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1. �¢¥¤¥­¨¥

�à¥å¨­¤¥ªá­ ï  ªá¨ «ì­ ï § ¤ ç  ® ­ §­ ç¥­¨¨ (3-���) [1]{[3] ä®à¬ã«¨àã¥âáï á«¥¤ãîé¨¬
®¡à §®¬: ¬¨­¨¬¨§¨à®¢ âì «¨­¥©­ãî ä®à¬ã

nX
i=1

ci;�(i);��(i) (1)

­  ¬­®¦¥áâ¢¥ ¯®¤áâ ­®¢®ª �, � ¨§ á¨¬¬¥âà¨ç¥áª®© £àã¯¯ë Sn ¯®àï¤ª  n, £¤¥ cijk | § ¤ ­­ë¥
¢¥é¥áâ¢¥­­ë¥ ç¨á« , 1 � i; j; k � n.

� àï¤ã á íâ®© å®à®è® ¨§¢¥áâ­®© § ¤ ç¥© ® ­ §­ ç¥­¨¨ à áá¬ âà¨¢ ¥âáï ¨ á«¥¤ãîé¥¥ ­®¢®¥
®¡®¡é¥­¨¥ ª« áá¨ç¥áª®© § ¤ ç¨ ª®¬¬¨¢®ï¦¥à .

�à¥å¨­¤¥ªá­ ï  ªá¨ «ì­ ï § ¤ ç  ª®¬¬¨¢®ï¦¥à  (3-���) ¯à¥¤áâ ¢«ï¥â á®¡®© ¬¨­¨¬¨§ æ¨î
(1) á ¤®¯®«­¨â¥«ì­ë¬ ãá«®¢¨¥¬

�; �; �� 2 Pn; (2)

£¤¥ Pn | ¬­®¦¥áâ¢® ¢á¥å æ¨ª«¨ç¥áª¨å ¯®¤áâ ­®¢®ª (â. ¥. á®áâ®ïé¨å ¨§ ®¤­®£® æ¨ª« ) ¨§ Sn.
�§ â¥®à¥â¨ç¥áª¨å à¥§ã«ìâ â®¢ [4]{[6] á«¥¤ã¥â, çâ® ®¡¥ § ¤ ç¨ NP -âàã¤­ë, ¯à¨ç¥¬ 3-���

MAX SNP -âàã¤­ . �â® ®¡áâ®ïâ¥«ìáâ¢® áâ¨¬ã«¨à®¢ «®  ¢â®à®¢ ª ¯®áâà®¥­¨î ¤«ï íâ¨å § ¤ ç
¯à¨¡«¨¦¥­­ëå ¯®«¨­®¬¨ «ì­ëå  «£®à¨â¬®¢ ­  á«ãç ©­ëå ¢å®¤ å.

�ëáâàë¥ ¯à¨¡«¨¦¥­­ë¥  «£®à¨â¬ë ¨ ¢¥à®ïâ­®áâ­ë¥ à á¯à¥¤¥«¥­¨ï, ­  ª®â®àëå íâ¨  «£®-
à¨â¬ë ï¢«ïîâáï  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ì­ë¬¨, ¯à¥¤áâ ¢«ïîâ ¡®«ìè®© ¨­â¥à¥á ¢ ¤¨áªà¥â­®©
®¯â¨¬¨§ æ¨¨ ([7]{[14]).

�¡®§­ ç¨¬ ç¥à¥§ fA ¨ f� ¯à¨¡«¨¦¥­­®¥ (¯®«ãç¥­­®¥ ¯®áà¥¤áâ¢®¬  «£®à¨â¬  A) ¨ ®¯â¨¬ «ì-
­®¥ §­ ç¥­¨ï æ¥«¥¢®© äã­ªæ¨¨ § ¤ ç¨ ­  ­¥ª®â®à®¬ ¢å®¤¥. � ¯®¬­¨¬, çâ® ¢ á«ãç ¥ ª®­ªà¥â­ëå
¨áå®¤­ëå ¤ ­­ëå (¢å®¤  § ¤ ç¨) ¯à¨­ïâ® £®¢®à¨âì ®¡ ¨­¤¨¢¨¤ã «ì­®© § ¤ ç¥. �®¤ ¬ áá®¢®© § -
¤ ç¥© (¨«¨ ¯à®áâ® § ¤ ç¥©) ¯®­¨¬ ¥âáï ®¯à¥¤¥«¥­­®¥ ¬­®¦¥áâ¢® ¨­¤¨¢¨¤ã «ì­ëå § ¤ ç.

