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1. �¢¥¤¥¨¥. �ãáâì M = Conv(v1; : : : ; vl) | d-¬¥àë© ¯®«¨â®¯, § ¤ ë© ª ª ¢ë¯ãª« ï ®¡®-
«®çª  á¢®¨å ¢¥àè¨ vk (k = 1; : : : ; l), �j(M) | ¬®¦¥áâ¢® j-¬¥àëå £à ¥©M ¨ fj(M) = j�j(M)j
| ¨å ç¨á«® (j = 0; : : : ; d), ¢ ç áâ®áâ¨, �0(M) = fv1; : : : ; vlg, �d(M) =M , f0(M) = l ¨ fd(M) = 1.
�¥ªâ®à f(M) = (f0(M); : : : ; fd(M))  §®¢¥¬ f -¢¥ªâ®à®¬ ¯®«¨â®¯  M . � ª ª ª M d-¬¥àë©, â®
l � d+ 1. � ç áâ®áâ¨, ¥á«¨ l = d+ 1 ¨ �0(M) |  ää¨® ¥§ ¢¨á¨¬®¥ ¬®¦¥áâ¢®, â® M  §ë-
¢ ¥âáï d-¬¥àë¬ á¨¬¯«¥ªá®¬ ¨ fj(M) =

�d+1
j+1

�
, £¤¥

�m
n

�
= m! (n! (m � n)! )�1 ¯à¨ m � n ¨

�m
n

�
= 0

¯à¨ m < n.
� áá¬®âà¨¬ ¬®¦¥áâ¢® Md ¢á¥å d-¬¥àëå ¯®«¨â®¯®¢ ¨ ¬®¦¥áâ¢® Ff = ff(M); M 2 Mdg.

�®à®è® ¨§¢¥áâ® ( ¯à., [1]{[3]), çâ® ª®¬¯®¥âë f -¢¥ªâ®à  f(M) ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î
�©«¥à {�ã ª à¥

dX
j=0

(�1)jfj(M) = 1 (1)

¨ çâ® à §¬¥à®áâì  ää¨®© ®¡®«®çª¨ ¬®¦¥áâ¢  Ff à ¢  d, â.¥. ®  ®¯¨áë¢ ¥âáï ®¤¨¬ ãà ¢-
¥¨¥¬ (1). (�ää¨ãî ®¡®«®çªã ¬®¦¥áâ¢  N ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ a�N .)

�®«¨â®¯M 2Md  §ë¢ ¥âáï á¨¬¯«¨æ¨ «ìë¬, ¥á«¨ «î¡ ï ¥£® (d�1)-¬¥à ï £à ì ï¢«ï¥â-
áï á¨¬¯«¥ªá®¬. �¡®§ ç¨¬ ç¥à¥§ Sd ¯®¤¬®¦¥áâ¢® á¨¬¯«¨æ¨ «ìëå ¯®«¨â®¯®¢ ¨§Md ¨ à áá¬®-
âà¨¬ ¬®¦¥áâ¢® Gd = ff(M); M 2 Sdg. �§¢¥áâ® [1]{[3], çâ® ¤«ï f(M) 2 Gd ªà®¬¥ ãà ¢¥¨ï
(1) ¢ë¯®«ïîâáï ãà ¢¥¨ï �¥ {�®¬¬¥à¢¨«ï

d�1X
j=k

(�1)j
 
j + 1
k + 1

!
fj(M) = (�1)d�1fk(M); k = 0; 1; : : : ; d� 2; (2)

¨ çâ® à §¬¥à®áâì a�Gd à ¢  bd=2c, £¤¥ b�c ®¡®§ ç ¥â  ¨¡®«ìè¥¥ æ¥«®¥ ç¨á«®, ¥ ¯à¥¢®áå®-
¤ïé¥¥ �.

�¯à¥¤¥«¥¨¥ 1. �®¦¥áâ¢® T (M) = fS1; : : : ; Stg, £¤¥ S1; : : : ; St | d-¬¥àë¥ á¨¬¯«¥ªáë,
 §®¢¥¬ ¯®ªàëâ¨¥¬ ¯®«¨â®¯  M , ¥á«¨

M =
t[

�=1

S� : (3)

�®ªàëâ¨¥ T (M)  §®¢¥¬ à §¡¨¥¨¥¬ ¯®«¨â®¯  M , ¥á«¨

intS� \ intS� = ;; � 6= �; (4)

� ¡®â  ¢ë¯®«¥  ¯à¨ ç áâ¨ç®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨© (ª®¤

¯à®¥ªâ  96-01-00639).
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£¤¥ intM |¬®¦¥áâ¢® ¢ãâà¥¨å â®ç¥ª ¯®«¨â®¯ M . �á«¨ ãá«®¢¨¥ (4) § ¬¥¨âì ¡®«¥¥ á¨«ìë¬
ãá«®¢¨¥¬ (A) S� \ S� «¨¡® ¯ãáâ®, «¨¡® ï¢«ï¥âáï ¨å ®¡é¥© £à ìî,

â® T (M)  §®¢¥¬ âà¨ £ã«ïæ¨¥© M .
�®ªàëâ¨¥, à §¡¨¥¨¥, âà¨ £ã«ïæ¨î T (M) ¡ã¤¥¬  §ë¢ âì ¯à ¢¨«ìë¬¨, ¥á«¨

�0(S�) � �0(M); � = 1; : : : ; t: (5)

�à¨ j = 0; : : : ; d ¯®«®¦¨¬ �j(TM) =
tS

�=1
�j(S� ), fj(TM) = j�j(TM)j, K� (M) =

dS
j=0

�j(TM),

f(TM) = (f0(TM); : : : ; fd(TM)). � ¬¥â¨¬, çâ® ¥á«¨ T (M) | âà¨ £ã«ïæ¨ï, â® ¨§ ãá«®¢¨ï
(4) á«¥¤ã¥â ([6], c. 25), çâ® KT (M) | á¨¬¯«¨æ¨ «ìë© ª®¬¯«¥ªá. �«ï á¨¬¯«¨æ¨ «ì®£® ª®¬-
¯«¥ªá  K ®¡®§ ç¨¬ ç¥à¥§ fj(K) ç¨á«® j-¬¥àëå á¨¬¯«¥ªá®¢, ¯à¨ ¤«¥¦ é¨å K,   ç¥à¥§

�(K) =
dP
j
(�1)jfj(K) | í©«¥à®¢ã å à ªâ¥à¨áâ¨ªã ª®¬¯«¥ªá  K. �®à®è® ¨§¢¥áâ® (íâ® á«¥¤ã-

¥â,  ¯à¨¬¥à, ¨§ â¥®à¥¬ 9 ¨ 16 ª¨£¨ [6]), çâ® ¤«ï «î¡ëå âà¨ £ã«ïæ¨© «î¡ëå ¯®«¨â®¯®¢ (¢
ç áâ®áâ¨, ¤«ï á¨¬¯«¥ªá ) í©«¥à®¢ë å à ªâ¥à¨áâ¨ª¨ á®¢¯ ¤ îâ ¨, á«¥¤®¢ â¥«ì®,

�(K(M)) =
dX

j=0

(�1)jfj(TM) = 1: (6)

�¨¬¯«¥ªá S� 2 T (M) ¡ã¤¥¬ § ¤ ¢ âì å à ªâ¥à¨áâ¨ç¥áª¨¬ ¢¥ªâ®à®¬ s(�), k-ï ª®®à¤¨ â 
ª®â®à®£® sk(�) = 1, ¥á«¨ vk 2 S� , ¨ sk(�) = 0 ¢ ¯à®â¨¢®¬ á«ãç ¥ (� = 1; : : : ; t; k = 1; : : : ; l). �
ª ç¥áâ¢¥ ¨««îáâà æ¨¨ à áá¬®âà¨¬ 3-¬¥àë© ®ªâ í¤à M á ¢¥àè¨ ¬¨ vj = ej , v3+j = �ej (j =
1; 2; 3), £¤¥ j-ï ª®®à¤¨ â  ej à ¢  1,   ®áâ «ìë¥ | 0. �á«¨ T (M) = fS1; S2; S3; S4g, £¤¥ s(1) =
(1; 1; 1; 1; 0; 0), s(2) = (1; 0; 1; 1; 1; 0), s(3) = (1; 1; 0; 0; 1; 1), s(4) = (0; 1; 0; 1; 1; 1), â® T (M) ï¢«ï¥âáï
¯à ¢¨«ìë¬ à §¡¨¥¨¥¬, ® ¥ ï¢«ï¥âáï âà¨ £ã«ïæ¨¥© M . �§ ([4], á. 35) á«¥¤ã¥â, çâ® «î¡®¥
¯à ¢¨«ì®¥ à §¡¨¥¨¥ âà¥å¬¥à®£® ®ªâ í¤à  á®¤¥à¦¨â 4 á¨¬¯«¥ªá . �®«¥¥ ¨â¥à¥áë© ¯à¨¬¥à
¢ íâ®¬ á¬ëá«¥ ¯à¥¤áâ ¢«ï¥â ªã¡: ¥âàã¤®  ©â¨ ¥£® ¯à ¢¨«ìë¥ âà¨ £ã«ïæ¨¨, á®¤¥à¦ é¨¥ 5
¨ 6 á¨¬¯«¥ªá®¢; ¥áª®«ìª® á«®¦¥¥ ã¡¥¤¨âìáï ¢ â®¬, çâ® ¯à ¢¨«ìëå à §¡¨¥¨© ªã¡  á ¤àã£¨¬
ç¨á«®¬ á¨¬¯«¥ªá®¢ ¥ áãé¥áâ¢ã¥â.

