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� à ¡®â¥ ¨§ãç îâáï ­¥ª®â®àë¥ ¢®¯à®áë £¥®¬¥âà¨¨ ¤¢ãå à¥£ã«ïà­ëå £¨¯¥à¯®¢¥àå­®áâ¥© Vn�1

¨ eVn�1, ¯®£àã¦¥­­ëå ¢ ¯à®¥ªâ¨¢­®-¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® Kn ¨ ï¢«ïîé¨åáï ¯®«ïà­ë¬¨
®â­®á¨â¥«ì­® ¥£®  ¡á®«îâ  Qn�1.

�«¥¤ãîé¨¥ ¨­¤¥ªáë ¯à¨­¨¬ îâ §­ ç¥­¨ï

I;K;L = 0; n; I;K;L; P;Q = 1; n;

i; j; k; p; q; s; l; t; u; v = 1; n� 1; i; j; k = 0; n� 1:

�¯¥à æ¨ï ¢­¥è­¥£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï ®¡®§­ ç¥­  ¡ãª¢®© D, ¢­¥è­¥£® ã¬­®¦¥­¨ï | á¨¬-
¢®«®¬ \^". �¯¥à â®à r ¤¥©áâ¢ã¥â ¯® á«¥¤ãîé¥¬ã § ª®­ã [1]:

rK�
in = dK�

in �K�
tn!

t
i �K�

in!
n
n +K�

in!
�
� ;

¯à¨ ä¨ªá¨à®¢ ­­ëå £« ¢­ëå ¯ à ¬¥âà å íâ®â ®¯¥à â®à ®¡®§­ ç ¥âáï ç¥à¥§ r�, ä®à¬ë !I

K
|

ç¥à¥§ �I
K
. �¯¥à â®à er ¤¥©áâ¢ã¥â ¯® § ª®­ã

erT �
in = dT �

in � T �
tn


t
i � T �

in

n
n + T �

in

�
� :

1. �à®¥ªâ¨¢­®-¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢®. � áá¬®âà¨¬ n-¬¥à­®¥ ¯à®¥ªâ¨¢­®¥ ¯à®áâà ­áâ¢®
Pn, ®â­¥á¥­­®¥ ª ¯®¤¢¨¦­®¬ã à¥¯¥àã R = fAKg; ¤¥à¨¢ æ¨®­­ë¥ ä®à¬ã«ë à¥¯¥à  R ¨ ãà ¢­¥­¨¥
áâàãªâãàë ¯à®¥ªâ¨¢­®£® ¯à®áâà ­áâ¢  ¨¬¥îâ á®®â¢¥âáâ¢¥­­® ¢¨¤ [2]

 ) dAI = !L

I
AL; (1-a)

¡) D!I

K
= !L

K
^ !I

L
; !L

L
= 0: (1-¡)

�§¢¥áâ­® [3], çâ® ¯à®¥ªâ¨¢­®-¬¥âà¨ç¥áª¨¬ ¯à®áâà ­áâ¢®¬ Kn ­ §ë¢ ¥âáï ¯à®áâà ­áâ¢® Pn, ¢
ª®â®à®¬ § ¤ ­  ­¥¯®¤¢¨¦­ ï £¨¯¥àª¢ ¤à¨ª  Qn�1 ( ¡á®«îâ):

gI Kx
IxK = 0; gI K = gK I ; (2)

£¤¥ xI | ª®®à¤¨­ âë â®ç¥ª M 2 Qn�1; á«¥¤®¢ â¥«ì­®, äã­¤ ¬¥­â «ì­®© £àã¯¯®© ¯à®áâà ­áâ¢ 
Kn ï¢«ï¥âáï ¯®¤£àã¯¯  £àã¯¯ë ¯à®¥ªâ¨¢­ëå ¯à¥®¡à §®¢ ­¨© ¯à®áâà ­áâ¢  Pn,   ¨¬¥­­®, áâ -
æ¨®­ à­ ï ¯®¤£àã¯¯   ¡á®«îâ  Qn�1. �®£« á­® [4], ãá«®¢¨¥¬ ­¥¯®¤¢¨¦­®áâ¨ £¨¯¥àª¢ ¤à¨ª¨ (2)
ï¢«ï¥âáï ¢ë¯®«­¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

dgI K � gI L!
L

K
� gLK!

L

I
= 
gI K ; (3)

£¤¥ 
 | ­¥ª®â®à ï ä®à¬  �ä ää .
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�§¢¥áâ­® [5], çâ® §  áç¥â ­®à¬¨à®¢ª¨ ª®íää¨æ¨¥­â®¢ gI K £¨¯¥àª¢ ¤à¨ª¨ ¨ ¢¥àè¨­ à¥¯¥à  R
¬®¦­® ãà ¢­¥­¨¥ (2)  ¡á®«îâ  Qn�1 ¨ ãá«®¢¨¥ ¥£® ­¥¯®¤¢¨¦­®áâ¨ (3) § ¯¨á âì á®®â¢¥âáâ¢¥­­®
¢ ¢¨¤¥

aIKx
IxK +

1
c
(gI0xI + cx0)2 = 0; (4)

daIK � aIL!
L
K � aLK!

L
I = �

1
c
(aILgK0 + aKLgI0)!

L
0 ; (5- )

dgI0 � gL0!
L
I � c!0

I = aIL!
L
0 ; (5-¡)

£¤¥ aIK = gIK � gI0gK0

c
, aIK = aKI , c = g00 = const 6= 0. �â¬¥â¨¬, çâ® ¯à¨ ­®à¬¨à®¢ª¥ ¢¥àè¨­

à¥¯¥à  R ¯®«ãç ¥¬ á®®â­®è¥­¨¥ !0
0 = � g0L

c
!L

0 . � á¨«ã ¢ëà ¦¥­¨ï (7) ¤¥à¨¢ æ¨®­­ë¥ ãà ¢­¥­¨ï
(1-a) ¢ ¯à®¥ªâ¨¢­®-¬¥âà¨ç¥áª®¬ ¯à®áâà ­áâ¢¥ Kn § ¯¨èãâáï ¢ ¢¨¤¥

dA0 =
�
�
g0L
c
A0 +AL

�
!L

0 ; dAI = !L
I AL:

� ¬¥â¨¬ â ª¦¥, çâ® ¢ á¨«ã á®®â­®è¥­¨© (1), (7) ¨¬¥¥â ¬¥áâ®

!L
L =

g0L
c
!L

0 :

�à ¢­¥­¨ï áâàãªâãàë (1-¡) ¯à®¥ªâ¨¢­®-¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢  Kn ¯à¨¬ãâ ¢¨¤

