
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

2001 ���������� ò 6 (469)

��� 517.957

�.�.��������

� ������������ ���������� ����������������
��������� � ������-������������ ����

1. �à¨ à¥è¥­¨¨ § ¤ ç¨ ãáâ®©ç¨¢®áâ¨ ¯¥à¢ë¬ ¬¥â®¤®¬ �ï¯ã­®¢  ¢ ¦­ãî à®«ì ¨£à ¥â ¯®-
­ïâ¨¥ ¯à¨¢®¤¨¬®áâ¨ «¨­¥©­ëå ®¤­®à®¤­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ([1], á. 43; [2], á. 154).
�à¨¢®¤¨¬ë¥ ãà ¢­¥­¨ï ®¡« ¤ îâ ¡®«ìè¨¬ áå®¤áâ¢®¬ ¢ ª ç¥áâ¢¥­­®¬ ¯®¢¥¤¥­¨¨ à¥è¥­¨©, ¢
ç áâ­®áâ¨, á®åà ­ï¥âáï á¢®©áâ¢® ãáâ®©ç¨¢®áâ¨ ¨ å à ªâ¥à¨áâ¨ç¥áª¨¥ ¯®ª § â¥«¨ à¥è¥­¨© ([2],
á. 154). �«ï ¨áá«¥¤®¢ ­¨ï á¢®©áâ¢ à¥è¥­¨© ª®­ªà¥â­®£® ãà ¢­¥­¨ï ¢ ¦­® ãáâ ­®¢¨âì ¯à¨¢®¤¨-
¬®áâì ¥£® ª ãà ¢­¥­¨î, á¢®©áâ¢  ª®â®à®£® ¯®¤¤ îâáï ¨§ãç¥­¨î. � à ¡®â å �ï¯ã­®¢  ¢ ª ç¥áâ¢¥
â ª¨å ¯à®áâ¥©è¨å ãà ¢­¥­¨© à áá¬ âà¨¢ «¨áì ãà ¢­¥­¨ï á ¯®áâ®ï­­ë¬¨ ¬ âà¨æ ¬¨. �§¢¥áâ-
­®, çâ® ­¥ ¢áïª®¥ «¨­¥©­®¥ ®¤­®à®¤­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¯à¨¢®¤¨¬® ª ãà ¢­¥­¨î á
¯®áâ®ï­­®© ¬ âà¨æ¥©. �¤­ ª®, ª ª ¯®ª § « �¥àà®­, ¢áïª®¥ «¨­¥©­®¥ ®¤­®à®¤­®¥ ¤¨ää¥à¥­æ¨-
 «ì­®¥ ãà ¢­¥­¨¥ ¯à¨¢®¤¨¬® ª ãà ¢­¥­¨î á âà¥ã£®«ì­®© ¬ âà¨æ¥©, ª®â®à®¥ ¬®¦¥â ¡ëâì ¯à®¨­-
â¥£à¨à®¢ ­®. � à ¡®â å ([3], á. 266; [4]) ¡ë« ¯®«ãç¥­ ªà¨â¥à¨© ¯à¨¢®¤¨¬®áâ¨ «¨­¥©­®£® ®¤­®à®¤-
­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ª ãà ¢­¥­¨î á ¡«®ç­®-âà¥ã£®«ì­®© ¬ âà¨æ¥©, ®¡®¡é îé¨©
à¥§ã«ìâ â �¥àà®­ .

� [5]{[7] ¢¢¥¤¥­® ¯®­ïâ¨¥ ¯à¨¢®¤¨¬®áâ¨ ­  ¬­®¦¥áâ¢¥ � ­¥«¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨©

dx

dt
= f0(t; x); (1)

£¤¥ t 2 [T;+1), x 2 Rn, x = colon(x1; x2; : : : ; xn), f0 2 C([T;+1) � Rn; Rn), f(t; 0) � 0, ¢á¥
à¥è¥­¨ï x(t : t0; x0) áãé¥áâ¢ãîâ ­  ¢á¥¬ ¯®«ã¨­â¥à¢ «¥ [T;+1) ¨ ®¤­®§­ ç­® ®¯à¥¤¥«ïîâáï ­ -
ç «ì­ë¬¨ ¤ ­­ë¬¨ (t0; x0). �ãáâì § ¤ ­  £àã¯¯  ¯à¥®¡à §®¢ ­¨© ¬­®¦¥áâ¢  �, ¨­¢ à¨ ­â ¬¨
ª®â®à®© ï¢«ïîâáï å à ªâ¥à¨áâ¨ç¥áª¨¥ ¯®ª § â¥«¨ à¥è¥­¨© ¨ ãáâ®©ç¨¢®áâì ­ã«¥¢®£® à¥è¥­¨ï.
�®£¤  íâ  £àã¯¯  ­ §ë¢ ¥âáï «ï¯ã­®¢áª®©, ¯à¥®¡à §®¢ ­¨ï, ¢å®¤ïé¨¥ ¢ íâã £àã¯¯ã, ­ §ë¢ îâáï
«ï¯ã­®¢áª¨¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨,   ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï, á¢ï§ ­­ë¥ â ª¨¬¨ ¯à¥®¡à -
§®¢ ­¨ï¬¨, | ¯à¨¢®¤¨¬ë¬¨ [7].

