Z(s; t) § ¬¥®©   ã«¥¢ë¥ á®®â¢¥âáâ¢¥® ¢á¥å ¥¥ ¯®«®¦¨â¥«ìëå ¨ ®âà¨æ â¥«ìëå ¤¨ £® «ì-
ëå í«¥¬¥â®¢. �®£¤  ¬ âà¨æë B+ ¨ B� ®¯à¥¤¥«ïîâáï ¯® ¯à ¢¨«ã

B�(s; t) = LT (s; t)Z�(s; t)L(s; t); B+(s; t) = LT (s; t)Z+(s; t)L(s; t):

�¡®§ ç¨¬ ç¥à¥§ D ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à á¨áâ¥¬ë (1.1) ¨ ¢¢¥¤¥¬
�¯à¥¤¥«¥¨¥ ®¡®¡é¥®£® à¥è¥¨ï. �ãªæ¨î x 2 Ln

2 (P), ¨¬¥îéãî á«¥¤ x 2 Ln
2 (
),

 §®¢¥¬ ®¡®¡é¥ë¬ à¥è¥¨¥¬ á¨áâ¥¬ë (1.1) á® á¬¥è ë¬¨ ãá«®¢¨ï¬¨ (1.2), (1.3), ¥á«¨ áãé¥-
áâ¢ã¥â â ª ï ¯®á«¥¤®¢ â¥«ì®áâì £« ¤ª¨å ¢ P äãªæ¨© yk 2 Cn

1 (P), çâ®

kyk � xkLn
2 (P)

+ kDyk � fkLn
2 (P)

+ kyk � xkLn
2 (
)

�! 0; k !1: (2.1)

� ¬¥â¨¬, çâ® ¤«ï ®¡®¡é¥®£® à¥è¥¨ï á¯à ¢¥¤«¨¢® â®¦¤¥áâ¢®

hy; fiLn
2 (P)

+ hD�y; xiLn
2 (P)

= hy;BxiLn
2 (
)

; (2.2)

¢ ª®â®à®¬ y | ¯à®¨§¢®«ì ï £« ¤ª ï äãªæ¨ï,D� | ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à, ä®à¬ «ì®
á®¯àï¦¥ë© ª D, â. ¥.

D�x = xt + [A(s; t)x]s:

�¥©áâ¢¨â¥«ì®, ¯ãáâì ¯®á«¥¤®¢ â¥«ì®áâì £« ¤ª¨å äãªæ¨© yk  ¯¯à®ªá¨¬¨àã¥â ®¡®¡é¥®¥ à¥-
è¥¨¥ x. �®á¯®«ì§ã¥¬áï ä®à¬ã«®© ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬

hy;DykiLn
2 (P)

+ hD�y; ykiLn
2 (P)

= hy;BykiLn
2 (
)

; k = 1; 2; : : :

�¥à¥©¤ï ª ¯à¥¤¥«ã ¯à¨ k !1 á ãç¥â®¬ (2.1), ¯®«ãç¨¬ (2.2).
� ª ã¦¥ ®â¬¥ç «®áì, ¢ à ¡®â å [5], [6] ¤®ª § ® áãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì ®¡®¡é¥®£®

à¥è¥¨ï ¤«ï ¬®£®¬¥à®£® ¢ à¨ â  «¨¥©®© ¯® x á¨áâ¥¬ë (1.1) á® á¬¥è ë¬¨ ãá«®¢¨ï¬¨
(1.2), (1.3). �à¨ ¨á¯®«ì§®¢ ¨¨ íâ®£® à¥§ã«ìâ â  ¨ ¯à¥¤¯®«®¦¥¨ï ® ¥¯à¥àë¢®áâ¨ ¯® x ¯à ¢®©
ç áâ¨ á¨áâ¥¬ë (1.1) ¯® �¨¯è¨æã, ¢ [7], [8] ¤®ª §   â¥®à¥¬  áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨
®¡®¡é¥®£® à¥è¥¨ï ¨ ¤«ï ¯®«ã«¨¥©®© á¨áâ¥¬ë (1.1).

� ª¨¬ ®¡à §®¬, ª ¦¤®¬ã ¤®¯ãáâ¨¬®¬ã ã¯à ¢«¥¨î u á®®â¢¥âáâ¢ã¥â ¥¤¨áâ¢¥®¥ ®¡®¡é¥-
®¥ à¥è¥¨¥ x § ¤ ç¨ (1.1){(1.3). � àã fu;xg, ¢ ª®â®à®© u | ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥¨¥,   x |
á®®â¢¥âáâ¢ãîé¥¥ ¥¬ã ®¡®¡é¥®¥ à¥è¥¨¥, ¡ã¤¥¬  §ë¢ âì ¤®¯ãáâ¨¬ë¬ ¯à®æ¥áá®¬.

3. � à ªâ¥à¨áâ¨ª¨ á¨áâ¥¬ë ¨ ¥¥ ¨â¥£à «ìë© íª¢¨¢ «¥â

�¢¥¤¥¬ å à ªâ¥à¨áâ¨ª¨ á¨áâ¥¬ë (1.1),  ¬¥à¥® ¨á¯®«ì§ãï ¯®¤å®¤, ®¡é¥¯à¨ïâë© ¤«ï ¬®-
£®¬¥àëå £¨¯¥à¡®«¨ç¥áª¨å á¨áâ¥¬. �ãáâì ¢ P ãà ¢¥¨¥¬ �(s; t) = c, � 2 C1(P), c 2 E1, § ¤ -
  ªà¨¢ ï Xc. �®¯®«¨â¥«ì® ¯à¥¤¯®«®¦¨¬, çâ® £à ¤¨¥â r� ¥ ¢ëà®¦¤¥ ¢áî¤ã ¢ P, â. ¥.
�t(s; t)

