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�«ï ¬®£®£à ¨ª  M(3; n) =
n
x = kxijtkn : xijt � 0 8(i; j; t) 2 N 3

n,
nP

i=1

nP
j=1

xijt = 1 8t 2 Nn,

nP
i=1

nP
t=1

xijt = 1 8j 2 Nn,
nP

j=1

nP
t=1

xijt = 1 8i 2 Nn

o
, £¤¥ Nn = f1; 2; : : : ; ng, n � 2, N 3

n = Nn�Nn�Nn,

âà¥å¨¤¥ªá®©  ªá¨ «ì®© § ¤ ç¨ ®  § ç¥¨ïå, ¨¬¥îé¥© ¬®£®ç¨á«¥ë¥ ¯à¨«®¦¥¨ï [1]{[3],
®¤  ¨§ ®á®¢ëå ¯à®¡«¥¬ á¢ï§   á ®¯¨á ¨¥¬ ¥£® â¨¯®¢ ¬ ªá¨¬ «ì® ¥æ¥«®ç¨á«¥ëå ¢¥à-
è¨ (¬. . ¢.), â. ¥. ¢¥àè¨, ç¨á«® ¤à®¡ëå ª®¬¯®¥â ã ª®â®àëå à ¢® 3n � 2. �¤¥â¨ä¨ª æ¨ï
â¨¯®¢ ¢¥àè¨ ¬®£®£à ¨ª  ¯à®¢®¤¨âáï ¯® ª®«¨ç¥áâ¢ã ¤à®¡ëå ª®¬¯®¥â, á®¤¥à¦ é¨åáï ¢
¤¢ã¬¥àëå á¥ç¥¨ïå âà¥å¨¤¥ªáëå ¬ âà¨æ, ¯à¥¤áâ ¢«ïîé¨å á®¡®© ¥£® ¢¥àè¨ë. �¢¥ ¢¥àè¨ë
x ¨ x0 ¬®£®£à ¨ª M(3; n)  §®¢¥¬ ¥íª¢¨¢ «¥âë¬¨, ¥á«¨ ¬ âà¨æ  x0 ¥ ¬®¦¥â ¡ëâì ¯®«ã-
ç¥  ¨§ ¬ âà¨æë x ¯ãâ¥¬ ¯¥à¥áâ ®¢ª¨ ¥¥ ¤¢ã¬¥àëå á¥ç¥¨©. �áâ¥áâ¢¥® áç¨â âì, çâ® â®«ìª®
¥íª¢¨¢ «¥âë¥ ¢¥àè¨ë íâ®£® ¬®£®£à ¨ª  ¨¬¥îâ à §«¨çë¥ áâàãªâãàë.

�  áâ®ïé¥¬ã ¢à¥¬¥¨ ¤®ª § ® áãé¥áâ¢®¢ ¨¥ ¬®£¨å, ® ¤ «¥ª® ¥ ¢á¥å ¢®§¬®¦ëå, â¨-
¯®¢ ¥íª¢¨¢ «¥âëå ¬. . ¢. ¬®£®£à ¨ª  M(3; n), n � 3, ¨ ¤«ï ¨å ãáâ ®¢«¥®  «¨ç¨¥
à §«¨çëå áâàãªâãà [4]{[7].

�®¤ ¤¢ã¬¥àë¬ á¥ç¥¨¥¬ ®à¨¥â æ¨¨ (i; j) âà¥å¨¤¥ªá®© ¬ âà¨æë x = kxijtkn á ä¨ªá¨à®-
¢ ë¬ § ç¥¨¥¬ ¨¤¥ªá  t ¡ã¤¥¬ ¯®¨¬ âì ¤¢ãå¨¤¥ªáãî ¬ âà¨æã xt = kxt

ijkn, í«¥¬¥âë
ª®â®à®© ®¯à¥¤¥«ïîâáï á«¥¤ãîé¨¬ ®¡à §®¬: xt

ij = xijt 8(i; j) 2 Nn � Nn. � ª¨¬ ®¡à §®¬, ã
¬ âà¨æë x ¨¬¥îâáï ¤¢ã¬¥àë¥ á¥ç¥¨ï ®à¨¥â æ¨¨ (i; j), (i; t) ¨ (j; t).