�¤­®© ¨§ ­ ¨¡®«¥¥ ç áâ® ¨á¯®«ì§ã¥¬ëå £àã¯¯ ¯à¥®¡à §®¢ ­¨© ï¢«ï¥âáï £àã¯¯  LG [6], á®-
áâ®ïé ï ¨§ ¯à¥®¡à §®¢ ­¨© L 2 C1([T;+1)�Rn; Rn), ®¡« ¤ îé¨å á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

1) L(t; 0) = 0;
2)


@L(t;x)

@x



 � KL ¯à¨ t 2 [T +1), x 2 Rn, KL ­¥ § ¢¨á¨â ®â t, x.

�¤¥áì ¨ ¤ «¥¥ ¨á¯®«ì§ã¥âáï ¥¢ª«¨¤®¢  ­®à¬  ¢¥ªâ®à®¢ ¨ ¬ âà¨æ k(aij)k =
rP

i;j

a2ij ,

k colon(x1; x2; : : : ; xn)k =
rP

i

x2
i .

�á¥ à¥§ã«ìâ âë, ¯®«ãç¥­­ë¥ ¢ ¤ ­­®© à ¡®â¥, ®â­®áïâáï ª ¯à¨¢®¤¨¬®áâ¨ ¢ £àã¯¯¥ LG.
�á¯®«ì§®¢ ­¨¥ ¯à¨¢®¤¨¬®áâ¨ ­¥«¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯®§¢®«ï¥â ¯à¨¬¥-

­¨âì ¨¤¥¨ ¨ ¯à¨¥¬ë ¯¥à¢®£® ¬¥â®¤  �ï¯ã­®¢  ª ¨áá«¥¤®¢ ­¨î à¥è¥­¨© áãé¥áâ¢¥­­® ­¥«¨­¥©-
­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. � ª ¨ ¢ «¨­¥©­®¬ á«ãç ¥, ¢ ¦­® ãáâ ­®¢¨âì, ï¢«ï¥âáï «¨
à áá¬ âà¨¢ ¥¬®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¯à¨¢®¤¨¬ë¬ ª ãà ¢­¥­¨î ¡®«¥¥ ¯à®áâ®£® ¢¨¤ 
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[5]{[8]. �¥è¥­¨î ¢®¯à®á , ¡ã¤ãâ «¨ á¯à ¢¥¤«¨¢ë à¥§ã«ìâ âë, ®â­®áïé¨¥áï ª ¯à¨¢®¤¨¬®áâ¨ «¨-
­¥©­®£® ®¤­®à®¤­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ª ¡«®ç­®-âà¥ã£®«ì­®¬ã ¢¨¤ã, ¢ ­¥«¨­¥©­®¬
á«ãç ¥, ¯®á¢ïé¥­  ¤ ­­ ï à ¡®â .

�á­®¢­ë¬ ¨­áâàã¬¥­â®¬, ¨á¯®«ì§ã¥¬ë¬ ¢ áâ âì¥, ï¢«ï¥âáï ®¡®¡é îé¨© ¨§¢¥áâ­ãî â¥®à¥¬ã
�àã£¨­  ([2], á. 154) ªà¨â¥à¨© ¯à¨¢®¤¨¬®áâ¨ ­¥«¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© [7].

�¥®à¥¬  1. �«ï â®£® çâ®¡ë ãà ¢­¥­¨ï

dx

dt
= f1(t; x) (2)

¨

dy

dt
= f2(t; y) (3)

¨§ ¬­®¦¥áâ¢  � ¡ë«¨ ¢§ ¨¬­® ¯à¨¢®¤¨¬ë, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¯à¥®¡à §®¢ ­¨¥

x = '1(t; '�12 (t; y));

£¤¥ x = '1(t; c), y = '2(t; c) | ®¡é¨¥ à¥è¥­¨ï ãà ¢­¥­¨© (2) ¨ (3) á®®â¢¥âáâ¢¥­­®, ¡ë«® «ï¯ã-
­®¢áª¨¬.

2. � ª ç¥áâ¢¥ ¥áâ¥áâ¢¥­­®£® ®¡®¡é¥­¨ï ¯®­ïâ¨ï âà¥ã£®«ì­®£® ãà ¢­¥­¨ï ­  ­¥«¨­¥©­ë© á«ã-
ç © ¢®§ì¬¥¬

�¯à¥¤¥«¥­¨¥ 1 ([2], á. 323). �¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ (1) ¡ã¤¥¬ ­ §ë¢ âì âà¥ã£®«ì-
­ë¬, ¥á«¨ äã­ªæ¨ï f ¨¬¥¥â ¢¨¤

f(t; x) = colon(f1(t; x1; x2; : : : ; xn); f2(t; x2; : : : ; xn); : : : ; fn(t; xn)):

�®  ­ «®£¨¨ ¢¢¥¤¥¬ ¯®­ïâ¨ï ¡«®ç­®-âà¥ã£®«ì­®£® ¨ ¤¨ £®­ «ì­®£® ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢-
­¥­¨©.