�¥à¥§ T (M) ®¡®§ ç¨¬ ¬®¦¥áâ¢® ¢á¥å ¯à ¢¨«ìëå âà¨ £ã«ïæ¨© T (M) ¯®«¨â®¯  M , ç¥à¥§
H(M) = ff(TM); T (M) 2 T (M)g | ¬®¦¥áâ¢® á®®â¢¥âáâ¢ãîé¨å f -¢¥ªâ®à®¢. �®«®¦¨¬ Hd =S
M2Md

H(M), Hd;l =
S

M2Md;l

H(M), £¤¥ Md;l | ¬®¦¥áâ¢® d-¬¥àëå ¯®«¨â®¯®¢ á l ¢¥àè¨ ¬¨, ¨

¯®áâ ¢¨¬ § ¤ çã ®¯¨á ¨ï ¬®¦¥áâ¢ H(M), Hd;l ¨ Hd. �®-¢¨¤¨¬®¬ã, íâ® âàã¤ë¥ § ¤ ç¨, â.ª.
¤® á¨å ¯®à ¥¨§¢¥áâ® à¥è¥¨¥   «®£¨ç®© § ¤ ç¨ ®¯¨á ¨ï ¬®¦¥áâ¢  Fd ¯à¨ d > 3 ¨ «¨èì
¥¤ ¢® ®¯¨á ® ¬®¦¥áâ¢® Gd ([1], c. 210).

� ¯à¥¤« £ ¥¬®© à ¡®â¥ ¯®«ãç¥   «®£ ãà ¢¥¨© �¥ {�®¬¬¥à¢¨«ï, ª®â®àë¬ ã¤®¢«¥â¢®-
àïîâ f -¢¥ªâ®àë ¯à®¨§¢®«ìëå âà¨ £ã«ïæ¨©, çâ® ¯®§¢®«¨«®, ¢ ç áâ®áâ¨, ®¯¨á âì ¬®¦¥áâ¢ 
a�Hd;l ¨ a�Hd ¢ ¢¨¤¥ á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©. �à¨ d = 3 íâ®£® ®ª § «®áì ¤®áâ â®ç® ¤«ï
®¯¨á ¨ï ¬®¦¥áâ¢ H3;l ¨ H3, çâ® ¨ á¤¥« ® ¢ ¯®á«¥¤¥¬ ¯ãªâ¥. � ¥¥ ([4], c. 31; [5]) à áá¬ -
âà¨¢ « áì ¢¥«¨ç¨  �(M) = min fd(TM), £¤¥ ¬¨¨¬ã¬ ¡¥à¥âáï ¯® ¢á¥¬ ¯à ¢¨«ìë¬ à §¡¨¥¨ï¬
¯®«¨â®¯  M , ¨ ¯®«ãç¥ë ¥¥ ®æ¥ª¨. � ¯à¨¬¥à, ¨áá«¥¤ãï ¢¥«¨ç¨ã �(d;m) = max �(M)   ª« á-
á¥ Md(m) d-¬¥àëå ¯®«¨â®¯®¢, ®¯¨áë¢ ¥¬ëå ¥ ¡®«¥¥, ç¥¬ m ¥à ¢¥áâ¢ ¬¨, �.�.�¨àª®¢
¯®ª § « [5], çâ® d�1�d(m) � �(d;m) � d! �d(m), £¤¥ �d(m) =

�m�b(d�1)=2c�1
bd=2c

�
+
�m�bd=2c�1
b(d�1)=2c

�
.

� [7]  ®á¨à®¢ ë § ç¥¨ï ¢¥«¨ç¨ë �(M) ¤«ï ¥ª®â®àëå ª« áá®¢ 3-¬¥àëå ¯®«¨â®¯®¢.

2. �«£®à¨â¬ë. �ãé¥áâ¢®¢ ¨¥ ¯à ¢¨«ìëå ¯®ªàëâ¨© á«¥¤ã¥â ¨§ â¥®à¥¬ë � à â¥®¤®à¨ (á¬.,
 ¯à., [2], á. 17), ãâ¢¥à¦¤ îé¥©, ¢ ç áâ®áâ¨, çâ® M á®¢¯ ¤ ¥â á ®¡ê¥¤¨¥¨¥¬ ¢á¥å d-¬¥àëå
á¨¬¯«¥ªá®¢, ¤«ï ª®â®àëå ¢ë¯®«¥® ãá«®¢¨¥ (5). �âáî¤  á«¥¤ã¥â, çâ® ¤«ï «î¡®£® ¯à ¢¨«ì®£®
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¯®ªàëâ¨ï T (M) ¯®«¨â®¯  M 2Md;l ¢ë¯®«ïîâáï ¥à ¢¥áâ¢ 

fj(M) � fj(TM) �

 
l

j + 1

!
; j = 0; : : : ; d: (7)

�¯¨è¥¬ ¡®«¥¥ íª®®¬ë©  «£®à¨â¬ A0 ¯à ¢¨«ì®£® ¯®ªàëâ¨ï ¯®«¨â®¯  M . �ãáâì � =
(�1; : : : ; �l) 6= 0 | à¥è¥¨¥ á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©

lX
k=1

�k = 0;
lX

k=1

�kvk = 0; (8)

K+ = fk; �k > 0g, K� = fk; �k < 0g. � ¬¥â¨¬, çâ® â ª®¥ � ¥ áãé¥áâ¢ã¥â â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  M | á¨¬¯«¥ªá (â.¥. l = d+ 1). �á«¨ ¦¥ l > d+ 1, â® ¯¥à¢®¥ ¨§ ãà ¢¥¨© á¨áâ¥¬ë
(8) £ à â¨àã¥â, çâ® K+ ¨ K� ¥ ¯ãáâë ¨, § ç¨â, á®¤¥à¦ â ¯® ªà ©¥© ¬¥à¥ ¯® ¤¢  í«¥¬¥â ,
â.ª. ¢ ¯à®â¨¢®¬ á«ãç ¥ ¥ª®â®à ï ¢¥àè¨  M ï¢«ï« áì ¡ë ¢ë¯ãª«®© ª®¬¡¨ æ¨¥© ®áâ «ìëå.
�«£®à¨â¬ A0 ®á®¢    á«¥¤ãîé¥¬ à¥§ã«ìâ â¥, ¤®ª § ®¬ ¢ ([4], á. 16).

�¥¬¬  1. �ãáâì l > d+ 1 ¨ Mk = Conv(v1; : : : ; vk�1; vk+1; : : : ; vl). �®£¤ 

M =
[

k2K+

Mk =
[

k2K
�

Mk: (9)

�á«¨ l = d+2, â® ª ¦¤®¥ ¨§ à ¢¥áâ¢ (9) ¤ ¥â ¯à ¢¨«ì®¥ à §¡¨¥¨¥ M ,   ¤àã£¨å ¯à ¢¨«ìëå

à §¡¨¥¨© ¥ áãé¥áâ¢ã¥â.

� áá¬®âà¨¬ ¯à¨ d � 4 ¯®«¨â®¯ M á ¢¥àè¨ ¬¨ vk = ek (k = 1; : : : ; d), vd+1 =
dP

k=1
vk, vd+2 = 0.

�® «¥¬¬¥ 1 áãé¥áâ¢ãîâ â®«ìª® ¤¢¥ ¯à ¢¨«ìë¥ âà¨ £ã«ïæ¨¨ T1 ¨ T2 ¯®«¨â®¯  M , ¤«ï ®¤®©
¨§ ª®â®àëå fd(T1M) = 2 ¨ ¤«ï ¤àã£®© fd(T2M) = d, ¨ ¥ áãé¥áâ¢ã¥â T , ¤«ï ª®â®à®© fd(TM) = 3.
�à¨ d = 3 ¯à¨¬¥àë â ª®£® à®¤  \¤ëà"  ¢â®àã ¥¨§¢¥áâë.