�¨á«® ¤à®¡ëå ª®¬¯®¥â ¬ âà¨æë x 2 M(3; n), á®¤¥à¦ é¨åáï ¢ ¤¢ã¬¥à®¬ á¥ç¥¨¨ ®à¨-
¥â æ¨¨ (i; j) á ä¨ªá¨à®¢ ë¬ ¨¤¥ªá®¬ t, ®¡®§ ç¨¬ ç¥à¥§ z(xt

ij),   ¢¥ªâ®à, á®áâ ¢«¥ë© ¨§
ª®¬¯®¥â z(x1ij); z(x

2
ij); : : : ; z(x

n
ij), | ç¥à¥§ z(x; (i; j)).

�®£« á® «¥¬¬¥ 4 [8], ¤«ï â®£® çâ®¡ë ¬ âà¨æ  x 2 M(3; n) ¡ë«  ¥£® ¬. . ¢., ¥®¡å®¤¨¬®,
çâ®¡ë ¢ë¯®«ï«¨áì ãá«®¢¨ï

nX
t=1

z(xt
ij) = 3n� 2; z(xt

ij) � 2 8t 2 Nn; (1)

¯à¨ç¥¬ áà¥¤¨ ¥à ¢¥áâ¢ ¨¬¥¥âáï å®âï ¡ë ¤¢  à ¢¥áâ¢ .
�ãáâì ytij = z(xt

ij)� 1 8t 2 Nn. �®£¤  á¨áâ¥¬  (1) ¯à¨¬¥â ¢¨¤

nX
t=1

ytij = 2n� 2; (2)

¨ ª®«¨ç¥áâ¢® à¥è¥¨© ãà ¢¥¨ï (2) ¢  âãà «ìëå ç¨á« å à ¢® ([9], á. 11)
�
2n�3
n�1

�
¨ á®¢¯ ¤ ¥â

á ª®«¨ç¥áâ¢®¬ æ¥«®ç¨á«¥ëå à¥è¥¨© á¨áâ¥¬ë (1).

�¥®à¥¬ . �«ï ª ¦¤®£® æ¥«®ç¨á«¥®£® à¥è¥¨ï á¨áâ¥¬ë (1) ã ¬®£®£à ¨ª  M(3; n) áã-
é¥áâ¢ã¥â ¬ âà¨æ  x, ï¢«ïîé ïáï ¥£® ¬. . ¢.
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�à¥¦¤¥ ç¥¬ ¯à¨áâã¯¨âì ª ¤®ª § â¥«ìáâ¢ã íâ®© â¥®à¥¬ë, áä®à¬ã«¨àã¥¬ ¥ª®â®àë¥ ¢á¯®¬®-
£ â¥«ìë¥ ãâ¢¥à¦¤¥¨ï, ª á îé¨¥áï ¥æ¥«®ç¨á«¥ëå ¢¥àè¨ ¬®£®£à ¨ª  M(3; n).

�¥àè¨  ¬®£®£à ¨ª  M(3; n)  §ë¢ ¥âáï r-¥æ¥«®ç¨á«¥®©, ¥á«¨ ®  á®¤¥à¦¨â à®¢-
® r ¥æ¥«®ç¨á«¥ëå (¤à®¡ëå) ª®¬¯®¥â. � [10] ¤®ª § ®, çâ® ¤«ï «î¡®£® ç¨á«  r 2
f4; 6; 7; : : : ; 3n � 2g ¨ â®«ìª® ¤«ï â ª¨å ç¨á¥« ã ¬®£®£à ¨ª  M(3; n) áãé¥áâ¢ãîâ r-¥æ¥«®-
ç¨á«¥ë¥ ¢¥àè¨ë.

� ä¨ªá¨àã¥¬ ç¨á«® m 2 Nn�1. �ãáâì I1, J1, T1 | ¥ª®â®àë¥ ¯®¤¬®¦¥áâ¢  (¢®§¬®¦®,
á®¢¯ ¤ îé¨¥) ¬®é®áâ¨ m ¬®¦¥áâ¢  Nn. �®«®¦¨¬ I2 = Nn n I1, J2 = Nn n J1, T2 = Nn nT1. � ª
ª ª m � n � 1, â® I2 6= ;, J2 6= ;, T2 6= ;. �«ï ¤¢ãå âà®¥ª ¯®¤¬®¦¥áâ¢ (I1; J1; T1) ¨ (I2; J2; T2)

®¯à¥¤¥«¨¬ ¬®£®£à ¨ª¨ M(Is; Js; Ts) =
n
x = kxijtkjIsj�jJsj�jTsj :

P
i2Is

P
j2Js

xijt = 1 8t 2 Ts,

P
i2Is

P
t2Ts

xijt = 1 8j 2 Js,
P
j2Js

P
t2Ts

xijt = 1 8i 2 Is, xijt � 0 8(i; j; t) 2 Is � Js � Ts

o
, s = 1; 2.