�¯à¥¤¥«¥­¨¥ 2. �¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ (1) ¡ã¤¥¬ ­ §ë¢ âì ¡«®ç­®-âà¥ã£®«ì­ë¬,
¥á«¨ äã­ªæ¨ï f ¨¬¥¥â ¢¨¤

f(t; x) =

0BBBBBBBBBBBBBBBBBBBB@

f1(t; x1; x2; : : : ; xm1
)

f2(t; x2; : : : ; xm1
)

: : :
fm1

(t; xm1
)

fm1+1(t; xm1+1; : : : ; xm1+m2
)

fm1+2(t; xm1+2; : : : ; xm1+m2
)

: : :
fm1+m2

(t; xm1+m2
)

: : :
fm1+m2+:::+mk�1+1(t; xmk�1+1; : : : ; xn)

: : :
fn(t; xn)

1CCCCCCCCCCCCCCCCCCCCA

;

£¤¥ mi 2 N , m1 +m2 + � � � +mk = n.

� ãá«®¢¨ïå ®¯à¥¤¥«¥­¨ï 2 ãà ¢­¥­¨¥ (1) à á¯ ¤ ¥âáï ­  k ­¥§ ¢¨á¨¬ëå ãà ¢­¥­¨©.
� ª®­¥æ, ãà ¢­¥­¨¥ (1) ¡ã¤¥¬ ­ §ë¢ âì ¤¨ £®­ «ì­ë¬, ¥á«¨ f ¤®¯ãcª ¥â ¯à¥¤áâ ¢«¥­¨¥

f(t; x) = colon(f1(t; x1); f2(t; x2); : : : ; fn(t; xn)).
�á«¨ ¢ ãà ¢­¥­¨¨ (1) f ï¢«ï¥âáï ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬®© äã­ªæ¨¥©, â® á®£« á­®

áä®à¬ã«¨à®¢ ­­ë¬ ®¯à¥¤¥«¥­¨ï¬ ãà ¢­¥­¨¥ (1) ï¢«ï¥âáï âà¥ã£®«ì­ë¬, ¡«®ç­®-âà¥ã£®«ì­ë¬ ¨
¤¨ £®­ «ì­ë¬, ¥á«¨ ¬ âà¨æ  �ª®¡¨ @f(t;x)

@x
ï¢«ï¥âáï âà¥ã£®«ì­®©, ¡«®ç­®-âà¥ã£®«ì­®© ¨ ¤¨ £®-

­ «ì­®© á®®â¢¥âáâ¢¥­­®.
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�á«®¢¨¬áï ¤«ï äã­ªæ¨¨ F 2 C([T;+1)�Rn; Rn) ®¡®§­ ç âì ç¥à¥§ F�1(t; x) â ªãî äã­ªæ¨î,
çâ® F (t; F�1(t; x)) = x.

� áá¬®âà¨¬ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

dx

dt
= f(t; x) (4)

¨§ ¬­®¦¥áâ¢  �, f 2 C(0;1)([T;+1)�Rn; Rn).
�¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ «¨­¥©­®£® ®¤­®à®¤­®£® ãà ¢­¥­¨ï ª

¡«®ç­®-âà¥ã£®«ì­®¬ã ¢¨¤ã ¯®«ãç¥­ë ¢ à ¡®â å ([4]; [3], á. 266). �«¥¤ãîé ï â¥®à¥¬  ¤ ¥â ­¥-
®¡å®¤¨¬®¥ ãá«®¢¨¥ ¯à¨¢®¤¨¬®áâ¨ ã¦¥ ­¥«¨­¥©­®£® ãà ¢­¥­¨ï (4) ª ¡«®ç­®-âà¥ã£®«ì­®¬ã ¤¨ä-
ä¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î

dy

dt
= g(t; y) (5)

ª« áá  �, g 2 C(0;1)([T;+1)�Rn; Rn), ¢ £àã¯¯¥ ¯à¥®¡à §®¢ ­¨© �ï¯ã­®¢  LG.
�ãáâì mi 2 N , i = 1; : : : ; k, m1 + m2 + � � � + mk = n, ¡ã¤¥¬ áç¨â âì m0 = 0. �¡®§­ ç¨¬

X(t; x0) =
@�(t;x0)

@x0
, £¤¥ �(t; x0) | ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (4); Xi | ¯àï¬®ã£®«ì­ë¥ ¬ âà¨æë,

á®áâ ¢«¥­­ë¥ ¨§ áâ®«¡æ®¢ ¬ âà¨æë X(t; x0) á ­®¬¥à ¬¨ mi�1 + 1; : : : ;mi, â. ¥.

X(t; x0) = [X1;X2; : : : ;Xk];

a ç¥à¥§ G(A) | £à ¬¬¨ ­ ¬ âà¨æë A [3].