D!I
0 = �

g0L
c
!L

0 ^ !I
0 + !L

0 ^ !I
L; D!0

I = !L
I ^ !0

L �
g0L
c
!0
I ^ !L

0 ;

D!0
0 = !L

0 ^ !0
L; D!I

K = !0
K ^ !I

0 + !L
K ^ !I

L; !L
L =

g0L
c
!L

0 :
(6)

2. �¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï £¨¯¥à¯®¢¥àå­®áâ¨. � ª ¨ ¢ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥ Pn

[4], ãà ¢­¥­¨e £¨¯¥à¯®¢¥àå­®áâ¨ Vn�1 ¢ Kn ¢ à¥¯¥à¥ ¯¥à¢®£® ¯®àï¤ª  (A0 2 Vn�1, Ai 2 Tn�1(A0))
§ ¯¨áë¢ eâáï ¢ ¢¨¤¥

!n
0 = 0: (7)

�â¬¥â¨¬, çâ® ¢ á¨«ã g00 6= 0 â¥ªãé ï â®çª  A0 £¨¯¥à¯®¢¥àå­®áâ¨ Vn�1 ­¥ «¥¦¨â ­   ¡á®«îâ¥.
�à¥åªà â­®¥ ¯à®¤®«¦¥­¨¥ ãà ¢­¥­¨ï (7) ¯à¨¢®¤¨â ª á«¥¤ãîé¨¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨-
ï¬ ª®¬¯®­¥­â ¯®«¥© äã­¤ ¬¥­â «ì­ëå ®¡ê¥ªâ®¢ ¢â®à®£® f�n

ijg ¨ âà¥âì¥£® f�n
ij ;�

n
ijkg ¯®àï¤ª®¢

Vn�1 � Kn:

!n
i = �n

ij!
j
0; �n

[ij] = 0; (8)

r�n
ij = �n

ijk!
k
0 ; �n

i[jk] =
1
c
�n
i[jgk]0; �n

[ij]k = 0; (9)

r�n
ijk +�n

ik!
0
j +�n

jk!
0
i � �n

(ij�
n
k)s!

s
n = �n

ijkl!
l
0; �n

ij[kl] =
1
c
�n
ij[kgl]0:

�§ ãà ¢­¥­¨© (9) ¢¨¤­®, çâ® á¨áâ¥¬  äã­ªæ¨© �n
ij ®¡à §ã¥â á¨¬¬¥âà¨ç­ë© â¥­§®à ¢â®à®£® ¯®-

àï¤ª .
� ¬¥â¨¬, çâ® ¯à¨ I = i ¨§ ãà ¢­¥­¨© (5-¡), (8) ¨¬¥¥¬

d

�
gi0
c

�
�
gj0
c
!j
i � !0

i = eaij!j
0; eaij = 1

c
(aij + gn0�

n
ij):

�à¥¤¯®« £ ï £¨¯¥à¯®¢¥àå­®áâì Vn�1 ¢ Kn à¥£ã«ïà­®© (â. ¥. � = j�n
ij j 6= 0), ¬®¦­® ¢¢¥áâ¨

®¡à é¥­­ë© â¥­§®à �ij
n ¢â®à®£® ¯®àï¤ª 

�ik
n �

n
kj = �ij ; r�ij

n = ��is
n�

tj
n �

n
stl!

l
0: (10)
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�ã­ªæ¨ï � ¥áâì ®â­®á¨â¥«ì­ë© ¨­¢ à¨ ­â ¢â®à®£® ¯®àï¤ª 

d ln� + (n+ 1)!n
n = Al!

l
0; Al = �ji

n�
n
ijl +

2
c
gl0:

�à®¤®«¦ ï ¯®á«¥¤­¥¥ ãà ¢­¥­¨¥, ¨¬¥¥¬

rAi � (n+ 1)�n
ij!

j
n = Aij!

j
0; A[ij] =

1
c
A[igj]0:

� ç¥â¢¥àâ®© ¤¨ää¥à¥­æ¨ «ì­®© ®ªà¥áâ­®áâ¨ â®çª¨ A0 2 Vn�1 ¢ Kn ¢­ãâà¥­­¨¬ ®¡à §®¬
®¯à¥¤¥«ï¥âáï ¯®«¥ ¨­¢ à¨ ­â­ëå á®¯à¨ª á îé¨åáï £¨¯¥àª¢ ¤à¨ª Q2

n�1 [4]:

�n
ijx

ixj +
2pi
n+ 1

xixn + Sn(xn)2 = 2x0xn; (11)

§¤¥áì

pi = �jk
n �

n
ijk �

gi0
c
; Sn =

1
n2 � 1

�ij
n

�
pij �

pipj
n+ 1

� pi
gj0
c

�
: (12)

�ã­ªæ¨¨ pij ¢å®¤ïâ ¢ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï

rpi + (n+ 1)[!0
i � �n

is!
s
n] = pis!

s
0;

r�pij +
�
pj + (n+ 1)

gj0
c

�
�0
i � [(n+ 1)ansij + ps�

n
ij ]�

s
n + 2(n+ 1)�n

ij�
0
n = 0:

�­ «®£¨ç­® [4] ª®¬¯®­¥­âë á¨¬¬¥âà¨ç­®£® ¯® ¢á¥¬ ­¨¦­¨¬ ¨­¤¥ªá ¬ â¥­§®à  � à¡ã ­ 
à¥£ã«ïà­®© £¨¯¥à¯®¢¥àå­®áâ¨ Vn�1 ¢ Kn ¨¬¥îâ ¢¨¤

bnijk
def= (n+ 1)

�
�n
ijk +

1
c
�n
k(igj)0

�
� �n

(ijAk); rbnijk = bnijks!
s
0; (13)

bnijks =(n+ 1)
�
�n
ijks +

1
c
[g0(i�n

j)ks + fas(i + gn0�n
s(ig�

n
j)k ]
�
� �n

(ijjsjAk) � �n
(ijAk)s:

�¡à é¥­¨¥ ¢ ­ã«ì â¥­§®à  � à¡ã à¥£ã«ïà­®© £¨¯¥à¯®¢¥àå­®áâ¨ Vn�1 ¢ Kn ¥áâì ãá«®¢¨¥ ¥¥
¢ëà®¦¤¥­¨ï ¢ £¨¯¥àª¢ ¤à¨ªã Q2

n�1 (á¬. (11)).

