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� áâ âì¥ ¯à®¤®«¦¥­ë ¨áá«¥¤®¢ ­¨ï à ¡®â [1]{[4], ¯®á¢ïé¥­­ëå § ¤ ç¥ ­ å®¦¤¥­¨ï ¯ à ¬¥-
âà®¢ ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ à¥ «ì­®£® ®¡ê¥ªâ  ¯® ª®á¢¥­­ë¬ ¨§¬¥à¥­¨ï¬ ¥£® ¢å®¤  ¨ ¢ëå®-
¤ . �®«ãç¥­ë ãá«®¢¨ï à §à¥è¨¬®áâ¨ ¨ ®¤­®§­ ç­®© à §à¥è¨¬®áâ¨ íâ®© § ¤ ç¨ ¤«ï ­¥ª®â®àëå
ª« áá®¢ ®¯¥à â®à­ëå ¬®¤¥«¥© ¨ ­¥ª®â®àëå ¢¨¤®¢ ¨§¬¥à¥­¨© ¢å®¤  ¨ ¢ëå®¤  ®¡ê¥ªâ .

�«®¦­®áâì ãª § ­­®© § ¤ ç¨ á®áâ®¨â ¢ â®¬, çâ® ®¡ê¥ªâ ¨ ¥£® ¬ â¥¬ â¨ç¥áª ï ¬®¤¥«ì à á-
á¬ âà¨¢ îâáï ­  ®âà¥§ª¥ ¢à¥¬¥­¨ [�; T ],   ¨§¬¥à¥­¨ï ¢å®¤  ¨ ¢ëå®¤  ®¡ê¥ªâ  ¯à®¨§¢®¤ïâáï ­ 
¡®«¥¥ ã§ª®¬ ®âà¥§ª¥ ¢à¥¬¥­¨ [�; � ], £¤¥ � � � < � < T . �à®¬¥ â®£®, ®¯¥à â®àë, ®¯¨áë¢ îé¨¥
à ¡®âã ¨§¬¥à¨â¥«¥© ¢å®¤  ¨ ¢ëå®¤ , ¢ ¡®«ìè¨­áâ¢¥ á«ãç ¥¢ ­¥®¡à â¨¬ë.

�¨¦¥ ¯à¥¤« £ îâáï á¯®á®¡ë ¯à¥®¤®«¥­¨ï ãª § ­­ëå âàã¤­®áâ¥© ¨ ¬¥â®¤ë à¥è¥­¨ï à áá¬ -
âà¨¢ ¥¬®© § ¤ ç¨ ¢ ¤¥â¥à¬¨­¨áâ¨ç¥áª®© ¯®áâ ­®¢ª¥.

1. �®áâ ­®¢ª  § ¤ ç¨

�ãáâì Rn | n-¬¥à­®¥ ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢®; Bm
1 [�; T ], B

n
2 [�; T ], B

q
3 [�; T ] | ¡ ­ å®¢ë ¯à®-

áâà ­áâ¢  m-, n- ¨ q-¬¥à­ëå ¢¥ªâ®à-äã­ªæ¨©, ®¯à¥¤¥«¥­­ëå ­  ®âà¥§ª¥ [�; T ]; Y , Z, W | ¡ ­ -
å®¢ë ¯à®áâà ­áâ¢ .

� áá¬®âà¨¬ à¥ «ì­ë© ®¡ê¥ªâ ­  ®âà¥§ª¥ ¢à¥¬¥­¨ [�; T ], £¤¥ �|¬®¬¥­â ¢®§­¨ª­®¢¥­¨ï ®¡ê¥ª-
â . �¥à¥§ v(t) ®¡®§­ ç¨¬ m-¬¥à­ë© ¢¥ªâ®à ¯ à ¬¥âà®¢, å à ªâ¥à¨§ãîé¨å ¢­¥è­¨¥ ¢®§¤¥©áâ¢¨ï
­  ®¡ê¥ªâ ¢ ¬®¬¥­â ¢à¥¬¥­¨ t 2 [�; T ], v(t) 2 Rm,   ç¥à¥§ x(t) | n-¬¥à­ë© ¢¥ªâ®à ¯ à ¬¥âà®¢,
å à ªâ¥à¨§ãîé¨å à¥ ªæ¨î ®¡ê¥ªâ  ­  ¢­¥è­¨¥ ¢®§¤¥©áâ¢¨ï ¢ ¬®¬¥­â t, x(t) 2 Rn. �¥ªâ®à-
äã­ªæ¨¨ v ¨ x ¡ã¤¥¬ ­ §ë¢ âì ¢å®¤®¬ ¨ ¢ëå®¤®¬ ®¡ê¥ªâ  á®®â¢¥âáâ¢¥­­®. �ã¤¥¬ áç¨â âì, çâ®
v 2 V[�;T ],   x 2 X[�;T ], £¤¥ V[�;T ], X[�;T ] | ­¥ª®â®àë¥ ¯®¤¬­®¦¥áâ¢  ¨§ Bm

1 [�; T ], B
n
2 [�; T ] á®®â¢¥â-

áâ¢¥­­®.
� ª ª ª ®¡ê¥ªâ à¥ «ì­ë©, â® x(t) § ¢¨á¨â â®«ìª® ®â ¯à¥¤¨áâ®à¨¨ ¨§¬¥­¥­¨ï ¢­¥è­¨å ¢®§-

¤¥©áâ¢¨©, â. ¥. x(t) ®¤­®§­ ç­® ®¯à¥¤¥«ï¥âáï §­ ç¥­¨ï¬¨ v(s) ¯à¨ s 2 [�; t], á«¥¤®¢ â¥«ì­®,

x(t) = A(t;
t

C
�
v), £¤¥ A(t; �) : V[�;t] ! Rn ¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ­­®¬ t 2 [�; T ],  

t

C
�
| ®¯¥à -

â®à áã¦¥­¨ï ¢¥ªâ®à-äã­ªæ¨© v ­  ®âà¥§®ª [�; t].