�¥®à¥¬  2. �«ï ¯à¨¢®¤¨¬®áâ¨ ãà ¢­¥­¨ï (4) ª ¡«®ç­®-âà¥ã£®«ì­®¬ã ãà ¢­¥­¨î ¢¨¤  (5) ¢
£àã¯¯¥ ¯à¥®¡à §®¢ ­¨© �ï¯ã­®¢  LG ­¥®¡å®¤¨¬®, çâ®¡ë ¢ë¯®«­ï«®áì ­¥à ¢¥­áâ¢®

G(X(t; x0))
G(X1(t; x0))G(X2(t; x0)) : : : G(Xk(t; x0))

� �; (6)

£¤¥ � | ­¥ª®â®à ï ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï, ¯à¨ ¢á¥å t 2 [T;+1), x0 2 Rn.

�®ª § â¥«ìáâ¢®. �ãáâì ¯à¥®¡à §®¢ ­¨¥ �ï¯ã­®¢  x = L(t; y) ¯¥à¥¢®¤¨â ãà ¢­¥­¨¥ (4) ¢
¡«®ç­®-âà¥ã£®«ì­®¥ ãà ¢­¥­¨¥ (5). � ª ª ª L 2 LG, â®



@L(t; y)@y





 � K1; det
@L(t; y)
@y

� K2 > 0; (7)

£¤¥ K1, K2 | ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥, ¯à¨ ¢á¥å t 2 [T;+1), y 2 Rn.
� §®¡ì¥¬ ¬ âà¨æã @L(t;y)

@y
­  k ¯àï¬®ã£®«ì­ëå ¡«®ª®¢ à §¬¥à­®áâ¨ n�mi:

@L(t; y)
@y

= [L1(t; y); : : : ; Lk(t; y)]:

�¡®§­ ç¨¬ ç¥à¥§ y(t : t0; y0) à¥è¥­¨¥ ãà ¢­¥­¨ï (5) á ­ ç «ì­ë¬¨ ¤ ­­ë¬¨ (t0; y0).
� ª ª ª ãà ¢­¥­¨¥ (5) ï¢«ï¥âáï ¡«®ç­®-âà¥ã£®«ì­ë¬, â® ¬ âà¨æ  @y(t:T;y0)

@y0
ï¢«ï¥âáï ¡«®ç­®-

¤¨ £®­ «ì­®© á ­¥­ã«¥¢ë¬¨ ¬ âà¨æ ¬¨ à §¬¥à­®áâ¨ mi �mi ­  ¤¨ £®­ «¨.
�® â¥®à¥¬¥ 1 �(t; x0) = L(t; y(t : T; x0)) | ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (4). �®£¤ 

X(t; x0) =
@L(t; y(t : T; y0))

@y

@y(t : T; y0)
@y0

:

�§ áâà®¥­¨ï ¬ âà¨æë @y(t:T;y0)
@y0

¢ëâ¥ª ¥â

Xi(t; x0) = Li(t; y(t : T; x0))Yi(t; x0); i = 1; : : : ; k:

52



� «¥¥ á«¥¤ã¥¬ ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë ¤«ï «¨­¥©­ëx ãà ¢­¥­¨© [3], [4]. �á¯®«ì§ãï á¢®©áâ¢ 
¤¥â¥à¬¨­ ­â  �à ¬  ([3], á.469), ¯®«ãç¨¬

G(Xi(t; x0)) = detXT
i (t; x0)Xi(t; x0) =

= det(Y T
i (t; x0)L

T
i (t; y(t : T; x0))Li(t; y(t : T; x0))Yi(t; x0)) =

= (det Yi(t; x0))2G(Li(t; y(t : T; x0))); i = 1; : : : ; k:

�§ ä®à¬ã«ë �áâà®£à ¤áª®£®{�¨ã¢¨««ï ¢ëâ¥ª ¥â

G(X(t; x0)) = (detX(t; x0))2 =
�
det

@L(t; y(t : T; y0))
@y

�2�
det

@y(t : T; y0)
@y0

�2

=

= A(t)G
�
@L(t; y(t : T; y0))

@y

�
;

G(Y1) : : : G(Yk) = exp
�
2
Z t

T

Sp
@g(s; y(s : T; y0))

@y
ds

�
def= A(t):

�®£¤  ¨§ ¯®«ãç¥­­ëå á®®â­®è¥­¨© ¨ ­¥à ¢¥­áâ¢ (7) á«¥¤ã¥â ®æ¥­ª 

G(X(t; x0))
G(X1(t; x0)) : : : G(Xk(t; x0))

=
A(t)G

�
@L(t;y(t:T;y0))

@y0

�
A(t)G(L1(t; y(t : T; y0))) : : : G(Lk(t; y(t : T; y0)))

=

=
G
�
@L(t;y(t:T;y0))

@y0

�
G(L1(t; y(t : T; y0))) : : : G(Lk(t; y(t : T; y0)))

� K2
2

(n!nK2
1)k

:

� ª ª ª ¯®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® á¯à ¢¥¤«¨¢® ¯à¨ ¢á¥å y0, â® ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

G
�
@L(t;y)

@y

�
G(L1(t; y)) : : : G(Lk(t; y))

� K2
2

(n!nK2
1 )k

:

�®« £ ï � = K2
2

(n!nK2
1 )

k , ¯®«ãç¨¬ ­¥à ¢¥­áâ¢® (6).