2 + �s(s; t)
2
6= 0, (s; t) 2 P. �®¢®àïâ, çâ® ªà¨¢ ï Xc ï¢«ï¥âáï å à ªâ¥à¨áâ¨ª®© á¨áâ¥¬ë

(1.1), ¥á«¨

det j�t(s; t)E + �s(s; t)A(s; t)j = 0: (3.1)

�á®, çâ® ãá«®¢¨¥ (3.1) íª¢¨¢ «¥â® âà¥¡®¢ ¨î

�t(s; t) + �i(s; t)�s(s; t) = 0; (3.2)

£¤¥ �i(s; t) | i-¥ á®¡áâ¢¥®¥ § ç¥¨¥ ¬ âà¨æë A ¢ â®çª¥ (s; t), i = 1; 2; : : : ; n. � ª¨¬ ®¡à §®¬,
ª ¦¤®¬ã á®¡áâ¢¥®¬ã § ç¥¨î �i á®®â¢¥âáâ¢ã¥â å à ªâ¥à¨áâ¨ç¥áª®¥ á¥¬¥©áâ¢® X (i) á å à ª-
â¥à¨áâ¨ª ¬¨ X (i)

c , ¯à¨ç¥¬ (s; t) 2 X (i)
c â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  �i(s; t) = c ¨ �i(s; t) | à¥è¥¨¥

ãà ¢¥¨ï (3.2).
�à ¢¥¨¥ (3.2) ®¯à¥¤¥«ï¥â äãªæ¨î �(s; t) ¨, á«¥¤®¢ â¥«ì®, å à ªâ¥à¨áâ¨ª¨ Xá á¨áâ¥¬ë

(1.1) ¥¥¤¨áâ¢¥ë¬ ®¡à §®¬. �áâà ¨¬ íâ®â ¥¤®áâ â®ª á«¥¤ãîé¨¬ á¯®á®¡®¬. �®âà¥¡ã¥¬, çâ®-
¡ë äãªæ¨ï �i(s; t) ®¡à é « áì ¢ ã«ì ¢ â®çª¥ (�; �) 2 P, ¨ ¯®ª ¦¥¬, çâ® â ª ï äãªæ¨ï
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�i(s; t; �; �) áâà®¨âáï ®¤®§ ç®. �«ï íâ®£® ¢®§ì¬¥¬ à¥è¥¨¥ s = si(�; � ; t) ®¡ëª®¢¥®£® ¤¨ä-
ä¥à¥æ¨ «ì®£® ãà ¢¥¨ï

ds

dt
= �i(s; t);

®¡« ¤ îé¥¥ á¢®©áâ¢®¬: � = si(�; � ; t) ¯à¨ � = t. �®¦® ¤®ª § âì [2], çâ® äãªæ¨ï �i(s; t; �; �) =
si(s; t; �) � � ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (3.2), ¨ à ¢¥áâ¢® �i(s; t; �; �) = c ®¯à¥¤¥«ï¥â å à ªâ¥à¨-
áâ¨ªã X (i)

c , ¨¬¥îéãî ï¢ë© ¢¨¤ s = si(� + c; � ; t).
� £¥®¬¥âà¨ç¥áª®© â®çª¨ §à¥¨ï ¯ à ¬¥âà c ®§ ç ¥â ¢¥«¨ç¨ã á¤¢¨£  ¯® s å à ªâ¥à¨áâ¨ª¨

X (i)
c ®â®á¨â¥«ì® å à ªâ¥à¨áâ¨ª¨ X (i)

0 ¢ ¬®¬¥â t = � . � ¤àã£¨¥ ¬®¬¥âë ¢à¥¬¥¨ t 6= � à ááâ®-
ï¨¥ ¬¥¦¤ã íâ¨¬¨ å à ªâ¥à¨áâ¨ª ¬¨ § ¤ ¥âáï ¢ëà ¦¥¨¥¬ jsi(�+c; � ; t)�si(�; � ; t)j, ¢ëç¨á«¨âì
ª®â®à®¥ ï¢®, ¢®®¡é¥ £®¢®àï, ¥¢®§¬®¦®. �¥¬ ¥ ¬¥¥¥, á¯à ¢¥¤«¨¢  [2]  á¨¬¯â®â¨ç¥áª ï ®æ¥-
ª 

si(� + "; � ; t) � si(�; � ; t) = si�(�; � ; t)" + o(") (3.3)

á ª®íää¨æ¨¥â®¬ ¯à¨ ¬ «®¬ ¯ à ¬¥âà¥ ", ã¤®¢«¥â¢®àïîé¨¬ ¥à ¢¥áâ¢ ¬

0 < exp[(t1 � t0)�
min
s ] � si�(�; � ; t) � exp[(t1 � t0)�

max
s ]; (3.4)

�min
s = min

i=1;2;:::;n
min
(s;t)2P

�
@�i(s; t)
@s

�
; �max

s = max
i=1;2;:::;n

max
(s;t)2P

�
@�i(s; t)
@s

�
:

� ¯®¬®éìî å à ªâ¥à¨áâ¨ç¥áª®© äãªæ¨¨ ¨ ¯ à ¬¥âà®¢ � 2 (s0; s1), �; t 2 T; " > 0, i 2
f1; 2; : : : ; ng § ¤ ¤¨¬ ¯®«®áªã

P(i)
" (�; � ; t ) = f(s; t) 2 P : 0 � �i(s; t; �; �) � "; t � tg

¨ ¢¢¥¤¥¬ ®¡®§ ç¥¨ï: @P(i)
" (�; � ; t ), @P

(i)

" (�; � ; t ), @P(i)
" (�; � ; t ) | ®¡é ï, ¢¥àåïï ¨ ¨¦ïï £à -

¨æë ®¡« áâ¨ P(i)
" (�; � ; t ) á®®â¢¥âáâ¢¥®; (s0i(�; �); t

0
i(�; �)) |  ç «ì ï â®çª  å à ªâ¥à¨áâ¨ª¨

X
(i)
0 . � «¥¥, â ¬, £¤¥ íâ® ¥ ¢ë§ë¢ ¥â à §®çâ¥¨©, ¯ à ¬¥âàë �, � , t ¤«ï ªà âª®áâ¨ ®¯ãáª îâáï.

