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�  áâ®ïé¥¥ ¢à¥¬ï à §¢¨â® ¥¬ «® ¬¥â®¤®¢ ¨áá«¥¤®¢ ¨ï ¢®¯à®á®¢, á¢ï§ ëå á ¯®«®¦¨-
â¥«ìë¬¨ à¥è¥¨ï¬¨ à §«¨çëå ¥«¨¥©ëå ãà ¢¥¨©. �áâ¥áâ¢¥ë¬ ®àã¤¨¥¬ ¨áá«¥¤®¢ -
¨ï ¯®«®¦¨â¥«ìëå à¥è¥¨© ï¢«ïîâáï ¬¥â®¤ë äãªæ¨® «ì®£®   «¨§ , ®á®¢ ë¥   ¨á-
¯®«ì§®¢ ¨¨ ¯®«ãã¯®àï¤®ç¥ëå ¯à®áâà áâ¢, â¥®à¨ï ª®â®àëå á¢ï§   á ¨¬¥ ¬¨ �. �¨áá ,
�.�.�à¥© , �.�.� â®à®¢¨ç , �.�à¥©¤¥â «ï, �. �¨àª£®ä  ¨ ¤à. �¥â®¤ë ¯®«ãã¯®àï¤®ç¥-
ëå ¯à®áâà áâ¢ ª § ¤ ç ¬ ® ¯®«®¦¨â¥«ìëå à¥è¥¨ïå ¢ à §«¨çëå  á¯¥ªâ å ¯à¨¬¥ï«¨áì
¬®£¨¬¨  ¢â®à ¬¨. � á¢ï§¨ á íâ¨¬ ®¡é¨¥ à¥§ã«ìâ âë, ¯®«ãç¥ë¥ ¢ â¥à¬¨ å äãªæ¨® «ì-
®£®   «¨§ ,  è«¨ ¯à¨«®¦¥¨ï ª ¯¥à¢®© ªà ¥¢®© § ¤ ç¥ ¤«ï ª¢ §¨«¨¥©ëå í««¨¯â¨ç¥áª¨å
ãà ¢¥¨©, ª ¥«¨¥©ë¬ ¨â¥£à «ìë¬ ãà ¢¥¨ï¬, ª ¥«¨¥©ë¬ ª®«¥¡ ¨ï¬, ª § ¤ ç¥ ®
â®çª å ¡¨äãàª æ¨¨, ª â¥®à¨¨ ãà ¢¥¨© �®¦ {�¬¯¥à  ¨ ¤à. �à¨«®¦¥¨ï ®á®¢ ë   á¯¥-
æ¨ «ìëå ¯®áâà®¥¨ïå ¨ ¨á¯®«ì§ãîâ á¢®©áâ¢  äãªæ¨¨ �à¨  à §«¨çëå ¤¨ää¥à¥æ¨ «ìëå
®¯¥à â®à®¢. �à®¬¥ â®£®, ¬¥â®¤ë ¯®«ãã¯®àï¤®ç¥ëå ¯à®áâà áâ¢  è«¨ è¨à®ª®¥ ¯à¨¬¥¥¨¥
¢ § ¤ ç å â¥®à¨¨ ¢®«, ¢ â¥®à¨¨ ã¯àã£®áâ¨ ¨ ¤à.

�¥â®¤ë ¨áá«¥¤®¢ ¨ï ¯®«®¦¨â¥«ìëå à¥è¥¨© ¥«¨¥©ëå ®¯¥à â®àëå ãà ¢¥¨© ¡ë«¨
à §¢¨âë �.�.�à á®á¥«ìáª¨¬ ¨ ¥£® ãç¥¨ª ¬¨ �.�.� ¤ë¦¥áª¨¬, �.�.� åâ¨ë¬, �.�. �â¥-
æ¥ª®, �.�.�®ª®àë¬ ¨ ¤à.