� ¢¥­áâ¢® x(t) = A(t;
t

C
�
v) § ¤ ¥â ¬ â¥¬ â¨ç¥áªãî ¬®¤¥«ì à áá¬ âà¨¢ ¥¬®£® ®¡ê¥ªâ . �®-

¯ëâª¨ ¯®áâà®¨âì íâã ¬ â¥¬ â¨ç¥áªãî ¬®¤¥«ì, â. ¥. ­ ©â¨ ®¯¥à â®à A, ç áâ® ¯à¨¢®¤ïâ ª ­¥ï¢­®©
§ ¢¨á¨¬®áâ¨ F (x; v) = 0 ¬¥¦¤ã v ¨ x, ¯®íâ®¬ã ¨¬¥¥â á¬ëá« ¢¢¥áâ¨

�¯à¥¤¥«¥­¨¥ 1. �à ¢­¥­¨¥ F (x; v) = 0 ­ §®¢¥¬ ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«ìî à áá¬ âà¨¢ ¥¬®-
£® ®¡ê¥ªâ , ¥á«¨

1) F : X[�;T ] � V[�;T ] !W | ­¥¯à¥àë¢­ë© ®¯¥à â®à;

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(£à ­â ò03-01-00255 ¨ à¥£¨®­ «ì­ë© £à ­â ò 04-01-96016).
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2) ãà ¢­¥­¨¥ F (x; v) = 0 ®¤­®§­ ç­® à §à¥è¨¬® ®â­®á¨â¥«ì­® x ¯à¨ ª ¦¤®¬ v 2 V[�;T ] ¨

¥£® à¥è¥­¨¥ ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ x(t) = A(t;
t

C
�
v), £¤¥ A(t; �) : V[�;t] ! Rn ¯à¨ ª ¦¤®¬

ä¨ªá¨à®¢ ­­®¬ t 2 [�; T ];

3) ®¯¥à â®à B : V[�;T ] ! X[�;T ], (Bv)(t) = A(t;
t

C
�
v), ­¥¯à¥àë¢¥­;

4) ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® F (x; v) = 0.

�ãáâì ¤ «¥¥ y=P (
�

C
�
v), z=Q(

�

C
�
x) | ¨§¬¥à¥­¨ï ¢å®¤  ¨ ¢ëå®¤  ®¡ê¥ªâ , £¤¥ P : V[�;� ] ! Y ,

Q : X[�;� ] ! Z | ­¥¯à¥àë¢­ë¥ ®¯¥à â®àë, [�; � ] | ®âà¥§®ª ¢à¥¬¥­¨, ¢ â¥ç¥­¨¥ ª®â®à®£® ¯à®¨§-
¢®¤ïâáï íâ¨ ¨§¬¥à¥­¨ï, � � � < � < T .

�¡ëç­® ¬ â¥¬ â¨ç¥áª ï ¬®¤¥«ì ®¡ê¥ªâ  áâà®¨âáï ¢ ¢¨¤¥ F (x; v; !) = 0, £¤¥ ! | ­¥¨§¢¥áâ­ë©
¢¥ªâ®à ¯ à ¬¥âà®¢ ¬®¤¥«¨, ! 2 
 � B4, B4 | ­¥ª®â®ào¥ ¡ ­ å®¢® ¯à®áâà ­áâ¢®,

F : X[�;T ] � V[�;T ] � 
!W

| ­¥¯à¥àë¢­ë© ®¯¥à â®à, ª®â®àë© ¯à¨ ª ¦¤®¬ ! 2 
 ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ 1), 2), 3) ®¯à¥-
¤¥«¥­¨ï 1 ¨ ãá«®¢¨î 4) ¯à¨ ­¥ª®â®à®¬ ! 2 
.

� ¤ çã ¨¤¥­â¨ä¨ª æ¨¨ ¯®áâ ¢¨¬ â ª: ¯® ¨§¢¥áâ­ë¬ y, z, P , Q, F , � ¨ � ­ ©â¨ â ª®¥ ! 2 
,
¯à¨ ª®â®à®¬ F (x; v; !) = 0.

� ª¨¬ ®¡à §®¬, ¥á«¨ ! | à¥è¥­¨¥ § ¤ ç¨ ¨¤¥­â¨ä¨ª æ¨¨, â® ¬ â¥¬ â¨ç¥áª ï ¬®¤¥«ì ®¡ê-
¥ªâ  ¨¬¥¥â ¢¨¤ F (x; v) def= F (x; v; !) = 0.

2. �á­®¢­ë¥ â¥®à¥¬ë ®¡ ¨¤¥­â¨ä¨ª æ¨¨

�à¨ ¨§ãç¥­¨¨ § ¤ ç¨ ¨¤¥­â¨ä¨ª æ¨¨ ¢®§­¨ª îâ á«¥¤ãîé¨¥ ¢®¯à®áë.
�®¯à®á 1. �à¨ ª ª¨å ãá«®¢¨ïå § ¤ ç  ¨¤¥­â¨ä¨ª æ¨¨ à §à¥è¨¬ ?
�®¯à®á 2. �à¨ ª ª¨å ãá«®¢¨ïå § ¤ ç  ¨¤¥­â¨ä¨ª æ¨¨ ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥?
�®¯à®á 3. � ª ¢ëç¨á«¨âì ¨áª®¬®¥ !?
�«ï ®â¢¥â  ­  íâ¨ ¢®¯à®áë ¯®­ ¤®¡¨âáï

�¥¬¬  1. �ãáâì

 ) H | £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ h�; �i ¨ ­®à¬®© k�k =
p
h�; �i;

¡) x; x1; : : : ; xn | í«¥¬¥­âë ¨§ H;
¢) 
 � Rl ¨ � : 
! Rn | ­¥¯à¥àë¢­ ï ¢¥ªâ®à-äã­ªæ¨ï, �(!) = f�i(!), i = 1; ng;
£) «¨­¥©­ ï  «£¥¡à ¨ç¥áª ï á¨áâ¥¬ 

nX
i=1

hxi; xji�i = hx; xji; j = 1; n; (1)

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ � = f�ig 2 R
n;

¤) ãà ¢­¥­¨¥ �(!) = � ¨¬¥¥â ¢ ®¡« áâ¨ 
 ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ! = !.

�®£¤  äã­ªæ¨ï  (!) =



x� nP

i=1
�i(!)xi




 ¨¬¥¥â ¢ ®¡« áâ¨ 
 ¥¤¨­áâ¢¥­­ãî â®çªã ¬¨­¨¬ã¬ 

! = !.

�®ª § â¥«ìáâ¢®. � á¨«ã ãá«®¢¨ï £) äã­ªæ¨ï '(�) =



x � nP

i=1
�ixi




, £¤¥ � = f�ig 2 Rn,

¨¬¥¥â ¢ ¯à®áâà ­áâ¢¥ Rn ¥¤¨­áâ¢¥­­ãî â®çªã ¬¨­¨¬ã¬  � = �. �¥©áâ¢¨â¥«ì­®, ¯® â¥®à¥¬¥
®¡ ®àâ®£®­ «ì­®¬ à §«®¦¥­¨¨ í«¥¬¥­â®¢ £¨«ì¡¥àâ®¢  ¯à®áâà ­áâ¢  ([5], á. 162, â¥®à¥¬  1) x =

x0 + x?, £¤¥ x0 =
nP
i=1

�ixi, � = arg min
�2Rn

'(�),   x? | í«¥¬¥­â, ®àâ®£®­ «ì­ë© ª ª ¦¤®¬ã xi,

i = 1; n. �¬­®¦ ï íâ® à ¢¥­áâ¢® áª «ïà­® ­  xj , j = 1; n, ¯®«ãç ¥¬, çâ® � ã¤®¢«¥â¢®àï¥â
á¨áâ¥¬¥ (1),   íâ  á¨áâ¥¬  ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥. � «¥¥, ! ¤®áâ ¢«ï¥â ¬¨­¨¬ã¬ äã­ªæ¨¨
 , â. ª. �(!) = �. �à¥¤¯®«®¦¨¬, çâ® äã­ªæ¨ï  ¨¬¥¥â ¤¢¥ à §«¨ç­ë¥ â®çª¨ ¬¨­¨¬ã¬  ! ¨ !,
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â. ¥.  (!) =  (!) ¨ ! 6= !. �®£¤   (!) =  (!) = '(�) = '(�), £¤¥ � = �(!),   � = �(!). �®
â ª ª ª '(�) = min

�2Rn
'(�), â® � = � ¨ ! = ! | ¯à®â¨¢®à¥ç¨¥. �«¥¤®¢ â¥«ì­®, äã­ªæ¨ï  ¨¬¥¥â

¥¤¨­áâ¢¥­­ãî â®çªã ¬¨­¨¬ã¬  ! = !.