3. �®«ïà­ ï £¨¯¥à¯®¢¥àå­®áâì. �¨¯¥à¯®¢¥àå­®áâ¨ Vn�1 ¨ eVn�1 ­ §®¢¥¬ ¯®«ïà­ë¬¨ (®â­®á¨-
â¥«ì­®  ¡á®«îâ  Qn�1), ¥á«¨ ª á â¥«ì­®© £¨¯¥à¯«®áª®áâìî eTn�1 (Tn�1) ¢ â¥ªãé¥© â®çª¥ B 2 eVn�1

(A0 2 Vn�1) ¡ã¤¥â ¯®«ïà  â®çª¨ A0 (B) ®â­®á¨â¥«ì­®  ¡á®«îâ  Qn�1 ¯à®¥ªâ¨¢­®-¬¥âà¨ç¥áª®£®
¯à®áâà ­áâ¢  Kn. � è¥© ¤ «ì­¥©è¥© § ¤ ç¥© ï¢«ï¥âáï ¯®áâà®¥­¨¥ £¨¯¥à¯®¢¥àå­®áâ¨ eVn�1, ¯®-
«ïà­®© ¤ ­­®© £¨¯¥à¯®¢¥àå­®áâ¨ Vn�1 ®â­®á¨â¥«ì­®  ¡á®«îâ  Qn�1 ¯à®áâà ­áâ¢  Kn.

�ãáâì £¨¯¥à¯®¢¥àå­®áâì Vn�1 ¢ Kn ®á­ é¥­  ¢ á¬ëá«¥ �.� àâ ­  [6], â. ¥. ª ¦¤®© â®çª¥
A0 2 Vn�1 ¯à¨á®¥¤¨­¥­  â®çª 

Bn(A0) = vnA0 + vjnAj +An; (14)

­¥ ¯à¨­ ¤«¥¦ é ï ª á â¥«ì­®© ¯«®áª®áâ¨ Tn�1(A0); ®á­ é îé¨© ®¡ê¥ªâ fvin; vng ¯®¤ç¨­¥­
ãá«®¢¨î ¨­¢ à¨ ­â­®áâ¨ ¯®«ï ®á­ é îé¨å â®ç¥ª:

dvin � vin!
n
n + vjn!

i
j + !i

n = vink!
k
0 ;

dvn � vn!
n
n + vjn!

0
j + !0

n = vnk!
k
0 :

�®«¥ ª¢ §¨â¥­§®à  vin ®¯à¥¤¥«ï¥â ¯®«¥ ¨­¢ à¨ ­â­ëå ­®à¬ «¥© ¯¥à¢®£® à®¤  £¨¯¥à¯®¢¥àå-
­®áâ¨ Vn�1 ¢ Kn.

�®âà¥¡ã¥¬, çâ®¡ë â®çª  Bn ¯à¨­ ¤«¥¦ «  ¯®«ïà¥ � â®çª¨ A0 ®â­®á¨â¥«ì­®  ¡á®«îâ  Qn�1:

� : gI0x
I + cx0 = 0: (15)
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� ª ª ª ãá«®¢¨¥¬ ¯à¨­ ¤«¥¦­®áâ¨ â®çª¨ Bn ¯®«ïà¥ (15) ï¢«ï¥âáï ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  gi0vin+
cvn + gn0 = 0, â® á¯à ¢¥¤«¨¢®

vn = �
1
c
(gi0v

i
n + gn0); (16)

®å¢ â (16) ®¯à¥¤¥«ï¥â ®á­ é îéãî â®çªã � àâ ­  ­  ­®à¬ «¨ ¯¥à¢®£® à®¤  vin.
�®«ïà®© â®çª¨ Bn (á¬. (14)) ®â­®á¨â¥«ì­®  ¡á®«îâ  Qn�1 ¯à®áâà ­áâ¢  Kn ï¢«ï¥âáï £¨¯¥à-

¯«®áª®áâì

aKjx
Kvjn + aKnx

K +
1
c
(gK0x

K + cx0)(gj0vjn + gn0 + cvn) = 0: (17)

�®®â­®è¥­¨¥ (17) ¢ á¨«ã à ¢¥­áâ¢ (16) § ¯¨è¥âáï ¢ ¢¨¤¥

(aijv
j
n + ain)x

i + (anjv
j
n + ann)x

n = 0: (18)

�®âà¥¡ã¥¬ á®¢¯ ¤¥­¨ï £¨¯¥à¯«®áª®áâ¨ (18) á ª á â¥«ì­®© £¨¯¥à¯«®áª®áâìî Tn�1(A0) £¨¯¥à¯®-
¢¥àå­®áâ¨ Vn�1 ¢ Kn, â. ¥. á £¨¯¥à¯«®áª®áâìî xn = 0. � á¨«ã ¯®á«¥¤­¥£® à ¢¥­áâ¢  ¨ á®®â­®è¥­¨©
(18) ¨¬¥¥¬

aijv
j
n + ain = 0; anjv

j
n + ann 6= 0: (19)

� ¬¥â¨¬, çâ®

Bn =2 Qn�1 , ann + ainv
i
n 6= 0: (20)

�§ ãà ¢­¥­¨© (5) ­¥¯®¤¢¨¦­®áâ¨  ¡á®«îâ  Qn�1 ¯à®¥ªâ¨¢­®-¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢  Kn á
ãç¥â®¬ ãà ¢­¥­¨ï (7) ¨¬¥¥¬

daij � aik!
k
j � akj!

k
i =

�
�n
s(iaj)n �

1
c
as(igj)0

�
!s

0; (21)

dain � ain!
n
n � akn!

k
i � aik!

k
n =

�
ann�n

is �
1
c
(aisgn0 + ansgi0)

�
!s

0;

dann � 2ann!n
n � 2akn!k

n = �
2
c
gn0ans!

s
0; (22)

dgi0 � gj0!
j
i � c!0

i = (ais + gn0�n
is)!

s
0;

dgn0 � gj0!
j
n � gn0!

n
n � c!0

n = ans�
s
0: (23)

�à¥¤¯®« £ ï â¥­§®à aji ­¥¢ëà®¦¤¥­­ë¬ (â. ¥. a def= jaij j 6= 0), ¨¬¥¥¬ ¯®«¥ ¢§ ¨¬­®£® â¥­§®à 
aij :

aikakj = �ij ; raij =
1
c
gs0a

s(i!
j)
0 � aisakjan(s�n

k)l!
l
0: (24)

�§ á®®â­®è¥­¨© (19) ¢ á¨«ã (24) ­ å®¤¨¬

vin = �aikakn: (25)

� ª¨¬ ®¡à §®¬, ¨§ á®®â­®è¥­¨© (16) ¨ (25) á«¥¤ã¥â, çâ® â®çª  Bn 2 � (á¬. (14)), ï¢«ïîé -
ïáï ¯®«îá®¬ ª á â¥«ì­®© £¨¯¥à¯«®áª®áâ¨ Tn�1(A0) £¨¯¥à¯®¢¥àå­®áâ¨ Vn�1 ¢ Kn ®â­®á¨â¥«ì­®
 ¡á®«îâ  Qn�1, ¢ à¥¯¥à¥ ¯¥à¢®£® ¯®àï¤ª  R = fAKg ¨¬¥¥â à §«®¦¥­¨¥