�«¥¤ãï [8], ¡ã¤¥¬ £®¢®à¨âì, çâ®  «£®à¨â¬ A ¨¬¥¥â ®æ¥­ª¨ ("A; �A) ­  ª« áá¥ ¢å®¤®¢ à áá¬ -
âà¨¢ ¥¬®© § ¤ ç¨, ¥á«¨ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

PrffA > (1 + "A)f
�g � �A ;

£¤¥ "A ¥áâì ®æ¥­ª  ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ à¥è¥­¨ï, ¯®«ãç ¥¬®£®  «£®à¨â¬®¬ A, �A | ¢¥-
à®ïâ­®áâì ­¥áà ¡ âë¢ ­¨ï  «£®à¨â¬  A (â. ¥. ¢¥«¨ç¨­ã �A ¬®¦­® âà ªâ®¢ âì ª ª ¤®«î á«ãç ¥¢,
ª®£¤   «£®à¨â¬ ­¥ £ à ­â¨àã¥â ¯®£à¥è­®áâì ¢ ¯à¥¤¥« å "A).

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©

(ª®¤ë ¯à®¥ªâ®¢: 99-01-00601 ¨ 97-01-00890).
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�à¥¤áâ ¢«ï¥âáï ¨­â¥à¥á­ë¬ ¯®¢¥¤¥­¨¥ ®æ¥­®ª "A ¨ �A ¯à¨ ã¢¥«¨ç¥­¨¨ à §¬¥à­®áâ¨ § ¤ ç¨.
�«£®à¨â¬ A ­ §ë¢ ¥âáï  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ì­ë¬ ­  ª« áá¥ à áá¬ âà¨¢ ¥¬ëå § ¤ ç,

¥á«¨ áãé¥áâ¢ãîâ ®æ¥­ª¨ "A ¨ �A; áâà¥¬ïé¨¥áï ª ­ã«î á à®áâ®¬ à §¬¥à­®áâ¨. � ¬¥â¨¬, çâ®
 á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ì­ë© ¯®¤å®¤ ®ª § «áï ¯«®¤®â¢®à­ë¬ ¤«ï § ¤ ç¨ ª®¬¬¨¢®ï¦¥à  ­ 
¬¨­¨¬ã¬ ¨ ­  ¬ ªá¨¬ã¬ [7]{[13]. � ¤ ­­®© à ¡®â¥ á­ ç «  ®¯¨áë¢ ¥âáï ¯à¨¡«¨¦¥­­ë© áã¡«¨-
­¥©­ë©  «£®à¨â¬ A(�n) ¤«ï à¥è¥­¨ï 3-���, ¯à®¢®¤¨âáï ¥£® ¢¥à®ïâ­®áâ­ë©  ­ «¨§ ¨ ¤ îâáï
ãá«®¢¨ï ¥£®  á¨¬¯â®â¨ç¥áª®© ®¯â¨¬ «ì­®áâ¨.

� ¯à®â¨¢®¯®«®¦­®áâì ª 3-��� ¤«ï 3-��� ¨¬¥îâáï ¢å®¤ë, ­  ª®â®àëå à¥è¥­¨¥ ­¥ áãé¥-
áâ¢ã¥â. � á¢ï§¨ á íâ¨¬ ¢ áâ âì¥ ¯à¥¤áâ ¢«¥­ ªà¨â¥à¨© à §à¥è¨¬®áâ¨ 3-���: § ¤ ç  à §à¥è¨¬ 
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  n ­¥ç¥â­®. � «¥¥ ¤«ï ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï 3-��� ¯à¨¢®¤¨â-
áï  «£®à¨â¬ eA, ¨¬¥îé¨© «¨­¥©­ãî (®â­®á¨â¥«ì­® ¤«¨­ë ¢å®¤ ) âàã¤®¥¬ª®áâì. � § ª«îç¥­¨¥
ãáâ ­ ¢«¨¢ îâáï ãá«®¢¨ï  á¨¬¯â®â¨ç¥áª®© ®¯â¨¬ «ì­®áâ¨  «£®à¨â¬  eA.

