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1. �¢¥¤¥¨¥

�à¥å¨¤¥ªá ï  ªá¨ «ì ï § ¤ ç  ®  § ç¥¨¨ (3-���) [1]{[3] ä®à¬ã«¨àã¥âáï á«¥¤ãîé¨¬
®¡à §®¬: ¬¨¨¬¨§¨à®¢ âì «¨¥©ãî ä®à¬ã

nX
i=1

ci;�(i);��(i) (1)

  ¬®¦¥áâ¢¥ ¯®¤áâ ®¢®ª �, � ¨§ á¨¬¬¥âà¨ç¥áª®© £àã¯¯ë Sn ¯®àï¤ª  n, £¤¥ cijk | § ¤ ë¥
¢¥é¥áâ¢¥ë¥ ç¨á« , 1 � i; j; k � n.

� àï¤ã á íâ®© å®à®è® ¨§¢¥áâ®© § ¤ ç¥© ®  § ç¥¨¨ à áá¬ âà¨¢ ¥âáï ¨ á«¥¤ãîé¥¥ ®¢®¥
®¡®¡é¥¨¥ ª« áá¨ç¥áª®© § ¤ ç¨ ª®¬¬¨¢®ï¦¥à .

�à¥å¨¤¥ªá ï  ªá¨ «ì ï § ¤ ç  ª®¬¬¨¢®ï¦¥à  (3-���) ¯à¥¤áâ ¢«ï¥â á®¡®© ¬¨¨¬¨§ æ¨î
(1) á ¤®¯®«¨â¥«ìë¬ ãá«®¢¨¥¬

�; �; �� 2 Pn; (2)

£¤¥ Pn | ¬®¦¥áâ¢® ¢á¥å æ¨ª«¨ç¥áª¨å ¯®¤áâ ®¢®ª (â. ¥. á®áâ®ïé¨å ¨§ ®¤®£® æ¨ª« ) ¨§ Sn.
�§ â¥®à¥â¨ç¥áª¨å à¥§ã«ìâ â®¢ [4]{[6] á«¥¤ã¥â, çâ® ®¡¥ § ¤ ç¨ NP -âàã¤ë, ¯à¨ç¥¬ 3-���

MAX SNP -âàã¤ . �â® ®¡áâ®ïâ¥«ìáâ¢® áâ¨¬ã«¨à®¢ «®  ¢â®à®¢ ª ¯®áâà®¥¨î ¤«ï íâ¨å § ¤ ç
¯à¨¡«¨¦¥ëå ¯®«¨®¬¨ «ìëå  «£®à¨â¬®¢   á«ãç ©ëå ¢å®¤ å.

�ëáâàë¥ ¯à¨¡«¨¦¥ë¥  «£®à¨â¬ë ¨ ¢¥à®ïâ®áâë¥ à á¯à¥¤¥«¥¨ï,   ª®â®àëå íâ¨  «£®-
à¨â¬ë ï¢«ïîâáï  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ìë¬¨, ¯à¥¤áâ ¢«ïîâ ¡®«ìè®© ¨â¥à¥á ¢ ¤¨áªà¥â®©
®¯â¨¬¨§ æ¨¨ ([7]{[14]).

�¡®§ ç¨¬ ç¥à¥§ fA ¨ f� ¯à¨¡«¨¦¥®¥ (¯®«ãç¥®¥ ¯®áà¥¤áâ¢®¬  «£®à¨â¬  A) ¨ ®¯â¨¬ «ì-
®¥ § ç¥¨ï æ¥«¥¢®© äãªæ¨¨ § ¤ ç¨   ¥ª®â®à®¬ ¢å®¤¥. � ¯®¬¨¬, çâ® ¢ á«ãç ¥ ª®ªà¥âëå
¨áå®¤ëå ¤ ëå (¢å®¤  § ¤ ç¨) ¯à¨ïâ® £®¢®à¨âì ®¡ ¨¤¨¢¨¤ã «ì®© § ¤ ç¥. �®¤ ¬ áá®¢®© § -
¤ ç¥© (¨«¨ ¯à®áâ® § ¤ ç¥©) ¯®¨¬ ¥âáï ®¯à¥¤¥«¥®¥ ¬®¦¥áâ¢® ¨¤¨¢¨¤ã «ìëå § ¤ ç.