Bn =
1
c
(gj0asnasj � gn0)A0 � asna

sjAj +An: (26)

�â¬¥â¨¬, çâ® ãá«®¢¨¥ (20) á ãç¥â®¬ á®®â­®è¥­¨© (25) ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥

Bn =2 Q2
n�1 , Ann

def= ann � ainajna
ij 6= 0; (27)
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£¤¥ Ann | ®â­®á¨â¥«ì­ë© ¨­¢ à¨ ­â, ã¤®¢«¥â¢®àïîé¨© ãà ¢­¥­¨î

dAnn � 2Ann!
n
n = �2Anna

ijain�n
jk!

k
0 : (28)

�â ª, ¨áå®¤­ ï £¨¯¥à¯®¢¥àå­®áâì Vn�1 ¢ Kn ¢­ãâà¥­­¨¬ ®¡à §®¬ ¨­¤ãæ¨àã¥â £¨¯¥à¯®¢¥àå-
­®áâì eVn�1, ¯®«ïà­ãî ¤ ­­®© Vn�1 ®â­®á¨â¥«ì­®  ¡á®«îâ  Qn�1. � á â¥«ì­®© £¨¯¥à¯«®áª®áâìîeTn�1 ¢ â¥ªãé¥© â®çª¥ Bn 2 eVn�1 (á¬. (26)) ¡ã¤¥â ¯®«ïà  � â®çª¨ A0. �¨¯¥à¯®¢¥àå­®áâ¨ Vn�1 ¨eVn�1 ï¢«ïîâáï ¯®«ïà­ë¬¨ ®â­®á¨â¥«ì­®  ¡á®«îâ  Qn�1.

� ª ª ª A0 =2 �, â®, à áá¬ âà¨¢ ï â®çª¨ Bi = Ai+x0
iA0, ¯®âà¥¡ã¥¬, çâ®¡ë ®­¨ ¯à¨­ ¤«¥¦ «¨

¯®«ïà¥ � â®çª¨ A0 (á¬. (15)): gi0 + cx0
i = 0. �âáî¤  ­ å®¤¨¬ x0

i = � 1
c
gi0. �«¥¤®¢ â¥«ì­®,

Bi = Ai �
1
c
gi0A0: (29)

� ª¨¬ ®¡à §®¬, á ¯®«ïà­®© £¨¯¥à¯®¢¥àå­®áâìî eVn�1 á¢ï§ ­ â¥ªãé¨© à¥¯¥à ¯¥à¢®£® ¯®àï¤ª eR = fBn; Bi; B0g = fBIg, £¤¥ Bn ¨ Bi ¨¬¥îâ á®®â¢¥âáâ¢¥­­® áâà®¥­¨ï (26) ¨ (29),   ¢ ª ç¥áâ¢¥
¢¥àè¨­ë B0 ¯à¨¬¥¬ A0: B0 � A0.

�¥à¨¢ æ¨®­­ë¥ä®à¬ã«ë à¥¯¥à  eR = fBKg ¨ ãà ¢­¥­¨ï áâàãªâãàë ¯à®¥ªâ¨¢­®-¬¥âà¨ç¥áª®£®
¯à®áâà ­áâ¢  Kn (¢ à¥¯¥à¥ eR) § ¯¨èãâáï á®®â¢¥âáâ¢¥­­® ¢ ¢¨¤¥

dBI = 
L

I
BL;

D
I

K
= 
L

K
^ 
I

L
;

(30)

£¤¥ ä®à¬ë 
K

I
¨¬¥îâ áâà®¥­¨ï


n
0 = !n

0 = 0; 
0
0 = 0; 
n

n = !n
n � asna

sj!n
j ;


n
i = !n

i ; 
0
i = �

1
c
aij!

j
0; 
i

n = �Anna
is!n

s ; (31)


i
j = !i

j + aisasn!
n
j �

1
c
gj0!

i
0; 
0

n = �
Ann

c
!n

0 = 0:

�â¬¥â¨¬, çâ® ¢ á¨«ã á®®â­®è¥­¨© (6) ¨ (31) ¨¬¥¥¬ 
L

L
= 0. � á¨«ã á®®â­®è¥­¨© (30), (31)

á¨áâ¥¬  ä®à¬ f
k
ng ­  £¨¯¥à¯®¢¥àå­®áâ¨ eVn�1 ¡ã¤¥â ¡ §¨á­®©: 
1

n ^ � � � ^ 
n�1
n 6= 0. �à ¢­¥­¨¥

¯®«ïà­®© £¨¯¥à¯®¢¥àå­®áâ¨ eVn�1 ¢ Kn ¢ à¥¯¥à¥ ¯¥à¢®£® ¯®àï¤ª  eR = fBKg ¨¬¥¥â ¢¨¤


0
n = 0: (32)

� ¬¥â¨¬, çâ® á®£« á­® á®®â­®è¥­¨ï¬ (31), (32) á¯à ¢¥¤«¨¢®


n
i = �

1
Ann

ais

s
n; 
i

0 = �
1

Ann

�il
nals


s
n: (33)

�à¥åªà â­®¥ ¯à®¤®«¦¥­¨¥ ãà ¢­¥­¨© (32) á ¨á¯®«ì§®¢ ­¨¥¬ á®®â­®è¥­¨© (33) ¯à¨¢®¤¨â ª
á«¥¤ãîé¨¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ ª®¬¯®­¥­â ¯®«¥© äã­¤ ¬¥­â «ì­ëå ®¡ê¥ªâ®¢ ¢â®-
à®£® fV n

ij g ¨ âà¥âì¥£® fV n
ijkg ¯®àï¤ª®¢ £¨¯¥à¯®¢¥àå­®áâ¨ eVn�1 ¢ Kn:


0
i = V n

ij

j
n; V n

[ij] = 0;

erV n
ij + V n

ij

0
0 = V n

ijk

k
n; V n

i[jk] = 0; (34)

dV n
ijk + 2V n

ijk

n
n � V n

s(ij

s
k) = V n

ijks

s
n;

V n
ij[ks] =

1
Ann

fV n
i[kas]j + V n

j[kas]i � �lt
n(V

n
il V

n
j[kas]t + V n

jlV
n
i[kas]t)g:

�â¬¥â¨¬, çâ® á®£« á­® ãà ¢­¥­¨ï¬ (34) ¨ á®®â­®è¥­¨ï¬ (31) ¨¬¥¥¬

V n
ij =

1
cAnn

�lt
nailajt: (35)
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� ¬¥â¨¬, çâ® á ãç¥â®¬ ¯®á«¥¤­¨å á®®â­®è¥­¨© ¢ëà ¦¥­¨ï (33) ¯¥à¥¯¨èãâáï ¢ ¢¨¤¥ 
n
i =

� 1
Ann

ais
s
n, 


i
0 = �caitV n

ts

s
n.

