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� ¤ ç  ¯à¨¡«¨¦¥­­®£® ¢ëç¨á«¥­¨ï ¬ ªá¨¬ «ì­®£® á®¡áâ¢¥­­®£® ç¨á«  ¬ âà¨æë ¢ëá®ª®©
à §¬¥à­®áâ¨ ¨¬¥¥â ¬­®£®ç¨á«¥­­ë¥ ¯à¨«®¦¥­¨ï ¢ ¨­¦¥­¥à­®© ¬ â¥¬ â¨ª¥, â¥®à¨¨ £à ä®¢ ¨
¤àã£¨å ®¡« áâïå (á¬., ­ ¯à., [1]{[5]).

� ¤ ­­®© áâ âì¥ ¯à¥¤« £ ¥âáï ¯à®æ¥¤ãà  ¯à¨¡«¨¦¥­­®£® ¢ëç¨á«¥­¨ï ¬ ªá¨¬ «ì­®£® á®¡-
áâ¢¥­­®£® ç¨á«  ¬ âà¨æë á ­¥®âà¨æ â¥«ì­ë¬¨ í«¥¬¥­â ¬¨. �®«ãç¥­­ë¥ à¥§ã«ìâ âë ¤ îâ ç -
áâ¨ç­ë© ®â¢¥â ­  § ¤ çã 5 à ¡®âë ([6], x 9.5).

�§« £ ¥âáï â¥®à¥â¨ç¥áª®¥ ®¡®á­®¢ ­¨¥ à áá¬ âà¨¢ ¥¬®© ¯à®æ¥¤ãàë, ®¯¨à îé¥¥áï ­  â¥®-
à¨î æ¥¯¥© � àª®¢ , ®æ¥­¨¢ ¥âáï â®ç­®áâì  ¯¯à®ªá¨¬ æ¨¨. �à¨¢®¤¨âáï ¯à¨¬¥à ¬ è¨­­®© à¥ -
«¨§ æ¨¨ ¤ ­­®© ¯à®æ¥¤ãàë ­  ª®­ªà¥â­®© ¬ âà¨æ¥, ¤«ï ª®â®à®© ¯à¨¬¥­¥­¨¥ ¯àï¬ëå ¬¥â®¤®¢
¢ëç¨á«¥­¨ï á®¡áâ¢¥­­ëå ç¨á¥« ­¥ íää¥ªâ¨¢­®.

� à §¤¥«¥ 1 ¯®¬¥é¥­ë â¥®à¥â¨ç¥áª¨¥ à¥§ã«ìâ âë, ­¥®¡å®¤¨¬ë¥ ¤«ï ®¡®á­®¢ ­¨ï ¯à¥¤« -
£ ¥¬®© ¯à®æ¥¤ãàë. � à §¤¥«¥ 2 ®¯¨áë¢ ¥âáï á ¬  ¯à®æ¥¤ãà , ¤ ¥âáï ¯à¨¬¥à ¥¥ à¥ «¨§ æ¨¨.
�®ª § â¥«ìáâ¢  à¥§ã«ìâ â®¢ ¯.1 ®â­¥á¥­ë ¢ à §¤¥« 3.

1. �â â¨áâ¨ç¥áª®¥ ®æ¥­¨¢ ­¨¥ ¬ ªá¨¬ «ì­®£® á®¡áâ¢¥­­®£® ç¨á« 

äà £¬¥­â  ¬ âà¨æë ¯¥à¥å®¤­ëå ¢¥à®ïâ­®áâ¥©

�ãáâì fXi; i � 1g | ¬ àª®¢áª ï æ¥¯ì á ª®­¥ç­ë¬ ¬­®¦¥áâ¢®¬ á®áâ®ï­¨© S ¨ ¯¥à¥å®¤­ë-
¬¨ ¢¥à®ïâ­®áâï¬¨ kpijk, A | ­¥ª®â®à®¥ ¯®¤¬­®¦¥áâ¢® S, ¯®¯ ¤ ­¨¥ ¢ ª®â®à®¥ âà ªâã¥âáï ª ª
\ãá¯¥å".

�®«®¦¨¬ U = kpijki;j2A, ¨ ¯ãáâì d | ¬ ªá¨¬ «ì­®¥ á®¡áâ¢¥­­®¥ ç¨á«® ¬ âà¨æë U . �ã¤¥¬
¯à¥¤¯®« £ âì, çâ® (i) æ¥¯ì ¨¬¥¥â «¨èì ®¤¨­ ª« áá C áãé¥áâ¢¥­­ëå á®áâ®ï­¨©; (ii) ª« áá C ­¥
á®¤¥à¦¨â æ¨ª«¨ç¥áª¨å ¯®¤ª« áá®¢; (iii) A \ C 6= ?; (iv) 0 < d < 1.