� ¤ ®© à ¡®â¥   ®á®¢¥ â¥®à¨¨ ¯®«ãã¯®àï¤®ç¥ëå ¯à®áâà áâ¢  ¢â®à®¬ ¯®«ãç¥ë
ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï ¯®«®¦¨â¥«ì®£® à¥è¥¨ï ¤«ï ®¤®£® ¥«¨¥©®£® äãªæ¨® «ì®-
¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï ¢â®à®£® ¯®àï¤ª .

�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï: C | ¯à®áâà áâ¢® C[0; 1], Lp (1 < p < 1) | ¯à®áâà -
áâ¢® Lp(0; 1) ¨ W 2 | ¯à®áâà áâ¢® äãªæ¨©, ®¯à¥¤¥«¥ëå   [0; 1], á  ¡á®«îâ® ¥¯à¥àë¢®©
¯à®¨§¢®¤®©.

� áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã

x00(t) + p(t)x(t) + f(t; (Tx)(t)) = 0; 0 < t < 1; (1)

�11x(0) + �12x(1) + �11x
0(0) + �12x

0(1) = 0;

�21x(0) + �22x(1) + �21x
0(0) + �22x

0(1) = 0;
(2)

£¤¥ �ij , �ij (i; j = 1; 2) | ¤¥©áâ¢¨â¥«ìë¥ ç¨á« , p(t) | ¥®âà¨æ â¥«ì ï áã¬¬¨àã¥¬ ï á® áâ¥¯¥-
ìî q 2 (1;1) äãªæ¨ï, T : C ! Lp (1 < p <1) | «¨¥©ë© ¥¯à¥àë¢ë© ®¯¥à â®à, äãªæ¨ï
f(t; u) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î � à â¥®¤®à¨ ¨ f(�; 0) � 0.

�®¤ ¯®«®¦¨â¥«ìë¬ à¥è¥¨¥¬ § ¤ ç¨ (1){(2) ¡ã¤¥¬ ¯®¨¬ âì äãªæ¨î x 2 W 2, ¯®«®¦¨-
â¥«ìãî ¢ ¨â¥à¢ «¥ (0; 1), ã¤®¢«¥â¢®àïîéãî ¯®çâ¨ ¢áî¤ã ãà ¢¥¨î (1) ¨ ªà ¥¢ë¬ ãá«®¢¨ï¬
(2).

� à ¡®â¥ ¤®ª §   â¥®à¥¬  áãé¥áâ¢®¢ ¨ï ¯® ªà ©¥© ¬¥à¥ ®¤®£® ¯®«®¦¨â¥«ì®£® à¥è¥¨ï
§ ¤ ç¨ (1){(2) ¯à¨ ¥ª®â®àëå ®£à ¨ç¥¨ïå   äãªæ¨¨ f(t; u), p(t) ¨ ç¨á«  �ij , �ij (i; j = 1; 2).
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� áá¬®âà¨¬ íª¢¨¢ «¥â®¥ § ¤ ç¥ (1){(2) ¨â¥£à «ì®¥ ãà ¢¥¨¥

x(t) =
Z 1

0

G(t; s)p(s)x(s)ds+
Z 1

0

G(t; s)f(s; (Tx)(s))ds; 0 � t � 1; (3)

£¤¥ G(t; s) | äãªæ¨ï �à¨  ®¯¥à â®à  � d2

dt2
á ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ (2).