�â¬¥â¨¬, çâ® ¢ ®â«¨ç¨¥ ®â ¢¥àå¥© £à ¨æë @P
(i)

" , ª®â®àãî §¤¥áì ¡ã¤¥¬ áç¨â âì ®âà¥§ª®¬, ¯ -
à ««¥«ìë¬ ®á¨ OS ¨ á®¥¤¨ïîé¨¬ ¢ ¬®¬¥â t = t å à ªâ¥à¨áâ¨ª¨ X (i)

0 ¨ X (i)
" , ¨¦ïï £à ¨æ 

@P(i)
" ¬®¦¥â § «¥£ âì ¥ â®«ìª®   D0, ® ¨   G0 ¨ G1.
�ãáâì b� = b�(s; t), b� = (�0; �) | ¢¥ªâ®à ¥¤¨¨ç®© ¢¥è¥© ®à¬ «¨ ¢ â®çª å ª®âãà  @P(i)

"

¯®«®áª¨ P(i)
" . �ä®à¬¨àã¥¬ ¬ âà¨æã

B(s; t) = �0(s; t)E + �(s; t)A(s; t)

¨ ç¥à¥§ L(s; t) ¡ã¤¥¬, ª ª ¨ à ¥¥, ®¡®§ ç âì «¨¥©®¥ ®àâ®®à¬¨à®¢ ®¥ ¯à¥®¡à §®¢ ¨¥,
¯à¨¢®¤ïé¥¥ ¬ âà¨æã A(s; t) ª ¤¨ £® «ì®© ¬ âà¨æ¥ �(s; t), â ¥.

LT (s; t) � L(s; t) = E; L(s; t)A(s; t) � LT (s; t) = �(s; t):

� ¬¥â¨¬, çâ®   ¡®ª®¢ëå £à ¨æ å ¯®«®áª¨ P(i)
" ¢¥ªâ®à b� ª®««¨¥ à¥ r�i ¨, § ç¨â (á¬.

(3.2)), ¬ âà¨æ  B(s; t) §¤¥áì ¢ëà®¦¤¥ , ¯à¨ç¥¬, ª ª ¥âàã¤® ¯à®¢¥à¨âì, ¥¥  ã«¨àãîé¨¬
¢¥ªâ®à®¬ á«ã¦¨â i-© áâ®«¡¥æ ¬ âà¨æë LT , â. ¥.

B(s; t)`(i)(s; t) = 0; (s; t) 2 @P(i)
" n (@P(i)

" [ @P
(i)

" ): (3.5)

�®¬®¦¨¬ â¥¯¥àì á¨áâ¥¬ã (1.1) á«¥¢    ¢¥ªâ®à `(i) ¨, áç¨â ï x ®¡®¡é¥ë¬ à¥è¥¨¥¬ § ¤ ç¨
(1.1){(1.3), ¯à®¨â¥£à¨àã¥¬ ¯®«ãç¥®¥ à ¢¥áâ¢® ¯® ¯®«®áª¥ P(i)

" . �  ®á®¢ ¨¨ â®¦¤¥áâ¢  (2.2)
¡ã¤¥¬ ¨¬¥âì

h`(i);Bxi
Ln
2 (@P

(i)
" )

= h`(i); fi
Ln
2 (P

(i)
" )

+ hD�`(i); xi
Ln
2 (P

(i)
" )
:

�âáî¤  ¨ ¨§ (3.5) á«¥¤ã¥â à ¢¥áâ¢®

h`(i); xi
Ln
2 (@P

(i)

" )
= �h`(i);Bxi

Ln
2 (@P

(i)
" )

+ h`(i); fi
Ln
2 (P

(i)
" )

+ hD�`(i); xi
Ln
2 (P

(i)
" )
: (3.6)
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�¢¥¤¥¬ äãªæ¨î ri = ri(s; t), ®¯à¥¤¥«¨¢ ¥¥ ¤¨ää¥à¥æ¨ «ìë¬ à ¢¥áâ¢®¬

rit + �i(s; t)ris = h`(i); f(x; u; s; t)iEn + hD`(i); xiEn ; (s; t) 2 P; (3.7)

¨  ç «ìë¬ ãá«®¢¨¥¬

ri(s; t) = h`(i)(s; t); x(s; t)iEn ; (s; t) 2 
 n D1: (3.8)

�®ïâ®, çâ® äãªæ¨ï ri ¥áâì i-© ¨¢ à¨ â �¨¬   á¨áâ¥¬ë (1.1). �¥©áâ¢¨â¥«ì®, ¯à®¨â¥£à¨-
àã¥¬ à ¢¥áâ¢® (3.7) ¯® ¯®«®áª¥ P(i)

" á ãç¥â®¬ ãá«®¢¨© (3.8) (ª ª íâ® á¥©ç á ¡ã¤¥â ãáâ ®¢«¥®,
¨å \¨§¡ëâ®ç®áâì" ¨¬¥¥â «¨èì ä®à¬ «ìë© å à ªâ¥à) ¨ ¢ëçâ¥¬ à¥§ã«ìâ â ¨§ â®¦¤¥áâ¢  (3.6).
�®«ãç¨¬ à ¢¥áâ¢®Z

@P
(i)

" (t )

(ri � h`(i); xi
En)ds =

Z t

t0
i

Z
@P

(i)

" (�)

�s(ri � h`(i); xi
En)ds d�;

¨§ ª®â®à®£® á«¥¤ã¥â, çâ® ri = h`(i); xiEn ¯®çâ¨ ¢áî¤ã ¢ P. �«¥¤®¢ â¥«ì®, ¤«ï ¢¥ªâ®à-äãªæ¨¨
r = (r1; r2; : : : ; rn) á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

x(s; t) = LT (s; t)r(s; t); r(s; t) = L(s; t)x(s; t): (3.9)