�¨ää¥à¥­æ¨àãï ¢ëà ¦¥­¨ï (35), á ¨á¯®«ì§®¢ ­¨¥¬ ãà ¢­¥­¨© (10), (21), (28), (34) ¨ á®®â­®-
è¥­¨© (31) ¯®«ãç¨¬

V n
ijk =

1
cA2

nn

f�sp
n �

qt
n �

lu
n �

n
pqlaisajtaku � cAnnV

n
(ijak)n +Ann�

st
n gt0as(iv

n
j)kg: (36)

�§ ãà ¢­¥­¨© (34) ¢¨¤­®, çâ® ª ¦¤ ï ¨§ á¨áâ¥¬ äã­ªæ¨© fV n
ij g, fV

n
ijkg ®¡à §ã¥â á¨¬¬¥âà¨ç-

­ë© â¥­§®à ¢â®à®£® ¨ âà¥âì¥£® ¯®àï¤ª  á®®â¢¥âáâ¢¥­­®.
�®£« á­® ¢ëà ¦¥­¨ï¬ (35) á¯à ¢¥¤«¨¢ 

�¥®à¥¬  1. �à¨ á¤¥« ­­ëå ¢ëè¥ ¯à¥¤¯®«®¦¥­¨ïå (10), (24), (27) ¯®«ïà­ ï £¨¯¥à¯®¢¥àå-

­®áâì eVn�1 ¢ Kn ï¢«ï¥âáï à¥£ã«ïà­®©, â. ¥. V
def= jvnij j 6= 0.

� á¨«ã à¥£ã«ïà­®áâ¨ ¯®«ïà­®© £¨¯¥à¯®¢¥àå­®áâ¨ eVn�1 ¢Kn ¬®¦­® ¢¢¥áâ¨ ®¡à é¥­­ë© â¥­§®à
V ij
n ¢â®à®£® ¯®àï¤ª  V ik

n V n
kj = �ij , erV ij

n = �V is
n V tj

n V n
stl


l
n, ¯à¨ç¥¬

V ij
n = cAnna

ikajt�n
kt: (37)

�ã­ªæ¨ï V ¥áâì ®â­®á¨â¥«ì­ë© ¨­¢ à¨ ­â ¢â®à®£® ¯®àï¤ª 

d lnV + (n+ 1)
n
n = Vk
k

n;

£¤¥

Vk = V ji
n V n

ijk: (38)

�à®¤®«¦ ï ¯®á«¥¤­¥¥ ãà ¢­¥­¨¥, ¨¬¥¥¬

erVi + Vi
n
n = Vij
j

n; V[ij] = 0;

á«¥¤®¢ â¥«ì­®, á®¢®ªã¯­®áâì äã­ªæ¨© Vi ®¡à §ã¥â â¥­§®à âà¥âì¥£® ¯®àï¤ª .
� ¬¥â¨¬, çâ® á®£« á­® á®®â­®è¥­¨ï¬ (38) á ¨á¯®«ì§®¢ ­¨¥¬ à ¢¥­áâ¢ (36) ¨ (37) ¨¬¥¥¬

Vk =
1

Ann

(�st
nAsakt � (n+ 1)akn): (39)

�à ¢­¥­¨¥ £¨¯¥àª¢ ¤à¨ª¨ ( ¡á®«îâ ) Qn�1 ¯à®¥ªâ¨¢­®-¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢  Kn ¢ à¥-
¯¥à¥ R = fAKg ¨¬¥¥â ¢¨¤ (4). � ¯¨è¥¬ ¤ ­­®¥ ãà ¢­¥­¨¥ ¢ à¥¯¥à¥ eR = fBKg (á¬. (26), (29)).

�§¢¥áâ­® [7], çâ® á¢ï§ì ¬¥¦¤ã áâ àë¬¨ xI ¨ ­®¢ë¬¨ yI ¯à®¥ªâ¨¢­ë¬¨ ª®®à¤¨­ â ¬¨ â®çª¨
M 2 Qn�1 ¨¬¥¥â ¢¨¤

�xI = cI
K
yK ;

£¤¥ K-© áâ®«¡¥æ ¬ âà¨æë cI
K
á®áâ®¨â ¨§ ª®®à¤¨­ â ¢¥àè¨­ BK ­®¢®£® à¥¯¥à  eR ¢ áâ à®¬ à¥¯¥à¥

R. � á¨«ã (26), (29) ¨ B0 � A0 ¨¬¥¥¬

cI
K
=

0
@1 � gj0

c
1
c
faktgk0atn � gn0g

0 �ij �akiakn
0 0 1

1
A :

� ª¨¬ ®¡à §®¬, á¢ï§ì ¬¥¦¤ã áâ àë¬¨ xI ¨ ­®¢ë¬¨ yI ª®®à¤¨­ â ¬¨ â®çª¨ M 2 Qn�1 ¨¬¥¥â
¢¨¤

x0 = y0 �
gj0
c
yj +

1
c
faktgk0atn � gn0gy

n;

xi = yi � aikakny
n;

xn = yn:
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�®¤áâ ¢«ïï ¯®á«¥¤­¨¥ á®®â­®è¥­¨ï ¢ ãà ¢­¥­¨¥ (4), ¯®«ãç ¥¬ ãà ¢­¥­¨¥  ¡á®«îâ  Qn�1 ¢ ­®¢®¬
à¥¯¥à¥ eR = fBn; Bi; B0g = fBIg:

aijy
iyj +Ann(y

n)2 + c(y0)2 = 0; (40)

£¤¥ yK | ª®®à¤¨­ âë â®ç¥ª fM 2 Qn�1 ¢ à¥¯¥à¥ eR.
�®£« á­® ãà ¢­¥­¨ï¬ (21){(22), (24), ¢ëà ¦¥­¨î Ann (á¬. (27)) ¨ á®®â­®è¥­¨ï¬ (31) ­ å®¤¨¬

daij � aik

k
j � akj


k
i = 0; dAnn � 2Ann


n
n = 0: (41)

�à ¢­¥­¨ï (41) ï¢«ïîâáï (¢ à¥¯¥à¥ eR) ãá«®¢¨¥¬ ­¥¯®¤¢¨¦­®áâ¨  ¡á®«îâ  Qn�1 (á¬. (40)).
�¥à­¥¬áï ª ¯®«ïà­®© £¨¯¥à¯®¢¥àå­®áâ¨ eVn�1. �«¥¤ãï [4], ¢ ç¥â¢¥àâ®© ¤¨ää¥à¥­æ¨ «ì­®©