�á«¨ ãà ¢­¥­¨¥ (4) ï¢«ï¥âáï «¨­¥©­ë¬, â® ãá«®¢¨¥ (7) ¯¥à¥å®¤¨â ¢ ­¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç-
­®¥ ãá«®¢¨¥ ¯à¨¢®¤¨¬®áâ¨ ª ¡«®ç­®-âà¥ã£®«ì­®¬ã ¢¨¤ã ¨§ à ¡®â ([3], á. 268; [4]).

�«¥¤ãîé¨© ¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ® ¢ ®¡é¥¬ á«ãç ¥ ­¥«¨­¥©­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥-
­¨¥ ­¥ ¬®¦¥â ¡ëâì ¯à¨¢¥¤¥­® ª âà¥ã£®«ì­®¬ã ¢¨¤ã ¯à¥®¡à §®¢ ­¨¥¬ £àã¯¯ë LG, å®âï ãá«®¢¨¥
(6) ¢ íâ®¬ á«ãç ¥ ¢á¥£¤  ¢ë¯®«­¥­®, â. ¥. ãá«®¢¨¥ (7) ­¥ ï¢«ï¥âáï ¤®áâ â®ç­ë¬ ¢ ­¥«¨­¥©­®¬
á«ãç ¥.

�à¨¬¥à. � áá¬®âà¨¬ äã­ªæ¨î F1 : [0;+1) �R2 ! R2,

F1(t; x) = P (t(x2
1 + x2

2))x;

£¤¥ x = colon(x1; x2),

P (�) =
�

cos� sin�
� sin� cos�

�
| ¬ âà¨æ  ¯®¢®à®â , ¨ äã­ªæ¨î F2 : [0;+1)�R2 ! R2,

F2(t; x) =

 
et arctg x

2
1x1

et arctg x
2
1x2

!
:

�¥¯®áà¥¤áâ¢¥­­ ï ¯à®¢¥àª  ¯®ª §ë¢ ¥â, çâ®

det
@F1(t; x)

@x
= 1; (8)

det
@F2(t; x)

@x
= e2 arctg x

2
1 +

2tx2
1

1 + x4
1

e2 arctg x
2
1 � 1: (9)
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�ç¥¢¨¤­®,
lim

kxk!1
kF1(t; x)k =1; lim

kxk!1
kF2(t; x)k =1:

�á¯®«ì§ãï ­¥à ¢¥­áâ¢  (8) ¨ (9), ¯®«ãç¨¬ ®æ¥­ª¨



�@F1(t; x)
@x

��1



 � c1tkxk2;




�@F2(t; x)

@x

��1



 � c2tkxk;

£¤¥ c1, c2 | ­¥ª®â®àë¥ ¯®áâ®ï­­ë¥, c1; c2 > 0. �®£¤  ([9], á. 319) ®â®¡à ¦¥­¨ï F1 ¨ F2 ¯à¨ ª ¦¤®¬
ä¨ªá¨à®¢ ­­®¬ t ¢§ ¨¬­® ®¤­®§­ ç­® ®â®¡à ¦îâ R2 ­  á¥¡ï, ¯à¨ç¥¬ ¨§ ­¥à ¢¥­áâ¢ (8) ¨ (9)
¢ëâ¥ª ¥â ­¥¯à¥àë¢­ ï ¤¨ää¥à¥­æ¨àã¥¬®áâì F�11 (t; �) ¨ F�12 (t; �).

�¡®§­ ç¨¬

x(t; x0) = F2(t; F1(t; x0))=et arctg (cos(tkx0k
2)x

(1)
0 +sin(tkx0k

2)x
(2)
0 )2P (tkx0k2)x0; x0=colon(x(1)

0 ; x(2)
0 ): (10)

�§ ¢ëè¥áª § ­­®£® á«¥¤ã¥â, çâ® x(t; x0) ï¢«ï¥âáï ¢§ ¨¬­® ®¤­®§­ ç­ë¬ ®â®¡à ¦¥­¨¥¬ R2 ­ 
á¥¡ï ¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ­­®¬ t 2 [0;+1), ¯à¨ç¥¬ x(0; x0) = x0,   ®â®¡à ¦¥­¨¥ x�1(t; �)
­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬o.