�¥à®ïâ­®áâ­ë©  ­ «¨§ ¯à¨¢¥¤¥­­ëå  «£®à¨â¬®¢ ¯à®¢®¤¨âáï ¯à¨ á«¥¤ãîé¨å ¯à¥¤¯®«®¦¥­¨-
ïå. �ãáâì í«¥¬¥­âë ¬ âà¨æë (cijk) | ­¥§ ¢¨á¨¬ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë, ¢ë¡¨à ¥¬ë¥ ¨§ ®â-
à¥§ª  [an; bn], £¤¥ an > 0, á ®¤¨­ ª®¢®© äã­ªæ¨¥© à á¯à¥¤¥«¥­¨ï. � «¥¥ ¨á¯®«ì§ã¥âáï äã­ªæ¨ï
à á¯à¥¤¥«¥­¨ï F�(x) = Prf� < xg ­®à¬ «¨§®¢ ­­®© á«ãç ©­®© ¯¥à¥¬¥­­®©

� = (cijk � an)=(bn � an); 0 � � � 1:

�¥à¥§ Mn ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® ¢á¥å ®¯à¥¤¥«¥­­ëå ¢ëè¥ ¬ âà¨æ (cijk).

2. �á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ì­ë© ¯®¤å®¤ ª 3-���

�¡®§­ ç¨¬ ç¥à¥§ �n «î¡ãî æ¥«®ç¨á«¥­­® §­ ç éãî äã­ªæ¨î, 1 � �n � n.
�¯¨è¥¬  «£®à¨â¬ A(�n) ¤«ï ®âëáª ­¨ï ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï 3-���. �­ á®áâ®¨â ¨§ á¥¬¨

¯ã­ªâ®¢.

�«£®à¨â¬ A(�n).

1. �¥à¥¬ ¯à®¨§¢®«ì­ãî ¯®¤áâ ­®¢ªã � 2 Sn. �ãáâì (djk) | n � n-¬ âà¨æ , á®¤¥à¦ é ï
í«¥¬¥­âë ¨áå®¤­®© ¬ âà¨æë (cijk); £¤¥ ¨­¤¥ªá j = �(i) â ª®©, çâ®

djk = c��1(j)jk ¤«ï «î¡ëå 1 � j; k � n:

�®«®¦¨¬ f = 0; j = 1 ¨ K = f1; 2; : : : ; �ng.
2. �ë¡¥à¥¬ ­®¬¥à �(j) ¬¨­¨¬ «ì­®£® í«¥¬¥­â  ¨§ ¬­®¦¥áâ¢  Argminfdjk j k 2 Kg.
3. �®« £ ¥¬ f := f + dj�(j); K := K n f�(j)g; k := j + �n.
4. �á«¨ k � n, â® K := K [ fkg.
5. j := j + 1.
6. �®¢â®àï¥¬ ¯. 2, ¯®ª  j < n. � ¯à®â¨¢­®¬ á«ãç ¥ ¨¤¥¬ ª ¯. 7.
7. �¥§ã«ìâ â®¬ à ¡®âë  «£®à¨â¬  A(�n) ï¢«ï¥âáï §­ ç¥­¨¥ f æ¥«¥¢®© äã­ªæ¨¨ fA(�n).