®ªà¥áâ­®áâ¨ â®çª¨ Bn 2 eVn�1 ¢­ãâà¥­­¨¬ ®¡à §®¬ ®¯à¥¤¥«ï¥âáï ¯®«¥ ¨­¢ à¨ ­â­ëå á®¯à¨ª á -
îé¨åáï £¨¯¥àª¢ ¤à¨ª eQ2

n�1:

V n
ij y

iyj +
2Vi
n+ 1

yiy0 + S0(y0)2 = 2y0yn; (42)

£¤¥

S0 =
1

n2 � 1
V ij
n

�
Vij �

ViVj
n+ 1

�
+

1
n� 1

�
cV n

ij a
ij �

1
Ann

V ij
n aij

�
:

�®¬¯®­¥­âë á¨¬¬¥âà¨ç­®£® â¥­§®à  � à¡ã ­  à¥£ã«ïà­®© £¨¯¥à¯®¢¥àå­®áâ¨ eVn�1 ¢ Kn ¨¬¥-
îâ ¢¨¤

Dn
ijk

def= (n+ 1)V n
ijk � V n

(ijV k); erDn
ijk +Dn

ijk

n
n = Dn

ijks

s
n: (43)

�­ «®£¨ç­® à ¡®â¥ [4] á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥: ­¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ ¢ë-
à®¦¤¥­¨ï à¥£ã«ïà­®© £¨¯¥à¯®¢¥àå­®áâ¨ eVn�1 ¢ Kn ¢ £¨¯¥àª¢ ¤à¨ªã eQ2

n�1 (á¬. (42)) ï¢«ï¥âáï
®¡à é¥­¨¥ ¢ ­ã«ì á¨¬¬¥âà¨ç­®£® â¥­§®à  � à¡ã (43).

�®£« á­® á®®â­®è¥­¨ï¬ (13), (35), (36), (39), (43) ª®¬¯®­¥­âë á¨¬¬¥âà¨ç­ëå â¥­§®à®¢ � à¡ã
¯®«ïà­ëå à¥£ã«ïà­ëå £¨¯¥à¯®¢¥àå­®áâ¥© Vn�1 ¨ eVn�1 ¢ Kn á¢ï§ ­ë à ¢¥­áâ¢ ¬¨

Dn
ijk =

1
cA2

nn

�sp
n �

qt
n �

lv
n aisajtakvb

n
pql: (44)

� ª¨¬ ®¡à §®¬, ¤®ª § ­ 

�¥®à¥¬  2. �¨¯¥à¯®¢¥àå­®áâì Vn�1 ¢ Kn ¢ëà®¦¤ ¥âáï ¢ £¨¯¥àª¢ ¤à¨ªã Q2
n�1 (á¬. (11))

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¯®«ïà­ ï ¥© (®â­®á¨â¥«ì­®  ¡á®«îâ  Qn�1) £¨¯¥à¯®¢¥àå­®áâìeVn�1 ¢ëà®¦¤ ¥âáï ¢ £¨¯¥àª¢ ¤à¨ªã eQ2
n�1 (á¬. (42)).

4. �®«ïà­ë¥ ­®à¬ «¨§ æ¨¨ £¨¯¥à¯®¢¥àå­®áâ¥© Vn�1 ¨ eVn�1 ¢ Kn. �á­ é¥­¨¥ ¢ á¬ëá«¥
�.�.�®à¤¥­  [3] £¨¯¥à¯®¢¥àå­®áâ¨ Vn�1 ¢ Kn à ¢­®á¨«ì­® § ¤ ­¨î ­  íâ®¬ ¯®¤¬­®£®®¡à §¨¨
¤¢ãå ¯®«¥© ª¢ §¨â¥­§®à®¢ vin, vi:

rvin + !i
n = vinj!

j
0; rvi + !0

i = vij!
j
0; (45)

®¯à¥¤¥«ïîé¨å á®®â¢¥âáâ¢¥­­® ¯®«ï ­®à¬ «¥© ¯¥à¢®£® N1 � [A0; Nn] ¨ ¢â®à®£® Nn�2 � [Ni] à®¤®¢
­  £¨¯¥à¯®¢¥àå­®áâ¨ Vn�1 ¢ Kn; §¤¥áì Nn = An + vinAi, Ni = Ai + viA0.

�«ï á¨áâ¥¬ë äã­ªæ¨©

Ei(v) =
pi

n+ 1
� vi +�n

isv
s
n (46)

¢ á¨«ã ãà ¢­¥­¨© (9), (12), (45) ¨¬¥¥¬

rEi = Eij!
j
0; E[ij] =

A[igj]0
c(n+ 1)

� v[ij] +
vsn�

n
s[igj]0

c
� vsn[i�

n
j]s:
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�¡à é¥­¨¥ ¢ ­ã«ì â¥­§®à  Ei(v) ¥áâì ãá«®¢¨¥, ¯à¨ ª®â®à®¬ ­®à¬ «¨§ æ¨ï fvin; vig £¨¯¥à¯®-
¢¥àå­®áâ¨ Vn�1 ¢ Kn ï¢«ï¥âáï ¢§ ¨¬­®© [3] ®â­®á¨â¥«ì­® ¯®«ï á®¯à¨ª á îé¨åáï £¨¯¥àª¢ ¤à¨ª
(11).

�®«ï ª¢ §¨â¥­§®à®¢ ç¥â¢¥àâ®£® ¯®àï¤ª  [1]

F i
n =

1
2
�ik
n

�
Ck �

pk
n+ 1

�
gk0
c

�
; Fi =

1
2

�
Ci +

pi
n+ 1

�
gi0
c

�
(47)

­  £¨¯¥à¯®¢¥àå­®áâ¨ Vn�1 ¢ Kn ®¯à¥¤¥«ïîâ ¨­¢ à¨ ­â­ë¥ ­®à¬ «¨ �ã¡¨­¨ ¯¥à¢®£® ¨ ¢â®à®£®
à®¤®¢ á®®â¢¥âáâ¢¥­­®.

�â¬¥â¨¬, çâ® äã­ªæ¨¨ Ck ¢å®¤ïâ ¢ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

d lnCn � !n
n = Ck!

k
0 (48)

­¥­ã«¥¢®£® ®â­®á¨â¥«ì­®£® ¨­¢ à¨ ­â  Cn âà¥âì¥£® ¯®àï¤ª 

Cn = �ij
n�

st
n �

kl
n b

n
iskb

n
jtl:

�¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï äã­ªæ¨© Ci ¨¬¥îâ ¢¨¤ rCi +�n
ij!

j
n = Cij!

j
0.