�«¥¤áâ¢¨¥. �á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï £), ¤) ¨ á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® x =
nP
i=1

�ixi, â® ãà ¢-

­¥­¨¥ x =
nP
i=1

�i(!)xi ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ! = !.

�¥©áâ¢¨â¥«ì­®, ¥á«¨ x =
nP
i=1

�ixi, â®  (!) = 0, á«¥¤®¢ â¥«ì­®, ãà ¢­¥­¨¥ x �
nP
i=0

�i(!)xi = 0

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ! = !.
�ãáâì ¬ â¥¬ â¨ç¥áª ï ¬®¤¥«ì ®¡ê¥ªâ  ¨¬¥¥â ¢¨¤

A0(t;
t

C
�
x) +B0(t;

t

C
�
v)�

KX
i=1

�i(!)Ai(t;
t

C
�
x)�

LX
j=1

�j(!)Bj(t;
t

C
�
v) = 0; t 2 [�; T ]; (2)

£¤¥ Ai(t; �) : X[�;t] ! Rq, Bj(t; �) : V[�;t] ! Rq ¯à¨ ª ¦¤®¬ (¯®çâ¨ ª ¦¤®¬) t 2 [�; T ], ®¯¥à â®àë

Ai : X[�;T ] ! B
q
3 [�; T ], (Aix)(t) = Ai(t;

t

C
�
x) ¨ Bj : V[�;T ] ! B

q
3 [�; T ], (Bjv)(t) = Bj(t;

t

C
�
v) ­¥¯à¥àë¢-

­ë, ! 2 
 � Rl, �i : 
! R1 ¨ �j : 
! R1 | ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨.
�ãáâì ¨§¬¥à¥­¨ï ¢å®¤  ¨ ¢ëå®¤  ®¡ê¥ªâ  ¨¬¥îâ ¢¨¤

yj = Q
�

C
�
Bj(v); j = 0; L; (3)

zi = Q
�

C
�
Ai(x); i = 0;K; (4)

£¤¥ � 2 (�; � ], Q : Bq
3 [�; � ] ! H | «¨­¥©­ë© ®£à ­¨ç¥­­ë© ®¯¥à â®à, H | £¨«ì¡¥àâ®¢® ¯à®-

áâà ­áâ¢®.
�â¢¥â ­  ¢®¯à®á 1 ¤ ¥â

�¥®à¥¬  1. �á«¨ § ¤ ç  ¨¤¥­â¨ä¨ª æ¨¨ ¤«ï (2){(4) à §à¥è¨¬ , â® áãé¥áâ¢ã¥â â ª®¥ b! 2


, çâ® z0 + y0 �
KP
i=1

�i(b!)zi � LP
j=1

�i(b!)yj = 0.

�®ª § â¥«ìáâ¢®. �á«¨ § ¤ ç  ¨¤¥­â¨ä¨ª æ¨¨ ¤«ï (2){(4) à §à¥è¨¬ , â® áãé¥áâ¢ã¥â â ª®¥

b! 2 
, çâ® A0x + B0v �
KP
i=1

�i(b!)Aix �
LP
j=1

�j(b!)Bjv = 0. �®£¤  Q
�

C
�

h
A0x + B0v �

KX
i=1

�i(b!)Aix �

LX
j=1

�j(b!)Bjv
i
= 0 ¨ ¤ «¥¥ z0 + y0 �

KX
i=1

�i(b!)zi � LX
j=1

�j(b!)yi = 0.

�â  â¥®à¥¬  ¤ ¥â ­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ à §à¥è¨¬®áâ¨ § ¤ ç¨ ¨¤¥­â¨ä¨ª æ¨¨ ¤«ï ¬®¤¥«¨ (2)
¯à¨ ¨§¬¥à¥­¨ïå ¢å®¤  ¨ ¢ëå®¤  ®¡ê¥ªâ  (3), (4).

�«¥¤áâ¢¨¥. �á«¨ inf
!2





z0 + y0 �
KP
i=1

�i(!)zi �
LP
j=1

�j(!)yj



 > 0, â® § ¤ ç  ¨¤¥­â¨ä¨ª æ¨¨ ¤«ï

(2){(4) ­¥à §à¥è¨¬ .

�â¢¥â ­  ¢®¯à®á 2 ¤ ¥â

�¥®à¥¬  2. �ãáâì

 ) 9b! 2 
 : A0x+B0v �
KP
i=1

�i(b!)Aix�
LP
j=1

�j(b!)Bjv = 0;
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¡) «¨­¥©­ ï  «£¥¡à ¨ç¥áª ï á¨áâ¥¬ 

KX
i=1

hzi; z�i�i +
LX
j=1

hyj ; z�i�j = hz0 + y0; z�i; � = 1;K ;

KX
i=1

hzi; y�i�i +
LX
j=1

hyj ; z�i�j = hz0 + y0; z�i; � = 1; L;

(5)

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ f�1; : : : ; �K ; �1; : : : ; �Lg ¢ ¯à®áâà ­áâ¢¥ R
K+L;

¢) á¨áâ¥¬ 

�i(!) = �i; i = 1;K ;

�j(!) = �j ; j = 1; L;
(6)

¨¬¥¥â ¢ ®¡« áâ¨ 
 ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ! = !.

�®£¤  § ¤ ç  ¨¤¥­â¨ä¨ª æ¨¨ ¤«ï (2){(4) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ! = !.