�«¥¤ãï [8], ¡ã¤¥¬ £®¢®à¨âì, çâ®  «£®à¨â¬ A ¨¬¥¥â ®æ¥ª¨ ("A; �A)   ª« áá¥ ¢å®¤®¢ à áá¬ -
âà¨¢ ¥¬®© § ¤ ç¨, ¥á«¨ ¢ë¯®«¥® ¥à ¢¥áâ¢®

PrffA > (1 + "A)f
�g � �A ;

£¤¥ "A ¥áâì ®æ¥ª  ®â®á¨â¥«ì®© ¯®£à¥è®áâ¨ à¥è¥¨ï, ¯®«ãç ¥¬®£®  «£®à¨â¬®¬ A, �A | ¢¥-
à®ïâ®áâì ¥áà ¡ âë¢ ¨ï  «£®à¨â¬  A (â. ¥. ¢¥«¨ç¨ã �A ¬®¦® âà ªâ®¢ âì ª ª ¤®«î á«ãç ¥¢,
ª®£¤   «£®à¨â¬ ¥ £ à â¨àã¥â ¯®£à¥è®áâì ¢ ¯à¥¤¥« å "A).

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©

(ª®¤ë ¯à®¥ªâ®¢: 99-01-00601 ¨ 97-01-00890).
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�à¥¤áâ ¢«ï¥âáï ¨â¥à¥áë¬ ¯®¢¥¤¥¨¥ ®æ¥®ª "A ¨ �A ¯à¨ ã¢¥«¨ç¥¨¨ à §¬¥à®áâ¨ § ¤ ç¨.
�«£®à¨â¬ A  §ë¢ ¥âáï  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ìë¬   ª« áá¥ à áá¬ âà¨¢ ¥¬ëå § ¤ ç,

¥á«¨ áãé¥áâ¢ãîâ ®æ¥ª¨ "A ¨ �A; áâà¥¬ïé¨¥áï ª ã«î á à®áâ®¬ à §¬¥à®áâ¨. � ¬¥â¨¬, çâ®
 á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ìë© ¯®¤å®¤ ®ª § «áï ¯«®¤®â¢®àë¬ ¤«ï § ¤ ç¨ ª®¬¬¨¢®ï¦¥à   
¬¨¨¬ã¬ ¨   ¬ ªá¨¬ã¬ [7]{[13]. � ¤ ®© à ¡®â¥ á ç «  ®¯¨áë¢ ¥âáï ¯à¨¡«¨¦¥ë© áã¡«¨-
¥©ë©  «£®à¨â¬ A(�n) ¤«ï à¥è¥¨ï 3-���, ¯à®¢®¤¨âáï ¥£® ¢¥à®ïâ®áâë©   «¨§ ¨ ¤ îâáï
ãá«®¢¨ï ¥£®  á¨¬¯â®â¨ç¥áª®© ®¯â¨¬ «ì®áâ¨.

� ¯à®â¨¢®¯®«®¦®áâì ª 3-��� ¤«ï 3-��� ¨¬¥îâáï ¢å®¤ë,   ª®â®àëå à¥è¥¨¥ ¥ áãé¥-
áâ¢ã¥â. � á¢ï§¨ á íâ¨¬ ¢ áâ âì¥ ¯à¥¤áâ ¢«¥ ªà¨â¥à¨© à §à¥è¨¬®áâ¨ 3-���: § ¤ ç  à §à¥è¨¬ 
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  n ¥ç¥â®. � «¥¥ ¤«ï ¯à¨¡«¨¦¥®£® à¥è¥¨ï 3-��� ¯à¨¢®¤¨â-
áï  «£®à¨â¬ eA, ¨¬¥îé¨© «¨¥©ãî (®â®á¨â¥«ì® ¤«¨ë ¢å®¤ ) âàã¤®¥¬ª®áâì. � § ª«îç¥¨¥
ãáâ  ¢«¨¢ îâáï ãá«®¢¨ï  á¨¬¯â®â¨ç¥áª®© ®¯â¨¬ «ì®áâ¨  «£®à¨â¬  eA.

�¥à®ïâ®áâë©   «¨§ ¯à¨¢¥¤¥ëå  «£®à¨â¬®¢ ¯à®¢®¤¨âáï ¯à¨ á«¥¤ãîé¨å ¯à¥¤¯®«®¦¥¨-
ïå. �ãáâì í«¥¬¥âë ¬ âà¨æë (cijk) | ¥§ ¢¨á¨¬ë¥ á«ãç ©ë¥ ¢¥«¨ç¨ë, ¢ë¡¨à ¥¬ë¥ ¨§ ®â-
à¥§ª  [an; bn], £¤¥ an > 0, á ®¤¨ ª®¢®© äãªæ¨¥© à á¯à¥¤¥«¥¨ï. � «¥¥ ¨á¯®«ì§ã¥âáï äãªæ¨ï
à á¯à¥¤¥«¥¨ï F�(x) = Prf� < xg ®à¬ «¨§®¢ ®© á«ãç ©®© ¯¥à¥¬¥®©

� = (cijk � an)=(bn � an); 0 � � � 1:

�¥à¥§ Mn ®¡®§ ç¨¬ ¬®¦¥áâ¢® ¢á¥å ®¯à¥¤¥«¥ëå ¢ëè¥ ¬ âà¨æ (cijk).