�®à¬ «¨§ æ¨ï �ã¡¨­¨ (F i
n; Fi) à¥£ã«ïà­®© £¨¯¥à¯®¢¥àå­®áâ¨ Vn�1 ï¢«ï¥âáï ¢§ ¨¬­®© ®â­®-

á¨â¥«ì­® ¯®«ï á®¯à¨ª á îé¨åáï £¨¯¥àª¢ ¤à¨ª (11), â. ª. Ei(F ) = 0.
�á­ é¥­¨¥ ¢ á¬ëá«¥ �.�.�®à¤¥­  [3] ¯®«ïà­®© £¨¯¥à¯®¢¥àå­®áâ¨ eVn�1 ¢ Kn à ¢­®á¨«ì­®

§ ¤ ­¨î ­  íâ®¬ ¬­®£®®¡à §¨¨ ¤¢ãå ¯®«¥© â¥­§®à®¢ vi0, v
n
i :

dvi0 � vi0

0
0 + vt0


i
t = vi0j


j
n; dvni � vnt 


t
i + vni 


n
n = vnij


j
n;

®¯à¥¤¥«ïîé¨å á®®â¢¥âáâ¢¥­­® ¯®«ï ­®à¬ «¥© ¯¥à¢®£® eN1 � [Bn; eN0] ¨ ¢â®à®£® eNn�2 � [ eNi] à®¤®¢
­  £¨¯¥à¯®¢¥àå­®áâ¨ eVn�1; §¤¥áì eN0 = B0 + vi0Bi, eNi = Bi + vni Bn.

�®à¬ «ì ¯¥à¢®£® à®¤  £¨¯¥à¯®¢¥àå­®áâ¨ Vn�1 ¨­æ¨¤¥­â­  â®çª ¬ A0 ¨ Nn = An+vinAi. �®«ï-
àë íâ¨å â®ç¥ª ®â­®á¨â¥«ì­®  ¡á®«îâ  Qn�1 (á¬. (4)) ®¯à¥¤¥«ïîâáï á®®â¢¥âáâ¢¥­­® ãà ¢­¥­¨ï¬¨

gI0x
I + cx0 = 0; aKjx

Kvjn + aKnx
K +

1
c
(gK0x

K + cx0)(gj0v
j
n + gn0) = 0;

â. ¥. ¯®«ïà  ¯àï¬®© [A0; Nn] ¥áâì (n� 2)-¬¥à­ ï ¯«®áª®áâì, ¯à¨­ ¤«¥¦ é ï ª á â¥«ì­®© £¨¯¥à-
¯«®áª®áâ¨ ¯®«ïà­®© £¨¯¥à¯®¢¥àå­®áâ¨ eVn�1 ¢ á®®â¢¥âáâ¢ãîé¥© â®çª¥ Bn 2 eVn; ãà ¢­¥­¨¥ íâ®©
(n� 2)-¬¥à­®© ¯«®áª®áâ¨ ®¯à¥¤¥«ï¥âáï á¨áâ¥¬®©

gI0x
I + cx0 = 0; aIkx

Ivkn + aInx
I = 0: (49)

� ª ª ª ­®à¬ «ì ¢â®à®£® à®¤  £¨¯¥à¯®¢¥àå­®áâ¨ eVn�1 ®¯à¥¤¥«ï¥âáï â®çª ¬¨ eNi = Bi+vni Bn,
â® á®£« á­® á®®â­®è¥­¨ï¬ (26) ¨ (29) ¯®«ãç ¥¬

eNi =
�
�
1
c
gi0 +

1
c
vni fgt0asna

st � gn0g

�
A0 + (�ji � ajsasnv

n
i )Aj + vni An:

�®âà¥¡ã¥¬, çâ®¡ë (n � 2)-¬¥à­ ï ¯«®áª®áâì (49) § ¤ ¢ «  ­®à¬ «ì ¢â®à®£® à®¤  £¨¯¥à¯®¢¥àå-
­®áâ¨ eVn�1; ¤«ï íâ®£® ª®®à¤¨­ âë â®ç¥ª eNi ¤®«¦­ë ã¤®¢«¥â¢®àïâì á¨áâ¥¬¥ ãà ¢­¥­¨© (49), çâ®
¨¬¥¥â ¬¥áâ® ¢ á«ãç ¥ ¢ë¯®«­¥­¨ï á®®â­®è¥­¨©

vni = �
1

Ann

(aikv
k
n + ain): (50)

� ª¨¬ ®¡à §®¬, ¯à¨ ¯®«ïà­®¬ (®â­®á¨â¥«ì­®  ¡á®«îâ  Qn�1) ®â®¡à ¦¥­¨¨ ­®à¬ «ì ¯¥à¢®£®
à®¤  vin £¨¯¥à¯®¢¥àå­®áâ¨ Vn�1 ¢ Kn ¯¥à¥å®¤¨â ¢ ­®à¬ «ì ¢â®à®£® à®¤  vni ¯®«ïà­®© £¨¯¥à¯®-
¢¥àå­®áâ¨ eVn�1 ¢ Kn, ®¯à¥¤¥«ï¥¬ãî ª¢ §¨â¥­§®à®¬ (50).
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�­ «®£¨ç­®, ­®à¬ «ì ¢â®à®£® à®¤  vi £¨¯¥à¯®¢¥àå­®áâ¨ Vn�1 ¯à¨ ¯®«ïà­®¬ ®â®¡à ¦¥­¨¨
¯¥à¥å®¤¨â ¢ ­®à¬ «ì ¯¥à¢®£® à®¤  vi0 ¯®«ïà­®© £¨¯¥à¯®¢¥àå­®áâ¨ eVn�1, ¯à¨ç¥¬

vi0 = �aik(gk0 + cvk): (51)

�«¥¤®¢ â¥«ì­®, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  3. �®à¬ «¨§ æ¨ï ¢ á¬ëá«¥ �.�.�®à¤¥­  ®¤­®© ¨§ ¯®«ïà­ëå £¨¯¥à¯®¢¥àå­®áâ¥©

Vn�1 ¨«¨ eVn�1 ¢ Kn à ¢­®á¨«ì­  ­®à¬ «¨§ æ¨¨ ¤àã£®©; ¯à¨ íâ®¬ ­®à¬ «ì ¯¥à¢®£® (¢â®à®£®)
à®¤  vin (vi) £¨¯¥à¯®¢¥àå­®áâ¨ Vn�1 ¯®«ïà­  (®â­®á¨â¥«ì­®  ¡á®«îâ  Qn�1) ­®à¬ «¨ ¢â®à®£®

(¯¥à¢®£®) à®¤  vni (vi0) £¨¯¥à¯®¢¥àå­®áâ¨ eVn�1, ¯à¨ç¥¬ ®á­ é îé¨¥ ®¡ê¥ªâë (vin; vi) ¨ (vi0; v
n
i )

á¢ï§ ­ë á®®â­®è¥­¨ï¬¨ (50), (51).