�à¨¢¥¤¥¬ ¤¢   «£®à¨â¬  ¯®áâà®¥¨ï ¯à ¢¨«ìëå âà¨ £ã«ïæ¨© T (M). �  «£®à¨â¬¥ A1 ([8],
á. 244), ¨á¯®«ì§ãîé¥¬ ¨¤ãªæ¨î ¯® à §¬¥à®áâ¨ d, ¢ë¡¨à ¥âáï  ç «ì ï ¢¥àè¨  !0 2 �0(M)
¨  å®¤¨âáï ¬®¦¥áâ¢® �d�1(!0) £à ¥© M à §¬¥à®áâ¨ d � 1, ¥ ¨¬¥îé¨å !0 á¢®¥© ¢¥àè¨®©.
� «¥¥, ¤«ï ª ¦¤®© F 2 �d�1(!0) áâà®¨âáï ¯à ¢¨«ì ï âà¨ £ã«ïæ¨ï T (F ). �¡®§ ç¨¬ ¬®¦¥-
áâ¢® ¯®«ãç¨¢è¨åáï ¯à¨ íâ®¬ (d�1)-¬¥àëå á¨¬¯«¥ªá®¢ S0 ç¥à¥§ T 0, ¨ ¯ãáâì S = Conv(!0; S0) |
d-¬¥àë© á¨¬¯«¥ªá, ¯®«ãç¥ë© ¤®¡ ¢«¥¨¥¬ ¢¥àè¨ë !0 ª d ¢¥àè¨ ¬ S0. �®£¤  ¬®¦¥áâ¢®
fS; S0 2 T 0g ¤ ¥â ¯à ¢¨«ìãî âà¨ £ã«ïæ¨î M .

�  «£®à¨â¬¥ A2 ¨á¯®«ì§ã¥âáï ¯à¥¤áâ ¢«¥¨¥ ¯®«¨â®¯  M ¢ ¢¨¤¥ M = Conv(!0; M 0), £¤¥
!0 2 �0(M),   M 0 | ¯®«¨â®¯, ¯®à®¦¤¥ë© ®áâ «ìë¬¨ ¢¥àè¨ ¬¨ M . �á«¨ à §¬¥à®áâì M 0

à ¢  d� 1, â® ¯à¨¬¥ï¥¬  «£®à¨â¬ A1. � ¯à®â¨¢®¬ á«ãç ¥ ç¥à¥§ �0(!0) ®¡®§ ç¨¬ ¬®¦¥áâ¢®
§ ¬ªãâëå (d � 1)-¬¥àëå £à ¥© M 0, ®â¤¥«ïîé¨å !0 ®â M 0, ¨ ¡ã¤¥¬ áç¨â âì ¨§¢¥áâ®© ¯à -
¢¨«ìãî âà¨ £ã«ïæ¨î T (M 0). �á®, çâ® T (M 0) ¯®à®¦¤ ¥â ¯à ¢¨«ìãî âà¨ £ã«ïæ¨î ¨ ¤«ï
ª ¦¤®© F 2 �0d�1(!0). �¡®§ ç¨¬ ¬®¦¥áâ¢® ¯®«ãç¨¢è¨åáï ¯à¨ íâ®¬ (d � 1)-¬¥àëå á¨¬¯«¥ª-
á®¢ S0 ç¥à¥§ T 0 ¨ ¯®«®¦¨¬ S = Conv(!0; S0). �®£¤ , ¤®¡ ¢¨¢ ¬®¦¥áâ¢® fS; S0 2 T 0g ª T (M 0),
¯®«ãç¨¬ ¯à ¢¨«ìãî âà¨ £ã«ïæ¨î ¯®«¨â®¯  M . �®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ â¥®à¥¬ë 1.31 ([4],
á. 34).

�¥âàã¤® ¯à¨¢¥áâ¨ ¯à¨¬¥àë, ¯®ª §ë¢ îé¨¥, çâ® ç¨á«® á¨¬¯«¥ªá®¢ jT (M)j, ¯®«ãç ¥¬ëå ª ª
 «£®à¨â¬®¬ A1, â ª ¨  «£®à¨â¬®¬ A2, ¢®®¡é¥ £®¢®àï, § ¢¨á¨â ®â ¢ë¡®à  !0. � ¬¥â¨¬ â ª¦¥, çâ®
¥ «î¡®¥ ¢®§¬®¦®¥ § ç¥¨¥ jT (M)j ¬®¦® ¯®«ãç¨âì, ¨á¯®«ì§ãï «¨èì ®¤¨ ¨å íâ¨å  «£®à¨â-
¬®¢, ® ¥ ïá®, ¬®¦® «¨ íâ® á¤¥« âì, ª®¬¡¨¨àãï ¨å.
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� å®¦¤¥¨¥ ¯à ¢¨«ìëå à §¡¨¥¨© ¨«¨ âà¨ £ã«ïæ¨© ¯®«¨â®¯  M (¬®¦¥â ¡ëâì, á ª ª¨¬¨-
â® ¤®¯®«¨â¥«ìë¬¨ ®£à ¨ç¥¨ï¬¨) ª ª ¯à ¢¨«® «¥£ª® á¢®¤¨âáï ª § ¤ ç¥ æ¥«®ç¨á«¥®£® ¯à®-
£à ¬¬¨à®¢ ¨ï. � ¯à¨¬¥à,  å®¦¤¥¨¥ ¯à ¢¨«ì®© âà¨ £ã«ïæ¨¨ á ¬ ªá¨¬ «ìë¬ ç¨á«®¬ á¨¬-
¯«¥ªá®¢ à ¢®á¨«ì® § ¤ ç¥ ® ¬ ªá¨¬ «ì®¬ ¥§ ¢¨á¨¬®¬ ¬®¦¥áâ¢¥   £à ä¥ G(M), ¢¥àè¨ë
ª®â®à®£® á®®â¢¥âáâ¢ãîâ ¢á¥¢®§¬®¦ë¬ d-¬¥àë¬ á¨¬¯«¥ªá ¬ S� , ã¤®¢«¥â¢®àïîé¨¬ ãá«®¢¨î
(5), ¨ à¥¡à® á®¥¤¨ï¥â ¢¥àè¨ë á ®¬¥à ¬¨ � ¨ �, ¥á«¨ ¥ ¢ë¯®«¥® ãá«®¢¨¥ (A).

� ª ç¥áâ¢¥ ¤àã£®£® ¯à¨¬¥à  à áá¬®âà¨¬ § ¤ çã  å®¦¤¥¨ï ç¨á«  �(M) ¨ á®®â¢¥âáâ¢ãîé¥£®
¬¨¨¬ «ì®£® à §¡¨¥¨ï. �ãáâì ¨§¢¥áâ¥ ®¡ê¥¬ V (M) ¯®«¨â®¯  M ¨ ¤«ï ª ¦¤®£® � = 1; : : : ;� l
d+1

�
| ®¡ê¥¬ V� ¯®«¨â®¯  S� = Conv(K� ), £¤¥ K� | (d + 1)-í«¥¬¥â®¥ ¯®¤¬®¦¥áâ¢® �0(M).

�¢¥¤¥¬ ¯¥à¥¬¥ë¥ Z� , ¯à¨¨¬ îé¨¥ § ç¥¨¥ 1, ¥á«¨ S� 2 T (M), ¨ 0 ¢ ¯à®â¨¢®¬ á«ãç ¥.
�®£¤  ¥âàã¤® ¯à®¢¥à¨âì, çâ® �(M) ¥áâì à¥è¥¨¥ § ¤ ç¨ ¡ã«¥¢  ¯à®£à ¬¬¨à®¢ ¨ï | ¬¨¨-
¬¨§¨à®¢ âì

P
�
Z� ¯à¨ ®£à ¨ç¥¨ïå Z� + Z� � 1, ¥á«¨ ¥ ¢ë¯®«¥® ãá«®¢¨¥ (4) ¨

X
�

V�Z� = V (M): (10)

� «¨§ ¯®á«¥¤¥© § ¤ ç¨ (â®ç¥¥, ãá«®¢¨ï (10) ) ¯®§¢®«¨« ¯®«ãç¨âì ([4], á. 35) ¨¦îî íªá-
¯®¥æ¨ «ìãî ®â d ®æ¥ªã �(M) ¤«ï á«ãç ï, ª®£¤  M | d-¬¥àë© ªã¡.

�à®¢¥àª  ãá«®¢¨ï (4) á¨«ì® ã¯à®é ¥âáï ¢ á«ãç ¥, ª®£¤  á¨¬¯«¥ªáë S� ¨ S� ¨¬¥îâ ®¡éãî
(d� 1)-¬¥àãî £à ì.

�¥¬¬  2. �ãáâì T (M) | ¯à ¢¨«ì®¥ à §¡¨¥¨¥ M , S = Conv(!0; !1; : : : ; !d) 2 T (M),
S0 = Conv(!1; : : : ; !d; !d+1) 2 T (M) ¨ bx = b0 | ãà ¢¥¨¥ £¨¯¥à¯«®áª®áâ¨ �, ¯à®å®¤ïé¥© ç¥à¥§

!1; : : : ; !d. �®£¤  � à §¤¥«ï¥â !0 ¨ !d+1, â.¥.

(b!0 � b0)(b!d+1 � b0) < 0: (11)

�®ª § â¥«ìáâ¢®. � ©¤¥¬ â ª¨¥ ç¨á«  �j (j = 0; : : : ; d), çâ®
dP

j=0
�j = 1 ¨

dP
j=0

�j!j = !d+1 (®¨

áãé¥áâ¢ãîâ ¨ ¥¤¨áâ¢¥ë, â.ª. S | d-¬¥àë© á¨¬¯«¥ªá, ¯à¨ç¥¬ �0 6= 0, â.ª. S0 | d-¬¥àë©

á¨¬¯«¥ªá). �®£¤  b!d+1 � b0 =
dP

j=0
�j(b!j � b0) = �0(b!0 � b0) ¨ ¤«ï ¤®ª § â¥«ìáâ¢  ¥à ¢¥áâ¢ 

(11) ¤®áâ â®ç® ¯®ª § âì, çâ® �0 < 0. �à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥ ¨ à áá¬®âà¨¬ â®çªã !(") =

"!0 + (1� ")
dP

j=1
!j=d. �¥âàã¤® ¯à®¢¥à¨âì, çâ® ¯à¨ ¤®áâ â®ç® ¬ «®¬ " > 0 !(") 2 intS \ intS0.

