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3. �¥ª®â®àë¥ £¥®¬¥âà¨ç¥áª¨¥ ¢®¯à®áë

�â  áâ âìï ï¢«ï¥âáï ¯à®¤®«¦¥­¨¥¬ [1], £¤¥ § ¤ ç  �¨æ ¤§¥{� ¬ àáª®£®

Lu �
nX

i;j=1

aij(x)uxixj +
nX
i=1

bi(x)uxi + c(x)u = f(x) (x 2 D); (1)

Bu � u(x)� u(�x) =  (x) (x 2 S) (2)

à áá¬ âà¨¢ « áì ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® ¬­®¦¥áâ¢® �S\S � ! ­¥¯ãáâ® ¨ �! � !. �¤¥áì ¦¥ ¨§ãç -
¥âáï à §à¥è¨¬®áâì (1), (2) ¡¥§ ãª § ­­ëå ®£à ­¨ç¥­¨© ­  �. � â ª®© á¨âã æ¨¨, ª ª ®ª § «®áì,
â¥®à¨ï § ¤ ç¨ áãé¥áâ¢¥­­® § ¢¨á¨â ®â â®£®, ¯®à®¦¤ ¥â «¨ ®â®¡à ¦¥­¨¥ � ­  S \¯®£«®é îé¥¥
¬­®¦¥áâ¢®"


 � fx 2 S : �ix 2 S; i = 1; 2; : : : g:

� íâ®¬ à §¤¥«¥ ¯à¨¢¥¤¥­ àï¤ ¢ ¦­ëå ¤«ï ¤ «ì­¥©è¨å ¯®áâà®¥­¨© á¢®©áâ¢ (�, ¤«ï ªà âª®áâ¨)

 ¨ á¢ï§ ­­ëå á 
 ¬­®¦¥áâ¢: !0 � fx 2 S : �x 2 Sg, !i � fx 2 S : �x 2 !i�1g, i = 1; 2; : : : ;

! � fx 2 S : �(x;
) < "g. �¤¥áì �ix = �(�i�1x), �0x = x, �(x;
) | à ááâ®ï­¨¥ ®â x ¤® 
. �áî¤ã
¯à¥¤¯®« £ ¥âáï, çâ® ¢ë¯®«­¥­®

�á«®¢¨¥ (B0): � | ®¤­®§­ ç­®¥, ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥ D ¢ D.

C 1. �­®¦¥áâ¢  !i ª®¬¯ ªâ­ë ¢ Rn, i = 0; 1; 2; : : :

�®ª § â¥«ìáâ¢®. �£à ­¨ç¥­­®áâì !i á«¥¤ã¥â ¨§ ®£à ­¨ç¥­­®áâ¨ S. �¡®§­ ç¨¬ !00 = fx 2
D : �x 2 Sg, !0i = fx 2 D : �x 2 !i�1g, i = 1; 2; : : : �­®¦¥áâ¢® !00 § ¬ª­ãâ® ª ª ¯à®®¡à §
¯à¨ ­¥¯à¥àë¢­®¬ ®â®¡à ¦¥­¨¨ § ¬ª­ãâ®£® ¬­®¦¥áâ¢  S � Rn ([2], £«. II, x 3, á. 53); ¤ «¥¥ ¯®
¨­¤ãªæ¨¨ ¤®ª §ë¢ ¥âáï § ¬ª­ãâ®áâì !0i ¯à¨ i = 1; 2; : : : �® ®ç¥¢¨¤­®, çâ® !i = !0i \ S,   ¯®â®¬ã
!i § ¬ª­ãâë.

C 2. �¥à­ë ¢ª«îç¥­¨ï !i � !i�1, i = 1; 2; : : :

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬ ¢­ ç «¥, çâ® !i 6= ; ¤«ï ¢á¥å i. �§ ®¯à¥¤¥«¥­¨ï !1 ¨ !0
á«¥¤ã¥â ¢ á¨«ã ¢ª«îç¥­¨ï !0 � S, çâ® !1 � !0. �®¯ãáâ¨¬, çâ® ¢ª«îç¥­¨¥ !m � !m�1 ãáâ ­®¢«¥­®
¯à¨ ­¥ª®â®à®¬ ­ âãà «ì­®¬ m. �ë¡¥à¥¬ ¯à®¨§¢®«ì­® x0 2 !m+1, â. ¥. x0 2 S ¨ �x0 2 !m. �®£¤ 
¯® ¤®¯ãé¥­¨î �x0 2 !m�1, â ª çâ® x0 2 !m ¨ !m+1 � !m. �«ãç ©, ª®£¤  !j 6= ; ¯à¨ ­¥ª®â®à®¬
j � 0, âà¨¢¨ «¥­.

C 3. �­®¦¥áâ¢® !m ¯ãáâ® ¯à¨ ­¥ª®â®à®¬ m � 1 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  !m�1\! = ;.

�®ª § â¥«ìáâ¢®. �§ ®¯à¥¤¥«¥­¨ï !m á«¥¤ã¥â, çâ® �!m � !m�1 � S. � ª ª ª !m � S, â®
�!m � �S,   ¯®â®¬ã �!m � S \ �S = ! ¨ �!m � !m�1 \ !. �§ íâ®£® ¢ª«îç¥­¨ï ¢ëâ¥ª ¥â, çâ®
¥á«¨ !m�1 \ ! = ;, â® !m = ;. �®¯ãáâ¨¬, çâ® !m = ;,   !m�1 \ ! 6= ; ¨ x0 2 !m�1 \ !. � ª ª ª
x0 2 !, â® x0 2 �S ¨ áãé¥áâ¢ã¥â y0 2 S : x0 = �y0. �® x0 = �y0 2 !m�1, â ª çâ® y0 2 !m,   íâ®
¯à®â¨¢®à¥ç¨â ¤®¯ãé¥­¨î !m = ;.
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C 4. �­®¦¥áâ¢® 
 ª®¬¯ ªâ­® ¢ Rn ¨ �
 � 
.

�®ª § â¥«ìáâ¢®. �£à ­¨ç¥­­®áâì 
 ®ç¥¢¨¤­ . �®ª ¦¥¬, çâ®


 = b
; £¤¥ b
 �
1\
i=0

!i: (3)

�âáî¤  ¨ ¨§ � 1 ¡ã¤¥â á«¥¤®¢ âì § ¬ª­ãâ®áâì 
. �à¥¤¯®«®¦¨¬, çâ® 
 6= ; ¨ x0 2 
. �¨ªá¨àã¥¬
¯à®¨§¢®«ì­®¥ æ¥«®¥ ç¨á«® i � 0 ¨ ¯®ª ¦¥¬, çâ® x0 2 !i. �®áª®«ìªã �ix0 2 
 � S ¨ (¯® ®¯à¥¤¥-
«¥­¨î 
) �(�ix0) 2 
 � S, â® �ix0 2 !0. �á«¨ i = 0, â® âà¥¡ã¥¬®¥ ¯®ª § ­®. �®¯ãáâ¨¬, çâ® i � 1
¨ ã¦¥ ãáâ ­®¢«¥­a ¯à¨ ­¥ª®â®à®¬ æ¥«®¬ m 2 [0; i) á¯à ¢¥¤«¨¢®áâì ¢ª«îç¥­¨ï �i�mx0 2 !m. � ª
ª ª �i�m�1x0 2 S ¨ �(�i�m�1x0) 2 !m, â® �i�m�1x0 2 !m+1. � ª¨¬ ®¡à §®¬, §  ª®­¥ç­®¥ ç¨á«® è -
£®¢ ãáâ ­®¢¨¬, çâ® �0x0 = x0 2 !i. �§ áª § ­­®£® á«¥¤ã¥â x0 2 
 ¨ 
 � b
. �à®¬¥ â®£®, ¯®ª § ­®,
çâ® ¯à¨ !i 6= ; ¤«ï ¢á¥å i 
 6= ;.