�®à¬ «¨§ æ¨¨ ¢§ ¨¬­ëå £¨¯¥à¯®¢¥àå­®áâ¥© Vn�1 ¨ eVn�1 ¢ Kn ¯®«ï¬¨ ®¡ê¥ªâ®¢ (vin; vi) ¨
(vi0; v

n
i ) á®®â¢¥âáâ¢¥­­®, á¢ï§ ­­ë¥ ¬¥¦¤ã á®¡®© á®®â­®è¥­¨ï¬¨ (50) ¨ (51), ­ §®¢¥¬ ¯®«ïà­ë¬¨

¯® ®â­®è¥­¨î ¤àã£ ª ¤àã£ã.
� áá¬®âà¨¬ á¨áâ¥¬ã äã­ªæ¨©

eEi(v) =
Vi

n+ 1
� vni + V n

isv
s
0;

er eEi = eEij
j
n;

eE[ij] = �vn[ij] � vs0[jV
n
j]s: (52)

�¡à é¥­¨¥ ¢ ­ã«ì â¥­§®à  eE(v) ¥áâì ãá«®¢¨¥, ¯à¨ ª®â®à®¬ ­®à¬ «¨§ æ¨ï (vi0; v
n
i ) £¨¯¥à¯®¢¥àå-

­®áâ¨ eVn�1 ¢ Kn ï¢«ï¥âáï ¢§ ¨¬­®© ®â­®á¨â¥«ì­® ¯®«ï á®¯à¨ª á îé¨åáï £¨¯¥àª¢ ¤à¨ª (42).
� ¬¥â¨¬, çâ® á®£« á­® á®®â­®è¥­¨ï¬ (35), (39), (46), (50){(52) ¯®«ãç¨¬ eEi(v) = 1

Ann
�st
n aitEs(v).

� ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  4. �®à¬ «¨§ æ¨ï à¥£ã«ïà­®© £¨¯¥à¯®¢¥àå­®áâ¨ Vn�1 ¢ Kn ¢§ ¨¬­  ®â­®á¨â¥«ì-

­® ¯®«ï á®¯à¨ª á îé¨åáï £¨¯¥àª¢ ¤à¨ª Q2
n�1 (á¬. (11)) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢§ ¨¬­ 

®â­®á¨â¥«ì­® ¯®«ï á®¯à¨ª á îé¨åáï £¨¯¥àª¢ ¤à¨ª eQ2
n�1 (á¬. (42)) ¯®«ïà­ ï ®â­®á¨â¥«ì­®  ¡-

á®«îâ  Qn�1 ­®à¬ «¨§ æ¨ï à¥£ã«ïà­®© £¨¯¥à¯®¢¥àå­®áâ¨ eVn�1.

� ç¥â¢¥àâ®© ¤¨ää¥à¥­æ¨ «ì­®© ®ªà¥áâ­®áâ¨ ®¯à¥¤¥«ïîâáï ¯®«ï ­®à¬ «¥© �ã¡¨­¨ ¯¥à¢®£®
¨ ¢â®à®£® à®¤®¢

�i
0

def=
1
2
V ik
n

� eCk �
Vk

n+ 1

�
; �n

i

def=
1
2

� eCi +
Vi

n+ 1

�
; (53)

£¤¥ äã­ªæ¨¨ eCi ¢å®¤ïâ ¢ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

d ln eCn +
n
n = eCi
i

n (54)

­¥­ã«¥¢®£® ®â­®á¨â¥«ì­®£® ¨­¢ à¨ ­â 

eCn = V ij
n V st

n V kl
n Dn

iskD
n
jtl: (55)

�¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï äã­ªæ¨© eCi ¨¬¥îâ ¢¨¤ d eCi � eCj

j
i + eCi
n

n = eCij
j
n.

�®£« á­® á®®â­®è¥­¨ï¬ (50) ¨ (51) ¬®¦­® ¯®«ãç¨âì ¯®«ï ­®à¬ «¥© F i
0 ¨ F

n
i ¯®«ïà­®© £¨¯¥à-

¯®¢¥àå­®áâ¨ eVn�1 ¢ Kn, ¯®«ïà­ë¥ ®â­®á¨â¥«ì­®  ¡á®«îâ  (4) ¯®«ï¬ ­®à¬ «¥© �ã¡¨­¨ £¨¯¥à¯®-
¢¥àå­®áâ¨ Vn�1 ¢ Kn (á¬. (47)):

F i
0 = �aik(gk0 + cFk); F n

i = �
1

Ann

(aikF
k
n + ain): (56)

�®£« á­® à ¢¥­áâ¢ ¬ (31), (35), (44), (48), (54), (55) ¨¬¥¥¬

eCi = �
1

Ann

(Cj�jk
n aik + ain): (57)

� áá¬ âà¨¢ ï á®®â­®è¥­¨ï (35), (39), (53), (56), (57), ¯®«ãç¨¬ F i
0 = �i

0, F
n
i = �n

i .
�«¥¤®¢ â¥«ì­®, ¤®ª § ­ 
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�¥®à¥¬  5. �®à¬ «¨§ æ¨ï £¨¯¥à¯®¢¥àå­®áâ¨ eVn�1 ¢ Kn, ¯®«ïà­ ï (®â­®á¨â¥«ì­®  ¡á®«î-

â  Qn�1 ¯à®áâà ­áâ¢  Kn) ­®à¬ «¨§ æ¨¨ �ã¡¨­¨ ¨áå®¤­®© £¨¯¥à¯®¢¥àå­®áâ¨ Vn�1, ï¢«ï¥âáï

¥¥ ­®à¬ «¨§ æ¨¥© �ã¡¨­¨ ¯®«ï¬¨ ­®à¬ «¥© (53) ¨«¨, çâ® â® ¦¥ á ¬®¥, ¯®«ï¬¨ ­®à¬ «¥© (56).

�®£« á­® â¥®à¥¬¥ 4 ­®à¬ «¨§ æ¨ï �ã¡¨­¨ (F i
0 ; F

n
i ) à¥£ã«ïà­®© £¨¯¥à¯®¢¥àå­®áâ¨ eVn�1 ¢ Kn

ï¢«ï¥âáï ¢§ ¨¬­®© ®â­®á¨â¥«ì­® ¯®«ï á®¯à¨ª á îé¨åáï £¨¯¥àª¢ ¤à¨ª (52).
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