2. �á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ìë© ¯®¤å®¤ ª 3-���

�¡®§ ç¨¬ ç¥à¥§ �n «î¡ãî æ¥«®ç¨á«¥® § ç éãî äãªæ¨î, 1 � �n � n.
�¯¨è¥¬  «£®à¨â¬ A(�n) ¤«ï ®âëáª ¨ï ¯à¨¡«¨¦¥®£® à¥è¥¨ï 3-���. � á®áâ®¨â ¨§ á¥¬¨

¯ãªâ®¢.

�«£®à¨â¬ A(�n).

1. �¥à¥¬ ¯à®¨§¢®«ìãî ¯®¤áâ ®¢ªã � 2 Sn. �ãáâì (djk) | n � n-¬ âà¨æ , á®¤¥à¦ é ï
í«¥¬¥âë ¨áå®¤®© ¬ âà¨æë (cijk); £¤¥ ¨¤¥ªá j = �(i) â ª®©, çâ®

djk = c��1(j)jk ¤«ï «î¡ëå 1 � j; k � n:

�®«®¦¨¬ f = 0; j = 1 ¨ K = f1; 2; : : : ; �ng.
2. �ë¡¥à¥¬ ®¬¥à �(j) ¬¨¨¬ «ì®£® í«¥¬¥â  ¨§ ¬®¦¥áâ¢  Argminfdjk j k 2 Kg.
3. �®« £ ¥¬ f := f + dj�(j); K := K n f�(j)g; k := j + �n.
4. �á«¨ k � n, â® K := K [ fkg.
5. j := j + 1.
6. �®¢â®àï¥¬ ¯. 2, ¯®ª  j < n. � ¯à®â¨¢®¬ á«ãç ¥ ¨¤¥¬ ª ¯. 7.
7. �¥§ã«ìâ â®¬ à ¡®âë  «£®à¨â¬  A(�n) ï¢«ï¥âáï § ç¥¨¥ f æ¥«¥¢®© äãªæ¨¨ fA(�n).

�¯¨á ¨¥  «£®à¨â¬  A(�n) § ª®ç¥®. �§ ®¯¨á ¨ï  «£®à¨â¬  ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â

�à¥¤«®¦¥¨¥. �«£®à¨â¬ A(�n)  å®¤¨â ¤®¯ãáâ¨¬®¥ ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ 3-��� § 

¢à¥¬ï O(n�n).
�¯à¥¤¥«¨¬ äãªæ¨î

Q(n; k) = (n� k)
Z 1

0
(1� F�(x))

kdx+
Z 1

(k)

dx

F�(x)
+ (k)k;

£¤¥ (k) | ª®à¥ì ãà ¢¥¨ï

F�(x) = 1=k; 0 � x � 1:
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�¥¬¬  1. �ãáâì yj = (dj�(j)�an)=(bn�an), £¤¥ dj�(j) | í«¥¬¥â ¬ âà¨æë (djk), ¢ë¡à ë©
 «£®à¨â¬®¬ A(�n)   è £¥ j, 1 � j � n. �®£¤  ¤«ï ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ¨ï á«ãç ©®©

¢¥«¨ç¨ë y =
nP

j=1
yj á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

Ey � Q(n; �n):

�®ª § â¥«ìáâ¢®. �«ï ¢áïª®£® j = 1; : : : ; n� �n ¨¬¥¥¬

Eyj = Ey1 =
Z 1

0

xdFy1(x) = xFy1(x)
���1
0
�

Z 1

0

Fy1(x)dx =

=
Z 1

0

Prfy1 � xgdx =
Z 1

0

Pr�nf� � xgdx =
Z 1

0

(1� F�(x))�ndx;

  ¤«ï «î¡®£® j â ª®£®, çâ® n� �n < j � n, ¨¬¥¥â ¬¥áâ®

Eyj =
Z 1

0

(1� F�(x))n�j+1dx:

�ã¬¬¨àãï Eyj ¯® j = n� �n + 1; : : : ; n, ¯®«ãç¨¬

nX
j=n��n+1

Eyj =
nX

j=n��n+1

Z 1

0

(1� F�(x))n�j+1dx =

=
Z (�n)