�à¥¤¯®«®¦¨¬, çâ® !i 6= ;, i = 0; 1; : : : �®£¤  b
 6= ;, çâ® ¢ëâ¥ª ¥â ¨§ � 1, � 2 ¨ ¨§ â¥®à¥¬ë
� ­â®à  ® ¢«®¦¥­­ëå ª®¬¯ ªâ å. �ãáâì x00 2 b
, â. ¥. x00 2 !i, i = 0; 1; : : : �§ ®¯à¥¤¥«¥­¨ï !i
á«¥¤ã¥â, çâ® (¯à¨ i � 1) �x00 2 !i�1 � S; : : : ; �mx00 2 !i�m � S ¤«ï «î¡®£® æ¥«®£® ç¨á«  m 2 [0; i].
� ª¨¬ ®¡à §®¬, �mx00 2 S ¯à¨ m = 1; 2; : : : ,   ¯®â®¬ã x00 2 
 ¨ b
 � 
. �â ª, ¥á«¨ !i 6= ; ¤«ï
¢á¥å i, â® à ¢¥­áâ¢® (3) ¢¥à­®. �¥à­® ®­® ¨ â®£¤ , ª®£¤  !j = ; ¯à¨ ­¥ª®â®à®¬ j � 0, â. ª. ¢ íâ®¬
á«ãç ¥, ®ç¥¢¨¤­®, b
 = ; ¨ ¯® áª § ­­®¬ã ¢ëè¥ 
 = ;. �¯à ¢¥¤«¨¢®áâì ¢ª«îç¥­¨ï �
 � 
 «¥£ª®
á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥­¨ï 
.

C 5. �­®¦¥áâ¢® 
 ¯ãáâ® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  !j = ; ¯à¨ ­¥ª®â®à®¬ j � 0.

C 6. �á«¨ 
 6= S, â® !0 6= S.

�¢®©áâ¢  5, 6 ¢ëâ¥ª îâ ¨§ ¤®ª § â¥«ìáâ¢  � 4 ¨ ¨§ ®¯à¥¤¥«¥­¨© !0, 
 (á¬. â ª¦¥ [2], £«. II,
x 7, á. 70).

C 7. �ãáâì 
 6= ;. �®£¤  ¤«ï «î¡®£® ç¨á«  " > 0 ­ ©¤¥âáï â ª®¥ æ¥«®¥ ç¨á«® m � 0, çâ®
!m � 
".

�®ª § â¥«ìáâ¢® «¥£ª® ¯à®¢¥áâ¨, à ááã¦¤ ï ®â ¯à®â¨¢­®£® ¨ ¨á¯®«ì§ãï ¯®áâà®¥­¨ï,  ­ «®-
£¨ç­ë¥ ¯à¨¬¥­¥­­ë¬ ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë � ­â®à  ¢ [3] (£«. I, x 9, á. 49).

�â¬¥â¨¬ ¥é¥ ­¥áª®«ìª® á¢®©áâ¢ !i ¨ 
, ª®â®àë¥ ¯®§¢®«ïâ ãª § âì ¬¥áâ® à¥§ã«ìâ â®¢ [1] ¢
®¡é¥© ª àâ¨­¥.

C 8. �á«¨ 
 6= ;, â® 
 \ ! 6= ; ¨ �
 � 
 \ !.

�®ª § â¥«ìáâ¢®. �§ ®¯à¥¤¥«¥­¨ï !i á«¥¤ã¥â �!i � !i�1 � S, i = 1; 2; : : : �à®¬¥ â®£®,
�!i � �S, á«¥¤®¢ â¥«ì­®, �!i � S \ �S = ! ¨ �!i � !i�1 \ !. � ª ª ª 
 6= ;, â® (� 5) !i 6= ; ¤«ï
¢á¥å i ¨ !i�1\! 6= ;, i = 1; 2; : : : , ¢ á¨«ã ¯®á«¥¤­¥£® ¢ª«îç¥­¨ï. �®áª®«ìªã (� 2) !i\! � !i�1\!,

i = 1; 2; : : : , â® á ãç¥â®¬ â¥®à¥¬ë � ­â®à  ¨ (3) ¨¬¥¥¬ ; 6=
1
\
i=0
(!i \ !) =

� 1
\
i=0

!i
�
\ ! = 
 \ !.

� «¥¥, ¨§ � 4 ¨ ¨§ ®¯à¥¤¥«¥­¨ï 
 á«¥¤ã¥â �
 � 
 � S, ®âªã¤  �
 � �S, â ª çâ® �
 � S\�S = !
¨ �
 � 
 \ !.

C 9. �ãáâì e � S ¨ �e � e. �®£¤  e � 
.

�®ª § â¥«ìáâ¢®. �á«¨ e = ;, â® á¯à ¢¥¤«¨¢®áâì � 9 ®ç¥¢¨¤­ . �ãáâì e 6= ; ¨ x0 2 e. � ª
ª ª �x0 2 �e � S, â® x0 2 !0 ¨, §­ ç¨â, e � !0. �ãáâì ãáâ ­®¢«¥­  ¯à¨­ ¤«¥¦­®áâì e � !m ¯à¨
­¥ª®â®à®¬ m � 0. �®£¤  �x0 2 e � !m, á«¥¤®¢ â¥«ì­®, x0 2 !m+1 ¨ e � !m+1. �â ª, e � !i ¯à¨
¢á¥å i = 0; 1; : : : ,   ¯®â®¬ã (á¬. (3)) e � 
.

C 10. �¥à­® à ¢¥­áâ¢® !0 = fx 2 S : �x 2 !g.

�®ª § â¥«ìáâ¢®. �¡®§­ ç¨¬ ¬­®¦¥áâ¢® ¢ ¯à ¢®© ç áâ¨ íâ®£® à ¢¥­áâ¢  ç¥à¥§ b!0. �á­®, çâ®
!0 � b!0. �ãáâì !0 6= ; ¨ x0 2 !0. �®£¤  x0 2 S, �x0 2 S ¨ �x0 2 �S, â ª çâ® �x0 2 !. �«¥¤®¢ â¥«ì­®,
x0 2 b!0, !0 � b!0 ¨ !0 = b!0. �¥âàã¤­® ¢¨¤¥âì, çâ® !0 = ; â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  b!0 = ;.