�¯¨á ­¨¥  «£®à¨â¬  A(�n) § ª®­ç¥­®. �§ ®¯¨á ­¨ï  «£®à¨â¬  ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â

�à¥¤«®¦¥­¨¥. �«£®à¨â¬ A(�n) ­ å®¤¨â ¤®¯ãáâ¨¬®¥ ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ 3-��� § 

¢à¥¬ï O(n�n).
�¯à¥¤¥«¨¬ äã­ªæ¨î

Q(n; k) = (n� k)
Z 1

0
(1� F�(x))

kdx+
Z 1


(k)

dx

F�(x)
+ 
(k)k;

£¤¥ 
(k) | ª®à¥­ì ãà ¢­¥­¨ï

F�(x) = 1=k; 0 � x � 1:
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�¥¬¬  1. �ãáâì yj = (dj�(j)�an)=(bn�an), £¤¥ dj�(j) | í«¥¬¥­â ¬ âà¨æë (djk), ¢ë¡à ­­ë©
 «£®à¨â¬®¬ A(�n) ­  è £¥ j, 1 � j � n. �®£¤  ¤«ï ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï á«ãç ©­®©

¢¥«¨ç¨­ë y =
nP

j=1
yj á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

Ey � Q(n; �n):

�®ª § â¥«ìáâ¢®. �«ï ¢áïª®£® j = 1; : : : ; n� �n ¨¬¥¥¬

Eyj = Ey1 =
Z 1

0

xdFy1(x) = xFy1(x)
���1
0
�

Z 1

0

Fy1(x)dx =

=
Z 1

0

Prfy1 � xgdx =
Z 1

0

Pr�nf� � xgdx =
Z 1

0

(1� F�(x))�ndx;

  ¤«ï «î¡®£® j â ª®£®, çâ® n� �n < j � n, ¨¬¥¥â ¬¥áâ®

Eyj =
Z 1

0

(1� F�(x))n�j+1dx:

�ã¬¬¨àãï Eyj ¯® j = n� �n + 1; : : : ; n, ¯®«ãç¨¬

nX
j=n��n+1

Eyj =
nX

j=n��n+1

Z 1

0

(1� F�(x))n�j+1dx =

=
Z 
(�n)

0

�nX
k=1

(1� F�(x))
kdx+

Z 1


(�n)

�nX
k=1

(1� F�(x))
kdx = �n
(�n) +

Z 1


(�n)

dx

F�(x)
:

� ¬¥â¨¬, çâ® ¯ à ¬¥âà 
(�n) ¢ë¡¨à ¥âáï á ãç¥â®¬ ¬¨­¨¬¨§ æ¨¨ ¢¥àå­¥© £à ­¨æë

�n
(�n) +
Z 1


(�n)

dx

F�(x)
= min

0�
�1

�
�n
 +

Z 1




dx

F�(x)

�
:

� ª®­¥æ, ¯®«ãç ¥¬

nX
k=1

Eyj � (n� �n)
Z 1

0

(1� F�(x))
�ndx+ �n
(�n) +

Z 1


(�n)

dx

F�(x)
= Q(n; �n): �

�¥®à¥¬  1. �á«¨

bn
an

= o

�
n

Q(n; �n)

�
¨ Q(n; �n)!1 ¯à¨ n!1;

â®  «£®à¨â¬ A(�n) ­ å®¤¨â  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ì­®¥ à¥è¥­¨¥ 3-��� ­  ª« áá¥ ¬ âà¨æ

Mn:

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, çâ®  «£®à¨â¬ A(�n) ¨¬¥¥â á«¥¤ãîé¨¥ ®æ¥­ª¨ ®â­®á¨â¥«ì­®©
¯®£à¥è­®áâ¨

"A(�n) =
h(bn � an)

nan
Q(n; �n) (3)

¨ ¢¥à®ïâ­®áâ¨ ­¥áà ¡ âë¢ ­¨ï

�A(�n) =
1

(h� 1)2Q(n; �n)
; (4)

£¤¥ h = const > 0.
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�¥©áâ¢¨â¥«ì­®, á ãç¥â®¬ á®®â­®è¥­¨© fA = nan+(bn�an)y, Var y � Ey,   â ª¦¥ ­¥à ¢¥­áâ¢ 
�¥¡ëè¥¢  ¨¬¥¥¬

PrffA(�n) > (1 + "A(�n))f
�g � PrffA(�n) > (1 + "A(�n))nang �

� Prfy > hQ(n; �n)g � Prfjy �Eyj > (h� 1)Q(n; �n)g �

�
Var y

(h� 1)2Q(n; �n)2
�

1
(h� 1)2Q(n; �n)

= �A(�n):

�§ ¢¨¤  äã­ªæ¨¨ Q(n; �n) ¨ ®æ¥­®ª (3), (4) á«¥¤ã¥â, çâ® ¢ ãá«®¢¨ïå ¤®ª §ë¢ ¥¬®© â¥®à¥¬ë
 «£®à¨â¬ A(�n)  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «¥­.