0

�nX
k=1

(1� F�(x))
kdx+

Z 1

(�n)

�nX
k=1

(1� F�(x))
kdx = �n(�n) +

Z 1

(�n)

dx

F�(x)
:

� ¬¥â¨¬, çâ® ¯ à ¬¥âà (�n) ¢ë¡¨à ¥âáï á ãç¥â®¬ ¬¨¨¬¨§ æ¨¨ ¢¥àå¥© £à ¨æë

�n(�n) +
Z 1

(�n)

dx

F�(x)
= min

0��1

�
�n +

Z 1



dx

F�(x)

�
:

� ª®¥æ, ¯®«ãç ¥¬

nX
k=1

Eyj � (n� �n)
Z 1

0

(1� F�(x))
�ndx+ �n(�n) +

Z 1

(�n)

dx

F�(x)
= Q(n; �n): �

�¥®à¥¬  1. �á«¨

bn
an

= o

�
n

Q(n; �n)

�
¨ Q(n; �n)!1 ¯à¨ n!1;

â®  «£®à¨â¬ A(�n)  å®¤¨â  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ì®¥ à¥è¥¨¥ 3-���   ª« áá¥ ¬ âà¨æ

Mn:

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, çâ®  «£®à¨â¬ A(�n) ¨¬¥¥â á«¥¤ãîé¨¥ ®æ¥ª¨ ®â®á¨â¥«ì®©
¯®£à¥è®áâ¨

"A(�n) =
h(bn � an)

nan
Q(n; �n) (3)

¨ ¢¥à®ïâ®áâ¨ ¥áà ¡ âë¢ ¨ï

�A(�n) =
1

(h� 1)2Q(n; �n)
; (4)

£¤¥ h = const > 0.
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�¥©áâ¢¨â¥«ì®, á ãç¥â®¬ á®®â®è¥¨© fA = nan+(bn�an)y, Var y � Ey,   â ª¦¥ ¥à ¢¥áâ¢ 
�¥¡ëè¥¢  ¨¬¥¥¬

PrffA(�n) > (1 + "A(�n))f
�g � PrffA(�n) > (1 + "A(�n))nang �

� Prfy > hQ(n; �n)g � Prfjy �Eyj > (h� 1)Q(n; �n)g �

�
Var y

(h� 1)2Q(n; �n)2
�

1
(h� 1)2Q(n; �n)

= �A(�n):

�§ ¢¨¤  äãªæ¨¨ Q(n; �n) ¨ ®æ¥®ª (3), (4) á«¥¤ã¥â, çâ® ¢ ãá«®¢¨ïå ¤®ª §ë¢ ¥¬®© â¥®à¥¬ë
 «£®à¨â¬ A(�n)  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «¥.

�à¨¢¥¤¥¬ ¥ª®â®àë¥ á«¥¤áâ¢¨ï ¢ á«ãç ¥ äãªæ¨¨ à á¯à¥¤¥«¥¨ï ¢¨¤ 

F�(x) � x; 0 � x � 1: (5)

�ç¥¢¨¤®, (5) á®¤¥à¦¨â ¢ë¯ãª«ë¥ à á¯à¥¤¥«¥¨ï ¨ â¥¬ ¡®«¥¥ à ¢®¬¥à®¥ à á¯à¥¤¥«¥¨¥.
�¥£ª® ¯à®¢¥àï¥âáï

�¥¬¬  2. � ãá«®¢¨ïå (5) ¢ë¯®«¥®

Q(n; �n) �
n� �n
�n

+ ln�n + �n(�n):

�à¨¨¬ ï ¢® ¢¨¬ ¨¥ ¯à¥¤«®¦¥¨¥, â¥®à¥¬ã 1 ¨ «¥¬¬ã 2, ¨¬¥¥¬ á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï.

�«¥¤áâ¢¨¥ 1. �ãáâì F�(x) � x ¯à¨ 0 � x � 1. �á«¨ bn=an = o(n= lnn); â®  «£®à¨â¬ A(n)
ï¢«ï¥âáï  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ìë¬ ¤«ï 3-���   ª« áá¥ ¬ âà¨æ Mn ¯à¨ ¢à¥¬¥¨ à ¡®âë
O(n2).

�«¥¤áâ¢¨¥ 2. �ãáâì F�(x) � x ¯à¨ 0 � x � 1. �á«¨ bn=an = o(lnn), â®  «£®à¨â¬ A(lnn)
ï¢«ï¥âáï  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ìë¬ ¤«ï 3-���   ª« áá¥ ¬ âà¨æ Mn ¯à¨ ¢à¥¬¥¨ à ¡®âë
O(n lnn).