� áá¬®âà¨¬ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

d�

dt
= f(t; �); (11)

f(t; �) = d

dt
x(t; x�1(t; �)). �®ª ¦¥¬, çâ® ãà ¢­¥­¨¥ (11) ­¥ ¡ã¤¥â ¯à¨¢®¤¨¬ë¬ ­¨ ª ª ª®¬ã âà¥-

ã£®«ì­®¬ã ãà ¢­¥­¨î.
�§ á¢®©áâ¢ äã­ªæ¨¨ x(t; x0) ¢ëâ¥ª ¥â £« ¤ª®áâì äã­ªæ¨¨ f ¯® ª®¬¯®­¥­â ¬ ¢¥ªâ®à  �. �®

¯®áâà®¥­¨î f(t; �) ¨¬¥¥¬ �(t : 0; �0) = x(t; �0).
�ãáâì ãà ¢­¥­¨¥ (11) ¯à¥®¡à §®¢ ­¨¥¬ �ï¯ã­®¢  ¨§ £àã¯¯ë LG ¯à¨¢®¤¨¬® ª âà¥ã£®«ì­®¬ã

ãà ¢­¥­¨î

d�

dt
= h(t; �) (12)

ª« áá  �. �áïª®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (12) �(t : 0; �e1), e1 = colon(1; 0), ­¥ ¯®ª¨¤ ¥â ¬­®¦¥áâ¢®
fcolon(x1; x2) j x1 2 R; x2 = 0g ¨ ï¢«ï¥âáï à¥è¥­¨¥¬ áª «ïà­®£® ãà ¢­¥­¨ï

du

dt
= h1(t; colon(u; 0));

£¤¥ h1 | ¯¥à¢ ï ª®¬¯®­¥­â  ¢¥ªâ®à  h.
� á¨«ã â¥®à¥¬ë 1 áãé¥áâ¢ã¥â £®¬¥®¬®àä¨§¬ � : R2 ! R2, �(0) = 0, â ª®©, çâ®

K1kx(t;�(�0))k � k�(t : 0; �0)k � K2kx(t;�(�0))k;
£¤¥ K1;K2 2 (0;+1). �®£¤  ­  áä¥à¥ S(0; 1) (S(x; r) = fx : x 2 R2; kxk = r � 0g) áãé¥áâ¢ã¥â
â®çª  �1 â ª ï, çâ® à¥è¥­¨î �(t : 0; �1) ãà ¢­¥­¨ï (11) á®®â¢¥âáâ¢ã¥â à¥è¥­¨¥ ãà ¢­e­¨ï (12)
�(t : 0; �1e1), �1 > 0, â. ¥. �1 = �(�1a1). �«ï íâ¨å à¥è¥­¨© ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

K1kx(t; �1)k � �(t : 0; �1e1) � K2kx(t; �1)k: (13)

�  ®ªàã¦­®áâ¨ S(0; 1=2) áãé¥áâ¢ã¥â â®çª  �2, ª®â®à®© á®®â¢¥âáâ¢ã¥â â®çª  �2e1, 0 < �2 < �1,
â ª ï, çâ® �2 = �(�2e1), ®âªã¤ 

K1kx(t; �2)k � �(t : 0; �2e1) � K2kx(t; �2)k: (14)

� á¨«ã ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï § ¤ ç¨ �®è¨ ¤«ï ãà ¢­¥­¨ï (12) �(t : 0; �2e1) < �(t : 0; �1e1).
�§ ­¥à ¢¥­áâ¢ (13), (14) ¯®«ãç¨¬

kx(t; �2)k � K2

K1

kx(t; �1)k (15)
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¯à¨ ¢á¥å t 2 [0;+1).
�ãáâì 0 � t0 < 2� | ã£®« ¬¥¦¤ã ¢¥ªâ®à®¬ colon(0; 1) ¨ ¢¥ªâ®à®¬ �1, â. ¥. P (t0)�1 = colon(0; 1).

� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì tk = t0 + 2�k, k = 1; 2; : : : �§ ä®à¬ã«ë (10) ¢ëâ¥ª ¥â

kx(tk : 0; �1)k = 1;

kx(tk : 0; �2)k = 1
2
etk arctg (cos( 14 tk)�

(1)
2 +sin( 14 tk)�

(2)
2 ):

(16)

�®¤ §­ ª®¬  àªâ ­£¥­á  áâ®¨â ¯¥à¢ ï ª®®à¤¨­ â  ¢¥ªâ®à  b, ¯®«ãç¥­­®£® ¯®¢®à®â®¬ ¢¥ªâ®à 
�2 ­  ã£®« 1

4
tk = 1

4
t0 + 1

2
k�, ®âªã¤  ¢¨¤­®, çâ® ¯à¨ ª ¦¤®¬ §­ ç¥­¨¨ m = 0; 1; 2; : : : áãé¥áâ¢ã¥â

i(m) 2 f0; 1; 2; 3g â ª®¥, çâ® ¯à¨ k = 4m+i(m) ã£®« ¬¥¦¤ã ¢¥ªâ®à ¬¨ b ¨ e1 ­ å®¤¨âáï ¢ ¯à¥¤¥« å�
�

4
; 3�

4

�
, á«¥¤®¢ â¥«ì­®, ¢ â®çª å t4m+i(m) ¢ëà ¦¥­¨¥, áâ®ïé¥¥ ¯®¤ §­ ª®¬  àªâ ­£¥­á , ¡ã¤¥â ­¥