�¡®§­ ç¨¬

L(n) = max
�
k � n : max

0�i�n�k
1fXi+1 2 A; : : : ;Xi+k 2 Ag = 1

	
:

�«ãç ©­ ï ¢¥«¨ç¨­  L(n) ï¢«ï¥âáï ¬ ªá¨¬ã¬®¬ ¤«¨­ á¥à¨© \ãá¯¥å®¢" áà¥¤¨ X1; : : : ;Xn.
�§ãç¥­¨î à á¯à¥¤¥«¥­¨ï á«ãç ©­®© ¢¥«¨ç¨­ë L(n) ¯®á¢ïé¥­  ¤®¢®«ì­® ®¡è¨à­ ï «¨â¥à -

âãà  (á¬., ª ¯à¨¬¥àã, ááë«ª¨ ¢ [7]). � à ¡®â¥ [8] ¤®ª § ­  á«¥¤ãîé ï

�¥®à¥¬  �. �æ¥­ª  dn = n�1=L(n) ¬ ªá¨¬ «ì­®£® á®¡áâ¢¥­­®£® ç¨á«  d á¨«ì­® á®áâ®ïâ¥«ì-

­  ¨  á¨¬¯â®â¨ç¥áª¨ ­¥á¬¥é¥­ .

� ­ áâ®ïé¥¬ à §¤¥«¥ ¨§ãç ¥âáï â®ç­®áâì  ¯¯à®ªá¨¬ æ¨¨ ç¨á«  d áâ â¨áâ¨ª®© dn.
�®«®¦¨¬

Z(n) = L(n)� logn;

R(n) = (dn � d)(log n)=d ln(1=d);
(1.1)

£¤¥ log ¡¥à¥âáï ¯® ®á­®¢ ­¨î 1=d (¥á«¨ ­¥ ®£®¢®à¥­® ¯à®â¨¢­®¥).
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�¥®à¥¬  1. �«ï «î¡®£® t > 0 ­ ©¤¥âáï ¯®áâ®ï­­ ï c � c(t) â ª ï, çâ®

E jR(n)jt � c (n � 1): (1.2)

�¡®§­ ç¨¬ ç¥à¥§ q � kqik ¢¥ªâ®à áâ æ¨®­ à­®£® à á¯à¥¤¥«¥­¨ï æ¥¯¨, ¨ ¯ãáâì

v(k) = qA(E � U)vk�1;

£¤¥ qA = kqiki2A, v = d�1U , E | ¥¤¨­¨ç­ ï ¬ âà¨æ , �1 | ¢¥ªâ®à ¨§ ¥¤¨­¨æ.
�®«®¦¨¬

v� = lim inf v(k); v� = lim supv(k)

f(n) = log ln log n;

g(n) = 2 logn+ 3 log n+ � � �+ s(n) log n+ s(n) log ln 1=d;

£¤¥ m log ®§­ ç ¥â ®¯¥à æ¨î m-ªà â­®£® «®£ à¨ä¬¨à®¢ ­¨ï, äã­ªæ¨ï s(n) ¢¢¥¤¥­  ¢ [8]. �â¬¥-
â¨¬, çâ®

0 < s(n)%1; s(n)=m log! 0 (8m � 1); s(n) log n � const <1

�¥®à¥¬  2. � ¢¥à®ïâ­®áâìî 1

v� � lim inf(R(n) + f(n)) � v�;

lim sup(R(n)� g(n))=s(n) = 0:

�§ â¥®à¥¬ë 2 á«¥¤ã¥â, ¢ ç áâ­®áâ¨, çâ® á ¢¥à®ïâ­®áâìî 1

� log ln lnn � R(n) � 2 log lnn (n!1):

�«¥¤®¢ â¥«ì­®, á ¢¥à®ïâ­®áâìî 1

�e�1 ln ln lnn � (dn � d)(lnn) � 2e�1 ln lnn: (1.3)