C 11. �á«¨ �! � !, â® ! � 
 = !i, i = 0; 1; : : :
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�®ª § â¥«ìáâ¢®. �ª«îç¥­¨¥ ! � 
 á«¥¤ã¥â ¨§ � 9. �á­®, çâ® ¥á«¨ ! = ;, â® !i = ;,
i = 0; 1; : : : , ¨ ¢ á¨«ã (3) 
 = ;. �à¥¤¯®«®¦¨¬, çâ® ! 6= ;; â®£¤ , ®ç¥¢¨¤­®, !0 6= ;. �ë¡¥à¥¬
¯à®¨§¢®«ì­® x0 2 !0, â ª çâ® x0 2 S ¨ �x0 2 ! (� 10). �âáî¤  ¨ ¨§ ãá«®¢¨ï �! � ! á«¥¤ã¥â,
çâ® �ix0 2 ! � S, i = 2; 3; : : : ,   §­ ç¨â, x0 2 
 ¨ !0 � 
. �§ íâ®£® ¢ª«îç¥­¨ï ¨ � 2 ¢ë¢®¤¨¬
¢ª«îç¥­¨¥ !i � 
,   ¨§ (3) | 
 � !i, â ª çâ® 
 = !i, i = 0; 1; : : :

4. �®à¬ã«¨à®¢ª  â¥®à¥¬ ® à §à¥è¨¬®áâ¨ § ¤ ç¨

� íâ®© ç áâ¨ áâ âì¨ ¯à®¤®«¦¥­  ­ã¬¥à æ¨ï â¥®à¥¬ ¨ ¢á¯®¬®£ â¥«ì­ëå ¯à¥¤«®¦¥­¨©, ­ ç -
â ï ¢ [1]. � ¬ ¦¥ ç¨â â¥«ì ­ ©¤¥â ®¯à¥¤¥«¥­¨ï ¯à¨¬¥­ï¥¬ëå ­¨¦¥ ¯à®áâà ­áâ¢ ¨ á®¤¥à¦ ­¨¥
ãá«®¢¨© (L) | ãá«®¢¨© ®¤­®§­ ç­®© à §à¥è¨¬®áâ¨ ¢ C2+�(D) § ¤ ç¨ �¨à¨å«¥

Lz = g(x) (x 2 D); Iz = '(x) (x 2 S): (4)

�à¨¢¥¤¥¬ ¥é¥ ­¥áª®«ìª® ¯®­ïâ¨© ¨ ®¡®§­ ç¥­¨©, ¨á¯®«ì§ã¥¬ëå ¢ ¤ «ì­¥©è¥¬.
�¯¥à â®à, ¤¥©áâ¢ãîé¨© ¢ ¯ à¥ ¢¥é¥áâ¢¥­­ëå äã­ªæ¨®­ «ì­ëå ¯à®áâà ­áâ¢, ­ §®¢¥¬ ¯®«®-

¦¨â¥«ì­ë¬, ¥á«¨ ®­ «î¡ãî ­¥®âà¨æ â¥«ì­ãî äã­ªæ¨î ¯¥à¥¢®¤¨â ¢ ­¥®âà¨æ â¥«ì­ãî.
� ¯¨áì fg; 'g 6= 0, á¤¥« ­­ ï ¤«ï äã­ªæ¨© g(x) 2 C(D), '(x) 2 C(S), ¡ã¤¥â ®§­ ç âì, çâ®

å®âï ¡ë ®¤­  ¨§ íâ¨å äã­ªæ¨© ­¥ à ¢­  â®¦¤¥áâ¢¥­­® ­ã«î ­  á®®â¢¥âáâ¢ãîé¥¬ ¬­®¦¥áâ¢¥.
�®¤ í«¥¬¥­â®¬ ¯à®áâà ­áâ¢  �.�. �®¡®«¥¢  W 2

p (D) á p > n=2 ¯®­¨¬ ¥âáï ¤ «¥¥ ­¥ ª« áá
íª¢¨¢ «¥­â­ëå äã­ªæ¨©,   ¯à¥¤áâ ¢¨â¥«ì íâ®£® ª« áá , ¯à¨­ ¤«¥¦ é¨© C(D).

�â¢¥âë ­  ¢®¯à®áë ® áãé¥áâ¢®¢ ­¨¨ ¨ \ª®«¨ç¥áâ¢¥" ª« áá¨ç¥áª¨å à¥è¥­¨© § ¤ ç¨ (1), (2)
§ ¢¨áïâ, ¢ ç áâ­®áâ¨, ®â â®£®, ¡ã¤¥â «¨ ¯ãáâë¬ ¬­®¦¥áâ¢® 
. � á«ãç ¥ 
 = ; ¤®áâ â®ç­® ¯®«­ãî
ª àâ¨­ã ¤ îâ â¥®à¥¬ë 3, 4. � ¬¥â¨¬, çâ® á®®â¢¥âáâ¢ãîé¨¥ à¥§ã«ìâ âë ¨§¢¥áâ­ë ¤«ï á«ãç ï
! = ; (® ç¥¬ £®¢®à¨«®áì ¢ [1]). �®, ª ª ­¥âàã¤­® ¢¨¤¥âì, 
 = ;, ¥á«¨ ! = ;,   ®¡à â­®¥ ­¥¢¥à­®.

�¥®à¥¬  3. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï (L), (B0), c(x) 6� 0 ¨ 
 = ;. �®£¤  ¤«ï «î¡ëå f 2
C�(D),  2 C(S) § ¤ ç  (1), (2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ u1(x) 2 C2+�(D). �à¨ íâ®¬

«¨­¥©­ë¥ ®¯¥à â®àë G1 ¨ �1, ®¯à¥¤¥«ï¥¬ë¥ à ¢¥­áâ¢®¬ u1 � G1f+�1 , ¤¥©áâ¢ãîâ ­¥¯à¥àë¢­®

¢ á®®â¢¥âáâ¢ãîé¨å ¯ à å ¯à®áâà ­áâ¢. �à®¬¥ â®£®, u1 > 0 ¢ D n !0, ¥á«¨ f � 0 ¢ D,  � 0
­  S, ff;  g 6= 0.

�¥®à¥¬  4. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 3, aij 2 C(D) (i; j = 1; n) ¨ p > n=2. �®£¤ 
áãé¥áâ¢ã¥â â ª®¥ «¨­¥©­®¥ à áè¨à¥­¨¥ eG1 ®¯¥à â®à  G1 á C�(D) ­  Lp(D), çâ® eG1 | ¢¯®«­¥

­¥¯à¥àë¢­ë© ®¯¥à â®à ¨§ Lp(D) ¢ C(D); ¤«ï f 2 Lp(D) äã­ªæ¨ï eu1(x) � ( bG1f)(x) ¯à¥¤áâ ¢¨¬ 
¢ ¢¨¤¥ eu1 = u01 + u001 , £¤¥ u

0
1 2W

2
p (D), u

00
1 2 C2+�(D); Leu1 = f ¤«ï ¯®çâ¨ ¢á¥å x 2 D, Beu1 = 0 ¤«ï

¢á¥å x 2 S.