3. �á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ìë© ¯®¤å®¤ ª 3-���

� ¬¥â¨¬, çâ® ¥   ¢áïª®¬ ¢å®¤¥ 3-��� ¬®¦¥â ¨¬¥âì à¥è¥¨¥. �¥©áâ¢¨â¥«ì®, á¯à ¢¥¤«¨¢ 

�¥¬¬  3. 3-��� à §à¥è¨¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  n ¥ç¥â®.

�®ª § â¥«ìáâ¢®. � §à¥è¨¬®áâì 3-��� íª¢¨¢ «¥â  áãé¥áâ¢®¢ ¨î ¤¢ãå ¯®¤áâ ®¢®ª
�, �, ª®â®àë¥ ã¤®¢«¥â¢®àïîâ (2).

�ãáâì n ç¥â®,   � ¨ � ã¤®¢«¥â¢®àïîâ (2). �à¥¤áâ ¢¨¬ � ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥¨ï n� 1 âà á-
¯®§¨æ¨©. � ¬¥â¨¬, çâ® ¯à¨ ã¬®¦¥¨¨ «î¡®© ¯®¤áâ ®¢ª¨   âà á¯®§¨æ¨î (ª ª á¯à ¢ , â ª
¨ á«¥¢ ) ¬¥ï¥âáï ç¥â®áâì ç¨á«  æ¨ª«®¢ ¢ ¯®«ãç¥®© ¯®¤áâ ®¢ª¥ ¯® áà ¢¥¨î á ¨áå®¤®©.
�®íâ®¬ã ¯à®¨§¢¥¤¥¨¥ �   n� 1 âà á¯®§¨æ¨© á®¤¥à¦¨â ç¥â®¥ ç¨á«® æ¨ª«®¢ (â. ª. ç¨á«® n� 1
¥ç¥â®) ¨, á«¥¤®¢ â¥«ì®, ¥ ¯à¨ ¤«¥¦¨â ¬®¦¥áâ¢ã Pn. �à¨è«¨ ª ¯à®â¨¢®à¥ç¨î. �¥®¡å®¤¨-
¬®áâì ¤®ª §  .

�¥£ª® ã¡¥¤¨âìáï, çâ® ¢ á«ãç ¥ ¥ç¥â®£® n ¯®¤áâ ®¢ª¨ �(i) = (i + 1) mod (n) ¨ �(i) =
(i+ 1) mod (n) ã¤®¢«¥â¢®àïîâ (2). �®áâ â®ç®áâì ¤®ª §  .

�¡®§ ç¨¬ ç¥à¥§ jsj ç¨á«® æ¨ª«®¢ ¢ ¯®¤áâ ®¢ª¥ s 2 Sn.

�¯à¥¤¥«¥¨¥. �®¤áâ ®¢ªã s 2 Sn  §®¢¥¬ â¨¯¨ç®©, ¥á«¨ jsj � 2 lnn.

�«ï á«ãç ©®© ¯®¤áâ ®¢ª¨ s 2 Sn ¨§ ([9], c.40) ¨¬¥¥¬ ¥à ¢¥áâ¢®

Prfj�j > 2 lnng �
�
e

n

�0:38

:
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�«¥¤®¢ â¥«ì®, ¯à®¨§¢®«ì® ¢ë¡à  ï ¯®¤áâ ®¢ª  s 2 Sn ¯®çâ¨ ¢á¥£¤  (á ¢¥à®ïâ®áâìî, áâà¥-
¬ïé¥©áï ª 1 ¯à¨ n!1) ï¢«ï¥âáï â¨¯¨ç®©.

� ¬¥ç ¨¥. �ç¥¢¨¤®, ¯à®¨§¢¥¤¥¨¥ â¨¯¨ç®© ¯®¤áâ ®¢ª¨ s 2 Sn   ¯à®¨§¢®«ì® ¢ë¡à -
ãî ¯®¤áâ ®¢ªã � 2 Pn ¯®çâ¨ ¢á¥£¤  ï¢«ï¥âáï â¨¯¨ç®©.