�¡®§ ç¨¬ ¤«ï ªà âª®áâ¨ ¯à ¢ë¥ ç áâ¨ à ¢¥áâ¢ (3.7) ®¢ë¬¨ äãªæ¨ï¬¨ Ri = Ri(r; u; s; t),
i = 1; 2; : : : ; n. �®á«¥ ¨â¥£à¨à®¢ ¨ï (3.7) ¢¤®«ì á®®â¢¥âáâ¢ãîé¥© å à ªâ¥à¨áâ¨ª¨ � = si(s; t;�),
� 2 [t0i(s; t); t] ¨ ãç¥â  ¤«ï ¨¢ à¨ â®¢ á¬¥è ëå ãá«®¢¨© (��)

�r = Lq   G0 [G1, r = Lx0  
D0 ¡ã¤¥¬ ¨¬¥âì

ri(s; t) = ri(s
0
i; t

0
i) +

Z t

t0
i

Ri(r; u; �; �)d�;

ri(s0i; t
0
i) =

(
�h`i; qij�ij

�1; (s0i; t
0
i) 2 G0 [G1;

h`i(s0i; t0); x
0(s0i)i; (s0i; t

0
i) 2 D0:

(3.10)

�¤¥« ë¥ ¯à¥¤¯®«®¦¥¨ï   ¯ à ¬¥âàë á¨áâ¥¬ë (1.1) ¯®§¢®«ïîâ ®æ¥¨âì áª®à®áâì à®áâ 
¯à ¢ëå ç áâ¥© ¢ (3.7) ¥à ¢¥áâ¢®¬

jRi(r; u; s; t)j � const �krk
En + kf(0; u; s; t)k

En ; r 2 En; u 2 U; (s; t) 2 P:

�âáî¤  ¨ ¨§ (3.10) ¬®¦® ¯®«ãç¨âì ®æ¥ª¨

jri(s; t)j �M

�
kq0(s0i; t

0
i)k+

tZ
t0
i

kf(0; u; �; �)k
���
�=si(s;t;�)

d�+

+
Z
@4(s;t)\


kq0(s; t)kd! +
Z Z

4(s;t)

kf(0; u; �; �)kd� d�: (3.11)

�¤¥áì q0(s0i; t
0
i) = q(s0i; t

0
i), ¥á«¨ (s0i; t

0
i) 2 G0 [ G1, q0(s0i; t

0
i) = x0(s0i), ¥á«¨ (s0i; t

0
i) 2 D0, 4(s; t) |

®¡« áâì § ¢¨á¨¬®áâ¨ à¥è¥¨ï ¤«ï â®çª¨ (s; t), 4(s; t) = f(�; �) 2 P : min
k=1;2;:::;n

sk(s; t; �) � � �

max
k=1;2;:::;n

sk(s; t; �)g, @4(s; t) | £à ¨æ  ®¡« áâ¨ 4(s; t).

�®¤à®¡®¥ ¤®ª § â¥«ìáâ¢® ®æ¥®ª (3.11) ¥ ¯à¨¢®¤¨âáï, á ®¤®© áâ®à®ë, ¢¢¨¤ã ¥£® £à®¬®§¤-
ª®áâ¨,  , á ¤àã£®©, | ¯® ¯à¨ç¨¥ ¯à®áâ®âë ¨¤¥¨, § ª«îç îé¥©áï ¢ á¢®©áâ¢¥ á¦ â¨ï ¨â¥£à «ì-
ëå à¥ªãàá¨¢ëå ®â®¡à ¦¥¨©.

� ¬¥ç ¨¥. � «¥¥ áãé¥áâ¢¥® ¡ã¤ãâ ¨á¯®«ì§®¢ âìáï ¢®§¬®¦®áâì áã¦¥¨ï ¤¨ää¥à¥æ¨-
 «ì®£® ®¯¥à â®à  á¨áâ¥¬ë (1.1)   ¥¥ å à ªâ¥à¨áâ¨ª¨ (à ¢¥áâ¢® (3.7)) ¨ § ¨¥ áâàãªâãàë
§ ¢¨á¨¬®áâ¨ à¥è¥¨ï § ¤ ç¨ (1.1){(1.3) ®â  ç «ìëå ¤ ëå ¨ ¥®¤®à®¤®áâ¨ á¨áâ¥¬ë (1.1)
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(®æ¥ª  (3.11)). �®¤ç¥àª¥¬, çâ® ¯®«ãç¨âì à¥§ã«ìâ âë (3.7) ¨ (3.11) ¬®¦®, ¤¥©áâ¢ãï ¯® ª« á-
á¨ç¥áª®© ¤«ï ¨áá«¥¤®¢ ¨© ®¤®¬¥àëå £¨¯¥à¡®«¨ç¥áª¨å á¨áâ¥¬ áå¥¬¥. � ¨¬¥®, ¢¢¥áâ¨ «¨-
¥©ãî ¥¢ëà®¦¤¥ãî § ¬¥ã ¯¥à¥¬¥ëå (3.9), ¯®áâà®¨âì ¨¢ à¨ âãî á¨áâ¥¬ã ãà ¢¥¨©
¨ á¤¥« âì ¯®á«¥¤îî ®á®¢ë¬ ®¡ê¥ªâ®¬ ¨§ãç¥¨ï ¢¢¨¤ã ¥¥ áãé¥áâ¢¥® ¡®«ìè¥£® ã¤®¡áâ¢  ¯®
áà ¢¥¨î á ¨áå®¤®© á¨áâ¥¬®© (1.1). �¤ ª®, ª ª ã¦¥ ®â¬¥ç «®áì ¢® ¢¢¥¤¥¨¨, â ª®© ¯ãâì ¥
¨¬¥¥â ¯¥àá¯¥ªâ¨¢ë ¯à¨ ¨áá«¥¤®¢ ¨ïå ¬®£®¬¥àëå á¨áâ¥¬. � ¯à®â¨¢, ®¯¨á ë© á¯®á®¡ ¨ ¢
¬®£®¬¥à®¬ á«ãç ¥ ¯®§¢®«ï¥â ¯à®¢¥áâ¨ á¯¥æ¨ «ì®¥ áã¦¥¨¥ ¤¨ää¥à¥æ¨ «ì®£® ®¯¥à â®à ,
¯®¤®¡®¥ (3.7), ¨ ãáâ ®¢¨âì ®æ¥ªã â¨¯  (3.11).