�¢¥¤¥¬ ¥ª®â®àë¥ ®¡®§ ç¥¨ï: � � �12+�11+�12
�11+�12

, � � �22+�21+�22
�21+�22

. �à¨ ¢ë¯®«¥¨¨ ãá«®¢¨©
A) � 6= �, �11 + �12 6= 0, �21 + �22 6= 0;
B) 1

���

�
�21

�21+�22
(1� �)� �11

�11+�12
(1� �)

�
< 0;

C) 1
���

�
�21��21
�21+�22

(1� �)� �11��11
�11+�12

(1� �)
�
> 0;

D) 1
���

�
�21

�21+�22
�� �11

�11+�12
�
�
> 0;

E) 1
���

�
�21

�21+�22
�� �11

�11+�12
� + 1

�
< 0

äãªæ¨ï �à¨  áãé¥áâ¢ã¥â, ¯®«®¦¨â¥«ì  ¨ ¨¬¥¥â ¢¨¤ [1]

G(t; s) =

(
a1(s)(t� �) + a2(s)(t� �); 0 � t � s;

b1(s)(t� �) + b2(s)(t� �); s � t � 1;

£¤¥

a1(s) =
1

� � �

�
� �

�22s+ �21

�21 + �22

�
; a2(s) =

1
� � �

�
�12s+ �11

�11 + �12

� �

�
;

b1(s) =
�21s� �21

(� � �)(�21 + �22)
; b2(s) =

�11s� �11

(�� �)(�11 + �12)
; s 2 [0; 1]:

�à¥¤¯®«®¦¨¬, çâ® äãªæ¨ï f(t; u) ¥®âà¨æ â¥«ì    [0; 1] � (0;1), ¬®®â®  ¯® ¢â®à®¬ã  à-
£ã¬¥âã ¨ f(t; u) � bup=q (b > 0) ¯à¨ u > 0.

� ®¯¥à â®à®© ä®à¬¥ ãà ¢¥¨¥ (3) ¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

x = GPx+GNTx;

£¤¥ P : C ! Lq | ®¯¥à â®à, ®¯à¥¤¥«ï¥¬ë© à ¢¥áâ¢®¬ (Px)(t) = p(t)x(t), N : Lp ! Lq |
®¯¥à â®à �¥¬ëæª®£®, G : Lq ! C | ®¯¥à â®à �à¨ .

�à¨ ¯¥à¥ç¨á«¥ëå ®£à ¨ç¥¨ïå ®¯¥à â®à A, ®¯à¥¤¥«ï¥¬ë© à ¢¥áâ¢®¬

(Ax)(t) =
Z 1

0
G(t; s)p(s)x(s)ds+

Z 1

0
G(t; s)f(s; (Tx)(s))ds; 0 < t < 1; (4)

¤¥©áâ¢ã¥â ¢ ¯à®áâà áâ¢¥ C, ¢¯®«¥ ¥¯à¥àë¢¥ [2] ¨ ®áâ ¢«ï¥â ¨¢ à¨ âë¬ ª®ãá fK ¥®âà¨-
æ â¥«ìëå äãªæ¨© x(t) ¯à®áâà áâ¢  C, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î

min
t2[0;1]

x(t) �
m

M
max
t2[0;1]

x(t) =
m

M
kxkC ;

£¤¥ m ¨ M | á®®â¢¥âáâ¢¥® ¨¦ïï ¨ ¢¥àåïï ®æ¥ª¨ äãªæ¨¨ �à¨ .

�¥®à¥¬ . �à¥¤¯®«®¦¨¬, çâ® T : C ! Lp | ¯®«®¦¨â¥«ìë© (¬®®â®ë©)   ª®ãá¥ fK
®¯¥à â®à. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï A){E),   â ª¦¥

1) p 6= q;
2) kpkLq <

m
M2
;

3) a(t)up=q � f(t; u) � bup=q, t 2 [0; 1], u � 0,
£¤¥ a(t) | ¯®«®¦¨â¥«ì ï áã¬¬¨àã¥¬ ï äãªæ¨ï, b | ¥ª®â®à®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«®.