�¥®à¥¬  2. �ãáâì � 2 Pn, n ¥ç¥â® ¨ �; �� 2 Sn | â¨¯¨çë¥ ¯®¤áâ ®¢ª¨. �à®¬¥ â®£®,

¯ãáâì cijk 2 [an; bn] ¨ an > 0, 1 � i; j; k � n. �®£¤   ©¤ãâáï ¯®¤áâ ®¢ª¨ �0, �0, ã¤®¢«¥â¢®àïî-

é¨¥ (2), ¨ ª®áâ â  h (¥ § ¢¨áïé ï ®â n) â ª¨¥, çâ®

nX
i=1

ci;�0(i);�0�0(i) �
nX
i=1

ci;�(i);��(i) + hbn lnn (6)

¨ �0, �0 ¬®£ãâ ¡ëâì ¯®«ãç¥ë §  ¢à¥¬ï O(n2 lnn).

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ p = j��j. � à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ p � 2 lnn. �ãáâì
(i1; j1); : : : ; (ip�1; jp�1) | ¯®á«¥¤®¢ â¥«ì®áâì âà á¯®§¨æ¨© â ª ï, çâ®

�(i1; j1) � � � (ip�1; jp�1) = e�; j�e�j = 1: (7)

�ç¥¢¨¤®, ¯®¤áâ ®¢ª  je�j â¨¯¨ç ï,   ¯®¤áâ ®¢ª  �e� áâà®¨âáï §  ¢à¥¬ï O(n). �à®¬¥ â®£®,
je�j+ j�j ç¥â®, ¯®áª®«ìªã j�e�j = 1 ¨ n ¥ç¥â®.

�«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¯® ¤®¡¨âáï

�¥¬¬  4. �ãáâì h�; e�i = maxfj�j; je�jg > 1. �®£¤   ©¤¥âáï âà á¯®§¨æ¨ï (i; j) 2 Sn â ª ï,

çâ®

h�(i; j); (i; j)e�i = h�; e�i � 1 (8)

¨ (i; j) ¬®¦¥â ¡ëâì  ©¤¥  §  ¢à¥¬ï O(n2).

�®ª § â¥«ìáâ¢®. �¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ áç¨â ¥¬, çâ® j�j > 1. �ë¡¥à¥¬ ¯à®¨§¢®«ìë©
æ¨ª« C = (i1; i2; : : : ; iq) 2 �.

�ãáâì je�j > 1. �«ï «î¡ëå i 2 C ¨ j =2 C ¢ë¯®«ï¥âáï à ¢¥áâ¢® j�(i; j)j = j�j � 1. �á«¨
¯à¨ íâ®¬ ¤«ï ¥ª®â®à®© â ª®© ¯ àë i, j ¢ë¯®«ï¥âáï à ¢¥áâ¢® j(i; j)e�j = je�j � 1, â® «¥¬¬  4
¤®ª §  . � ¯à®â¨¢®¬ á«ãç ¥ ¨¬¥¥¬ æ¨ª«¨ç¥áªãî ¯®¤áâ ®¢ªã e� 2 Pn ¨ j�j � 3 ¢ á¨«ã ç¥â®áâ¨
je�j + j�j. � íâ®¬ á«ãç ¥, ¢§ï¢ ¯à®¨§¢®«ìë¥ i 2 C ¨ j =2 C, ¡ã¤¥¬ ¨¬¥âì j(i; j)e�j = je�j + 1 = 2 �
j�(i; j)j = j�j � 1. �à¨ íâ®¬ ¢ë¯®«ï¥âáï (8).

� ª®¥æ, § ¬¥â¨¬, çâ® ¨áª®¬ ï á®£« á® «¥¬¬¥ âà á¯®§¨æ¨ï  å®¤¨âáï §  ¢à¥¬ï O(n2).

�à®¤®«¦¨¬ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. � ¬¥â¨¬, çâ® ¯à®¨§¢¥¤¥¨¥ �(i; j)   (i; j)e� à ¢® �e�:
�«¥¤®¢ â¥«ì®, �(i; j)(i; j)e� 2 Pn.

�á¯®«ì§ãï «¥¬¬ã 4 ¥ ¡®«¥¥ 2 lnn à §, ¯®«ãç¨¬ ¯®¤áâ ®¢ª¨ �0; �0 2 Pn. � ª¨¬ ®¡à §®¬, á
ãç¥â®¬ ¯®á«¥¤¥£® § ¬¥ç ¨ï ¯®¤áâ ®¢ª¨ �0, �0 ã¤®¢«¥â¢®àïîâ (2). �«ï ¯®«ãç¥¨ï ¯®¤áâ ®¢®ª
�0, �0 ¨§ ¨áå®¤ëå ¯®¤áâ ®¢®ª �, � ¤®áâ â®ç® ¯à®¨§¢¥áâ¨ O(lnn) ã¬®¦¥¨©   á®®â¢¥âáâ¢ã-
îé¨¥ âà á¯®§¨æ¨¨. �¥¬ á ¬ë¬ ãáâ ®¢«¥® ¥à ¢¥áâ¢® (6). �à®¬¥ â®£®, á ãç¥â®¬ «¥¬¬ë 4
¯®«ãç ¥¬, çâ® �0 ¨ �0 áâà®ïâáï §  ¢à¥¬ï O(n2 lnn): �

�¥à¥©¤¥¬ ª ®¯¨á ¨î  «£®à¨â¬  eA ¤«ï  å®¦¤¥¨ï ¯à¨¡«¨¦¥®£® à¥è¥¨ï 3-���   ª« á-
á¥ ¬ âà¨æ Mn.