� ª ª ª íâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î (4), â® «¥¬¬  ¤®ª §  .

�¯à¥¤¥«¥¨¥ 2. �à ì F 2 �j(TM)  §®¢¥¬ ¢¥è¥©, ¥á«¨ F ¯à¨ ¤«¥¦¨â £à ¨æ¥ M , ¨
¢ãâà¥¥© | ¢ ¯à®â¨¢®¬ á«ãç ¥.

�«¥¤áâ¢¨¥ 1. �ãáâì KT (M) | ª®¬¯«¥ªá ¯à ¢¨«ì®© âà¨ £ã«ïæ¨¨ T (M), (d � 1)-¬¥à ï
£à ì F 2 KT (M) ¨ fd(F ) | ç¨á«® á¨¬¯«¥ªá®¢ ¨§ T (M), á®¤¥à¦ é¨å F . �®£¤  ¥á«¨ F ¢¥èïï,
â® fd(F ) = 1,   ¥á«¨ F ¢ãâà¥ïï, â® fd(F ) = 2.

�¥®à¥¬  1. �á«¨M | á¨¬¯«¨æ¨ «ìë© ¯®«¨â®¯ ¨ T (M)| ¥£® ¯à ¢¨«ì ï âà¨ £ã«ïæ¨ï,

â®

2 fd�1(TM)� fd�1(M) = (d+ 1)fd(TM): (12)

�«ï ¤®ª § â¥«ìáâ¢  § ¬¥â¨¬ á ç « , çâ® fd(TM) á¨¬¯«¥ªá®¢ ¨¬¥îâ (d+1)fd(TM) (d� 1)-
¬¥àëå £à ¥©, ª ¦¤ ï ¨§ ª®â®àëå «¨¡® ¢¥èïï, «¨¡® ¢ãâà¥ïï. �¡®§ ç¨¬ ç¨á«® ¢ã-
âà¥¨å ç¥à¥§ gd�1. �®£¤  fd�1(TM) = fd�1(M) + gd�1 ¨ ¯® á«¥¤áâ¢¨î 1 fd�1(M) + 2gd�1 =
(d+ 1)fd(TM), ®âªã¤  ¨ á«¥¤ã¥â ¤®ª §ë¢ ¥¬®¥ à ¢¥áâ¢® (12).
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3. �ë¢®¤   «®£  ãà ¢¥¨© �¥ {�®¬¬¥à¢¨«ï. � íâ®¬ ¯ãªâ¥ ¯®âà¥¡ãîâáï ¥ª®â®àë¥ â®-
¯®«®£¨ç¥áª¨¥ ¯®ïâ¨ï ¨ à¥§ã«ìâ âë, ª®â®àë¥ ¬®¦®  ©â¨,  ¯à¨¬¥à, ¢ [9]. �¤¥áì ¯®¤ T (M)
¯®¨¬ ¥âáï ¥ª®â®à ï (¥ ®¡ï§ â¥«ì® ¯à ¢¨«ì ï) âà¨ £ã«ïæ¨ï ¯®«¨â®¯  M .

�¥¬¬  3. �ãáâì fFj ®¡®§ ç ¥â ç¨á«® j-¬¥àëå £à ¥© ¨§ K(M), á®¤¥à¦ é¨å F , ¨ �(F ) =
dP

j=0
(�1)jfj(F ). �®£¤  �(F ) = 0, ¥á«¨ F ¢¥èïï, ¨ �(F ) = (�1)d, ¥á«¨ F ¢ãâà¥ïï.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¬®¦¥áâ¢® KF (M) £à ¥© ¨§ K(M), ¥ á®¤¥à¦ é¨å F . �ç¥-
¢¨¤®, KF (M) | á¨¬¯«¨æ¨ «ìë© ª®¬¯«¥ªá. �¥âàã¤® ¢¨¤¥âì â ª¦¥, çâ® ¥á«¨ F | ¢¥èïï
£à ì, â® ª®¬¯«¥ªá KF (M) áâï£¨¢ ¥¬ ¢ â®çªã,   ¥á«¨ F | ¢ãâà¥ïï £à ì, â® KF (M) £®¬®â®-
¯¨ç¥áª¨ íª¢¨¢ «¥â¥ (d�1)-¬¥à®© áä¥à¥. �âáî¤  á«¥¤ã¥â, çâ® ¢ ¯¥à¢®¬ á«ãç ¥ �(KF (M)) = 1
¨ �(KF (M)) = 1 + (�1)d�1 | ¢® ¢â®à®¬ á«ãç ¥. � ª ª ª �(KF (M)) + �(F ) = �(K(M)) = 1, â®
«¥¬¬  ¤®ª §  .

�«¥¤ãîé¨© à¥§ã«ìâ â ¬®¦® áç¨â âì   «®£®¬ ãà ¢¥¨© �¥ {�®¬¬¥à¢¨«ï ¤«ï âà¨ £ã-
«ïæ¨© ¯®«¨â®¯  M .

�¥®à¥¬  2. �á«¨ M | d-¬¥àë© ¯®«¨â®¯, T (M) | ¥£® âà¨ £ã«ïæ¨ï ¨ gi(TM) | ç¨á«®

¢ãâà¥¨å i-¬¥àëå £à ¥© F 2 �i(TM), â® ¯à¨ i = 0; : : : ; d� 1 ¢ë¯®«ï¥âáï à ¢¥áâ¢®

dX
j=i

 
j + 1
i+ 1

!
(�1)jfj(TM) = (�1)dgi(TM): (13)

�®ª § â¥«ìáâ¢®. �à¨ F 2 �i(TM) ¨ G 2 �j(TM) ¯®«®¦¨¬ �(F;G) à ¢ë¬ ¥¤¨¨æ¥, ¥á«¨
F � G, ¨ ã«î ¢ ¯à®â¨¢®¬ á«ãç ¥. �®£¤ 

X
G2�j(TM)

�(F;G) = fFj ;
X

F2�i(TM)

�(F;G) =

 
j + 1
i+ 1

!

¨, á«¥¤®¢ â¥«ì®,

X
F2�i(TM)

fFj =
X

F2�i(TM)

X
G2�j(TM)

�(F;G) =

 
j + 1
i+ 1

!
fj(TM):

�®á¯®«ì§®¢ ¢è¨áì íâ¨¬, ¯à¥®¡à §ã¥¬ «¥¢ãî ç áâì à ¢¥áâ¢  (13)

dX
j=i

(�1)j
 
j + 1
i+ 1

!
fj(TM) =

dX
j=i

(�1)j
X

F2�i(TM)

fFi =
X

F2�i(TM)

�(F ):

�® «¥¬¬¥ 3 ¯®á«¥¤ïï áã¬¬  á®¢¯ ¤ ¥â á ¯à ¢®© ç áâìî à ¢¥áâ¢  (13), çâ® ¨ ¤®ª §ë¢ ¥â â¥®-
à¥¬ã.

� ¬¥â¨¬, çâ® ¥á«¨ M | á¨¬¯«¨æ¨ «ìë©, â® gi(TM) = fi(TM)� fi(M) ¨, ¢ ç áâ®áâ¨, ¯à¨
i = d� 1 (13) à ¢®á¨«ì® à ¢¥áâ¢ã (12), ¤®ª § â¥«ìáâ¢® ª®â®à®£®, ¥ ®¯¨à îé¥¥áï   «¥¬¬ã
3, á®åà ¥® ª ª ¬¥¥¥ â®¯®«®£¨ç¥áª®¥.

4. �ää¨ ï ®¡®«®çª  f -¢¥ªâ®à®¢ ¯à ¢¨«ìëå âà¨ £ã«ïæ¨©. �â ª, ¬ë ¯®ª § «¨, çâ® ª®¬-
¯®¥âë f -¢¥ªâ®à  «î¡®© âà¨ £ã«ïæ¨¨ ¯®«¨â®¯  M ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ «¨¥©ëå ãà ¢-
¥¨© (6), (13). �«ï ¯à ¢¨«ìëå âà¨ £ã«ïæ¨© g0(TM) = 0 ¨ íâã á¨áâ¥¬ã ¬®¦® ¯¥à¥¯¨á âì ¢
¢¨¤¥

dX
j=0

aijxj = bi; i = 0; 1; : : : ; d; (14)

£¤¥ xj = fj(TM) (j = 0; : : : ; d); b0 = 1, b1 = 0, bi = (�1)d�1(fi�1(TM) � gi�1(TM)), ai i�1 =
(�1)i�1 � (�1)d (i = 2; : : : ; d); aij = (�1)j

�j+1
i

�
¯à¨ ®áâ «ìëå § ç¥¨ïå i ¨ j.
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�¥¬¬  4. � £ ¬ âà¨æë Ad = (aij) ®£à ¨ç¥¨© á¨áâ¥¬ë (14) à ¢¥ b(d + 4)=2c.