�à¨¢¥¤¥¬ ­¥ª®â®àë¥ á«¥¤áâ¢¨ï ¢ á«ãç ¥ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ¢¨¤ 

F�(x) � x; 0 � x � 1: (5)

�ç¥¢¨¤­®, (5) á®¤¥à¦¨â ¢ë¯ãª«ë¥ à á¯à¥¤¥«¥­¨ï ¨ â¥¬ ¡®«¥¥ à ¢­®¬¥à­®¥ à á¯à¥¤¥«¥­¨¥.
�¥£ª® ¯à®¢¥àï¥âáï

�¥¬¬  2. � ãá«®¢¨ïå (5) ¢ë¯®«­¥­®

Q(n; �n) �
n� �n
�n

+ ln�n + �n
(�n):

�à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ ¯à¥¤«®¦¥­¨¥, â¥®à¥¬ã 1 ¨ «¥¬¬ã 2, ¨¬¥¥¬ á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï.

�«¥¤áâ¢¨¥ 1. �ãáâì F�(x) � x ¯à¨ 0 � x � 1. �á«¨ bn=an = o(n= lnn); â®  «£®à¨â¬ A(n)
ï¢«ï¥âáï  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ì­ë¬ ¤«ï 3-��� ­  ª« áá¥ ¬ âà¨æ Mn ¯à¨ ¢à¥¬¥­¨ à ¡®âë
O(n2).

�«¥¤áâ¢¨¥ 2. �ãáâì F�(x) � x ¯à¨ 0 � x � 1. �á«¨ bn=an = o(lnn), â®  «£®à¨â¬ A(lnn)
ï¢«ï¥âáï  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ì­ë¬ ¤«ï 3-��� ­  ª« áá¥ ¬ âà¨æ Mn ¯à¨ ¢à¥¬¥­¨ à ¡®âë
O(n lnn).

3. �á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ì­ë© ¯®¤å®¤ ª 3-���

� ¬¥â¨¬, çâ® ­¥ ­  ¢áïª®¬ ¢å®¤¥ 3-��� ¬®¦¥â ¨¬¥âì à¥è¥­¨¥. �¥©áâ¢¨â¥«ì­®, á¯à ¢¥¤«¨¢ 

�¥¬¬  3. 3-��� à §à¥è¨¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  n ­¥ç¥â­®.

�®ª § â¥«ìáâ¢®. � §à¥è¨¬®áâì 3-��� íª¢¨¢ «¥­â­  áãé¥áâ¢®¢ ­¨î ¤¢ãå ¯®¤áâ ­®¢®ª
�, �, ª®â®àë¥ ã¤®¢«¥â¢®àïîâ (2).

�ãáâì n ç¥â­®,   � ¨ � ã¤®¢«¥â¢®àïîâ (2). �à¥¤áâ ¢¨¬ � ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï n� 1 âà ­á-
¯®§¨æ¨©. � ¬¥â¨¬, çâ® ¯à¨ ã¬­®¦¥­¨¨ «î¡®© ¯®¤áâ ­®¢ª¨ ­  âà ­á¯®§¨æ¨î (ª ª á¯à ¢ , â ª
¨ á«¥¢ ) ¬¥­ï¥âáï ç¥â­®áâì ç¨á«  æ¨ª«®¢ ¢ ¯®«ãç¥­­®© ¯®¤áâ ­®¢ª¥ ¯® áà ¢­¥­¨î á ¨áå®¤­®©.
�®íâ®¬ã ¯à®¨§¢¥¤¥­¨¥ � ­  n� 1 âà ­á¯®§¨æ¨© á®¤¥à¦¨â ç¥â­®¥ ç¨á«® æ¨ª«®¢ (â. ª. ç¨á«® n� 1
­¥ç¥â­®) ¨, á«¥¤®¢ â¥«ì­®, ­¥ ¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã Pn. �à¨è«¨ ª ¯à®â¨¢®à¥ç¨î. �¥®¡å®¤¨-
¬®áâì ¤®ª § ­ .