� á«ãç ¥ 
 6= ; à §à¥è¨¬®áâì (1), (2) â¥á­® á¢ï§ ­  á à §à¥è¨¬®áâìî äã­ªæ¨®­ «ì­®£®
ãà ¢­¥­¨ï

�(x)� �(�x) =  (x); x 2 
: (5)

� ¨¬¥­­®, ¯à¨ ­¥ª®â®àëå ¯à¥¤¯®«®¦¥­¨ïå § ¤ ç  (1), (2) ¨¬¥¥â

�¢®©áâ¢® (F ): ¤«ï «î¡ëå ä¨ªá¨à®¢ ­­ëå f 2 C�(D) ¨  2 C�
(S;
) ¬­®¦¥áâ¢® à¥è¥­¨© ¨§
C�

2+�(D;
) § ¤ ç¨ (1), (2) íª¢¨¢ «¥­â­® ¬­®¦¥áâ¢ã à¥è¥­¨© ¨§ C

�(
) ãà ¢­¥­¨ï (5).

� ¨¡®«¥¥ ®¡éãî ä®à¬ã ã¯®¬ï­ãâëå ¯à¥¤¯®«®¦¥­¨© á®¤¥à¦¨â

�¥¬¬ . �ãáâì 
 6= ;, 
 6= S ¨

( ) § ¤ ç  (4) ¯à¨ g � 0 ¨ «î¡®© ' 2 C�(S) ¨¬¥¥â à¥è¥­¨¥ ¢ C�

2+�(D;
);

(¡) § ¤ ç  (1), (2) ¯à¨ «î¡ëå f 2 C�(D),  2
0

C�
(S;
) ¨¬¥¥â ¢
0

C�

2+�(D;
) ¥¤¨­áâ¢¥­­®¥

à¥è¥­¨¥.

�®£¤  § ¤ ç  (1), (2) ®¡« ¤ ¥â á¢®©áâ¢®¬ (F ).
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�®ª § â¥«ìáâ¢® «¥¬¬ë ¯®¢â®àï¥â à ááã¦¤¥­¨ï ¯. 4 à §¤¥«  2 ¨§ [1] á § ¬¥­®© ! ­  
.
�à¥¡®¢ ­¨¥ ( ) «¥¬¬ë ¢ë¯®«­¥­®, ¥á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (L) ¨

�á«®¢¨e (B
): � | ®¤­®§­ ç­®¥ ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥ D ¢ D; 
 6= ;, 
 6= S; áãé¥áâ¢ãîâ
ç¨á«  d0 > 0 ¨ 
 2 (0; 2] â ª¨¥, çâ®

j�x� ��j � d0jx� �j
 ¯à¨ x 2 S n 
; � 2 
;

j�x� ��j � d0jx� �j ¯à¨ x 2 
; � 2 
:

�®ª §ë¢ ¥âáï íâ® ãâ¢¥à¦¤¥­¨¥ â®ç­® â ª ¦¥, ª ª ¯à¥¤«®¦¥­¨¥ 2 ¢ [1], ­ ¤® «¨èì § ¬¥­¨âì
â ¬ ! ­  
.

�®áâ â®ç­ë¥ ãá«®¢¨ï ¢ë¯®«­¥­¨ï âà¥¡®¢ ­¨ï (¡) «¥¬¬ë ¯à¨¢¥¤¥­ë ¢ â¥®à¥¬¥ 5, áà¥¤¨ ­¨å

�á«®¢¨e (V 
): 
 6= ;, 
 6= S; áãé¥áâ¢ãîâ ¯®«®¦¨â¥«ì­ë¥ ç¨á«  a, �, �, d1, d2 ¨ äã­ªæ¨ï v(x)
â ª¨¥, çâ® a < 1, v 2 C2(D) \C(D),

d1�
�(x;
) � v(x) � d2�

�(x;
) ¯à¨ x 2 S; (6)

v(�x) � v(x) ¯à¨ x 2 S n 
�; v(�x) � av(x) ¯à¨ x 2 
�; (7)

v(x) > 0, (Lv)(x) � �1 ¯à¨ x 2 D.

�¥®à¥¬  5. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï (L), (B
), (V 
), ¯à¨ç¥¬ � � �
=2. �®£¤  ¤«ï «î¡ëå

f 2 C�(D),  2
0

C�
(S;
) § ¤ ç  (1), (2) ¨¬¥¥â ¢
0

C�

2+�(D;
) ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ u2(x).

�¨­¥©­ë¥ ®¯¥à â®àë G2 ¨ �2, ®¯à¥¤¥«ï¥¬ë¥ à ¢¥­áâ¢®¬ u2 � G2f+�2 , ¤¥©áâ¢ãîâ ­¥¯à¥àë¢­®

¢ á®®â¢¥âáâ¢ãîé¨å ¯ à å ¯à®áâà ­áâ¢. �à®¬¥ â®£®, u2 > 0 ¢ D n !0, ¥á«¨ f � 0 ¢ D,  � 0
­  S, ff;  g 6= 0.

�§ íâ®© â¥®à¥¬ë ¨ áª § ­­®£® ¢ëè¥ ®¡ ãá«®¢¨ïå ¢ë¯®«­¥­¨ï âà¥¡®¢ ­¨ï ( ) «¥¬¬ë á«¥¤ã¥â

�¥®à¥¬  6. �à¨ ¢ë¯®«­¥­¨¨ ¯à¥¤¯®«®¦¥­¨© â¥®à¥¬ë 5 § ¤ ç  (1), (2) ®¡« ¤ ¥â á¢®©áâ-

¢®¬ (F ).

� ¬¥ç ­¨¥ 3. �á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (L) ¨ (B
), â® ¤«ï à §à¥è¨¬®áâ¨ § ¤ ç¨ (1), (2) ¢

¯à®áâà ­áâ¢¥
0

C�

2+�(D;
) ãá«®¢¨e (V 
) ­¥®¡å®¤¨¬o.

�¥©áâ¢¨â¥«ì­®, ¯ãáâì ev(x) | ¯à¨­ ¤«¥¦ é¥¥ íâ®¬ã ¯à®áâà ­áâ¢ã à¥è¥­¨¥ (1), (2) á f(x) �

�1,  (x) � ��
=2(x;
) (ïá­®, çâ®  2
0

C�
(S;
),  (x) > 0 ­  S n
). �¥âàã¤­® ¯®ª § âì, ¨á¯®«ì§ãï
á¨«ì­ë© ¯à¨­æ¨¯ ¬ ªá¨¬ã¬ , çâ® ev(x) > 0 ¢ D. �§ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  ¨ ®¯à¥¤¥«¥­¨ï
0

C�
(D;
) á«¥¤ã¥â 0 � ev(�x) � d3�
�
=2(x;
), x 2 S, £¤¥ d3 = const > 0. �âáî¤  ¨ £à ­¨ç­®£®

à ¢¥­áâ¢  ev(x) � ev(�x) = ��
=2(x;
) «¥£ª® ¢ë¢®¤¨¬ ¤«ï ev ®æ¥­ª¨ â¨¯  (6) ¨ ­¥à ¢¥­áâ¢® ¡®«¥¥
á¨«ì­®¥, ç¥¬ á¨áâ¥¬  (7): ev(�x) � eaev(x), x 2 S, £¤¥ ea = d3=(1 + d3).