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì®, ®¡®§ ç¨¬ à £ ¬ âà¨æë Ad ç¥à¥§ rd ¨ § ¬¥â¨¬, çâ® ¥¥
¯®á«¥¤ïï ¨ ¯à¥¤¯®á«¥¤ïï áâà®ª¨ ¯à®¯®àæ¨® «ìë ¨ á®®â¢¥âáâ¢¥® à ¢ë

(�1)d
 
0; : : : ; 0;�d;

 
d+ 1
2

!!
¨ (�1)d(0; : : : ; 0;�2; d + 1):

�âáî¤  á«¥¤ã¥â, çâ® rd+2 � rd + 1. �«ï ¤®ª § â¥«ìáâ¢  ¯à®â¨¢®¯®«®¦®£® ¥à ¢¥áâ¢  ¯à¨ ¥-
ç¥â®¬ d � 3 à áá¬®âà¨¬ ¬®£®ç«¥ xd(t) = (t + 1)�+1, £¤¥ � = bd=2c,   ¯à¨ ç¥â®¬ d � 4 |

¬®£®ç«¥ xd(t) = (t + 2)xd�1(t). �á¯®«ì§ãï à §«®¦¥¨¥ xd(t) =
dP

j=0
xjt

d�j, ¥á«®¦ë¬¨ ª®¬¡¨-

 â®àë¬¨ ¢ëç¨á«¥¨ï¬¨ ¯®ª ¦¥¬

dX
j=0

aijxj = 0; i = 0; 1; : : : ; d; (15)

¨, á«¥¤®¢ â¥«ì®, rd+2 � rd + 1. �«ï ®ª®ç ¨ï ¤®ª § â¥«ìáâ¢  «¥¬¬ë ¤®áâ â®ç® â¥¯¥àì ¯à®-
¢¥à¨âì ¥¥ ãâ¢¥à¦¤¥¨¥ ¤«ï d = 1; 2 ¨ ¢®á¯®«ì§®¢ âìáï ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¥©.

�«¥¤áâ¢¨¥ 2. �®«®¦¨¬ t2ixd�2i(t) =
dP

j=0
hijt

d�j ¨ hi = (hi0; : : : ; hid). �®£¤  ¢¥ªâ®àë hi (i =

0; : : : ; b(d � 3)=2c) á®áâ ¢«ïîâ äã¤ ¬¥â «ìãî á¨áâ¥¬ã à¥è¥¨© á¨áâ¥¬ë (15).

�«¥¤áâ¢¨¥ 3. � §¬¥à®áâì a�H(M) ¥ ¯à¥¢®áå®¤¨â b(d � 1)=2c.

�¯à¥¤¥«¥¨¥ 3 (áà. [1], á. 142). �®«¨â®¯ M  §ë¢ ¥âáï �-á¬¥¦®áâë¬, ¥á«¨

fi(M) =

 
l

i+ 1

!
(i = 0; : : : ; � � 1):

�§¢¥áâ® ([1], c. 143), çâ® ¯à¨ � > bd=2c ¥¤¨áâ¢¥ë¬ �-á¬¥¦®áâë¬ ¯®«¨â®¯®¬ ï¢«ï¥âáï
á¨¬¯«¥ªá ¨ çâ® ¯à¨ � � bd=2c ¤«ï «î¡®£® l � d + 1 áãé¥áâ¢ã¥â �-á¬¥¦®áâë© ¯®«¨â®¯. �§
¥à ¢¥áâ¢  (7) ¨ á«¥¤áâ¢¨ï 1 ¢ëâ¥ª ¥â ãâ¢¥à¦¤¥¨¥, ®¡®¡é îé¥¥ á«¥¤áâ¢¨¥ 3.

�«¥¤áâ¢¨¥ 4. �á«¨M | �-á¬¥¦®áâë© ¯®«¨â®¯, â® à §¬¥à®áâì a�H(M) ¥ ¯à¥¢®áå®¤¨â
b(d+ 1)=2c � �. �à¨ ¥ç¥â®¬ d ¨ � = d=2 jH(M)j = 1.

�¥à¥©¤¥¬ â¥¯¥àì ª ®¯¨á ¨î  ää¨®© ®¡®«®çª¨ ¬®¦¥áâ¢ Hd;l ¨ Hd, ®¡®§ ç¨¢ ¥¥ à §¬¥à-
®áâì á®®â¢¥âáâ¢¥® ç¥à¥§ hd;l ¨ hd. �¦¥ ¤®ª § ®, çâ® ª®¬¯®¥âë «î¡®£® ¢¥ªâ®à 
f = (f0; : : : ; fd) 2 Hd ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ «¨¥©ëå ãà ¢¥¨©

dX
j=0

(�1)jfj = 1;
dX

j=0

(�1)j(1 + j)fj = 0; (16)

¨, á«¥¤®¢ â¥«ì®, hd � d�1. �à®¬¥ â®£®, ®ç¥¢¨¤®, hd;l = hd�1, H2;l = f(l; 2l�3; l�2)g ¨ h2 = 1.
�®ª ¦¥¬, çâ® hd = d � 1, ¤«ï ç¥£® à áá¬®âà¨¬ ¤¢  ª« áá  ¯®«¨â®¯®¢: ¯¨à ¬¨¤ë ¨ ¡¨¯¨à -

¬¨¤ë (á¬.,  ¯à, [2], á. 42).

�¯à¥¤¥«¥¨¥ 4. �®«¨â®¯ M 0 = Conv(v0;M)  §ë¢ ¥âáï d-¬¥à®© ¯¨à ¬¨¤®© á ®á®¢ ¨¥¬

M ¨ ¢¥àè¨®© v0, ¥á«¨ M 2Md ¨ v0 =2 a�M .

�¯à¥¤¥«¥¨¥ 5. �®«¨â®¯ M 0 = Conv(v0;M; vl+1)  §ë¢ ¥âáï d-¬¥à®© ¡¨¯¨à ¬¨¤®© á ®á®-

¢ ¨¥¬ M , ¥á«¨ M 2 Md�1 ¨ áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ ç¨á«® � â ª®¥, çâ® 0 < � < 1 ¨
�v0 + (1� �)vl+1 2 intM .
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�ç¥¢¨¤ 

�¥¬¬  5. �á«¨ M 0 = Conv(v0;M) | d-¬¥à ï ¯¨à ¬¨¤ , T (M) = fS1; : : : ; Stg | âà¨ £ã-

«ïæ¨ï ¯®«¨â®¯  M ¨ S0� = Conv(v0; S� ) (� = 1; : : : ; t), â® fS01; : : : ; S
0
tg | ¯à ¢¨«ì ï âà¨ £ã«ï-

æ¨ï ¯®«¨â®¯  M 0,   ¤àã£¨å âà¨ £ã«ïæ¨© M 0 ¥ áãé¥áâ¢ã¥â.

�«¥¤áâ¢¨¥ 5. �á«¨ f = (f0; : : : ; fd�1) 2 Hd�1; l, â® f 0 = (f0 + 1; f1 + f0; : : : ; fd�1 + fd�2; fd�1) 2
Hd; l+1.

�á«¨ ¯à¨¬¥¨âì  «£®à¨â¬ A2 ª ¡¨¯¨à ¬¨¤¥ M 0 = Conv(v0;M; vl+1), ¢§ï¢ §   ç «ìãî ¢¥à-
è¨ã v0, â® ¯®«ãç¨¬ ¯à ¢¨«ìãî âà¨ £ã«ïæ¨î t(M 0) = fConv(v0; S� ); Conv(vl+1;S� );
S� 2 T (M)g ¨, á«¥¤®¢ â¥«ì®, fj(TM 0) = 2 fj�1(TM) + fj(TM), £¤¥ j = 0; : : : ; d, f�1(TM) = 1,
fd(TM) = 0. � ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢®

�«¥¤áâ¢¨¥ 6. �á«¨ f = (f0; : : : ; fd�1) 2 Hd�1; l, â® f 0 = (f0+2; f1+2 f0; : : : ; fd�1+2 fd�2; 2 fd) 2
Hd; l+2.