�¥£ª® ã¡¥¤¨âìáï, çâ® ¢ á«ãç ¥ ­¥ç¥â­®£® n ¯®¤áâ ­®¢ª¨ �(i) = (i + 1) mod (n) ¨ �(i) =
(i+ 1) mod (n) ã¤®¢«¥â¢®àïîâ (2). �®áâ â®ç­®áâì ¤®ª § ­ .

�¡®§­ ç¨¬ ç¥à¥§ jsj ç¨á«® æ¨ª«®¢ ¢ ¯®¤áâ ­®¢ª¥ s 2 Sn.

�¯à¥¤¥«¥­¨¥. �®¤áâ ­®¢ªã s 2 Sn ­ §®¢¥¬ â¨¯¨ç­®©, ¥á«¨ jsj � 2 lnn.

�«ï á«ãç ©­®© ¯®¤áâ ­®¢ª¨ s 2 Sn ¨§ ([9], c.40) ¨¬¥¥¬ ­¥à ¢¥­áâ¢®

Prfj�j > 2 lnng �
�
e

n

�0:38

:
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�«¥¤®¢ â¥«ì­®, ¯à®¨§¢®«ì­® ¢ë¡à ­­ ï ¯®¤áâ ­®¢ª  s 2 Sn ¯®çâ¨ ¢á¥£¤  (á ¢¥à®ïâ­®áâìî, áâà¥-
¬ïé¥©áï ª 1 ¯à¨ n!1) ï¢«ï¥âáï â¨¯¨ç­®©.

� ¬¥ç ­¨¥. �ç¥¢¨¤­®, ¯à®¨§¢¥¤¥­¨¥ â¨¯¨ç­®© ¯®¤áâ ­®¢ª¨ s 2 Sn ­  ¯à®¨§¢®«ì­® ¢ë¡à ­-
­ãî ¯®¤áâ ­®¢ªã � 2 Pn ¯®çâ¨ ¢á¥£¤  ï¢«ï¥âáï â¨¯¨ç­®©.

�¥®à¥¬  2. �ãáâì � 2 Pn, n ­¥ç¥â­® ¨ �; �� 2 Sn | â¨¯¨ç­ë¥ ¯®¤áâ ­®¢ª¨. �à®¬¥ â®£®,

¯ãáâì cijk 2 [an; bn] ¨ an > 0, 1 � i; j; k � n. �®£¤  ­ ©¤ãâáï ¯®¤áâ ­®¢ª¨ �0, �0, ã¤®¢«¥â¢®àïî-

é¨¥ (2), ¨ ª®­áâ ­â  h (­¥ § ¢¨áïé ï ®â n) â ª¨¥, çâ®

nX
i=1

ci;�0(i);�0�0(i) �
nX
i=1

ci;�(i);��(i) + hbn lnn (6)

¨ �0, �0 ¬®£ãâ ¡ëâì ¯®«ãç¥­ë §  ¢à¥¬ï O(n2 lnn).

�®ª § â¥«ìáâ¢®. �¡®§­ ç¨¬ p = j��j. � à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ p � 2 lnn. �ãáâì
(i1; j1); : : : ; (ip�1; jp�1) | ¯®á«¥¤®¢ â¥«ì­®áâì âà ­á¯®§¨æ¨© â ª ï, çâ®

�(i1; j1) � � � (ip�1; jp�1) = e�; j�e�j = 1: (7)

�ç¥¢¨¤­®, ¯®¤áâ ­®¢ª  je�j â¨¯¨ç­ ï,   ¯®¤áâ ­®¢ª  �e� áâà®¨âáï §  ¢à¥¬ï O(n). �à®¬¥ â®£®,
je�j+ j�j ç¥â­®, ¯®áª®«ìªã j�e�j = 1 ¨ n ­¥ç¥â­®.