�®£¤  ªà ¥¢ ï § ¤ ç  (1){(2) ¨¬¥¥â ¯® ªà ©¥© ¬¥à¥ ®¤® ¯®«®¦¨â¥«ì®¥ à¥è¥¨¥.
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�®ª § â¥«ìáâ¢®. � ¤ «ì¥©è¥¬ ¯®¤ ¯®«ãã¯®àï¤®ç¨¢ ¨¥¬ u � v ¨ u�v ¢ ª®ãá¥ fK ¯à®-
áâà áâ¢  C á®®â¢¥âáâ¢¥® ¡ã¤¥¬ ¯®¨¬ âì u(x) � v(x) ¨ u(x) > v(x) ¤«ï «î¡®£® x 2 [0; 1].

� áá¬®âà¨¬ á«ãç © p
q
> 1. �®ª ¦¥¬, çâ®  ©¤¥âáï â ª®¥ ç¨á«® R > 0, çâ® ¯à¨ x 2 fK ¨

kxkC � R

Ax�x: (5)

�¥©áâ¢¨â¥«ì®, ¢ á¨«ã ¬®®â®®áâ¨ ®¯¥à â®à  T : C ! Lp ¨ ãá«®¢¨ï 3) â¥®à¥¬ë ¨¬¥¥¬

(Ax)(t) � m

Z 1

0

a(s)(Tx)p=q(s)ds �
mp=q+1

Mp=q
kxkp=qC

Z 1

0

a(s)(T1)p=q(s)ds �

�
mp=q+1

Mp=q
Rp=q�1

Z 1

0
a(s)(T1)p=q(s)ds � x(t); 0 < t < 1:

�âáî¤  ¯à¨ R >

�
Mp=q

.�
mp=q+1

1R
0

a(s)(T1)p=q(s)ds
��p=(p�q)

á«¥¤ã¥â (5).

� ©¤¥¬ â¥¯¥àì r > 0 â ª®¥, çâ® ¤«ï ¢á¥å " > 0 ¯à¨ x 2 fK, kxkC � r, x 6= 0

Ax�(1 + ")x: (6)

� á¨«ã ãá«®¢¨ï 3) â¥®à¥¬ë ¨¬¥¥¬

(Ax)(t) �M

Z 1

0
p(s)x(s)ds+Mb

Z 1

0
(Tx)p=q(s)ds �

�MkpkLqkxkC +MbkTxk
p=q
Lp
�MkpkLqkxkC +Mbp=qkxk

p=q
C �

�M(kpkLq + bp=qrp=q�1)kxkC �
M 2

m
(kpkLq + bp=qrp=q�1)x(t);

£¤¥  | ®à¬  ®¯¥à â®à  T : C ! Lp.

�âáî¤  ¯à¨ r <
�
m=M2�kpkLq

bp=q

�q=(p�q)
á«¥¤ã¥â (6).

�¥£ª® ¯à®¢¥à¨âì, çâ® r � R. �§ (5) ¨ (6) á«¥¤ã¥â, çâ® ¯®«®¦¨â¥«ìë© ®¯¥à â®à (4) ï¢«ï¥âáï
à áâï¦¥¨¥¬ ª®ãá  fK. �®£¤  á®£« á® â¥®à¥¬¥ ® à áâï¦¥¨¨ ª®ãá  [3] ®¯¥à â®à (4) ¨¬¥¥â ¢
ª®ãá¥ fK ¯à®áâà áâ¢  C ¯® ªà ©¥© ¬¥à¥ ®¤ã ¥ã«¥¢ãî ¥¯®¤¢¨¦ãî â®çªã, çâ® à ¢®á¨«ì®
áãé¥áâ¢®¢ ¨î ¯® ªà ©¥© ¬¥à¥ ®¤®£® ¯®«®¦¨â¥«ì®£® à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ (1){(2).

� á«ãç ¥ p=q < 1, ¯à¨¬¥ïï â¥®à¥¬ã ® á¦ â¨¨ ª®ãá  [3],   «®£¨ç® ¬®¦® ãáâ ®¢¨âì
áãé¥áâ¢®¢ ¨¥ ¯® ªà ©¥© ¬¥à¥ ®¤®£® ¯®«®¦¨â¥«ì®£® à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ (1){(2).
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