�®ª § â¥«ìáâ¢®. � á¨«ã ãá«®¢¨ï  ) ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® z0+y0�
KP
i=1

�i(b!)zi� LP
j=1

�j(b!)yj=0,
á«¥¤®¢ â¥«ì­®, z0 + y0 =

KP
i=1

b�izj + LP
j=1

b�jyj, £¤¥ b�i = �i(b!), b�j = �j(b!). �¬­®¦ ï áª «ïà­® ®¡¥

ç áâ¨ íâ®£® à ¢¥­áâ¢  ­  z�, � = 1;K , ¨ y�, � = 1; L, ¯®«ãç¨¬, çâ® b�i ¨ b�j ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥
(5). �® íâ  á¨áâ¥¬  ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ f�j ; �jg, á«¥¤®¢ â¥«ì­®, b�i = �i, b�j = �j ¨ ¢ë-

¯®«­ï¥âáï ãá«®¢¨¥ z0+ y0�
KP
i=1

�izi�
LP
j=1

�jyj = 0. �âáî¤  ¢ á¨«ã á«¥¤áâ¢¨ï ª «¥¬¬¥ 1 ¯®«ãç ¥¬,

çâ® ãà ¢­¥­¨¥ z0 � y0 �
KP
i=1

�i(!)zi �
LP
j=1

�j(!)yj = 0 ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ! = !. � ª¨¬

®¡à §®¬, b! = ! ¨ § ¤ ç  ¨¤¥­â¨ä¨ª æ¨¨ ¤«ï (2){(4) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ! = !.

�âã â¥®à¥¬ã ¨««îáâà¨àã¥â

�à¨¬¥à 1. � áá¬®âà¨¬ í«¥ªâà¨ç¥áªãî æ¥¯ì, á®áâ®ïéãî ¨§ ¯®á«¥¤®¢ â¥«ì­® á®¥¤¨­¥­­ëå
¨­¤ãªâ¨¢­®áâ¨ ¨  ªâ¨¢­®£® á®¯à®â¨¢«¥­¨ï. �¥à¥§ v(t) ®¡®§­ ç¨¬ ­ ¯àï¦¥­¨¥ ­  ¢å®¤¥ æ¥¯¨,  
ç¥à¥§ x(t) | â®ª ¢ æ¥¯¨, L| ¢¥«¨ç¨­  ¨­¤ãªâ¨¢­®áâ¨, R| ¢¥«¨ç¨­   ªâ¨¢­®£® á®¯à®â¨¢«¥­¨ï.

�ãáâì v(t) = 1 + t, t 2 [0; 4],   x(t) = t, t 2 [0; 4], V[�;T ] = B1
1 [�; T ] = C1

[0;4], B
1
2 [�; T ] = C1

[0;4],
X[�;T ] = C1

1 [0; 4], £¤¥ C1
[0;4] | ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå ­  [0; 4] äã­ªæ¨© á ­®à¬®© kxk =

max
t2[0;4]

jx(t)j, C1
1 [0; 4] | ¬­®¦¥áâ¢® ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ëå ­  [0; 4] äã­ªæ¨©.

� â¥¬ â¨ç¥áª®© ¬®¤¥«ìî íâ®© æ¥¯¨ ¡ã¤¥â

x(t)� �+
R

L

Z t

0

x(s)ds�
1
L

Z t

0

v(s)ds = 0; t 2 [0; 4];

£¤¥ v 2 C1
[0;4], x 2 C

1
1 [0; 4], ! = f�;R;Lg, 
 = f�;R;L : � 2 R1, R 2 R1, L 2 R1, R > 0, L > 0g.

�ãáâì ¨§¬¥à¥­¨ï ¢å®¤  ¨ ¢ëå®¤  ®¡ê¥ªâ  ¨¬¥îâ ¢¨¤

byi = 1; yi =
Z i

0
v(s)ds;

bzi = x(i); zi =
Z i

0

x(s)ds; i = 0; 1; 2; 3;

  H = R4 (áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ R4 ¨¬¥¥â ¢¨¤ hx; yi =
3P
i=0

xiyi, ­®à¬  kxk =

s
3P
i=0

x2i ).

�à®¢¥à¨¬ ¢ë¯®«­¥­¨¥ ãá«®¢¨© â¥®à¥¬ë 2 ¤«ï íâ®£® ¯à¨¬¥à .

33



1) �á«®¢¨¥  ) ¢ë¯®«­ï¥âáï, â. ª.

x(t)� �+
R

L

Z t

0

x(s)ds�
1
L

Z t

0

v(s)ds = 0

¯à¨ � = 0, R = 1 ¨ L = 1 ¤«ï ¢á¥å t 2 [0; 4].
2) �¨áâ¥¬  (5) ¢ íâ®¬ á«ãç ¥ ¨¬¥¥â ¢¨¤8>><>>:

hby; byi�1 + hz; byi�2 + hy; byi�1 = hbz; byi;
hby; zi�1 + hz; zi�2 + hy; zi�1 = hbz; zi;
hby; yi�1 + hz; yi�2 + hy; yi�1 = hbz; yi;

£¤¥ by = fby0; by1; by2; by3g, z = fz0; z1; z2; z3g, bz = fbz0; bz1; bz2; bz3g, y = fy0; y1; y2; y3g. �â  á¨áâ¥¬  ¨¬¥¥â
¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ �1 = 0, �2 = �1, �1 = 1, â. ¥. ¢ë¯®«­ï¥âáï ãá«®¢¨¥ ¡) â¥®à¥¬ë 2.

3) �¨áâ¥¬  (6) ¤«ï íâ®£® ¯à¨¬¥à  ¨¬¥¥â ¢¨¤

� = �1 = 0; �
R

L
= �2 = �1;

1
L
= �1 = 1:

�â  á¨áâ¥¬  ¨¬¥¥â ¢ ®¡« áâ¨ 
 ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ! = f�;R;Lg = f0; 1; 1g, â. ¥. ¢ë¯®«­ï¥âáï
ãá«®¢¨¥ ¢). � ª¨¬ ®¡à §®¬, § ¤ ç  ¨¤¥­â¨ä¨ª æ¨¨ ¤«ï íâ®£® ¯à¨¬¥à  ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥-
è¥­¨¥ ! = ! = f0; 1; 1g. �«¥¤ã¥â ®â¬¥â¨âì, çâ® ãá«®¢¨¥ â¥®à¥¬ë 1 §¤¥áì â®¦¥ ¢ë¯®«­ï¥âáï, â. ª.
á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® z � �1by � �2y � �1z = 0.

�â¢¥â ­  ¢®¯à®á 3: ¥á«¨ ¢ë¯®«­ïîâáï ãá«®¢¨ï â¥®à¥¬ë 2, â® ¤«ï ¢ëç¨á«¥­¨ï ¨áª®¬®£® !
­ã¦­® à¥è¨âì á¨áâ¥¬ã (5) ®â­®á¨â¥«ì­® f�1; : : : ; �K ; �1; : : : ; �Lg,   § â¥¬ ¢ëç¨á«¨âì !, à¥è¨¢
á¨áâ¥¬ã (6).