�¥®à¥¬  7. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 5, aij 2 C(D) (i; j = 1; n) ¨ p > n. �®£¤ 

áãé¥áâ¢ã¥â â ª®¥ «¨­¥©­®¥ à áè¨à¥­¨¥ eG2 ®¯¥à â®à  G2 á C�(D) ­  Lp(D), çâ® eG2 | ¢¯®«­¥

­¥¯à¥àë¢­ë© ®¯¥à â®à ¨§ Lp(D) ¢ C(D); ¤«ï f 2 Lp(D) äã­ªæ¨ï eu2(x) � ( eG2f)(x) ¯à¥¤áâ ¢¨¬ 

¢ ¢¨¤¥ eu2 = u02+u
00
2 , £¤¥ u

0
2 2W

2
p (D)\

0

C�
(D;
), u002 2
0

C�

2+�(D;
); Leu2 = f ¤«ï ¯®çâ¨ ¢á¥å x 2 D,

Beu2 =  ¤«ï ¢á¥å x 2 S.

�¤¥áì
0

C�
(D;
) | ¯®¤¯à®áâà ­áâ¢® C(D), á®áâ®ïé¥¥ ¨§ äã­ªæ¨© z(x), ¤«ï ª®â®àëå Iz;Az 2
0

C�
(S;
).

� ¬¥ç ­¨¥ 4. �¥à ¢¥­áâ¢® c(x) � 0 (¢å®¤ïé¥¥ ¢ (L)) ¬®¦­® ¯à¨ aij 2 C(D) § ¬¥­¨âì ¢
ãá«®¢¨ïå â¥®à¥¬ë 6 ­  âà¥¡®¢ ­¨ï ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ¨§ C2+�(D) § ¤ ç¨ (4) ¨ ¥¤¨­áâ¢¥­-

­®áâ¨ à¥è¥­¨ï ¨§
0

C�

2+�(D;
) § ¤ ç¨ (1), (2).

�â® ¢ëâ¥ª ¥â ¨§ «¥¬¬ë, ¯à¥¤«®¦¥­¨ï 3 (­¨¦¥), äà¥¤£®«ì¬®¢®áâ¨ § ¤ ç¨ (4) ¨ â¥®à¥¬ë 7.
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� ¬¥ç ­¨¥ 5. �¥á«®¦­® ¯®ª § âì, ¨á¯®«ì§ãï � 8, çâ® â¥®à¥¬ë 5, 6, 7 á¯à ¢¥¤«¨¢ë ¨ ¢ â®¬
á«ãç ¥, ¥á«¨ ¢ ¨å ãá«®¢¨ïå ¨ ãâ¢¥à¦¤¥­¨ïå ¨ ¢ (5) § ¬¥­¨âì 
 ­  
 \ !. �§ áª § ­­®£® ¨ � 11
á«¥¤ã¥â, çâ® â¥®à¥¬ë 1, 2 | á«¥¤áâ¢¨ï â¥®à¥¬ 5, 6.

5. �®ª § â¥«ìáâ¢  â¥®à¥¬ 3, 4

�à®¢®¤¨¬ë¥ ¯®áâà®¥­¨ï ®¯¨à îâáï ­  á¢®©áâ¢  ¬­®¦¥áâ¢ !i ¨ á«¥¤ãîé¨¥ ¨§¢¥áâ­ë¥ ä ªâë
â¥®à¨¨ § ¤ ç¨ �¨à¨å«¥ (á¬. [4], £«. II, x 7, á. 74; £«. III, x 8, á. 113).

�à¥¤«®¦¥­¨¥ 3. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï (L). �®£¤  § ¤ ç  (4) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥-

è¥­¨¥ z0(x) 2 C2+�(D) ¤«ï «î¡ëå g 2 C�(D), ' 2 C(S). �à¨ íâ®¬ «¨­¥©­ë¥ ®¯¥à â®àë G0 ¨ �0,
®¯à¥¤¥«ï¥¬ë¥ à ¢¥­áâ¢®¬ z0 � G0g + �0', ¤¥©áâ¢ãîâ ­¥¯à¥àë¢­® ¢ á®®â¢¥âáâ¢ãîé¨å ¯ à å

¯à®áâà ­áâ¢. �à®¬¥ â®£®, �G0 ¨ �0 | ¯®«®¦¨â¥«ì­ë¥ ®¯¥à â®àë, â®ç­¥¥, z0 > 0 ¢ D, ¥á«¨
g � 0 ¢ D, ' � 0 ­  S, fg; 'g 6= 0.

1. �áâ ­®¢¨¬ ¢­ ç «¥, çâ® § ¤ ç  (1) ,(2) ­¥ ¬®¦¥â ¨¬¥âì ¢ ª« áá¥ C2(D) \ C(D) (  §­ -
ç¨â, ¨ ¢ C2+�(D)) ¡®«¥¥ ®¤­®£® à¥è¥­¨ï. �¥©áâ¢¨â¥«ì­®, ¯ãáâì äã­ªæ¨ï U(x) ¨§ íâ®£® ª« áá 
ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ ¬ LU = 0 ¢ D, BU = 0 ­  S. �®¯ãáâ¨¬ U(x) 6� 0. �®£¤ , ­¥ ­ àãè ï
®¡é­®áâ¨ à ááã¦¤¥­¨©, ¬®¦¥¬ áç¨â âì, çâ® max

x2D
U(x) = U(x0) > 0. �®£« á­® á¨«ì­®¬ã ¯à¨­æ¨¯ã

¬ ªá¨¬ã¬  (U(x) 6� U(x0), â. ª. c(x) 6� 0) x0 2 S ¨

U(x) < U(x0); x 2 D: (8)

�®áª®«ìªã 
 = ;, â® áãé¥áâ¢ã¥â ­ âãà «ì­®¥ ç¨á«® m : �ix0 2 S ¯à¨ i = 0;m� 1,   �mx0 2 D.
�âáî¤  ¢ á¨«ã (8) á«¥¤ã¥â U(�mx0) < U(x0). �§ ªà ¥¢®£® ãá«®¢¨ï U(x) � U(�x) = 0 (x 2 S)
¢ë¢®¤¨¬ U(�mx0) = U(�m�1x0) = � � � = U(x0). �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¯®ª §ë¢ ¥â, çâ® ­ è¥
¤®¯ãé¥­¨¥ ­¥¢¥à­®.