2. �æ¥­ª  ¬ ªá¨¬ «ì­®£® á®¡áâ¢¥­­®£® ç¨á«  ¬ âà¨æë

á ­¥®âà¨æ â¥«ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨

�ãáâì ¤ ­  ¬ âà¨æ  A = kaijk à §¬¥à­®áâ¨ m �m á ­¥®âà¨æ â¥«ì­ë¬¨ í«¥¬¥­â ¬¨ ¨ âà¥-
¡ã¥âáï ®æ¥­¨âì ¬ ªá¨¬ «ì­®¥ á®¡áâ¢¥­­®¥ ç¨á«® d � d(A) ¬ âà¨æë A. �®«®¦¨¬

s� = max
i
(ai1 + � � � + aim); � = �+ s�;

£¤¥ � > 0 (­ ¯à., ¬®¦­® ¢§ïâì � = min
ij
faij : aij > 0g). �¡®§­ ç¨¬ S = f1; : : : ;m + 1g, T =

f1; : : : ;mg, ¨ ¯ãáâì P � kpijk ¥áâì ¬ âà¨æ  à §¬¥à­®áâ¨ (m+ 1)� (m+ 1) á í«¥¬¥­â ¬¨

pij = ��1aij (1 � i � m; 1 � j � m)

pim+1 = 1� ��1(ai1 + � � � + aim) (1 � i � m)

pm+1m+1 = 0; pm+1 j = 1=m (1 � j �m):

�®£¤  U � kpijki;j2T = ��1A.
�à¥¤¯®«®¦¨¬, çâ® d > 0. �®«ì§ãïáì £¥­¥à â®à®¬ á«ãç ©­ëå ç¨á¥«, ¬ë ¬®¤¥«¨àã¥¬ ¬ àª®¢-

áªãî æ¥¯ìX1; X2; : : : ; Xn; : : : , ®â¢¥ç îéãî ¬ âà¨æ¥ ¯¥à¥å®¤­ëå ¢¥à®ïâ­®áâ¥© P . �á«®¢¨ï (i){(iv)
¢ë¯®«­¥­ë. �«¥¤®¢ â¥«ì­®, ç¨á«® dn = �n�1=L(n) ¬®¦¥â ¡ëâì ¢§ïâ® ¢ ª ç¥áâ¢¥ ¯à¨¡«¨¦¥­­®£®
§­ ç¥­¨ï ¬ ªá¨¬ «ì­®£® á®¡áâ¢¥­­®£® ç¨á«  d.

�¥§ã«ìâ âë ¯à¥¤ë¤ãé¥£® à §¤¥«  ¤ îâ ®¯à¥¤¥«¥­­ãî ¨­ä®à¬ æ¨î ® â®ç­®áâ¨ â ª®©  ¯-
¯à®ªá¨¬ æ¨¨. � ç áâ­®áâ¨, ¨§ (1.3) á«¥¤ã¥â, çâ® á ¢¥à®ïâ­®áâìî 1 ¯à¨ n!1

jdn � dj � 2�(ln lnn)=(lnn)e:
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�ª § ­­ ï ¢ëè¥ ¯à®æ¥¤ãà  ¡ë«  à¥ «¨§®¢ ­   ¢â®à®¬ ­  ª®¬¯ìîâ¥à¥ â¨¯  IBM AT-286 ¤«ï ¬ -
âà¨æë à §¬¥à­®áâ¨ 141�141 á í«¥¬¥­â ¬¨ 103 ­  £« ¢­®© ¤¨ £®­ «¨, 2 ­ ¤ £« ¢­®© ¤¨ £®­ «ìî,
­ã«ï¬¨ ­  ¯à®ç¨å ¬¥áâ å. �ë«® ¯®¤áç¨â ­®, çâ® dn = 1000:4976 (d = 1000) ¯à¨ n = 5 � 106.

�â¬¥â¨¬, çâ® ¯®£à¥è­®áâì ¬ è¨­­®£® ¯à¥¤áâ ¢«¥­¨ï ­ã«ï á®áâ ¢«ï¥â ¯à¨¬¥à­® 10�39. �®-
íâ®¬ã ®è¨¡ª  ¯à¨ ¢ëç¨á«¥­¨¨ ¯àï¬ë¬¨ ¬¥â®¤ ¬¨ ¬®¦¥â ®ª § âìáï â®£® ¦¥ ¯®àï¤ª , çâ® ¨
á ¬® á®¡áâ¢¥­­®¥ ç¨á«®. � áá¬ âà¨¢ ¥¬ ï ¯à®æ¥¤ãà  ­¥çã¢áâ¢¨â¥«ì­  ª ¯®¤®¡­ë¬ íää¥ªâ ¬,
¯®áª®«ìªã ­¥ âà¥¡ã¥â ¬­®£®ªà â­®£® ¯¥à¥¬­®¦¥­¨ï ç¨á¥«.