3. �à¨¡«¨¦¥­­ ï ¨¤¥­â¨ä¨ª æ¨ï

� ª ¢¨¤­® ¨§ ä®à¬ã« (2){(4), ¨§¬¥à¥­¨ï ¢å®¤  ¨ ¢ëå®¤  ®¡ê¥ªâ  (3) ¨ (4) § ¢¨áïâ ®â ¢¨¤ 
¬®¤¥«¨ (2). �® â ª ¡ë¢ ¥â ­¥ ¢á¥£¤ , ¯®íâ®¬ã ¨¬¥¥â á¬ëá« ¯®áâ ¢¨âì § ¤ çã ¯à¨¡«¨¦¥­­®©
¨¤¥­â¨ä¨ª æ¨¨, ª®â®àãî ¬®¦­® áä®à¬ã«¨à®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬: ­ ©â¨ â ª®¥ ! 2 
,
¯à¨ ª®â®à®¬ kF (ex; ev; !)k ! min � "1, £¤¥

ev = KX
k=1

�k'k; K : min
f�kg





y � P

�
�

C
�

KX
k=1

�k'k

�



 � "2;

f�kg = argmin
f�kg





y � P

�
�

C
�

KX
k=1

�k'k

�



; �k 2 R
1;

ex = LX
k=1


k k; L : min
f
kg





z �Q

�
�

C
�

LX
k=1


k k

�



 � "3;

f
kg = argmin
f
kg





z �Q

�
�

C
�

LX
k=1


k k

�



; 
k 2 R
1;

"1, "2, "3 | § ¤ ­­ë¥ ¬ «ë¥ ¯®«®¦¨â¥«ì­ë¥ ç¨á«  ¨«¨ ­ã«¨, f'k, k = 1; 2; : : : g | ¯®«­ ï

á¨áâ¥¬  í«¥¬¥­â®¢ ¢ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ V[�;T ], f k, k = 1; 2; : : : g | ¯®«­ ï á¨áâ¥¬ 

í«¥¬¥­â®¢ ¢ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ X[�;T ].

� ¬¥ç ­¨¥ 1. �á«¨ ev = v, ex = x, â® à¥è¥­¨¥ § ¤ ç¨ ¯à¨¡«¨¦¥­­®© ¨¤¥­â¨ä¨ª æ¨¨ ï¢«ï-
¥âáï à¥è¥­¨¥¬ ¨ ¨áå®¤­®© § ¤ ç¨ ¨¤¥­â¨ä¨ª æ¨¨.

� ¬¥ç ­¨¥ 2. �á«¨ e! | à¥è¥­¨¥ § ¤ ç¨ ¯à¨¡«¨¦¥­­®© ¨¤¥­â¨ä¨ª æ¨¨, â® ¯à¨¡«¨¦¥­­ ï
¬ â¥¬ â¨ç¥áª ï ¬®¤¥«ì à áá¬ âà¨¢ ¥¬®£® ®¡ê¥ªâ  ¨¬¥¥â ¢¨¤

F (x; v; e!) = 0:
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�ãáâì ¤ «¥¥ ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«ìî ¡ã¤¥â

F0(x; v) �
NX
i=1

�i(!)Fi(x; v) = 0; (7)

£¤¥ Fi : X[�;T ] � V[�;T ] ! H | ­¥¯à¥àë¢­ë¥ ®¯¥à â®àë, ! 2 
 � Rl, �i : 
! R1 | ­¥¯à¥àë¢­ë¥
äã­ªæ¨¨,   ¨§¬¥à¥­¨ï ¢å®¤  ¨ ¢ëå®¤  ®¡ê¥ªâ  ¨¬¥îâ ¢¨¤

y = P
� �

C
�
v
�
; (8)

z = Q
� �

C
�
x
�
; (9)

£¤¥ P : V[�;� ] ! Y , Q : X[�;� ] ! Z | «¨­¥©­ë¥ ®£à ­¨ç¥­­ë¥ ®¯¥à â®àë, Y ¨ Z | £¨«ì¡¥àâ®¢ë
¯à®áâà ­áâ¢ .

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï

yk = P
� �

C
�
'k
�
; zk = Q

� �

C
�
 k
�
; k = 1; 2; : : :

�¥®à¥¬  3. �ãáâì

 ) á¨áâ¥¬  í«¥¬¥­â®¢ fyk, k = 1; 2; : : : g ¯®«­  ¢ Y ;
¡) á¨áâ¥¬  í«¥¬¥­â®¢ fzk, k = 1; 2; : : : g ¯®«­  ¢ Z;
¢) «¨­¥©­ ï  «£¥¡à ¨ç¥áª ï á¨áâ¥¬ 

KX
k=1

hyk; y�i�k = hy; y�i; � = 1;K;

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ f�kg ¢ ¯à®áâà ­áâ¢¥ RK, £¤¥ K :



y � KP

k=1
�kyk




 � "2 ¯à¨

á®®â¢¥âáâ¢ãîé¨å �k 2 R
1;

£) «¨­¥©­ ï  «£¥¡à ¨ç¥áª ï á¨áâ¥¬ 

LX
k=1

hzk; z�i
k = hz; z�i; � = 1; L;

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ f
kg ¢ ¯à®áâà ­áâ¢¥ RL, £¤¥ L :



z � LP

k=1

kzk




 � "3 ¯à¨

á®®â¢¥âáâ¢ãîé¨å 
k 2 R
1;

¤) «¨­¥©­ ï  «£¥¡à ¨ç¥áª ï á¨áâ¥¬ 

NX
i=1

hui; uji�i = hu0; uji; j = 1; N;

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ f�ig 2 R
N , £¤¥

ui = Fi(ex; ev); ex = LX
k=1


k k; ev = KX
k=1

�k'k;

¥) á¨áâ¥¬  f�i(!) = �i, i = 1; Ng ¨¬¥¥â ¢ ®¡« áâ¨ 
 ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ !;
¦) ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® 



u0 � NX

i=1

�iui





 � "1:

�®£¤  § ¤ ç  ¯à¨¡«¨¦¥­­®© ¨¤¥­â¨ä¨ª æ¨¨ ¤«ï (7){(9) ¨¬¥¥â à¥è¥­¨¥ ! = !.
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�®ª § â¥«ìáâ¢®. � á¨«ã ãá«®¢¨ï  ) ­ ©¤ãâáï â ª¨¥K ¨ f�k, k = 1;Kg, çâ®



y� KP

k=1
�kyk




�"2,
á«¥¤®¢ â¥«ì­®, min

f�kg




y� KP
k=1

�kyk




 � "2. �â®â ¬¨­¨¬ã¬ ¢ á¨«ã ãá«®¢¨ï ¢) ¨ «¥¬¬ë 1 ¤®áâ¨£ ¥âáï

¢ ¥¤¨­áâ¢¥­­®© â®çª¥ f�kg = f�kg 2 R
K ¨ ®¯à¥¤¥«ï¥âáï ev = KP

k=1
�k'k.

� «¥¥ ¢ á¨«ã ãá«®¢¨ï ¡) ­ ©¤ãâáï â ª¨¥ L ¨ f
k, k = 1; Lg, çâ®



z � LP

k=1

kzk




 � "3, á«¥¤®-

¢ â¥«ì­®, min
f
kg




z � LP
k=1


kzk




 � "3. �â®â ¬¨­¨¬ã¬ ¢ á¨«ã ãá«®¢¨ï £) ¨ «¥¬¬ë 1 ¤®áâ¨£ ¥âáï ¢

¥¤¨­áâ¢¥­­®© â®çª¥ f
g 2 RL ¨ ®¯à¥¤¥«ï¥âáï ex = LP
k=1


k k.