2. �¯à¥¤¥«¨¬ ¯®á«¥¤®¢ â¥«ì­®áâ¨ äã­ªæ¨© wi(x) � (�0'i)(x), x 2 D, i = 0; 1; 2; : : : , £¤¥

'0(x) � 1; 'i(x) � wi�1(�x) = (Awi�1)(x); x 2 S; i = 1; 2; : : :

�á­®, çâ®

'i(x) = ((A�0)
i'0)(x); x 2 S; i = 1; 2; : : : (9)

�§ ¯à¥¤«®¦¥­¨ï 3 á«¥¤ã¥â wi 2 C2+�(D); 'i 2 C(S); 'i(x) > 0 ¯à¨ x 2 S;

wi(x) < 1 ¯à¨ x 2 D; i = 0; 1; : : : (10)

(�à¨ c � 0, c 6� 0 ­¥à ¢¥­áâ¢® (10) «¥£ª® ¯®«ãç¨âì, ¥á«¨ ¯à¨¬¥­¨âì ¯®á«¥¤­¥¥ ãâ¢¥à¦¤¥­¨¥
¯à¥¤«®¦¥­¨ï 3 ª äã­ªæ¨¨ (1� wi).)

�§ ãá«®¢¨ï 
 = ; á«¥¤ã¥â ¢ á¨«ã � 2 ¨ � 5 áãé¥áâ¢®¢ ­¨¥ â ª®£® æ¥«®£® ç¨á«  k � 0, çâ®
!k�1 6= ;,   !k = ;; ¯®« £ ¥¬ §¤¥áì ¨ ¤ «¥¥ !�1 � S. �¥á«®¦­® ãáâ ­®¢¨âì, çâ®

'k(x) = 1 ¯à¨ x 2 !k�1; 'k(x) < 1 ¯à¨ x 2 S n !k�1: (11)

� «¥¥ ¨¬¥¥¬ ¤«ï x 2 S

'k+1(x) � max
x2S

wk(�x) = max
x2�S

wk(x) = wk(x00); £¤¥ x00 2 �S:

�á«¨ x00 2 �S \D, â® wk(x00) < 1 ¢ á¨«ã (10). �á«¨ x00 2 �S \ S = ! (íâ® ¢®§¬®¦­® â®«ìª® ¯à¨
k � 1), â® x00 =2 !k�1 (¨­ ç¥ x00 2 ! \ !k�1 ¨ !k 6= ; ¯® � 3),   ¯®â®¬ã wk(x00) = 'k(x00) < 1 ¢
á¨«ã (11). � ª¨¬ ®¡à §®¬, 'k+1(x) < 1, x 2 S. �§ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  ¨ (9) á«¥¤ã¥â, çâ®
((A�0)k+1'0)(x) � b < 1, x 2 S, £¤¥ ç¨á«® b, ®ç¥¢¨¤­®, ®¯à¥¤¥«ï¥âáï ®¯¥à â®à®¬ L, ®¡« áâìî
D ¨ ®â®¡à ¦¥­¨¥¬ �. �á­®, çâ® ¤¥©áâ¢ãîé¨© ¢ C(S) ®¯¥à â®à A�0 ï¢«ï¥âáï ­¥¯à¥àë¢­ë¬ ¨
¯®«®¦¨â¥«ì­ë¬ (á¬. ¯à¥¤«®¦¥­¨¥ 3 ¨ ãá«®¢¨¥ (B0)). �®íâ®¬ã, ¥á«¨ ' 2 C(S), k'kC(S) � 1, â®
j((A�0)k+1')(x)j � ((A�0)k+1'0)(x) � b ­  S ¨, â ª¨¬ ®¡à §®¬, k(A�0)k+1kC(S)!C(S) � b. �âáî¤ 
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á«¥¤ã¥â ([5], £«. V, x 4, c. 211{212), çâ® ®¯¥à â®à (E�A�0) ¨¬¥¥â ¢ C(S) ­¥¯à¥àë¢­ë© ¨ ¯®«®¦¨-
â¥«ì­ë© ®¡à â­ë© (E | â®¦¤¥áâ¢¥­­ë© ®¯¥à â®à). �®íâ®¬ã (á¬. ¯à¥¤«®¦¥­¨¥ 3) ®¯¥à â®àë

�1 � �0(E �A�0)
�1; G1 � (E + �1A)G0 (12)

¤¥©áâ¢ãîâ ­¥¯à¥àë¢­®: �1 | ¨§ C(S) ¢ C2+�(D), G1 | ¨§ C�(D) ¢ C2+�(D); ªà®¬¥ â®£®, �G1

¨ �1 ¯®«®¦¨â¥«ì­ë. �¥¯®áà¥¤áâ¢¥­­®© ¯à®¢¥àª®© ã¡¥¦¤ ¥¬áï, çâ® u1 � G1f + �1 | à¥è¥­¨¥
(1), (2).

3. �ãáâì f � 0 ¢ D,  � 0 ­  S, ff;  g 6= 0. �âáî¤ , ¨á¯®«ì§ãï ä ªâ ¯®«®¦¨â¥«ì­®áâ¨ �G1,
�1 ¨ ¯à¥¤«®¦¥­¨¥ 3, «¥£ª® ¢ë¢®¤¨¬, çâ® u1(x) > 0 ¢ D. �à¨ x 2 S n !0 â®çª  �x 2 D ¨ ¯®â®¬ã
u1(x) = u1(�x) +  (x) > 0. �¥®à¥¬  3 ¤®ª § ­ .

4. �§ à¥§ã«ìâ â®¢ [6] (£«. III, x 9, á. 222{224, x 11, á. 233) á«¥¤ã¥â, çâ® ¢ ãá«®¢¨ïå â¥®à¥¬ë 4
áãé¥áâ¢ã¥â «¨­¥©­®¥ à áè¨à¥­¨¥ eG0 ®¯¥à â®à  G0 á C�(D) ­  Lp(D). �à¨ íâ®¬ eG0 ¤¥©áâ¢ã¥â
­¥¯à¥àë¢­® ¨§ Lp(D) ¢ W 2

p (D) ¨, á«¥¤®¢ â¥«ì­®, eG0 | ¢¯®«­¥ ­¥¯à¥àë¢­ë© ®¯¥à â®à ¨§ Lp(D)

¢ C(D). �ç¨âë¢ ï (12), ¬®¦¥¬ § ª«îç¨âì, çâ® ¨áª®¬ë¬ «¨­¥©­ë¬ à áè¨à¥­¨¥¬ G1 ¡ã¤¥â eG1 �

(E + �1A) eG0; u01 � eG0f , u001 � �1A eG0f . �¥®à¥¬  4 ¤®ª § ­ .

6. �®ª § â¥«ìáâ¢  â¥®à¥¬ 5, 7

1. � ç­¥¬ á ¤®ª § â¥«ìáâ¢  ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï § ¤ ç¨ (1), (2) ¢
0

C�

2+�(D;
). �ãáâì

U(x) | í«¥¬¥­â íâ®£® ¯à®áâà ­áâ¢  ¨ Lu = 0 ¢ D, BU = 0 ­  S. �¡¥¤¨âìáï ¢ â®¬, çâ® U(x) = 0
¢ D ¬®¦­®, ¯®¢â®à¨¢ á ¤¢ã¬ï ¨§¬¥­¥­¨ï¬¨ à ááã¦¤¥­¨ï ¯. 1 ¯à¥¤ë¤ãé¥£® à §¤¥« . �¥à¢®¥:
¢ë¢®¤ ® â®¬, çâ® U(x) 6� const á«¥¤ã¥â ¨§ ¤®¯ãé¥­¨ï U(x0) > 0 ¨ à ¢¥­áâ¢  U(x) = 0 ­  
.
�â®à®¥: á®£« á­® â®«ìª® çâ® áª § ­­®¬ã, x0 =2 
,   ¯®â®¬ã áãé¥áâ¢ã¥â ­ âãà «ì­®¥ ç¨á«® m á®
á¢®©áâ¢ ¬¨, ãª § ­­ë¬¨ ¢ ã¯®¬ï­ãâëå à ááã¦¤¥­¨ïå.