�â¬¥â¨¬ â ª¦¥, çâ® ®æ¥ª  (3.11) ¢ ®â«¨ç¨¥ ®â   «®£¨ç®© ®æ¥ª¨ ¢ [3] ï¢«ï¥âáï ¡®«¥¥
â®ª®© (ä ªâ¨ç¥áª¨ ®  ¥ ã«ãçè ¥¬ ), ®¡®¡é ¥â ®æ¥ªã ¨§ [4], ¨§ ç «ì® ¯à¨¢ï§ ãî ª
ª®ªà¥â®¬ã ¢¨¤ã ¢ à¨ æ¨¨ ã¯à ¢«¥¨ï,   â ª¦¥ ¬®¦¥â ¯à¨¬¥ïâìáï ¥ â®«ìª® ¤«ï à á¯à¥¤¥-
«¥ëå ¢ P, ® ¨ ¤«ï á®áà¥¤®â®ç¥ëå   £à ¨æ¥ 
 ã¯à ¢«¥¨©. �®á«¥¤¨¬ á¢®©áâ¢®¬ ®¡« ¤ îâ
à §«¨çë¥ ãáà¥¤¥ë¥ ®æ¥ª¨ (ç áâ® ¨å  §ë¢ îâ í¥à£¥â¨ç¥áª¨¬¨ ¥à ¢¥áâ¢ ¬¨), ª®â®àë¥
¨á¯®«ì§ãîâáï ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨© £¨¯¥à¡®-
«¨ç¥áª¨å á¨áâ¥¬. �®, ¢®-¯¥à¢ëå, â ª¨¥ ®æ¥ª¨ ¯à¨æ¨¯¨ «ì® ¥ ¯®§¢®«ïîâ ãáâ ®¢¨âì á¢ï§ì
¬¥¦¤ã á¨«®© ¢ à¨ æ¨¨ ã¯à ¢«¥¨ï ¨ ¢¥«¨ç¨®© ¯à¨à é¥¨ï âà ¥ªâ®à¨¨ ¨¬¥® ¢ â®çª å ®¡« -
áâ¨ P, çâ®, ª ª ¯à ¢¨«®, ¥®¡å®¤¨¬® ¢ â¥®à¨¨ ¨ ¬¥â®¤ å ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï,  , ¢®-¢â®àëå,
®¨ ï¢«ïîâáï ®ç¥¢¨¤ë¬ á«¥¤áâ¢¨¥¬ ¨§ (3.11).

4. �®â®ç¥çë© ¯à¨æ¨¯ ¬ ªá¨¬ã¬ 

�á¯®«ì§ãï ¬¥â®¤¨ªã, ¯®¤à®¡® ¨§«®¦¥ãî ¢ à ¡®â å [3], [4], [7], [8], ¬®¦® ¯®ª § âì, çâ®
¤«ï ¤¢ãå ¯à®¨§¢®«ìëå ¤®¯ãáâ¨¬ëå ¯à®æ¥áá®¢ fu;xg ¨ feu = u+4u; ex = x+4xg á¯à ¢¥¤«¨¢ 
ä®à¬ã«  ¯à¨à é¥¨ï æ¥«¥¢®£® äãªæ¨® « 

4J(u) = J(eu)� J(u) = �

Z Z
P
4euH( ; x; u; s; t)ds dt + �(u; eu): (4.1)

�¤¥áì H( ; x; u; s; t) = h ; fi
En � �(x; u; s; t) | äãªæ¨ï �®âàï£¨ , 4euH = H( ; x; eu; s; t) �

H( ; x; u; s; t) | ç áâ®¥ ¯à¨à é¥¨¥, � = �(u; eu) | ®áâ â®çë© ç«¥ ä®à¬ã«ë ¯à¨à é¥¨ï,
¨¬¥îé¨© ¢¨¤

� =
Z

nD0

O'(kB
+4xk

2

En)d! +
Z
T

Og(kA(s; t)�x(s; t)k
2
En)dt�

�

Z Z
P

[h�euHx;�xiEn +OH(k�xk
2
En)]ds dt; (4.2)

£¤¥ O', Og, OH | ®áâ â®çë¥ ç«¥ë à §«®¦¥¨ï ¢ àï¤ �¥©«®à  ¤® «¨¥©®£® á« £ ¥¬®£® ç áâ-
ëå ¯à¨à é¥¨© ¯® x äãªæ¨© ', g ¨ H á®®â¢¥âáâ¢¥®;  =  (s; t) | ®¡®¡é¥®¥ à¥è¥¨¥
á®¯àï¦¥®© § ¤ ç¨

D� = �Hx( ; x; u; s; t); (s; t) 2 P;

 (s; t1) = �'x(x(s; t1); s; t1); s 2 S;

B+(s; t)[ (s; t) + 'x(B+x; s; t) = 0; (s; t) 2 G;

A(s; t)[ (s+ 0; t)�  (s� 0; t) + gx(A(s; t)x(s; t); t)] = 0; t 2 T:

(4.3)