� «¥¥ ¢ á¨«ã ãá«®¢¨© ¤), ¥), ¦) ¨ «¥¬¬ë 1 min
!2





F0(ex; ev) � NP
i=1

�i(!)Fi(ex; ev)


 � "1, ¯à¨ç¥¬

íâ®â ¬¨­¨¬ã¬ ¤®áâ¨£ ¥âáï ¢ ¥¤¨­áâ¢¥­­®© â®çª¥ ! = !. � ª¨¬ ®¡à §®¬, § ¤ ç  ¯à¨¡«¨¦¥­­®©
¨¤¥­â¨ä¨ª æ¨¨ ¤«ï (7){(9) ¨¬¥¥â à¥è¥­¨¥ ! = !.

�à¨¬¥à 2. � áá¬®âà¨¬ í«¥ªâà¨ç¥áªãî æ¥¯ì ¨§ ¯à¨¬¥à  1.
�ãáâì v(t) = 1 + t, x(t) = t, t 2 [0; 3],   ¨§¬¥à¥­¨ï ¢å®¤  ¨ ¢ëå®¤  ¨¬¥îâ ¢¨¤

y1 = v(1) = 2; y2 = v(2) = 3; (10)

z1 = x(1) = 1; z2 = x(2) = 2: (11)

� â¥¬ â¨ç¥áª®© ¬®¤¥«ìî æ¥¯¨ ¡ã¤¥â

x(t)� �+
R

L

Z t

0

x(s)ds�
1
L

Z t

0

v(s)ds = 0; t 2 [0; 3]; (12)

£¤¥ v 2 C1
[0;3], x 2 C

1
[0;3], ! = f�;R;Lg, 
 = f! : � 2 R1, R 2 R1, L 2 R1, R > 0, L > 0g.

�ãáâì "1 = "2 = "3 = 0;001 ¨ 'k(t) =  k(t) = tk�1. �à®¢¥à¨¬ ¢ë¯®«­¥­¨¥ ãá«®¢¨© â¥®à¥¬ë 2.
�á«®¢¨¥  ) ¢ë¯®«­ï¥âáï, â. ª. yk = f1k�1; 2k�1g, k = 1; 2; 3; : : : , ¨ íâ  á¨áâ¥¬  ¢¥ªâ®à®¢ ¯®«­ 

¢ ¯à®áâà ­áâ¢¥ Y = R2.
�á«®¢¨¥ ¡) â®¦¥ ¢ë¯®«­ï¥âáï, â. ª. á¨áâ¥¬  ¢¥ªâ®à®¢ zk = f1k�1; 2k�1g, k = 1; 2; 3; : : : , ¯®«­ 

¢ ¯à®áâà ­áâ¢¥ Z = R2.
�á«®¢¨¥ ¢) ¢ë¯®«­ï¥âáï, â. ª. ¯à¨ K = 2, �1 = 1 ¨ �2 = 1 á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® ky��1y1�

�2y2k = 0 < "2 = 0;001, £¤¥ y = fy1; y2g, ¨ «¨­¥©­ ï  «£¥¡à ¨ç¥áª ï á¨áâ¥¬ 

hy1; y1i�1 + hy2; y1i�2 = hy; y1i;

hy1; y2i�1 + hy2; y2i�2 = hy; y2i

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ f�1; �2g = f1; 1g.
�á«®¢¨¥ £) ¢ë¯®«­ï¥âáï, â. ª. ¯à¨ L = 2, 
1 = 0 ¨ 
2 = 1 á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® kz � 
1z1�


2z2k = 0 < "3 = 0;001, £¤¥ z = fz1; z2g, ¨ «¨­¥©­ ï  «£¥¡à ¨ç¥áª ï á¨áâ¥¬ 

hz1; z1i
1 + hz2; z1i
2 = hz; z1i;

hz1; z2i
1 + hz2; z2i
2 = hz; z2i

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ f
1; 
2g = f0; 1g.
�á«®¢¨¥ ¤) ¢ë¯®«­ï¥âáï, â. ª. W = H = L1

2[0; 3] | ¯à®áâà ­áâ¢® ª¢ ¤à â¨ç­® áã¬¬¨àã¥¬ëå

­  [0; 3] äã­ªæ¨© á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ hx; yi =
3R
0

x(t)y(t)dt ¨ ­®à¬®© kxk =
p
hx; xi,

N = 3, ev(t) = 1 + t, ex(t) = t, u0(t) = t, u1(t) = 1, u2(t) =
tR
0

ex(s)ds = 1
2
t2, u2(t) =

tR
0

ev(s)ds = t+ 1
2
t2,
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¨ «¨­¥©­ ï  «£¥¡à ¨ç¥áª ï á¨áâ¥¬ 
3P

i=1
hui; uji�i = hu0; uji, j = 1; 3, ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥

f�1; �2; �3g = f0;�1; 1g.
�á«®¢¨¥ ¥) ¢ë¯®«­ï¥âáï, â. ª. á¨áâ¥¬ 

� = �1 = 0; �
R

L
= �2 = �1;

1
L
= �3 = 1

¨¬¥¥â ¢ ®¡« áâ¨ 
 ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ f�;R;Lg = f0; 1; 1g.
�, ­ ª®­¥æ, ãá«®¢¨¥ ¦) ¢ë¯®«­ï¥âáï, â. ª. á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®



u0 � 3X

i=1

�iui





 = 0 < "1 = 0;001:

� ª¨¬ ®¡à §®¬, § ¤ ç  ¯à¨¡«¨¦¥­­®© ¨¤¥­â¨ä¨ª æ¨¨ ¤«ï (10){(12) ¯à¨ "1 = "2 = "3 = 0;001
¨¬¥¥â à¥è¥­¨¥ ! = ! = f�;R;Lg = f0; 1; 1g,   ¯à¨¡«¨¦¥­­ ï ¬ â¥¬ â¨ç¥áª ï ¬®¤¥«ì à áá¬ -
âà¨¢ ¥¬®© í«¥ªâà¨ç¥áª®© æ¥¯¨ ¨¬¥¥â ¢¨¤

x(t) +
Z t

0
x(s)ds�

Z t

0
v(s)ds = 0; t 2 [0; 3]:

4. �¤¥­â¨ä¨ª æ¨ï ¯à®áâ¥©è¨å ¤¨ää¥à¥­æ¨ «ì­ëå ¬®¤¥«¥© á § ¯ §¤ë¢ ­¨¥¬

�ãáâì ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«ìî ®¡ê¥ªâ  ¡ã¤¥â

_x(t) =
nX
i=1

aix(�it) + bx(t) + cv(t); t 2 [0; T ];

x(0) = �;

(13)

£¤¥ v 2 C1
[0;T ], x 2 C

1
1 [0; T ], C

1
1 [0; T ] | ¬­®¦¥áâ¢® ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ëå ­  [0; T ] äã­ª-