2. �®ª § â¥«ìáâ¢® áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï § ¤ ç¨ ­ ç­¥¬ á® á«¥¤ãîé¥£® ¢ ¦­®£® § ¬¥ç ­¨ï.
�à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© â¥®à¥¬ë 5 ¬®¦­®, ­¥ ­ àãè ï ®¡é­®áâ¨ à ááã¦¤¥­¨©, áç¨â âì, çâ®
� = �
=2 (¯®ïá­¥­¨ï á¬. ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1). � íâ®¬ á«ãç ¥, ª ª ­¥âàã¤­® ¯à®¢¥à¨âì

á ¯®¬®éìî (6), íª¢¨¢ «¥­â­®© ­®à¬¥ {�
 ¡ã¤¥â ¢
0

C�
(S;
) ­®à¬  {v, ®¯à¥¤¥«ï¥¬ ï à ¢¥­áâ¢®¬

{
v(') � sup

x2Sn


(j'(x)j=v(x)):

� «¥¥ ¤®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï â ª ¦¥, ª ª ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 ¢ [7] (ª®­¥ç­®, á
§ ¬¥­®© ! ­  
) ¢® ¢á¥¬, ªà®¬¥ ®¤­®£® áãé¥áâ¢¥­­®£® ¬®¬¥­â . � ¨¬¥­­®, ä ªâ ®¡à â¨¬®áâ¨

®¯¥à â®à  B�0 = E � A�0 ¢
0

C�
(S;
) §¤¥áì ¯à¨å®¤¨âáï ãáâ ­ ¢«¨¢ âì á ¯®¬®éìî ¨­ëå, ç¥¬ ¢
[7], ¯®áâà®¥­¨© (­ ¯®¬­¨¬, çâ® ¢ [7] ¤®ª § ­® ­¥¯à¥àë¢­®¥ ¤¥©áâ¢¨¥ A�0 ¢ Cv(S),   §­ ç¨â, ¢
0

C�
(S;
)) ¢ á¨«ã íª¢¨¢ «¥­â­®áâ¨ {v ¨ {�
 . �¥à¥©¤¥¬ ª ¯®áâà®¥­¨ï¬, ¯®¤ç¥àª­ã¢ ¥é¥ à §, çâ®

¢ íâ®¬ à §¤¥«¥ ç¥à¥§ �0 ®¡®§­ ç ¥âáï áã¦¥­¨¥ á C(S) ­ 
0

C�
(S;
) á®®â¢¥âáâ¢ãîé¥£® à §à¥è -
îé¥£® ®¯¥à â®à  § ¤ ç¨ �¨à¨å«¥.

3. � áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© fvi(x)g, ã¤®¢«¥â¢®àïîé¨å à ¢¥­áâ¢ ¬

(Lvi)(x) = �
1

i+ 1
; x 2 D; i = 0; 1; 2; : : : ; (13)

v0(x) = v(x); vi(x) = vi�1(�x); x 2 S; i = 1; 2; : : : (14)

�§ ¯à¥¤«®¦¥­¨ï 3 ¨ á¢®©áâ¢ v, � á«¥¤ã¥â, çâ® â ª¨¥ äã­ªæ¨¨ áãé¥áâ¢ãîâ ¨ vi 2 C2+�(D),
vi(x) > 0 ¤«ï x 2 D.
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�à¥¤«®¦¥­¨¥ 4. �à¨ «î¡®¬ ­ âãà «ì­®¬ i ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 

vi(�x) < v(x); x 2 S n !i�1; (15)

vi(�x) � v(�x); x 2 S: (16)

�®ª § â¥«ìáâ¢®. �®áª®«ìªã Lv0 = �1, Lv � �1 ¢ D, v0 = v ­  S, â® ¯® ¯à¥¤«®¦¥­¨î 3

v0(x) � v(x); x 2 D: (17)

�§ (17) ¨ (7) á«¥¤ã¥â v0(�x) � v(�x) � v(x) ­  S,   ¯®â®¬ã á ãç¥â®¬ (14)

v0(�x) � v0(x); x 2 S: (18)

�®áª®«ìªã (á¬. (13)) Lv1 > Lv0 ¢ D, v1(x) = v0(�x) � v0(x) ­  S (á¬. (14), (18)), â® (¯à¥¤«®¦¥-
­¨¥ 3)

v1(x) � v0(x); x 2 D; (19)

v1(x) < v0(x); x 2 D: (20)

�§ (19), (14) ¯®«ãç ¥¬

v1(�x) � v0(�x) = v1(x); x 2 S; (21)

  ¨§ (20), (14) ¨ ¨§ ®¯à¥¤¥«¥­¨ï !0 |

v1(�x) < v0(�x) = v1(x); x 2 S n !0: (22)

�®ª ¦¥¬ ¯® ¨­¤ãªæ¨¨, çâ® ¯à¨ «î¡®¬ ­ âãà «ì­®¬ i ¢¥à­ë ­¥à ¢¥­áâ¢ 

vi(x) � vi�1(x); x 2 D; (23)

vi(�x) � vi(x); x 2 S; (24)

vi(�x) < vi(x); x 2 S n !i�1: (25)

�à¥¤¯®«®¦¨¬, çâ® ®­¨ ãáâ ­®¢«¥­ë ¤«ï i = j (¤«ï i = 1 íâ® á¤¥« ­®, á¬. (19), (21), (22)).
�®ª ¦¥¬ ¨å á¯à ¢¥¤«¨¢®áâì ¯à¨ i = j + 1.

� ª ª ª Lvj+1 > Lvj ¢ D (á¬. (13)), vj+1(x) = vj(�x) � vj(x) ­  S (á¬. (14) á i = j + 1, (24) á
i = j), â®

vj+1(x) � vj(x); x 2 D; (26)

vj+1(x) < vj(x); x 2 D: (27)

�§ (26), (14) á«¥¤ã¥â vj+1(�x) � vj(�x) = vj+1(x) ­  S. �â ª, (23) ¨ (24) ¯à¨ i = j+1 ¤®ª § ­ë. B
á¨«ã (14), (25) ¨ ¨­¤ãªâ¨¢­®£® ¯à¥¤¯®«®¦¥­¨ï ¨¬¥¥¬ vj+1(x) = vj(�x) < vj(x) ¤«ï x 2 S n !j�1.
�âáî¤  (â. ª. �x 2 S n !j�1 ¤«ï x 2 !0 n !j)

vj+1(�x) < vj(�x); x 2 !0 n !j : (28)

�§ (27) á«¥¤ã¥â vj+1(�x) < vj(�x) ¯à¨ x 2 S n !0, çâ® ¢¬¥áâ¥ á (28) ¯à¨¢®¤¨â ª ­¥à ¢¥­áâ¢ã
vj+1(�x) < vj(�x), x 2 S n !j . � ª¨¬ ®¡à §®¬, á ãç¥â®¬ (14) ¬®¦¥¬ ãâ¢¥à¦¤ âì, çâ® (25) ¢¥à­®
¯à¨ i = j + 1. �¥¯¥àì (15) «¥£ª® ¢ë¢®¤¨¬ ¨§ (25), (23) ¨ ¯¥à¢®£® à ¢¥­áâ¢  ¢ (14),   (16) | ¨§
(23) ¨ (17).