�®¯àï¦¥ ï § ¤ ç  (4.3) ï¢«ï¥âáï «¨¥©ë¬ ¢ à¨ â®¬ § ¤ ç¨ (1.1){(1.3) ¨ ®â«¨ç ¥âáï
®â ¯®á«¥¤¥© «¨èì \®¡à âë¬" ¢à¥¬¥¥¬ ¨ áª çª®¬   ®âà¥§ª¥ s = s, £¤¥ äãªæ¨ï  â¥à¯¨â
à §àë¢ ¯¥à¢®£® à®¤ . �®íâ®¬ã á¢®©áâ¢  ee ®¡®¡ée®£® à¥è¥¨ï (¢ ç áâ®áâ¨, ®æ¥ª  à®áâ 
â¨¯  (3.1)) ¨¤¥â¨çë á¢®©áâ¢ ¬ ®¡®¡é¥®£® à¥è¥¨ï § ¤ ç¨ (1.1){(1.3). �¥âàã¤® ã¢¨¤¥âì,
çâ® ¯à¨à é¥¨¥ �x ã¤®¢«¥â¢®àï¥â § ¤ ç¥

D4x = f(ex; eu; s; t)� f(x; eu; s; t) +4euf(x; u; s; t); (s; t) 2 P;

4x(s; t0) = 0; s 2 S; B�(s; t)4x(s; t) = 0; (s; t) 2 
 n D0;
(4.4)
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  ¯®íâ®¬ã   ¢ à¨ æ¨¨ ã¯à ¢«¥¨ï

�u(s; t) =

(
v � u(s; t); (s; t) 2 P"(�; � ; �);

0; (s; t) 2 P n P"(�; � ; �);
(4.5)

¢ ª®â®à®© P"(�; � ; �) = (�� �; �+ �)� (� � "; �)\P | ®¡« áâì \¨£®«ìç â®£®" ¢ àì¨à®¢ ¨ï, v 2 U ,
(�; �) 2 P, � > 0 | ¯à®¨§¢®«ìë¥ ä¨ªá¨à®¢ ë¥ ¯ à ¬¥âàë, ®® ¢ á¨«ã ®æ¥ª¨ (3.11) ¨¬¥¥â
¯®çâ¨ ¢áî¤ã ¢ P ¯®àï¤®ª ". �áâ â®ª (4.2) ¢ íâ®¬ á«ãç ¥, ®ç¥¢¨¤®, ¨¬¥¥â ¯®àï¤®ª "2,   £« ¢®©
ç áâìî ä®à¬ã«ë ¯à¨à é¥¨ï (4.1) á ¯®àï¤ª®¬ " ¢ëáâã¯ ¥â ¯¥à¢®¥ á« £ ¥¬®¥. �«¥¤®¢ â¥«ì®,
á¯à ¢¥¤«¨¢ 

�¥®à¥¬  1. �ãáâì u | ®¯â¨¬ «ì®¥ ã¯à ¢«¥¨¥ ¢ § ¤ ç¥ (1:1){(1:5),   x,  | á®®â¢¥â-

áâ¢ãîé¨¥ ¥¬ã à¥è¥¨ï ¨áå®¤®© (1:1){(1:3) ¨ á®¯àï¦¥®© (4:3) á¬¥è ëå § ¤ ç. �®£¤  ¯®-

çâ¨ ¢áî¤ã ¢ P ¢ë¯®«ï¥âáï ãá«®¢¨¥ ¬ ªá¨¬ã¬ 

H( ; x; u; s; t) = max
v2U

H( ; x; v; s; t): (4.6)

� «¥¥ ãá«®¢¨¥ (4.6), ª ª ¨ à ¥¥ [4], ¡ã¤¥¬  §ë¢ âì ¯®â®ç¥çë¬ ¯à¨æ¨¯®¬ ¬ ªá¨¬ã¬ .

5. � à¨ æ¨®ë© ¯à¨æ¨¯ ¬ ªá¨¬ã¬ 

� à¨ æ¨ï (4.5) ®¡¥á¯¥ç¨¢ ¥â à ¢®¬¥àãî ¬ «®áâì ¯®àï¤ª  " ¯à¨à é¥¨ï 4x ¢® ¢á¥© ®¡« -
áâ¨ P, â. ª. å à ªâ¥à¨áâ¨ª¨ ¢á¥å á¥¬¥©áâ¢ á¨áâ¥¬ë (1.1) \¯à®è¨¢ îâ" ®¡« áâì ¢ àì¨à®¢ ¨ï
P"(�; � ; �) §  ¢à¥¬ï ". � àâ¨  ¯à¨æ¨¯¨ «ì® ¬¥ï¥âáï, ¥á«¨ ¢ à¨ æ¨î ã¯à ¢«¥¨ï à á¯à¥-
¤¥«¨âì ¢¤®«ì ª ª®©-¨¡ã¤ì å à ªâ¥à¨áâ¨ª¨. �¥©áâ¢¨â¥«ì®, ª ª áà §ã ¦¥ á«¥¤ã¥â ¨§ ®æ¥ª¨
(3.11), ¢ à¨ æ¨ï

4u(s; t) =

(
v(t)� u(s; t); (s; t) 2 P(i)

" (�; �); v(t) 2 U ;

0; (s; t) 2 P n P(i)
" (�; �);

(5.1)

¢ å à ªâ¥à¨áâ¨ç¥áª®© ¯®«®áª¥

P(i)
" (�; �) = f(s; t) 2 P : 0 � �i(s; t; �; �) � "g (5.2)

¢ë§ë¢ ¥â ¯à¨à é¥¨¥ 4x, ®¯à¥¤¥«ï¥¬®¥ § ¤ ç¥© (4.4), ª®â®à®¬ã á®®â¢¥âáâ¢ã¥â ¨¢ à¨ â®¥
¯à¨à é¥¨¥ 4r á® á«¥¤ãîé¨¬¨ å à ªâ¥à¨áâ¨ª ¬¨ ª®¬¯®¥â:

4rj(s; t) � "; (s; t) 2 P; j = 1; 2; : : : ; n; j 6= i;

4ri(s; t) � "; (s; t) 2 P n P(i)
" (�; �);