�«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¯®­ ¤®¡¨âáï

�¥¬¬  4. �ãáâì h�; e�i = maxfj�j; je�jg > 1. �®£¤  ­ ©¤¥âáï âà ­á¯®§¨æ¨ï (i; j) 2 Sn â ª ï,

çâ®

h�(i; j); (i; j)e�i = h�; e�i � 1 (8)

¨ (i; j) ¬®¦¥â ¡ëâì ­ ©¤¥­  §  ¢à¥¬ï O(n2).

�®ª § â¥«ìáâ¢®. �¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ áç¨â ¥¬, çâ® j�j > 1. �ë¡¥à¥¬ ¯à®¨§¢®«ì­ë©
æ¨ª« C = (i1; i2; : : : ; iq) 2 �.

�ãáâì je�j > 1. �«ï «î¡ëå i 2 C ¨ j =2 C ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® j�(i; j)j = j�j � 1. �á«¨
¯à¨ íâ®¬ ¤«ï ­¥ª®â®à®© â ª®© ¯ àë i, j ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® j(i; j)e�j = je�j � 1, â® «¥¬¬  4
¤®ª § ­ . � ¯à®â¨¢­®¬ á«ãç ¥ ¨¬¥¥¬ æ¨ª«¨ç¥áªãî ¯®¤áâ ­®¢ªã e� 2 Pn ¨ j�j � 3 ¢ á¨«ã ç¥â­®áâ¨
je�j + j�j. � íâ®¬ á«ãç ¥, ¢§ï¢ ¯à®¨§¢®«ì­ë¥ i 2 C ¨ j =2 C, ¡ã¤¥¬ ¨¬¥âì j(i; j)e�j = je�j + 1 = 2 �
j�(i; j)j = j�j � 1. �à¨ íâ®¬ ¢ë¯®«­ï¥âáï (8).

� ª®­¥æ, § ¬¥â¨¬, çâ® ¨áª®¬ ï á®£« á­® «¥¬¬¥ âà ­á¯®§¨æ¨ï ­ å®¤¨âáï §  ¢à¥¬ï O(n2).

�à®¤®«¦¨¬ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. � ¬¥â¨¬, çâ® ¯à®¨§¢¥¤¥­¨¥ �(i; j) ­  (i; j)e� à ¢­® �e�:
�«¥¤®¢ â¥«ì­®, �(i; j)(i; j)e� 2 Pn.

�á¯®«ì§ãï «¥¬¬ã 4 ­¥ ¡®«¥¥ 2 lnn à §, ¯®«ãç¨¬ ¯®¤áâ ­®¢ª¨ �0; �0 2 Pn. � ª¨¬ ®¡à §®¬, á
ãç¥â®¬ ¯®á«¥¤­¥£® § ¬¥ç ­¨ï ¯®¤áâ ­®¢ª¨ �0, �0 ã¤®¢«¥â¢®àïîâ (2). �«ï ¯®«ãç¥­¨ï ¯®¤áâ ­®¢®ª
�0, �0 ¨§ ¨áå®¤­ëå ¯®¤áâ ­®¢®ª �, � ¤®áâ â®ç­® ¯à®¨§¢¥áâ¨ O(lnn) ã¬­®¦¥­¨© ­  á®®â¢¥âáâ¢ã-
îé¨¥ âà ­á¯®§¨æ¨¨. �¥¬ á ¬ë¬ ãáâ ­®¢«¥­® ­¥à ¢¥­áâ¢® (6). �à®¬¥ â®£®, á ãç¥â®¬ «¥¬¬ë 4
¯®«ãç ¥¬, çâ® �0 ¨ �0 áâà®ïâáï §  ¢à¥¬ï O(n2 lnn): �

�¥à¥©¤¥¬ ª ®¯¨á ­¨î  «£®à¨â¬  eA ¤«ï ­ å®¦¤¥­¨ï ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï 3-��� ­  ª« á-
á¥ ¬ âà¨æ Mn.