æ¨©,

! = fa1; : : : ; an; �1; : : : ; �n; b; c; �g 2 
;


 = f! : ai 2 R1; �i 2 R
1; b 2 R1; c 2 R1; � 2 R1; 0 < �i � 1g;

  ¨§¬¥à¥­¨ï ¢å®¤  ¨ ¢ëå®¤  ®¡ê¥ªâ  ¨¬¥îâ ¢¨¤

yj = v(tj); j = 0; 2n+ 1; 0 = t0 < t1 < � � � < t2n+1 < T; (14)

zj = x(tj); j = 0; 2n+ 1: (15)

� ¤ çã ¨¤¥­â¨ä¨ª æ¨¨ ¯®áâ ¢¨¬ â ª: ¯® ¨§¢¥áâ­ë¬ fyj ; zjg ­ ©â¨ â ª®¥ ! 2 
, ¯à¨ ª®â®à®¬

¢ë¯®«­ïîâáï à ¢¥­áâ¢ 

_ex(t) = nP
i=1

aiex(�it) + bex(t) + cev(t); t 2 [0; T ];ex(0) = �;
(16)

£¤¥ ev(t) = 2n+1P
k=0

�kt
k : ev(tj) = yj , j = 0; 2n+ 1,   ex(t) = 2n+1P

k=0

kt

k : ex(tj) = zj , j = 0; 2n+ 1.

�¥®à¥¬  4. � ¤ ç  ¨¤¥­â¨ä¨ª æ¨¨ ¤«ï (13){(15) ®¤­®§­ ç­® à §à¥è¨¬  â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  á¨áâ¥¬  8>>>>><>>>>>:

0

nP
i=1

ai + 
0b+ �0c = 
1; � = z0;


k
nP
i=1

ai�
k
i + 
kb+ �kc = (k + 1)
k+1; k = 1; 2n;


2n+1

nP
i=1

a�2n+1
i + 
2n+1b+ �2n+1c = 0

(17)
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¨¬¥¥â ¢ ®¡« áâ¨ 
 ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ! = fa1; : : : ; an; �1; : : : ; �n; b; c; �g, ª®â®à®¥ ¨ ï¢«ï¥âáï
à¥è¥­¨¥¬ § ¤ ç¨ ¨¤¥­â¨ä¨ª æ¨¨.

�®ª § â¥«ìáâ¢®. �®«¨­®¬ë ev(t) ¨ ex(t) ï¢«ïîâáï à¥è¥­¨¥¬ ®¡ëç­®© § ¤ ç¨ ¨­â¥à¯®«ïæ¨¨
¨ ¯®íâ®¬ã ®¯à¥¤¥«ïîâáï ®¤­®§­ ç­®. �®¤áâ ¢¨¬ ­ ©¤¥­­ë¥ ev ¨ ex ¢ á¨áâ¥¬ã (16), â®£¤  ¯®«ãç¨¬
à ¢¥­áâ¢®

2n+1X
k=1

k
kt
k�1 �

nX
i=1

ai

2n+1X
k=0


k�
k
i t
k � b

2n+1X
k=0


kt
k � c

2n+1X
k=0

�kt
k = 0

¤«ï ¢á¥å t 2 [0; T ] ¨ � = z0. �â®â áâ¥¯¥­­®© ¬­®£®ç«¥­ à ¢¥­ ­ã«î â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
¥£® ª®íää¨æ¨¥­âë à ¢­ë ­ã«î, â. ¥. ª®£¤  ¢ë¯®«­ïîâáï à ¢¥­áâ¢  (17). � ª¨¬ ®¡à §®¬, á¨áâ¥¬ 
(16) ®¤­®§­ ç­® à §à¥è¨¬  ®â­®á¨â¥«ì­® ! 2 
 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á¨áâ¥¬  (17) ¨¬¥¥â
¢ ®¡« áâ¨ 
 ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ! = !.

�à¨¬¥à 3. �ãáâì ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«ìî ¡ã¤¥â

_x(t) = ax(�t) + bx(t) + cv(t); t 2 [0; 4];

x(0) = �;

v(t) = 1+2;5t+3;75t2+0;875t3, x(t) = t+ t2+ t3,   ¨§¬¥à¥­¨ï ¢å®¤  ¨ ¢ëå®¤  ®¡ê¥ªâ  ¨¬¥îâ ¢¨¤

yj = v(j); zj = x(j); j = 0; 3:

�®£¤  ev(t) = 1 + 2;5t+ 3;75t2 + 0;875t3, ex(t) = t+ t2 + t3, t 2 [0; 4],   á¨áâ¥¬  (17) ¯à¨¬¥â ä®à¬ã8>>>><>>>>:
c = 1; � = 0;

a�+ b+ 2;5c = 2;

a�2 + b+ 3;75c = 3;

a�3 + b+ 0;875c = 0:

�®áª®«ìªã c = 1, â® íâ  á¨áâ¥¬  ¯à¥®¡à §ã¥âáï ª ¢¨¤ã8>><>>:
a�+ b = �0;5;

a�2 + b = �0;75;

a�3 + b = �0;875:

�§ ¯¥à¢®£® ãà ¢­¥­¨ï íâ®© á¨áâ¥¬ë ¢ëà §¨¬ b ¨ ¯®¤áâ ¢¨¬ ¢® ¢â®à®¥ ¨ âà¥âì¥ ãà ¢­¥­¨ï. �®£¤ 
¯®«ãç¨¬

a�(�� 1) = �0;25;

a�(�2 � 1) = �0;375:

�â®à®¥ ãà ¢­¥­¨¥ íâ®© á¨áâ¥¬ë ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ a�(� � 1)(� + 1) = �0;375, ®âáî¤ 
�0;25(� + 1) = �0;375 ¨ ¤ «¥¥ � = 0;375

0;25
� 1 = 0;5, a = �0;25

�(��1)
= 1 ¨ b = �0;5 � a� = �1.