4ri(s; t) � "0; (s; t) 2 P(i)
" (�; �):

� ª¨¬ ®¡à §®¬, 4ri,   á«¥¤®¢ â¥«ì® (á¬. (3.9)), ¨ ¢áï ¢¥ªâ®à-äãªæ¨ï 4x ¢ãâà¨ ¯®«®áª¨
P(i)
" (�; �) ¥ § ¢¨áïâ ®â " (®¡®§ ç¥¨¥ \� "0 " ¨á¯®«ì§ã¥âáï ¨¬¥® ¢ íâ®¬ á¬ëá«¥). � â® ¦¥

¢à¥¬ï ¬¥à  ¯®«®á®ª P(i)
" (�; �) ¨ P"(�; � ; �) ¨¬¥¥â ®¤¨ ª®¢ë© ¯®àï¤®ª ", ¨, ª ª ¥âàã¤® ã¡¥¤¨âìáï

(â¥å¨ç¥áª¨¥ ¤¥â «¨ ¯®¤à®¡® ¨§«®¦¥ë ¢ ([4], á. 69{75)), âã ¦¥ áâ¥¯¥ì ¬ «®áâ¨   ¢ à¨ æ¨¨
(5.1) á®åà ï¥â ¯à¨à é¥¨¥ äãªæ¨® « , ª®â®à®¥ ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥

4J(u) =
Z
@P

(i)

"

4ex'(B+x; s; t)d! +
Z t00

t0
4exg(A(s; t)x; t)dt +

+
Z Z

P
(i)
"

[h ;D4xi
En �4exvH( ; x; u; s; t)]ds dt +O("2): (5.3)

�¤¥áì [t0; t00] | ¢à¥¬¥®© ¨â¥à¢ «, ¢ â¥ç¥¨¥ ª®â®à®£® ®âà¥§®ª G  å®¤¨âáï   ¯®«®áª¥ P(i)
"

(t0 = t00, ¥á«¨ ®âà¥§®ª G ¥ ¯¥à¥á¥ª ¥â å à ªâ¥à¨áâ¨ªã X (i)
0 ). � ¬¥â¨¬ (á¬. âà¥â¨© ¯ à £à ä),

çâ® ¯à¨à é¥¨¥ 4x ¢ãâà¨ ¯®«®áª¨ P(i)
" ¢ £« ¢®© á¢®¥© ç áâ¨  ¯à ¢«¥® ¢¤®«ì ¢¥ªâ®à  `(i),
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  ¨¬¥®, 4x = `(i)4ri + O("). �®£¤ , ¯®«®¦¨¢ ¯® ®¯à¥¤¥«¥¨î, çâ® x = x + `(i)4ri, (s; t) 2
X

(i)
0 , ¯à¨à é¥¨ï ¯® ex ¢ (5.3) ¬®¦® § ¬¥¨âì   ¯à¨à é¥¨ï ¯® x á á®åà ¥¨¥¬ â®ç®áâ¨

®áâ âª  ¯à¨à é¥¨ï (5.3). �®á«¥ ¯à®¢¥¤¥¨ï ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬ (á¬. (2.2)) áª «ïà®£®
¯à®¨§¢¥¤¥¨ï h ;D4xi

En ¢ ¯®«®áª¥ P(i)
" ,  ¯¯à®ªá¨¬ æ¨¨ ¨â¥£à «®¢ ¯® P(i)

" ¨â¥£à « ¬¨ ¯®

å à ªâ¥à¨áâ¨ª¥ X (i)
0 ,   ¨â¥£à «®¢ ¯® ®âà¥§ª ¬ @P

(i)

" ¨ [t0; t00] | á®®â¢¥âáâ¢ãîé¨¬¨ § ç¥¨ï¬¨
¯®¤¨â¥£à «ìëå äãªæ¨© ¢ â®çª å   å à ªâ¥à¨áâ¨ª¥ X (i)

0 , ¯®«ãç¨¬

4J(u) = "

�
[4x'(B+x; s00i ; t

00
i ) + h (s00i ; t

00
i ); `

(i)(s00i ; t
00
i )iEn4ri(s

00
i ; t

00
i )]si�(�; �; t

00
i )�(s

00
i ; t

00
i ) +

+4xg(A(s; t )x(s; t ); t )si�(�; �; t )�(s; t )�
Z t00i

t0
i

[4exvH( ; x; u; s; t) �
� hHx( ; x; u; s; t); `(i)(s; t)iEn4ri(s; t)]

���
s=si(�;� ;t)

si�(�; � ; t)dt
�
+O("2): (5.4)

�¤¥áì (s00i ; t
00
i ) 2 
nD0 | ª®¥ç ï â®çª  å à ªâ¥à¨áâ¨ª¨ X (i)

0 , (s; t) | â®çª  ¯¥à¥á¥ç¥¨ï ®âà¥§ª 
G ¨ å à ªâ¥à¨áâ¨ª¨ X (i)

0 , ¬®¦¨â¥«ì �(s; t) ¢ëç¨á«ï¥âáï ([4], á. 73) ¯® ä®à¬ã«¥ �(s; t) = 1, ¥á«¨
(s; t) 2 D1, �(s; t) = j�i(s; t)j

�1, ¥á«¨ (s; t) 2 G ¨«¨ (s; t) = (s; t ).
�«ï ¯à®¨§¢®«ì®£® ¤®¯ãáâ¨¬®£® ¯à®æ¥áá  fu;xg ¨ á®®â¢¥âáâ¢ãîé¥£® ¥¬ã á®¯àï¦¥®£® à¥-

è¥¨ï  áä®à¬ã«¨àã¥¬ á«¥¤ãîéãî ¢á¯®¬®£ â¥«ìãî § ¤ çã ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï.
�à¥¡ã¥âáï   à¥è¥¨ïå y = y(t) ®¡ëª®¢¥®£® ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï

_y = [h`(i); f(x+ `(i)y; v; s; t)� f(x; u; s; t)i
En + hD`(i); `(i)yi

En]
��
s=si(�;� ;t)

(5.5)

á  ç «ìë¬ ãá«®¢¨¥¬

y(t0i) = 0; (5.6)

¯à¨ ¤®¯ãáâ¨¬ëå ã¯à ¢«¥¨ïå

v(t) 2 U; t 2 [t0i; t
00
i ]; (5.7)

¬ ªá¨¬¨§¨à®¢ âì äãªæ¨® «

I(u) = �['(B+(x+ `(i)y); s00i ; t
00
i ) + h (s00i ; t

00
i ); `

(i)(s00i ; t
00
i )iEny(t00i )]si�(�; �; t

00
i )�(s

00
i ; t

00
i )�

� g(A(s; t )(x(s; t ) + `(i)y(t )); t )si�(�; �; t)�(s; t) +
Z t00i

t0
i

[H( ; x + `(i)y; v; s; t)�

� hHx( ; x; u; s; t); `
(i)(s; t)i

Eny)]
���
s=si(�;� ;t)

si�(�; � ; t)dt: (5.8)

�¥¯¥àì ¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ®¯â¨¬ «ì®áâ¨ ¬®¦® ¨§«®¦¨âì ¢ ª®¬¯ ªâ®¬ ¢¨¤¥.

�¥®à¥¬  2 (¢ à¨ æ¨®ë© ¯à¨æ¨¯ ¬ ªá¨¬ã¬ ). �ãáâì u | ®¯â¨¬ «ì®¥ ã¯à ¢«¥¨¥ ¢

§ ¤ ç¥ (1:1){(1:5),   x ¨  | á®®â¢¥âáâ¢ãîé¨¥ ¥¬ã à¥è¥¨ï § ¤ ç (1:1){(1:3) ¨ (4:3). �®£¤ 
áã¦¥¨¥ v(t) = u(si(�; � ; t); t) ã¯à ¢«¥¨ï u   ¯à®¨§¢®«ìãî å à ªâ¥à¨áâ¨ªã (si(�; � ; t); t) á¨-
áâ¥¬ë (1:1) ¤®áâ ¢«ï¥â ¬ ªá¨¬ã¬ äãªæ¨® «ã (5:8)   à¥è¥¨ïå ãà ¢¥¨ï (5:5) á  ç «ìë¬
ãá«®¢¨¥¬ (5:6) ¯à¨ ¤®¯ãáâ¨¬ëå ã¯à ¢«¥¨ïå (5:7).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë «¥£ª® á«¥¤ã¥â ¨§ ä®à¬ã«ë ¯à¨à é¥¨ï (5.4) ¨ ¤®á«®¢® á®¢¯ ¤ ¥â
á á®®â¢¥âáâ¢ãîé¨¬ ¤®ª § â¥«ìáâ¢®¬ ¢ ([4], á. 75).

�® áå¥¬¥ [4] ¬®¦® ¤®ª § âì â ª¦¥, çâ® ¨§ ¢ à¨ æ¨®®£® ¯à¨æ¨¯  ¬ ªá¨¬ã¬  á«¥¤ã¥â
¯®â®ç¥çë© ¯à¨æ¨¯ ¬ ªá¨¬ã¬  (4.6),   ®¡à â®¥ ãâ¢¥à¦¤¥¨¥ ®â¢¥à£ ¥âáï ª®âà¯à¨¬¥à ¬¨.
�aç¨â, ¢ à¨ æ¨®ë© ¯à¨æ¨¯ ¬ ªá¨¬ã¬  ï¢«ï¥âáï ¡®«¥¥ á¨«ìë¬ ¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬,
ç¥¬ ¯®â®ç¥çë© ¯à¨æ¨¯ ¬ ªá¨¬ã¬ .

� § ª«îç¥¨¥ ®â¬¥â¨¬, çâ® ¤«ï áà ¢¥¨ï ¢ à¨ æ¨®®£® ¯à¨æ¨¯  ¬ ªá¨¬ã¬ , ¯®«ãç¥-
®£® ¢  áâ®ïé¥© áâ âì¥, á ¢ à¨ æ¨®ë¬ ¯à¨æ¨¯®¬ ¬ ªá¨¬ã¬  ¨§ [4] ¤®áâ â®ç® ¯®áâã¯¨âì

89



á«¥¤ãîé¨¬ ®¡à §®¬. �¬¥áâ® ¯à®¨§¢®«ì®© á¨¬¬¥âà¨ç®© ¬ âà¨æë A ¢ á¨áâ¥¬ã (1.1) á«¥¤ã¥â
¯®¤áâ ¢¨âì ¤¨ £® «ìãî ¬ âà¨æã �. �ç¥¢¨¤®, çâ® ¢ íâ®¬ á«ãç ¥ «¨¥©®¥ ¯à¥®¡à §®¢ ¨¥
(3.9) áâ ®¢¨âáï âà¨¢¨ «ìë¬ (L = E),   á ¬  á¨áâ¥¬  (1.1) | ¨¢ à¨ â®©. �â¨ ®¡áâ®ïâ¥«ì-
áâ¢  ¯®§¢®«ïîâ «¥£ª® âà áä®à¬¨à®¢ âì ®á®¢®© à¥§ã«ìâ â  áâ®ïé¥© áâ âì¨ ¢ à¥§ã«ìâ â ¨§
[4]. �®ïâ®, çâ® ®¡à â ï ¯à®æ¥¤ãà  ¢àï¤ «¨ ¬®¦¥â ¡ëâì à¥ «¨§®¢   ä®à¬ «ìë¬ ®¡à §®¬ ¨
ã¦ ¢® ¢áïª®¬ á«ãç ¥ ¥ ¯à®é¥, ç¥¬ ¯àï¬®¥ ¤®ª § â¥«ìáâ¢®, ¯à®¢¥¤¥®¥ §¤¥áì.
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