�«£®à¨â¬ eA.
1. �ë¡¨à ¥¬ ¯à®¨§¢®«ìãî ¯®¤áâ ®¢ªã � 2 Pn.
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2. �®à¬¨àã¥¬ n� n-¬ âà¨æã (djk), á®áâ®ïéãî ¨§ í«¥¬¥â®¢ ¨áå®¤®© ¬ âà¨æë (cijk) á i =
��1(j):

djk = c��1(j)jk ; 1 � j; k � n:

3. �á¯®«ì§ãï à ¤®¬¨§¨à®¢ ãî ¢¥àá¨î  «£®à¨â¬  à¥è¥¨ï § ¤ ç¨ ®  § ç¥¨¨ ([9],
c. 36),  å®¤¨¬ ¥¥ ®¯â¨¬ «ì®¥ à¥è¥¨¥ �(j)   ¢å®¤®© ¬ âà¨æ¥ (djk), ª®â®à®¥ ª â®¬ã
¦¥ ¯®çâ¨ ¢á¥£¤  ï¢«ï¥âáï â¨¯¨çë¬.

4. �¬¥¥¬ ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ 3-��� á® § ç¥¨¥¬ æ¥«¥¢®© äãªæ¨¨
nP
i=1

ci;�(i);��(i). �

ãá«®¢¨ïå â¥®à¥¬ë 1 ¨ á«¥¤áâ¢¨ï 1 â ª®¥ à¥è¥¨¥ ï¢«ï¥âáï  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ì-
ë¬.

5. �®£« á® § ¬¥ç ¨î ¨§ â¨¯¨ç®áâ¨ ¯®¤áâ ®¢ª¨ � ¯®çâ¨ ¢á¥£¤  á«¥¤ã¥â â¨¯¨ç®áâì ¯®¤-
áâ ®¢ª¨ ��. � á«ãç ¥, ª®£¤  ¯®¤áâ ®¢ª¨ � ¨ �� ¯à¨ ¤«¥¦ â Pn, ¨¬¥¥¬ á®®â¢¥âáâ¢ãî-
é¥¥ ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ 3-���: �0 = �, �0 = �.

6. �ë¡¥à¥¬ ¯®¤áâ ®¢ªã e� á®£« á® (7).
7. � á®®â¢¥âáâ¢¨¨ á ª®áâàãªâ¨¢ë¬ ¤®ª § â¥«ìáâ¢®¬ â¥®à¥¬ë 2 áâà®¨¬ ¯®¤áâ ®¢ª¨ �0, �0,

�0�0, ¯à¨ ¤«¥¦ é¨¥ Pn.

�¯¨á ¨¥  «£®à¨â¬  eA § ª®ç¥®.
�ª®ç â¥«ì® ¯®«ãç ¥¬ ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ 3-��� á® § ç¥¨¥¬ æ¥«¥¢®© äãªæ¨¨

nP
i=1

ci;�0(i);�0�0(i). � ¬¥â¨¬, çâ® ¯¯. 1{7  «£®à¨â¬  eA ¬®£ãâ ¡ëâì ¢ë¯®«¥ë §  ¢à¥¬ï O(n3); ¯®-

áª®«ìªã íâ® ¢à¥¬ï âà¥¡ã¥âáï ¤«ï à¥è¥¨ï § ¤ ç¨ ®  § ç¥¨¨ [15].
� ãç¥â®¬ «¥¬¬ë 1 ¨§ [9], â¥®à¥¬ 1 ¨ 2,   â ª¦¥ «¥¬¬ë 3 áä®à¬ã«¨àã¥¬ ¤®áâ â®ç®¥ ãá«®¢¨¥

 á¨¬¯â®â¨ç¥áª®© ®¯â¨¬ «ì®áâ¨  «£®à¨â¬  eA.
�¥®à¥¬  3. �ãáâì F�(x) � x, 0 � x � 1. �á«¨ bn=an = o(n= lnn), â®£¤  ¯à¨ ¥ç¥âëå n

 «£®à¨â¬ eA  å®¤¨â  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ì®¥ à¥è¥¨¥ 3-���   ª« áá¥ ¬ âà¨æ Mn § 

¢à¥¬ï O(n3).