� ª¨¬ ®¡à §®¬, ¨áª®¬®¥ ! ¥¤¨­áâ¢¥­­®, ! = fa;�; b; c;�g = f1; 0; 5;�1; 1; 0g.
�ãáâì ¤ «¥¥ ¬ â¥¬ â¨ç¥áª ï ¬®¤¥«ì ¨¬¥¥â ¢¨¤

_x(t) = ax(t) +
nX
i=1

bix(t� �i) + v(t); t 2 [t0; T ];

x(�) = '(�); � 2 [0; t0]; 0 < �i � t0 < T;

(18)
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£¤¥ v 2 C1
[0;T ], x 2 C

1
1 [0; T ], a 2 R

1, bi 2 R1, �i 2 R1, ' 2 C1
1 [0; t0], ! = fa; b1; :::; bn; �1; :::; �n; 'g 2 
,


 = f! : a 2 R1, bi 2 R1, �i 2 R1, 0 < �i � t0, ' 2 C1
1 [0; t0]g,   ¨§¬¥à¥­¨ï ¢å®¤  ¨ ¢ëå®¤  ®¡ê¥ªâ 

¨¬¥îâ ¢¨¤

yk = v(tk); k = 0; 2m; t0 < t1 < t2 < � � � < t2m < T; (19)

zk = x(tk); k = 0; 2m: (20)

� ¤ çã ¨¤¥­â¨ä¨ª æ¨¨ ¯®áâ ¢¨¬ â ª: ¯® ¨§¢¥áâ­ë¬ fyk; zkg ­ ©â¨ ! 2 
, ¯à¨ ª®â®à®¬ ¢ë¯®«-

­ïîâáï à ¢¥­áâ¢ 

_ex(t) = aex(t) + nX
i=1

biex(t� �i) + ev(t); t 2 [t0; T ];

ex(�) = '(�); � 2 [0; t0];

(21)

£¤¥ ev(t) = �0 +
mP
i=1

(�i cos 2�it
T

+ �i sin 2�it
T
), t 2 [0; T ], f�i; �ig : ev(tk) = yk, k = 0; 2m;

ex(t) = �0 +
mP
i=1
(�i cos 2�it

T
+ �i sin

2�it
T
), t 2 [0; T ], f�i; �ig : ex(tk) = zk, k = 0; 2m.

�¥®à¥¬  5. � ¤ ç  ¨¤¥­â¨ä¨ª æ¨¨ ¤«ï (18){(20) ®¤­®§­ ç­® à §à¥è¨¬  â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  á¨áâ¥¬ 8>>>>>><>>>>>>:

�0(a+
nP
j=1

bj) + �0 = 0; '(t) = ex(t); t 2 [0; t0];

a�i +
nP
j=1

bj(�i cos
2�i�j
T

� �i sin
2�i�j
T

) = �i
2�i
T
� �i;

a�i +
nP
j=1

bj(�i sin
2�i�j
T

+ �i cos
2�i�j
T

) = ��i
2�i
T
� �i

(22)

¨¬¥¥â ¢ ®¡« áâ¨ 
 ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ! = fa; b1; : : : ; bn; �1; : : : ; �n; 'g, ª®â®à®¥ ¨ ï¢«ï¥âáï

à¥è¥­¨¥¬ § ¤ ç¨ ¨¤¥­â¨ä¨ª æ¨¨.

�®ª § â¥«ìáâ¢®. �à¨£®­®¬¥âà¨ç¥áª¨¥ ¬­®£®ç«¥­ë ev ¨ ex ï¢«ïîâáï à¥è¥­¨¥¬ § ¤ ç¨ ¨­-
â¥à¯®«ïæ¨¨ ¨ ¯®íâ®¬ã ®¯à¥¤¥«ïîâáï ®¤­®§­ ç­®. �®¤áâ ¢¨¬ ¯®«ãç¥­­ë¥ ev ¨ ex ¢ á¨áâ¥¬ã (21),
â®£¤  ¯®«ãç¨¬

MX
i=1

�
�i
2�i
T

cos
2�it
T

� �i
2�i
T

sin
2�it
T

�
� a�0 � a

mX
i=1

�
�i cos

2�it
T

+ �i sin
2�it
T

�
�

�
nX
j=1

bj

�
�0 +

mX
i=1

�
�i cos

2�i(t� �j)
T

+ �i sin
2�i(t� �j)

T

� �
�

� �0 �
mX
i=1

�
�i cos

2�it
T

+ �i sin
2�it
T

�
= 0

¯à¨ ¢á¥å t 2 [t0; T ]. �â®â âà¨£®­®¬¥âà¨ç¥áª¨© ¯®«¨­®¬ à ¢¥­ ­ã«î â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
¥£® ª®íää¨æ¨¥­âë à ¢­ë ­ã«î, â. ¥. ª®£¤  ¢ë¯®«­ïîâáï à ¢¥­áâ¢  (22). � ª¨¬ ®¡à §®¬, á¨áâ¥¬ 
(21) ®¤­®§­ ç­® à §à¥è¨¬  ®â­®á¨â¥«ì­® ! 2 
 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á¨áâ¥¬  (22) ¨¬¥¥â
¢ ®¡« áâ¨ 
 ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ! = !.

�à¨¬¥à 4. �ãáâì ¤«ï ®¡ê¥ªâ  ¨¬¥¥¬

_x(t) = ax(t) + bx(t� �) + v(t); t 2 [2; 2�];

x(�) = '(�); � 2 [0; 2]; 0 < � � 2;
(23)
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v(t) = (1 + sin 1) cos t + (1 � cos 1) sin t + (1 � cos 2) cos 2t � (2 + sin2) sin 2t, x(t) = sin t + cos 2t,
t 2 [0; 2�],   ¨§¬¥à¥­¨ï ¢å®¤  ¨ ¢ëå®¤  ®¡ê¥ªâ  ¨¬¥îâ ¢¨¤

yk = v(tk); k = 0; 4; t0 = 2; t1 = 2;5; t2 = 3; t3 = 3;5; t4 = 4; (24)

zk = x(tk); k = 0; 4: (25)

�®£¤  ev(t) = v(t) ¨ ex(t) = x(t) ¯à¨ t 2 [0; 2�]. �¨áâ¥¬  (22) ¤«ï íâ®£® ¯à¨¬¥à  ¯à¨¬¥â ä®à¬ã8>>>><>>>>:
b sin� = sin1; '(t) = sin t+ cos 2t; t 2 [0; 2];

a+ b cos� = �1 + cos 1;

a+ b cos 2� = �1 + cos 2;

b sin 2� = sin 2:

�§ ¯®á«¥¤­¥£® ãà ¢­¥­¨ï íâ®© á¨áâ¥¬ë ¢ á¨«ã ¯¥à¢®£® ãà ¢­¥­¨ï ¨¬¥¥¬ 2 sin 1 cos � = sin 2,
®âªã¤  cos� = cos 1 ¨ � = 1, â. ª. 0 < � � 2. � «¥¥ ¨¬¥¥¬ b sin� = b sin 1 = sin 1, ®âªã¤  b = 1.
� á¨«ã ¢â®à®£® ãà ¢­¥­¨ï a = �1 + cos 1 � b cos� = �1. � ª¨¬ ®¡à §®¬, ! = fa; b; �; 'g =
f�1; 1; 1; sin t+ cos 2tg ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ ¨¤¥­â¨ä¨ª æ¨¨ ¤«ï (23){(25).

� ¬¥ç ­¨¥ 3. � ª ¯®ª §ë¢ ¥â ®¡§®à [6], ¯®«ãç¥­­ë¥ ¢ëè¥ à¥§ã«ìâ âë ï¢«ïîâáï ­®¢ë¬¨
¯® ªà ©­¥© ¬¥à¥ ¯® áà ¢­¥­¨î á à¥§ã«ìâ â ¬¨ à ¡®â, ®¯¨á ­­ëå ¢ íâ®¬ ®¡§®à¥.
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