� ¢¥àè¨¬ ¤®ª § â¥«ìáâ¢® ¯à¥¤«®¦¥­¨ï 4 á«¥¤ãîé¨¬ § ¬¥ç ­¨¥¬. �§ âà¥¡®¢ ­¨ï 
 6= S
¢ëâ¥ª ¥â (á¬. � 6, � 2), çâ® ­¥à ¢¥­áâ¢  (15) ¨ (25) ãáâ ­ ¢«¨¢ îâáï ­  ­¥¯ãáâ®¬ ¬­®¦¥áâ¢¥
S n !i�1.

4. �ãáâì äã­ªæ¨ï 	(x) 2
0

C�
(S;
) ¨ {v(	) � 1, â ª çâ®

j	(x)j � v(x); x 2 S: (29)
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	i(s) � ((A�0)i	)(x); i = 1; 2; : : : (30)

�§ áª § ­­®£® ¢ ª®­æ¥ ¯. 2 íâ®£® à §¤¥«  ®¡ A�0 á«¥¤ã¥â, çâ® ¢á¥ 	i 2
0

C�
(S;
).

�à¥¤«®¦¥­¨¥ 5. �«ï «î¡®£® ­ âãà «ì­®£® i ¢¥à­® ­¥à ¢¥­áâ¢®

j	i(x)j � vi�1(�x); x 2 S: (31)

�®ª § â¥«ìáâ¢®. �§ (13) ¨ (14) ¢ëâ¥ª ¥â

vi(x) = �
1

i+ 1
(G0I)(x) + (�0�i)(x); x 2 D; i = 0; 1; 2; : : : ;

£¤¥

�0(x) = v(x); �i(x) = vi�1(�x) = (Avi�1)(x); x 2 S; i = 1; 2; : : :

�âáî¤ , ãç¨âë¢ ï ¯®«®¦¨â¥«ì­®áâì ®¯¥à â®à®¢ �G0, �0 ¨ A, ­¥á«®¦­® ¢ë¢¥áâ¨

�i(x) � ((A�0)
i�0)(x); x 2 S; i = 1; 2; : : : (32)

�§ (29), (30), (32) ¨ à ¢¥­áâ¢  �0(x) = v(x), x 2 S, á«¥¤ãîâ (¢ á¨«ã ¯®«®¦¨â¥«ì­®áâ¨ (A�0)i)
­¥à ¢¥­áâ¢  j	i(x)j � �i(x), x 2 S, à ¢­®á¨«ì­ë¥ (31).

5. �¡®§­ ç¨¬ 
h � fx 2 S : v(x) < hg, £¤¥ ç¨á«® h 2 (0; d1��).

�à¥¤«®¦¥­¨¥ 6. �¥à­® ¢ª«îç¥­¨¥ 
h � 
�. �à®¬¥ â®£®, áãé¥áâ¢ã¥â â ª®¥ æ¥«®¥ ç¨á«®

k0 � 0, çâ® !i � 
h ¯à¨ ¢á¥å i � k0.

�®ª § â¥«ìáâ¢®. �ë¡¥à¥¬ ç¨á«® �0 2 (0; (h=d2)1=�). �¥£ª® ¯®ª § âì, ¨á¯®«ì§ãï (6), çâ®

�0 � 
h � 
�. �«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  ¯à¥¤«®¦¥­¨ï 6 ®áâ «®áì á®á« âìáï ­  � 7 ¨ � 2,
á®£« á­® ª®â®àë¬ áãé¥áâ¢ã¥â â ª®¥ k0, çâ® !i � 
�0 ¯à¨ i � k0.

�®«®¦¨¬ k = k0 + 2. �§ ¯à¥¤«®¦¥­¨© 5 ¨ 4 á«¥¤ã¥â

j	k(x)j � vk�1(�x) < v(x); x 2 S n !k�2; (33)

j	k(x)j � vk�1(�x) � v(�x); x 2 S: (34)

�§ ­¥¯à¥àë¢­®áâ¨ v(x) ­  S á«¥¤ã¥â § ¬ª­ãâ®áâì ¬­®¦¥áâ¢  S n
h. �ç¥¢¨¤­  ­¥¯à¥àë¢­®áâì ­ 
íâ®¬ ¬­®¦¥áâ¢¥ äã­ªæ¨¨ vk�1(�x)=v(x). �®£« á­® ¯à¥¤«®¦¥­¨î 6 !k�2 � 
h, â ª çâ® S n 
h �
S n !k�2. �§ áª § ­­®£® ¢ á¨«ã (33) ¢ëâ¥ª ¥â

max
x2Sn
h

j	k(x)j
v(x)

� max
x2Sn
h

vk�1(�x)
v(x)

= a1 < 1; (35)

£¤¥ ç¨á«® a1 § ¢¨á¨â ®â v(x), L, D, �.
�§ (34), (7) ¨ ¢ª«îç¥­¨ï 
h � 
� (¯à¥¤«®¦¥­¨¥ 6) ¯®«ãç¨¬ j	k(x)j � v(�x) � av(x), x 2 
h,

®âªã¤  sup
x2
hn


j	k(x)j

v(x)
� a. �§ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  ¨ ¨§ (35), (30) á«¥¤ã¥â {v((A�0)k	) � a0,

£¤¥ a0 = max(a; a1) < 1. �â® ®§­ ç ¥â á ãç¥â®¬ áª § ­­®£® ¢ ¯. 2, çâ® ®¯¥à â®à (E � A�0) ¨¬¥¥â

¢
0

C�
(S;
) ­¥¯à¥àë¢­ë© ¨ ¯®«®¦¨â¥«ì­ë© ®¡à â­ë©.
� ¢¥àè ¥âáï ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 5 â ª ¦¥, ª ª ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 ¢ [7].

6. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 7 ¯®¢â®àï¥â ¡¥§ áãé¥áâ¢¥­­ëå ¨§¬¥­¥­¨© ¤®ª § â¥«ìáâ¢® â¥®à¥-
¬ë 4 ¨§ [8]. � ¬ ­ ¤® «¨èì § ¬¥­¨âì ! ­  
 ¨ á­®¢  ãç¥áâì íª¢¨¢ «¥­â­®áâì ­®à¬ {�
 ¨ {v.
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