� ¬¥ç ¨¥. �®£®£à ¨ª¨ M(I1; J1; T1) ¨ M(I2; J2; T2) ®â«¨ç îâáï ®â ¬®£®£à ¨ª®¢
M(3;m) ¨ M(3; n�m) á®®â¢¥âáâ¢¥® «¨èì ã¬¥à æ¨¥© í«¥¬¥â®¢ ¨å ¬ âà¨æ.

�à¨ m = 1 ¬®£®£à ¨ªM(I1; J1; T1),   ¯à¨ m = n� 1 ¬®£®£à ¨ªM(I2; J2; T2) ¢ëà®¦¤ -
¥âáï ¢ â®çªã.

�«ï ¢¥àè¨ë ys = kysijtkjIsj�jJsj�jTsj ¬®£®£à ¨ª  M(Is; Js; Ts), s = 1; 2, ¢¢¥¤¥¬ ¬®¦¥áâ¢®

K(Is; Js; Ts; y
s) = f(i; j; t) 2 Is � Js � Ts : y

s
ijt > 0g:

�¥¬¬  1 ([7]). �ãáâì ys = kysijtkjIsj�jJsj�jTsj | ¥ª®â®à ï ¬. . ¢. ¬®£®£à ¨ª M(Is; Js; Ts),
s = 1; 2. �á«¨ ¤«ï ¥ª®â®à®© ¯ àë âà®¥ª ¨¤¥ªá®¢ (i1; j1; t1) 2 K(I1; J1; T1; y1) ¨ (i2; j2; t2) 2
K(I2; J2; T2; y2) ¢ë¯®«ï¥âáï ãá«®¢¨¥ y1i1;j1;t1 6= y2i2;j2;t2, â® ¬ âà¨æ  x = kxijtkn, ¢ ª®â®à®©

xijt = ysijt 8(i; j; t) 2 K(Is; Js; Ts; y
s) n f(is; js; ts)g; s = 1; 2;

xijt = ysijt � � 8(i; j; t) 2 f(i1; j1; t1); (i2; j2; t2)g;

xijt = � 8(i; j; t) 2 f(i1; j2; t1); (i2; j1; t2)g;

xijt = 0 ¤«ï ®áâ «ìëå (i; j; t) 2 N 3

n;

ï¢«ï¥âáï (3n�3)-¥æ¥«®ç¨á«¥®© ¢¥àè¨®© ¬®£®£à ¨ª  M(3; n), £¤¥ � = minfy1i1;j1;t1 ; y
2
i2;j2;t2

g.

� ¯®¬®éìî «¥¬¬ë 1 ¨ ãâ¢¥à¦¤¥¨ï 1 [7] «¥£ª® ¤®ª § âì á«¥¤ãîé¨¥ ¤¢¥ «¥¬¬ë, ¤ îé¨¥
¯à®áâë¥ ¯à®æ¥¤ãàë ¯®áâà®¥¨ï ¬. . ¢. ¬®£®£à ¨ª M(3; n), ¨áå®¤ï ¨§ ¬. . ¢. ¬®£®£à ¨ª®¢
M(I1; J1; T1)¨ M(I2; J2; T2).

�¥¬¬  2. �ãáâì n � 4, I1 = J1 = T1 = Nn�1 ¨ y1 = ky1ijtkjI1j�jJ1j�jT1j - ¥ª®â®à ï

¬..¢. ¬®£®£à ¨ª  M(I1; J1; T1). �®£¤  ¤«ï «î¡®© ¯ àë âà®¥ª ¨¤¥ªá®¢ (i1; j1; t1); (i01; j
0
1; t

0
1) 2

K(I1; J1; T1; y1), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î y1i1;j1;t1 + y1i0
1
;j0

1
;t0
1

6= 1, ¬ âà¨æ  x = kxijtkn, ¢ ª®â®à®©

xijt = y1ijt 8(i; j; t) 2 K(I1; J1; T1; y1) n f(i1; j1; t1); (i01; j
0
1
; t0
1
)g;

xijt = y1i1;j1;t1 8(i; j; t) 2 f(i1; n; t1); (n; j1; n)g;

xijt = � 8(i; j; t) 2 f(n; j01; t
0
1); (i

0
1; n; n)g;

xi0
1
;j0

1
;t0
1
= y1i0

1
;j0

1
;t0
1

� �; xnnn = 1� y1i1;j1;t1 � �;

xijt = 0 ¤«ï ®áâ «ìëå (i; j; t) 2 N 3

n;

ï¢«ï¥âáï ¬. . ¢. ¬®£®£à ¨ª  M(3; n), £¤¥ � = minfy1i0
1
;j0

1
;t0
1

; 1� y1i1;j1;t1g.