�¥®à¥¬  3. �ää¨ ï ®¡®«®çª  ¬®¦¥áâ¢  Hd á®¢¯ ¤ ¥â á ¬®¦¥áâ¢®¬ à¥è¥¨© á¨áâ¥-

¬ë (16). �à¨ ¤®¡ ¢«¥¨¨ ãá«®¢¨ï f0 = l á¨áâ¥¬  (16) ®¯¨áë¢ ¥â ¬®¦¥áâ¢® a�Hd;l.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¯à¨ i = 0; : : : ; d � 2 ¬®£®ç«¥ hi(t) = (t + 1)d�i(t + 2)i =
dP

j=0
hijt

d�j ¨ á®®â¢¥âáâ¢ãîé¨© ¥¬ã ¢¥ªâ®à hi = (hi0; : : : ; hid). �¤ãªæ¨¥© ¯® d ¯®ª ¦¥¬, çâ® áã-

é¥áâ¢ã¥â â ª®© ¢¥ªâ®à g, ¯à¨ ª®â®à®¬ �hi + g 2 Hd ¤«ï «î¡®£® ¥®âà¨æ â¥«ì®£® ç¨á«  �.
�ç¥¢¨¤®, ¯à¨ d = 2 ¤«ï ¯à®¢¥àª¨ íâ®£® ãâ¢¥à¦¤¥¨ï ¤®áâ â®ç® ¯®«®¦¨âì g = (3; 3; 1). �à¥¤-
¯®«®¦¨¢ ãâ¢¥à¦¤¥¨¥ ¤®ª § ë¬ ¯à¨ d�1, ¢®á¯®«ì§ã¥¬áï á«¥¤áâ¢¨ï¬¨ 5 ¨ 6. �¥âàã¤® ¢¨¤¥âì,
çâ® á«¥¤áâ¢¨¥ 5 ¯à¨¢®¤¨â ª ã¬®¦¥¨î hi(t)   t+ 1,   á«¥¤áâ¢¨¥ 6 |   t+ 2. �âáî¤  á«¥¤ã-
¥â á¯à ¢¥¤«¨¢®áâì ¤®ª §ë¢ ¥¬®£® ãâ¢¥à¦¤¥¨ï ¤«ï d. �«ï ®ª®ç ¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë
®áâ «®áì ã¡¥¤¨âìáï ¢ «¨¥©®© ¥§ ¢¨á¨¬®áâ¨ á¨áâ¥¬ë ¬®£®ç«¥®¢ hi(t) (i = 0; : : : ; d�2). �à®é¥
¢á¥£® íâ® á¤¥« âì, § ¬¥¨¢ t+ 1   t.

�«¥¤áâ¢¨¥ 7. �á«¨ g 2 Hd ¨ g0 2 Hd, â®  ©¤ãâáï â ª¨¥ æ¥«ë¥ ç¨á«  �i (i = 1; : : : ; d � 2),
çâ®

g0 � g =
d�2X
i=0

�ih
i:

�¥©áâ¢¨â¥«ì®, áãé¥áâ¢®¢ ¨¥ (¨ ¥¤¨áâ¢¥®áâì) ç¨á¥« �i ã¦¥ ¤®ª § ®,   ¨å æ¥«®ç¨á«¥-
®áâì á«¥¤ã¥â ¨§ â®£®, çâ® ¬ âà¨æ  ª®íää¨æ¨¥â®¢ à §«®¦¥¨ï ¬®£®ç«¥®¢ h0(t�1); : : : ; hd�2(t�
1) ¯® áâ¥¯¥ï¬ t ®¤¨¬ ¨§ á¢®¨å ¬¨®à®¢ (d� 1)-£® ¯®àï¤ª  ¨¬¥¥â âà¥ã£®«ìë© ®¯à¥¤¥«¨â¥«ì á
¥¤¨¨æ ¬¨ ¯® ¤¨ £® «¨.

5. �à ¢¨«ìë¥ âà¨ £ã«ïæ¨¨ æ¨ª«¨ç¥áª¨å ¯®«¨â®¯®¢. � áá¬®âà¨¬ ®¤¨ ç áâ® ¢áâà¥ç î-
é¨©áï ¯à¨¬¥à á¨¬¯«¨æ¨ «ì®£® ¯®«¨â®¯ . �ãáâì ¯à¨ d � 2 ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ Rd

§ ¤   ¯ à ¬¥âà¨ç¥áª ï ªà¨¢ ï y(�) = (y1(�); : : : ; yd(�)), £¤¥ yj(�) = �j , j = 1; : : : ; d, ¨ ¯à¨
�1 < � � � < �l | ¬®¦¥áâ¢® â®ç¥ª y(�1); : : : ; y(�l)   íâ®© ªà¨¢®©. �®«¨â®¯ Cd(�1; : : : ; �l) =
Conv(y(�1); : : : ; y(�l))  §®¢¥¬ æ¨ª«¨ç¥áª¨¬,   ¬®¦¥áâ¢® ¢á¥å d-¬¥àëå æ¨ª«¨ç¥áª¨å ¯®«¨â®-
¯®¢ á l ¢¥àè¨ ¬¨ ®¡®§ ç¨¬ ç¥à¥§ C(d; l). �§¢¥áâ® (á¬.,  ¯à., [2], á. 24), çâ® ¥á«¨ M 2 C(d; l),
â® M ï¢«ï¥âáï bd=2c-á¬¥¦®áâë¬, fj(M) =

� l
j+1

�
¯à¨ j = 1; : : : ; bd=2c � 1,   ¯à¨ ®áâ «ìëå j

®¤®§ ç® ®¯à¥¤¥«ïîâáï ãà ¢¥¨ï¬¨ (2) ¨ ¬®£ãâ ¡ëâì ¢ëà ¦¥ë á«¥¤ãîé¨¬¨ ä®à¬ã« ¬¨
([1], c. 175): ¯à¨ d = 2�

fd�j�1(M) =
�X

j=1

 
i

j

! 
l � d+ i� 1

i

!
+

��1X
i=0

 
d� i

j

! 
l � d+ i� 1

i

!
; (17)
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¯à¨ d = 2� + 1

fd�j�1(M) =
�X

j=1

  
i

j

!
+

 
d� i

i

!! 
l � d+ i� 1

i

!
: (18)

� «¥¥, æ¨ª«¨ç¥áª¨¥ ¯®«¨â®¯ë ¨¬¥îâ ¬ ªá¨¬ «ì®¥ ç¨á«® £à ¥© ¢á¥å à §¬¥à®áâ¥© ¢ ª« á-
á¥ Md;l ([2], á. 93). � áá¬®âà¨¬ (d � 1)-¬¥àë¥ £à ¨ æ¨ª«¨ç¥áª®£® ¯®«¨â®¯  ¨ ¯®ª ¦¥¬, ª ª
ã¯à®é îâáï ä®à¬ã«ë (17) ¨ (18) ¢ íâ®¬ á«ãç ¥. �î¡®¥ d-í«¥¬¥â®¥ ¯®¤¬®¦¥áâ¢® V ¢¥àè¨
æ¨ª«¨ç¥áª®£® ¯®«¨â®¯ M 2 C(d; l)  ää¨® ¥§ ¢¨á¨¬®, ¨ ¬®¦® ®¯à¥¤¥«¨âì, ¢ ª ª¨å á«ãç ïå
Conv V ï¢«ï¥âáï £à ìî M , ¢¢¥¤ï á«¥¤ãîé¥¥ ¯®ïâ¨¥. �ã¤¥¬ £®¢®à¨âì, çâ® ¢¥àè¨  y(�j) à §-
¤¥«ï¥â ¢¥àè¨ë y(�i) ¨ y(�k), ¥á«¨ �i < �j < �k. �â¢¥â   ¯®áâ ¢«¥ë© ¢®¯à®á ¤ ¥â á«¥¤ãîé¥¥
ãá«®¢¨¥ ç¥â®áâ¨ �. �¥©« .

�¥¬¬  6 ([3], c. 62). �î¡ ï ¯ à  ¢¥àè¨ æ¨ª«¨ç¥áª®£® ¯®«¨â®¯  M , ¥ ¯à¨ ¤«¥¦ é ï d-
í«¥¬¥â®¬ã ¯®¤¬®¦¥áâ¢ã V , à §¤¥«ï¥âáï ç¥âë¬ ç¨á«®¬ ¢¥àè¨ ¨§ V â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  V ¯®à®¦¤ ¥â £à ì ¯®«¨â®¯  M .

�âáî¤  á«¥¤ã¥â ([3], c. 63), çâ® ¯à¨ M 2 C(d; l)

fd�1(M) =
l

l � �

 
l � �

�

!
¤«ï d = 2�;

fd�1(M) = 2

 
l � � � 1

�

!
¤«ï d = 2� + 1:

� ã¬¥àã¥¬ ¢á¥ (d� 1)-¬¥àë¥ £à ¨ F æ¨ª«¨ç¥áª®£® ¯®«¨â®¯  M = Cd(�1; : : : ; �l) ¢ ¯®àï¤-
ª¥ «¥ªá¨ª®£à ä¨ç¥áª®£® ã¡ë¢ ¨ï å à ªâ¥à¨áâ¨ç¥áª¨å ¢¥ªâ®à®¢ x(F ) ¨ à áá¬®âà¨¬ ¬ âà¨æã
A(M) = (ak�), í«¥¬¥â ª®â®à®© ak� = 1, ¥á«¨ vk = y(�k) ï¢«ï¥âáï ¢¥àè¨®© �-© £à ¨, ¨ ak� = 0
¢ ¯à®â¨¢®¬ á«ãç ¥ (k = 1; : : : ; l; � = 1; : : : ;m = fd�1(M) ). �§ «¥¬¬ë 6 á«¥¤ã¥â, çâ® ¤«ï «î¡®£®
M 0 = Cd(�01; : : : �

0
l) A(M) = A(M 0) ( ¯®¬¨¬, çâ® ¥à ¢¥áâ¢  �1 < � � � < �l ¨ �01 < � � � < �0l

¯à¥¤¯®« £ îâáï ¢ë¯®«¥ë¬¨). �â® ¯®§¢®«ï¥â ®¡®§ ç¨âì A(M) ç¥à¥§ A(d; l) ¨
mP
�=1

ak� ç¥à¥§

ak(d; l).