¬¥­ìè¥ ­¥ª®â®à®£® ç¨á«  c > 0, ®âªã¤  á«¥¤ã¥â kx(t4m+i(m) : 0; �2)k ! +1 ¯à¨ m ! 1, çâ® ¢
á®¢®ªã¯­®áâ¨ á ä®à¬ã«®© (16) ¯à®â¨¢®à¥ç¨â ­¥à ¢¥­áâ¢ã (15). �«¥¤®¢ â¥«ì­®, ãà ¢­¥­¨¥ (11)
­¥ ï¢«ï¥âáï ¯à¨¢®¤¨¬ë¬ ª âà¥ã£®«ì­®¬ã ¢¨¤ã.

3. � ([3], á. 270) ãª § ­ ªà¨â¥à¨© ¯à¨¢®¤¨¬®áâ¨ «¨­¥©­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ª
ãà ¢­¥­¨î á ¤¨ £®­ «ì­®© ¬ âà¨æ¥©. O¡®¡é ¥â íâ®â à¥§ã«ìâ â

�¥®à¥¬  3 ([10], [11]). �«ï ¯à¨¢®¤¨¬®áâ¨ ãà ¢­¥­¨ï (4) ª ¤¨ £®­ «ì­®¬ã ¤¨ää¥à¥­æ¨ «ì-

­®¬ã ãà ¢­¥­¨î ¢¨¤  (5) ¢ £àã¯¯¥ ¯à¥®¡à §®¢ ­¨© �ï¯ã­®¢  LG ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç-

­®, çâ®¡ë ¤«ï ¬ âà¨æë �ª®¡¨ ®¡é¥£® à¥è¥­¨ï � 2 C(0;1)([T;+1) � Rn; Rn) ãà ¢­¥­¨ï (4)
@�(t;c)

@c
= (�1(t; c); : : : ; �n(t; c)) áãé¥áâ¢®¢ «¨ ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨ �i á ­¥¯à¥àë¢­ë¬¨ ç áâ­ë¬¨

¯à®¨§¢®¤­ë¬¨
@�i(t;a)

@t
â ª¨¥, çâ® k�i(t; c)k � �i(t; ci), i = 1; : : : ; n, t 2 [T;+1), c 2 Rn ¨

G(@�(t;c)

@c
)

�2
1(t; c1) : : : �2

n(t; cn)
� �; (17)

£¤¥ � 2 (0;+1), t 2 [T;+1), c = colon(c1; c2; : : : ; cn) 2 Rn.

�®ª § â¥«ìáâ¢®. �®áâ â®ç­®áâì. �¢¥¤¥¬ ®¡®§­ ç¥­¨ï

yi =
Z ui

0

�i(t; �)d�; i = 1; : : : ; n;

y(t; u) = colon(y1(t; u1); : : : ; yn(t; un)):

� ª ª ª

det
@y

@u
= �1(t; u1) : : : �n(t; un) 6= 0;

â® y(t; u) ®¡à â¨¬ . �®ª ¦¥¬, çâ® y(t; Rn) = Rn. �«ï íâ®£® ¤®áâ â®ç­® ¯®ª § âì, çâ® yi(t; R) = R
8t 2 [T;+1). � ª ª ª � ï¢«ï¥âáï ®¡é¨¬ à¥è¥­¨¥¬, â® ¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ­­®¬ t ®â®¡à -
¦¥­¨¥ �(t; �) £®¬¥®¬®àä­® ®â®¡à ¦ ¥â ¯à®áâà ­áâ¢® Rn ­  á¥¡ï. �«¥¤®¢ â¥«ì­®, k�(t; c)k ! 1
¯à¨ kck ! +1. � áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì ai = �ie1, e1 = (1; 0; : : : ; 0), �i ! +1. �®£¤ 

k�(t; ai)k =




 Z 1

0
�1(t; ai�)d��i





 = 



 Z �i

0
�1(t; �e1)d�





 �
�
Z �i

0

k�1(t; �e1)d�k �
Z �i

0

�1(t; �)d� ���!
t!1

1 (18)

¨

k�(t;�ai)k =




� Z 1

0

�1(t;�ai�)d��i





 = 



 Z �i

0

�1(t;��e1)d�




 � Z �i

0

k�1(t;��e1)d�k �

�
Z �i

0
�1(t;��)d� = �

Z ��i
0

�1(t; �)d� ���!
t!1

1: (19)
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�§ ­¥à ¢¥­áâ¢ (18) ¨ (19) á«¥¤ã¥â, çâ® y1(t; R) = R. �­ «®£¨ç­® ¤®ª §ë¢ ¥âáï, çâ® yi(t; R) = R,
i = 2; : : : ; n.