�¥¬¬  3. �ãáâì n � 6, jIsj = jJsj = jTsj � 2 ¨ ys = kysijtkjIsj�jJsj�jTsj | ¥ª®â®à ï ¬. . ¢.

¬®£®£à ¨ª  M(Is; Js; Ts), s = 1; 2. �®£¤  ¤«ï «î¡ëå âà®¥ª ¨¤¥ªá®¢ (i1; j1; t1); (i01; j
0
1
; t0
1
) 2
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K(I1; J1; T1; y1), (i1; j1; t1) 6= (i01; j
0
1; t

0
1), (i2; j2; t2) 2 K(I2; J2; T2; y2), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î

y1i1;j1;t1 + y1i0
1
;j0

1
;t0
1

< y2i2;j2;t2, ¬ âà¨æ  x = kxijtkn á ¥ã«¥¢ë¬¨ í«¥¬¥â ¬¨

xijt = y1ijt 8(i; j; t) 2 K(I1; J1; T1; y
1) n f(i1; j1; t1); (i

0
1; j

0
1; t

0
1)g;

xijt = y2ijt 8(i; j; t) 2 K(I2; J2; T2; y
2) n f(i2; j2; t2)g;

xijt = y1i1;j1;t1 8(i; j; t) 2 f(i1; j2; t1); (i2; j1; t2)g;

xijt = y1i0
1
;j0

1
;t0
1

8(i; j; t) 2 f(i2; j
0
1; t

0
1); (i

0
1; j2; t2)g;

xi2;j2;t2 = y2i2;j2;t2 � y1i1;j1;t1 � y1i0
1
;j0

1
;t0
1

;

ï¢«ï¥âáï ¬. . ¢. ¬®£®£à ¨ª  M(3; n).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë. �à¨ n = 2 ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë á¯à ¢¥¤«¨¢®, â. ª. ¨§¢¥áâ®
[8], çâ® ¬®£®£à ¨ª M(3; 2) ¨¬¥¥â 4-¥æ¥«®ç¨á«¥ë¥ ¢¥àè¨ë.

� ¤ «ì¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® n � 3. �  ®á®¢ ¨¨ â¥®à¥¬ë 2 [6] ¤®áâ â®ç® ®£à -
¨ç¨âìáï ¨§ãç¥¨¥¬ æ¥«®ç¨á«¥ëå à¥è¥¨© z(x1ij); z(x

2
ij); : : : ; z(x

n
ij) á¨áâ¥¬ë (1), ã¤®¢«¥â¢®àï-

îé¨å ãá«®¢¨ï¬

z(xt
ij) � n� 2 8t 2 Nn: (3)

�ã¤¥¬ ¤®ª §ë¢ âì â¥®à¥¬ã ¨¤ãªæ¨¥© ¯® ç¨á«ã n. �à¨ n = 3; 4; 5 á¯à ¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥-
¨ï â¥®à¥¬ë ¢ëâ¥ª ¥â ¥¯®áà¥¤áâ¢¥® ¨§ â¥®à¥¬ë 2 [6]. �à¥¤¯®«®¦¨¬, çâ® ®® ¢¥à® ¤«ï n�1,
£¤¥ n � 6, ¨ ¤®ª ¦¥¬ ¥£® ¤«ï n. � áá¬®âà¨¬ ¤¢  ¢®§¬®¦ëå á«ãç ï.

�«ãç © 1. �ãáâì áà¥¤¨ ç¨á¥« z(x1ij); z(x
2
ij); : : : ; z(x

n
ij) ¨¬¥¥âáï å®âï ¡ë ®¤® ç¨á«®, à ¢®¥ âà¥¬.

�«ï ®¯à¥¤¥«¥®áâ¨ ¯à¨¬¥¬ z(xn
ij) = 3. �®«®¦¨¬ I1 = J1 = T1 = Nn�1, I2 = J2 = T2 = fng. �®£¤ 

¯® ¯à¥¤¯®«®¦¥¨î ¨¤ãªæ¨¨ ã ¬®£®£à ¨ª M(I1; J1; T1) áãé¥áâ¢ã¥â ¬ âà¨æ  y1, ï¢«ïîé ïáï
¬. . ¢., ¤«ï ª®â®à®© ç¨á«® ª®¬¯®¥â ¢ ¤¢ã¬¥àëå á¥ç¥¨ïå ®à¨¥â æ¨¨ (i; j) § ¤ ¥âáï ¢¥ªâ®à®¬
(z(x1ij); z(x

2
ij); : : : ; z(x

n�1
ij )).