�¨â¥à âãà 

1. �¬¥«¨ç¥¢ �.�., �®¢ «¥¢ �.�., �à ¢æ®¢ �.�. �®£®£à ¨ª¨, £à äë, ®¯â¨¬¨§ æ¨ï { �.:
� ãª , 1981. { 342 á.

2. Balas E., Saltzman M.J. Facets of the three-index assignment polytope // Discrete Appl. Math. {
1989. { V. 23. { ò3. { P. 201{229.

3. Balas E., Saltzman M.J. An algorithm for the three-index assignment problem // Oper. Res. {
1991. { V. 39. - ò 1. { P. 150{161.

4. Garey M.R., Johnson D.S. Computers and intractability. { San Francisco: W.H. Freeman and
Company, 1979.

5. Papadimitriu C.H., Yannakakis M. Optimization, approximation, and complexity classes // J.
Comput. System Sci. { 1991. { V. 43. { P. 425{440.

6. Sahni S., Gonzales T.P. P -complete approximation problem // J. Association for Computing
Machinery. { 1976. { V. 23. { ò 3. { P. 555{565.

7. �¨¬ ¤¨ �.�.� ¥ª®â®àëå ¬ â¥¬ â¨ç¥áª¨å ¬®¤¥«ïå ¨ ¬¥â®¤ å ¯« ¨à®¢ ¨ï ªàã¯®¬ á-

èâ ¡ëå ¯à®¥ªâ®¢ // �à. ¨-â  ¬ â¥¬. �¨¡. ®â¤. { �®¢®á¨¡¨àáª, 1988. { T. 10. { �. 89{115.
8. �¨¬ ¤¨ �.�., �«¥¡®¢ �.�., �¥à¥¯¥«¨æ  �.�. �«£®à¨â¬ë á ®æ¥ª ¬¨ ¤«ï § ¤ ç ¤¨áªà¥â®©

®¯â¨¬¨§ æ¨¨ // �à®¡«. ª¨¡¥à¥â¨ª¨. { �.: � ãª , 1975. { �ë¯. 31. { �. 35{42.
9. �¨¬ ¤¨ �.�., �«¥¡®¢ �.�., �¥à¤îª®¢ �.�. �«£®à¨â¬ ¤«ï ¯à¨¡«¨¦¥®£® à¥è¥¨ï § ¤ ç¨

ª®¬¬¨¢®ï¦¥à  ¨ ¥£® ¢¥à®ïâ®áâë©   «¨§ // �¨¡. ¦ãà. ¨áá«¥¤®¢. ®¯¥à æ¨©. { 1994. {
ò2. { �. 8{17.

24



10. �¥à¥¯¥«¨æ  �.�., �¨¬ ¤¨ �.�. � § ¤ ç¥  å®¦¤¥¨ï ¬¨¨¬ «ì®£® £ ¬¨«ìâ®®¢  ª®âãà 

  £à ä¥ á® ¢§¢¥è¥ë¬¨ ¤ã£ ¬¨ // �¨áªà¥â.   «¨§. { �®¢®á¨¡¨àáª, 1969. { �ë¯. 15. {
�. 57{65.

11. Angluin D., Valiant L.G. Fast probabilistic algorithms for Hamiltonian circuits and matchings //
J. Comput. System Sci. { 1979. { V. 18. { P. 155{193.

12. Posa L. Hamiltonian circuits in random graphs // Discrete Math. { 1976. { V. 14. { P. 359{364.
13. Slominski L. Probabilistic analysis of combinatorial algorithms: a bibliography with selected

annotations // Computing. { 1982. { V. 28. { P. 257{267.
14. The traveling salesman problem. A guided tour of combinatorial optimization / Ed. by Lawler

E.L., Lenstra J.K., Rinnoy Kan A.H.G. and Shmoys D.B. { Chichester: Wiley, 1985.
15. �¨¨æ �.�., �à®à®¤ �.�. �¤¨  «£®à¨â¬ à¥è¥¨ï § ¤ ç¨ ®  § ç¥¨¨ // ��� ����. {

1969. { �. 189. { ò1. { �. 23{25.

�®¢®á¨¡¨àáª¨© £®áã¤ àáâ¢¥ë© �®áâã¯¨« 

ã¨¢¥àá¨â¥â 21.09.1999

25