3. �®ª § â¥«ìáâ¢ 

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �§ â®¦¤¥áâ¢

n = d� logn; ex = 1 + x

Z 1

0

euxdu

¨ (1.1) á«¥¤ã¥â

R(n) =
log n
L(n)

z(n)
Z 1

0

d�uZ(n)=L(n)du: (3.1)

� ¬¥â¨¬, çâ® L(n) � 1. �®íâ®¬ã

E
�
jR(n)jt 1fL(n) � 0:5 log ng

	
� (log n)2tP(L(n) � 0:5 log n): (3.2)

�§ ([8], â¥®à¥¬  2.1) á«¥¤ã¥â

P(L(n) � 0:5 log n) � c1n
�1=2 + exp(�c2n

1=2): (3.3)

� «¥¥, ¢ ([8], â¥®à¥¬  1.4) ãáâ ­®¢«¥­®, çâ® ¯à¨ jhj < 1 á¯à ¢¥¤«¨¢  ®æ¥­ª 

EdhjZ(n)j < c(h) <1 (n � 1):

�®íâ®¬ã

E
�
jR(n)jt 1fL(n) > 0:5 log ng

	
� 2tE jZ(n)jtd�2tjZ(n)j= logn � c3 <1 (3.4)

¤«ï ¢á¥å ¤®áâ â®ç­® ¡®«ìè¨å n. �¡ê¥¤¨­ïï (3.1){(3.4), ¯®«ãç¨¬ (1.2).
�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �®«ì§ãïáì ­¥à ¢¥­áâ¢®¬

x � ex � 1 � xex (x 2 R);

¢ë¢®¤¨¬
����
Z 1

0

(d�uZ(n)=L(n) � 1)du
���� �

� jZ(n)j(L(n))�1 ln(1=d)
Z 1

0
d�ujZ(n)j=L(n)u du �

� jZ(n)j(L(n))�1 ln(1=d)d�jZ(n)j=L(n): (3.5)

� ª ãáâ ­®¢«¥­® ¢ [8], á ¢¥à®ïâ­®áâìî 1

v� � lim inf(Z(n) + f(n)) � v�;

lim sup(Z(n)� g(n))=s(n) = 0:
(3.6)

�§ (3.5), (3.6) á«¥¤ã¥â

1�
Z 1

0

d�uZ(n)=L(n)du = O

�
ln lnn
lnn

�
(¯. ­.) :
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�®íâ®¬ã á ¢¥à®ïâ­®áâìî 1

R(n) = Z(n)
logn
L(n)

�
1 +O

�
ln lnn
lnn

��
=

= Z(n)
�
1 +O

�
ln lnn
lnn

��
= Z(n) + o(1): (3.7)

�â¢¥à¦¤¥­¨¥ â¥®à¥¬ë 2 ¢ëâ¥ª ¥â ¨§ (3.6) ¨ (3.7).
� § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ® ¢ à ¡®â¥ [8] ¨á¯®«ì§®¢ «®áì â ª¦¥ á«¥¤ãîé¥¥ ãá«®¢¨¥ (v): ®â-

¢¥ç îé¨© d ¯à ¢ë© á®¡áâ¢¥­­ë© ¢¥ªâ®à u ¬ âà¨æë U ¯®«®¦¨â¥«¥­: min
1

u1 > 0. �â® ãá«®¢¨¥
¯®§¢®«¨«® ¯®«ãç¨âì ­¥à ¢¥­áâ¢®

c1d
k � qAU

k �1 � c2d
k; (3.8)

£¤¥ ª®­áâ ­âë c1 > 0, c2 < 1 ­¥ § ¢¨áïâ ®â k. �¥âàã¤­® ã¡¥¤¨âìáï, çâ® ¢ á«ãç ¥ ¬ àª®¢áª®©
æ¥¯¨ á ª®­¥ç­ë¬ ç¨á«®¬ á®áâ®ï­¨© ãá«®¢¨¥ (v) ¬®¦¥â ¡ëâì ®¯ãé¥­®, â.ª. ®æ¥­ª  (3.8) ¢ëâ¥ª ¥â
¨§ ¨§¢¥áâ­®£® à §«®¦¥­¨ï ¤«ï ¬ âà¨ç­ëå ¬®¬¥­â®¢ [9].
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