�«£®à¨â¬ eA.
1. �ë¡¨à ¥¬ ¯à®¨§¢®«ì­ãî ¯®¤áâ ­®¢ªã � 2 Pn.
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2. �®à¬¨àã¥¬ n� n-¬ âà¨æã (djk), á®áâ®ïéãî ¨§ í«¥¬¥­â®¢ ¨áå®¤­®© ¬ âà¨æë (cijk) á i =
��1(j):

djk = c��1(j)jk ; 1 � j; k � n:

3. �á¯®«ì§ãï à ­¤®¬¨§¨à®¢ ­­ãî ¢¥àá¨î  «£®à¨â¬  à¥è¥­¨ï § ¤ ç¨ ® ­ §­ ç¥­¨¨ ([9],
c. 36), ­ å®¤¨¬ ¥¥ ®¯â¨¬ «ì­®¥ à¥è¥­¨¥ �(j) ­  ¢å®¤­®© ¬ âà¨æ¥ (djk), ª®â®à®¥ ª â®¬ã
¦¥ ¯®çâ¨ ¢á¥£¤  ï¢«ï¥âáï â¨¯¨ç­ë¬.

4. �¬¥¥¬ ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ 3-��� á® §­ ç¥­¨¥¬ æ¥«¥¢®© äã­ªæ¨¨
nP
i=1

ci;�(i);��(i). �

ãá«®¢¨ïå â¥®à¥¬ë 1 ¨ á«¥¤áâ¢¨ï 1 â ª®¥ à¥è¥­¨¥ ï¢«ï¥âáï  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ì-
­ë¬.

5. �®£« á­® § ¬¥ç ­¨î ¨§ â¨¯¨ç­®áâ¨ ¯®¤áâ ­®¢ª¨ � ¯®çâ¨ ¢á¥£¤  á«¥¤ã¥â â¨¯¨ç­®áâì ¯®¤-
áâ ­®¢ª¨ ��. � á«ãç ¥, ª®£¤  ¯®¤áâ ­®¢ª¨ � ¨ �� ¯à¨­ ¤«¥¦ â Pn, ¨¬¥¥¬ á®®â¢¥âáâ¢ãî-
é¥¥ ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ 3-���: �0 = �, �0 = �.

6. �ë¡¥à¥¬ ¯®¤áâ ­®¢ªã e� á®£« á­® (7).
7. � á®®â¢¥âáâ¢¨¨ á ª®­áâàãªâ¨¢­ë¬ ¤®ª § â¥«ìáâ¢®¬ â¥®à¥¬ë 2 áâà®¨¬ ¯®¤áâ ­®¢ª¨ �0, �0,

�0�0, ¯à¨­ ¤«¥¦ é¨¥ Pn.

�¯¨á ­¨¥  «£®à¨â¬  eA § ª®­ç¥­®.
�ª®­ç â¥«ì­® ¯®«ãç ¥¬ ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ 3-��� á® §­ ç¥­¨¥¬ æ¥«¥¢®© äã­ªæ¨¨

nP
i=1

ci;�0(i);�0�0(i). � ¬¥â¨¬, çâ® ¯¯. 1{7  «£®à¨â¬  eA ¬®£ãâ ¡ëâì ¢ë¯®«­¥­ë §  ¢à¥¬ï O(n3); ¯®-

áª®«ìªã íâ® ¢à¥¬ï âà¥¡ã¥âáï ¤«ï à¥è¥­¨ï § ¤ ç¨ ® ­ §­ ç¥­¨¨ [15].
� ãç¥â®¬ «¥¬¬ë 1 ¨§ [9], â¥®à¥¬ 1 ¨ 2,   â ª¦¥ «¥¬¬ë 3 áä®à¬ã«¨àã¥¬ ¤®áâ â®ç­®¥ ãá«®¢¨¥

 á¨¬¯â®â¨ç¥áª®© ®¯â¨¬ «ì­®áâ¨  «£®à¨â¬  eA.
�¥®à¥¬  3. �ãáâì F�(x) � x, 0 � x � 1. �á«¨ bn=an = o(n= lnn), â®£¤  ¯à¨ ­¥ç¥â­ëå n

 «£®à¨â¬ eA ­ å®¤¨â  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ì­®¥ à¥è¥­¨¥ 3-��� ­  ª« áá¥ ¬ âà¨æ Mn § 

¢à¥¬ï O(n3).
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