�¥¬¬  7. �¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ à ¢¥áâ¢ :

al�k+1(d; l) = ak(d; l); k = 1; : : : ; l; (19)

ak(2�; l) = 2

 
l � � � 1
� � 1

!
; k = 1; : : : ; l; (20)

a1(2� + 1; l) =

 
l � � � 1

�

!
+

 
l � � � 2
� � 1

!
; (21)

ak+1(2� + 1; l)� ak(2� + 1; l) =

(
(�1)k

�l���k�2
��k+1

�
; k = 1; : : : ; � + 1;

0; k = � + 2; : : : ; b l+1
2
c

)
: (22)

�«ï ¤®ª § â¥«ìáâ¢  à ¢¥áâ¢  (19) ¤®áâ â®ç® ¯¥à¥áâ ¢¨âì áâà®ª¨ ¬ âà¨æë A(d; l) ¢ ®¡à â-
®¬ ¯®àï¤ª¥. �¥©áâ¢¨â¥«ì®, ¨§ «¥¬¬ë 6 á«¥¤ã¥â, çâ® íâ® à ¢®á¨«ì® ¥ª®â®à®© ¯¥à¥áâ ®¢ª¥
¥¥ áâ®«¡æ®¢, â.ª. ãá«®¢¨¥ ç¥â®áâ¨ �¥©«  ®áâ ¥âáï ¢ë¯®«¥ë¬.

�«ï ¤®ª § â¥«ìáâ¢  à ¢¥áâ¢  (20) ¤®¯ãáâ¨¬, çâ®  ©¤ãâáï i ¨ k, ¤«ï ª®â®àëå ai(2�; l) 6=
ak(2�; l). �®£¤ ,  ç¨ ï  «£®à¨â¬ A1 á ¢¥àè¨ë vi ¨«¨ vk, ¯®«ãç¨¬ à §®¥ ç¨á«® á¨¬¯«¥ªá®¢
¢ ¯à ¢¨«ì®© âà¨ £ã«ïæ¨¨ M , çâ® ¯à®â¨¢®à¥ç¨â «¥¬¬¥ 4. �â ª, a1(2�; l) = � � � = al(2�; l) ¨,

¯®¤áç¨â ¢
lP

k=1

mP
�=1

ak� ¤¢ã¬ï á¯®á®¡ë¬¨, ¯®«ãç¨¬ (20).
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�®à¬ã«ë (21) ¨ (22) «¥£ª® ¯à®¢¥àïîâáï ¯à¨ l = 2� + 2. �®íâ®¬ã ¤ «¥¥ ¡ã¤¥¬ áç¨â âì, çâ®
l � 2� + 3. �¡®§ ç¨¬ ç¥à¥§ M0(d; l) ¨ M1(d; l) á®®â¢¥âáâ¢¥® ¬®¦¥áâ¢® áâ®«¡æ®¢ ¬ âà¨æë
A(d; l),  ç¨ îé¨åáï ç¥âë¬ ¨ ¥ç¥âë¬ ç¨á«®¬ ¥¤¨¨æ, ¨ ¯®«®¦¨¬ a�k(d; l) =

P
ak�, £¤¥ � =

0; 1 ¨ áã¬¬¨à®¢ ¨¥ ¢¥¤¥âáï ¯® áâ®«¡æ ¬ ¨§ ¬®¦¥áâ¢  M�(d; l). �«ï áâ®«¡æ  a = (a1; : : : ; al)T

¬ âà¨æë A(d; l) ¯®«®¦¨¬ '(a) = (a2; : : : ; al)T ,  0(a) = (0; a1; : : : ; al)T ¨  1(a) = (1; a1; : : : ; al)T . �§
«¥¬¬ë 6 á«¥¤ã¥â, çâ® 1)  0(a) | áâ®«¡¥æ ¬ âà¨æë A(d + 1; l + 1); 2)  0(a) | áâ®«¡¥æ ¬ âà¨æë
A(a; l + 1) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  a 2 M0(d; l); 3) ¥á«¨ a1 = 1, â® '(a) | áâ®«¡¥æ ¬ âà¨æë
A(d � 1; l � 1); 4) ¥á«¨ a1 = 0, â® a 2 M0(d; l) ¨ '(a) 2 M0(d; l � 1); 5) ¥á«¨ a1 = 0 ¨ d = 2� + 1,
â® ¯à¨ al = 1 a0 = (a2; : : : ; al�1)T 2 M0(2�; l � 2) ¨ ®¡à â®, ¯à¨¯¨á ¢ ¥¤¨¨æã ª «î¡®¬ã a0 ¨§
M0(2�; l� 2), ¯®«ãç¨¬ '(a) 2M0(d; l� 1). �§ ãâ¢¥à¦¤¥¨© 1) ¨ 3) á«¥¤ã¥â à ¢¥áâ¢® (21),   ¨§
2) ¨ 4) | à ¢¥áâ¢® ak+1(d; l+ 1) = ak(d� 1; l) + a0k(d; l) (k = 1; : : : ; l). �âáî¤  ¨ ¨§ 5) ¯®«ãç ¥¬
¯à¨ k = 1; : : : ; l ak+1(2�+1; l+2) = ak(2�; l+1)+ a0k(2�; l) = 4

�l��
��1

�
� ak(2�� 1; l), çâ® ¯®§¢®«ï¥â

¤®ª § âì à ¢¥áâ¢® (22) ¨¤ãªæ¨¥© ¯® �. �¥¬¬  7 ¤®ª §   ¯®«®áâìî.

� áá¬®âà¨¬ ¯®«¨â®¯ M = Cd(�1; : : : ; �l), ¯à¨ k = 0; : : : ; l â ª®¥ ç¨á«® �, çâ® �k < � <
�k+1, â®çªã v = y(�) ¨ ¯®«¨â®¯ M 0 = Cd(�1; : : : ; �k; �; �k+1; : : : ; �l). �ãáâì F 2 �d�1(M) ¨ � |
£¨¯¥à¯«®áª®áâì, á®¤¥à¦ é ï F . �á«¨ � ®â¤¥«ï¥â v ®â M , â® ®â¥á¥¬ F ª ¬®¦¥áâ¢ã F 0,   ¢
¯à®â¨¢®¯®«®¦®¬ á«ãç ¥ | ª ¬®¦¥áâ¢ã F 00 ¨ ¯®«®¦¨¬ 'k(d; l) = jF 0j. �«¥¤ãîé¨© à¥§ã«ìâ â
¯®«ãç¥ á®¢¬¥áâ® á �.�. �àã§¤¥¢ë¬.

�¥¬¬  8. �à¨ k = 0; : : : ; l 'k(2�; l) =
�l���1
��1

�
¨

'n(2� + 1; l) = ak+1(2� + 1; l + 1)� 2

 
l � � � 1
� � 1

!
: (23)

�«ï ¤®ª § â¥«ìáâ¢  à áá¬®âà¨¬ F 2 F 00 ¨ ¥¥ å à ªâ¥à¨áâ¨ç¥áª¨© ¢¥ªâ®à x(F ). �®£¤ 
x0(F ) = (x1(F ); : : : ; xk(F ); 0; xk+1(F ); : : : ; xl(F )) | å à ªâ¥à¨áâ¨ç¥áª¨© ¢¥ªâ®à ¥ª®â®à®© £à ¨
F 0 2 �d�1(M 0), ¥ á®¤¥à¦ é¥© â®çªã v, ¨ ®¡à â®. �«¥¤®¢ â¥«ì®, jF 00j = fd�1(M 0)�ak+1(d; l+1),
®âªã¤  ¨ ¯®«ãç îâáï ¤®ª §ë¢ ¥¬ë¥ à ¢¥áâ¢ .