�®«®¦¨¬ ¢ ãà ¢­¥­¨¨ (5) g(t; z) = @y

@t
(t; y�1(t; z)), y(t; c) | ¥£® ®¡é¥¥ à¥è¥­¨¥. � á¨«ã ¯®-

áâà®¥­¨ï ãà ¢­¥­¨¥ (5) ï¢«ï¥âáï ¤¨ £®­ «ì­ë¬,   ¢ á¨«ã ãá«®¢¨©, ­ «®¦¥­­ëå ­  �1, g1, ã¤®-
¢«¥â¢®àï¥â âà¥¡ã¥¬ë¬ ãá«®¢¨ï¬ £« ¤ª®áâ¨.

�ãáâì L(t; v) = �(t; y�1(t; v)),

@L(t; v)
@v

=
@�(t; y�1(t; v))

@u

@y�1(t; v)
@v

=
@�(t; y�1(t; v))

@u

�
@y(t; y�1(t; v))

@u

��1
:

�§ ãá«®¢¨© â¥®à¥¬ë ¢ëâ¥ª ¥â, çâ®


@L(t;v)

@v



 � K1,

det
@L(t; v)
@v

=

q
G(@�

@u
(t; y�1(t; v)))

�1(t; y�1(t; v)) : : : �n(t; y�1(t; v))
� p

� > 0:

�®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¢ á®¢®ªã¯­®áâ¨ á ®£à ­¨ç¥­­®áâìî ¬ âà¨æë @L(t;v)
@v

£ à ­â¨àã¥â ®£à ­¨-

ç¥­­®áâì ¬ âà¨æë
�
@L(t;v)

@v

��1
,   á«¥¤®¢ â¥«ì­®, ¨ ®£à ­¨ç¥­­®áâì ¬ âà¨æë @L�1(t;v)

@v
. �à¥¡®¢ ­¨¥

¤¨ää¥à¥­æ¨àã¥¬®áâ¨ ¯à¥®¡à §®¢ ­¨ï ¢ ®¯à¥¤¥«¥­¨¨ LG ¢ë¯®«­ï¥âáï §  áç¥â ãá«®¢¨© £« ¤ª®-
áâ¨ äã­ªæ¨© �i ¨ �.

� ª¨¬ ®¡à §®¬, L 2 LG ¨ ¯® â¥®à¥¬¥ 1 ãà ¢­¥­¨¥ (5) ¯à¨¢®¤¨¬® ª ãà ¢­¥­¨î (4).

�¥®¡å®¤¨¬®áâì. �ãáâì ãà ¢­¥­¨¥ (4) ¯à¨¢®¤¨¬® ª ¤¨ £®­ «ì­®¬ã ãà ¢­¥­¨î ¢¨¤  (5). �®
â¥®à¥¬¥ 1 áãé¥áâ¢ã¥â ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (4) �(t; c) â ª®¥, çâ® L(t; v) =
�(t; y�1(t : T; v)) ï¢«ï¥âáï ¯à¥®¡à §®¢ ­¨¥¬ �ï¯ã­®¢ .

�®«®¦¨¬ e�i(t; ci) = @yi(t:T;c1)

@yi0
. � ª ª ª



 @L
@v



 � K3, â®
�ij

~�j
� K3, ®âªã¤  k�i(t; u)k � e�i(t; ui)K4.

�ãáâì �i(t; a) = K4
e�i(t; a): � ª ª ª



@L�1

@v



 � K5, â®


�@L

@v

��1

 � K6, á«¥¤®¢ â¥«ì­®,
��det @L

@v

�� �
m > 0,

����det @L@v
���� = ����det @�(t; y�1(t : T; v))@u

@y�1(t : T; v)
@v

���� =
=
����det @�(t; y�1(t : T; v))@u

�
@y(t : T; y�1(t : T; v))

@v

��1����:
�®íâ®¬ã ����det @�@u det

�
@y(t : T; u)

@u

��1���� � m > 0:

�«¥¤®¢ â¥«ì­®, �
det @�

@u

�2
e�2
1 : : :

e�2
n

=
G
�
@�
@u

�
Kn

4

�2
1 : : : �

2
n

� m2 > 0;

®âªã¤  ¯®«ãç¨¬ ­¥à ¢¥­áâ¢® (17) ¯à¨ � = m2

Kn
4

: �á«®¢¨ï £« ¤ª®áâ¨ äã­ªæ¨© �i ¨ � ¢ëâ¥ª îâ
¨§ â¥®à¥¬ ® áãé¥áâ¢®¢ ­¨¨ ¯à®¨§¢®¤­ëå ¯® ­ ç «ì­ë¬ ¤ ­­ë¬ ¤«ï ãà ¢­¥­¨ï (5) ¨ £« ¤ª®áâ¨
¯à¥®¡à §®¢ ­¨ï L.

�ãáâì f(t; x) = A(t)x. �á«¨ ¯®«®¦¨âì �i � k�ik, â® â¥®à¥¬  3 ¯¥à¥©¤¥â ¢ ªà¨â¥à¨© ¯à¨¢®¤¨-
¬®áâ¨ ª ¤¨ £®­ «ì­®¬ã ¢¨¤ã ¤«ï «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ([3], á. 270).
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