� áá¬®âà¨¬ ¬®¦¥áâ¢® H(M) ¤«ï M 2 C(d; l). �® á«¥¤áâ¢¨î 4 ¯à¨ ç¥â®¬ d = 2� H(M)
á®¤¥à¦¨â ¥¤¨áâ¢¥ë© ¢¥ªâ®à g0 = (g00 ; : : : ; g

0
d), ª®¬¯®¥âë ª®â®à®£® ®¤®§ ç® ®¯à¥¤¥«ïîâáï

§ ç¥¨¥¬ l. �å ¬®¦®  ©â¨ ¨§ á¨áâ¥¬ë (14) á ãç¥â®¬ ãá«®¢¨©

g0j = fj(M); j = 1; : : : ; � � 1: (24)

�à¨ ¥ç¥â®¬ d = 2� + 1 ãá«®¢¨© (24) ¥¤®áâ â®ç® ¤«ï ®¤®§ ç®áâ¨ à¥è¥¨ï á¨áâ¥¬ë (14).
�®¯®«¨¬ á¨áâ¥¬ã (24) ¥é¥ ®¤¨¬ ãá«®¢¨¥¬ g0� = f�(M). �®£¤  à¥è¥¨¥ á¨áâ¥¬ë (14) â ª¦¥
áãé¥áâ¢ã¥â ¨ ¥¤¨áâ¢¥®, ®¡®§ ç¨¬ ¥£® ç¥à¥§ g0. � ¬¥â¨¬, çâ® ä®à¬ã«  (18) ¢ íâ®¬ á«ãç ¥
â®¦¥ ã¯à®é ¥âáï ([2], á. 104)

f�(M) =

 
l

� + 1

!
�

 
l � � � 2
� + 1

!
: (25)

�¥¯¥àì, ¨á¯®«ì§ãï â®«ìª® çâ® ¯®áâà®¥ë© ¢¥ªâ®à g0 ¨ ¢¥ªâ®à h0 (j-ï ª®®à¤¨ â  ª®â®à®£®
h0j =

��+1
j��

�
¯à¨ j = �; : : : ; d ¨ h0j = 0 ¯à¨ j < �) ¨§ á«¥¤áâ¢¨ï 2, ¬®¦® «®ª «¨§®¢ âì H(M).

�¥®à¥¬  4. �á«¨ M 2 C(d; l) ¨ d = 2� + 1, â®

H(M) =
�
g0 + �h0; � = 0; : : : ;

 
l � � � 2
� + 1

!�
: (26)
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�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ ¯à ¢ãî ç áâì á®®â®è¥¨ï (26) ç¥à¥§ H(d; l) ¨ à áá¬®âà¨¬
M = Cd(�1; : : : ; �l), £¤¥ l � d + 1 ¨ �1 < � � � < �l. �«¥¤áâ¢¨¥ 4 ¯®ª §ë¢ ¥â, çâ® ª ¦¤ë© ¢¥ªâ®à
¨§ H(M) ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ g0 + �h0. �§ ä®à¬ã«ë (25) ¨ ¥à ¢¥áâ¢  (7) á«¥¤ã¥â, çâ® 0 �
� �

�l���2
�+1

�
, â.¥. H(M) � H(d; l). �«ï ¤®ª § â¥«ìáâ¢  ¯à®â¨¢®¯®«®¦®£® ¢ª«îç¥¨ï à áá¬®âà¨¬

¬®¦¥áâ¢® �(d; l) = ffd(TM); T 2 (M)g ¨ ¨¤ãªæ¨¥© ¯® l ¤®ª ¦¥¬, çâ® �(d; l) á®¤¥à¦¨â ¢á¥
æ¥«ë¥ ç¨á«  ®â

�l���2
�

�
¤®
�l���1

�+1

�
. �à¨ l = d+1, ¤ îé¥¬ ®á®¢ ¨¥ ¨¤ãªæ¨¨,M | á¨¬¯«¥ªá, ¨

¯à®¢¥àª  âà¨¢¨ «ì . � ¯à®â¨¢®¬ á«ãç ¥ à áá¬®âà¨¬ ¯®«¨â®¯M� = Conv(y(�);M) ¨ ¯à¨¬¥¨¬
ª ¥¬ã  «£®à¨â¬ A2, ¢ë¡à ¢ y(�) ¢ ª ç¥áâ¢¥ !0. �¡®§ ç¨¬ ¬®¦¥áâ¢® (d � 1)-¬¥àëå £à ¥©
¯®«¨â®¯  M , ¥ ï¢«ïîé¨åáï £à ï¬¨ ¯®«¨â®¯  M�, ç¥à¥§ ��. �®£¤  j��j = 'i(d; l) ¯à¨ �i <

� < �i+1 (i = 0; : : : ; l). �§ ®¯¨á ¨ï  «£®à¨â¬  A2 á«¥¤ã¥â, çâ® ¥á«¨ z 2 �(d; l), â® z + 'i(d; l) 2
�(d; l + 1). � ª¨¬ ®¡à §®¬, �(d; l + 1) á®¤¥à¦¨â ¬®¦¥áâ¢® �i ¢á¥å æ¥«ëå ç¨á¥« z â ª¨å, çâ® 

l � � � 2
�

!
+ 'i(d; l) � z �

 
l � � � 1
� + 1

!
+ 'i(d; l);

¨, ¢ ç áâ®áâ¨, ç¨á«  
l � � � 2

�

!
+ '1(d; l) =

 
l � � � 1

�

!
¨

 
l � � � 1
� + 1

!
+ '0(d; l) =

 
l � �

� + 1

!
:

�áâ «®áì ¤®ª § âì, çâ® «î¡®¥ æ¥«®¥ ç¨á«® z â ª®¥, çâ®
�l���1

�

�
< z <

�l��
�+1

�
â®¦¥ ¯à¨ ¤«¥¦¨â

�(d; l+1), ¤«ï ç¥£® ¤®áâ â®ç® ¯à®¢¥à¨âì, çâ®
Q
i�1

T Q
i+1

6= ;. �®áª®«ìªã ¨§ «¥¬¬ 8 ¨ 7 á«¥¤ã¥â, çâ®

'i+1(d; l+1)�'i�1(d; l+1) = (�1)i
�1���i�1

��i+1

�
, â® íâ® à ¢®á¨«ì® ¥à ¢¥áâ¢ã

�l���2
�

�
+'i+1(d; l) ��l���1

�+1

�
+'i�1(d; l) ¯à¨ ç¥â®¬ i ¨ ¥à ¢¥áâ¢ã

�l���2
�

�
+'i�1(d; l) �

�l���1
�+1

�
+'i+1(d; l) ¯à¨ ¥ç¥â®¬

i. � ª ª ª ¢ ®¡®¨å á«ãç ïå ¤®ª §ë¢ ¥¬®¥ ãâ¢¥à¦¤¥¨¥ á¢®¤¨âáï ª ®ç¥¢¨¤®¬ã ¯à¨ l > 2� + 2
¥à ¢¥áâ¢ã

�l���i�2
��i+1

�
�
�l���2

�+1

�
, â® â¥®à¥¬  ¤®ª §   ¯®«®áâìî.

6. �à¥å¬¥àë© á«ãç ©. �à¨¢¥¤¥¬ ¥áª®«ìª®  ®á¨à®¢ ëå ¢ [7], [10] à¥§ã«ìâ â®¢, «¥£ª®
¯®«ãç îé¨åáï ¨§ ¯à¥¤ë¤ãé¥£® ¯à¨ d = 3. �®«®¥ ®¯¨á ¨¥ ¬®¦¥áâ¢  H3;l (  á«¥¤®¢ â¥«ì®, ¨
H3 =

S
l�4

H3;l) ¤ ¥â

�¥®à¥¬  5. �«ï «î¡®© ¯à ¢¨«ì®© âà¨ £ã«ïæ¨¨ T (M) ¯®«¨â®¯  M 2 M3;l áãé¥áâ¢ã¥â

 âãà «ì®¥ ç¨á«® � â ª®¥, çâ®

f(TM) = (l; 2l � 3; l � 2; 0) + �(0; 1; 2; 1); (27)

l � 3 � � �

 
l � 2
2

!
: (28)

�«ï «î¡®£®  âãà «ì®£® ç¨á«  �, ã¤®¢«¥â¢®àïîé¥£® ¥à ¢¥áâ¢ ¬ (28), áãé¥áâ¢ã¥â ¯à -

¢¨«ì ï âà¨ £ã«ïæ¨ï T (M) æ¨ª«¨ç¥áª®£® ¯®«¨â®¯  M 2 C(3; l), ¤«ï ª®â®à®© ¢¥ªâ®à f(TM)
ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (27).

�¥©áâ¢¨â¥«ì®, ¯¥à¢®¥ ãâ¢¥à¦¤¥¨¥ á«¥¤ã¥â ¨§ â¥®à¥¬ë 3 ¨ ¥à ¢¥áâ¢  (7),   ¢â®à®¥ | ¨§
â¥®à¥¬ë 4.

�«¥¤áâ¢¨¥ 8. �á«¨ M 2 C(3; l), â® H3;l = H(M).

�¥®à¥¬  6. �á«¨ M 2 M3;l, T (M) | ¥£® ¯à ¢¨«ì ï âà¨ £ã«ïæ¨ï, gi = gi(TM) | ç¨á«®

¢ãâà¥¨å i-¬¥àëå £à ¥© ¢ K(M) (i = 1; 2), â® f3(TM) = l+g1�3 = 1+g2�g1 = (l+g2�2)=2.

�«¥¤áâ¢¨¥ 9. �à¨ d = 3 ç¥âëà¥ § ¤ ç¨ ¬¨¨¬¨§ æ¨¨ ç¨á¥«: f3(TM), g1(TM), g2(TM),
g2(TM) � g1(TM) à ¢®á¨«ìë. � «®£¨ç®¥ ãâ¢¥à¦¤¥¨¥ á¯à ¢¥¤«¨¢® ¨ ¤«ï § ¤ ç¨ ¬ ªá¨-
¬¨§ æ¨¨.
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