�®áª®«ìªã
n�1P
t=1

z(xt
ij) = 3n� 5, â® áãé¥áâ¢ã¥â í«¥¬¥â t1 2 Nn�1 á ãá«®¢¨¥¬ z(xt1

ij ) � 3. �«¥¤®-

¢ â¥«ì®,  ©¤¥âáï ¯ à  âà®¥ª ¨¤¥ªá®¢ (i1; j1; t1); (i01; j
0
1
; t1) 2 K(I1; J1; T1; y1), ã¤®¢«¥â¢®àïîé ï

¥à ¢¥áâ¢ã y1i1;j1;t1 + y1i0
1
;j0

1
;t1

< 1. �®íâ®¬ã, ¯à¨¬¥ïï «¥¬¬ã 2, ¯®«ãç¨¬ ¬. . ¢. x0 ¬®£®£à -
¨ª  M(3; n), ¤«ï ª®â®à®© ç¨á«® ª®¬¯®¥â ¢ ¤¢ã¬¥àëå á¥ç¥¨ïå ®à¨¥â æ¨¨ (i; j) § ¤ ¥âáï
¢¥ªâ®à®¬ (z(x1ij); z(x

2
ij); : : : ; z(x

n�1
ij ); 3).

�«ãç © 2. �ãáâì áà¥¤¨ ç¨á¥« z(x1ij); z(x
2
ij); : : : ; z(x

n
ij) ¥â ¨ ®¤®£® ç¨á« , à ¢®£® âà¥¬. �«ï

®¯à¥¤¥«¥®áâ¨ ¡ã¤¥¬ áç¨â âì, çâ® z(x1ij) � z(x2ij) � � � � � z(xt0
ij ) > 3 > z(xt0+1

ij ) = z(xt0+2
ij ) =

� � � = z(xn
ij) = 2. �§ (3) ¢ëâ¥ª ¥â t0 > 1. �ãáâì z(x1ij) = p. �®£¤  ¢¢¨¤ã (3) ¨¬¥¥¬ 4 � p � n� 2.

�®«®¦¨¬ I2 = J2 = T2 = f1; n� p+ 2; n� p+ 3; : : : ; ng, I1 = Nn n I2, J1 = Nn n J2, T1 = Nn n T2.
�ç¥¢¨¤®, jI2j = p, jI1j = n� p.
�®£« á® â¥®à¥¬¥ 1 [7], ã ¬®£®£à ¨ª  M(I2; J2; T2)  ©¤¥âáï ¬. . ¢. y = kyijtkjI2j�jJ2j�jT2j,

á®¤¥à¦ é ï ¯® ªà ©¥© ¬¥à¥ 2p � 3 ª®¬¯®¥â, ª ¦¤ ï ¨§ ª®â®àëå à ¢  1

2p�2
. �¥£ª® ¢¨¤¥âì,

çâ® z(y1ij) = z(x1ij), z(y
n�l+2
ij ) = 2, l = 2; : : : ; p.

� á¨«ã ¯à¥¤¯®«®¦¥¨ï ¨¤ãªæ¨¨ ã ¬®£®£à ¨ª  M(I1; J1; T1) áãé¥áâ¢ã¥â ¬ âà¨æ  y =
kyijtkjI1j�jJ1j�jT1j, ï¢«ïîé ïáï ¥£® ¬. . ¢., ¤«ï ª®â®à®© ç¨á«® ª®¬¯®¥â ¢ ¤¢ã¬¥àëå á¥ç¥¨ïå
®à¨¥â æ¨¨ (i; j) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ z(ylij) = z(xl

ij) 8l 2 T1 n ft0g, z(y
t0
ij ) = z(xt0

ij )� 2.
�®«®¦¨¬ yi0;j0;t0 = maxfyi;j;t0 : (i; j) 2 I1 � J1g.
�ç¥¢¨¤®,

yi0;j0;t0 �
1

z(xt0
ij )� 2

: (4)
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� ª ª ª z(x1ij) � z(xt0
ij ),   z(x1ij) = p, â® z(xt0

ij ) � p. � ç¨â, z(xt0
ij ) < p+ 1, â. ¥.

1
p� 1

<
1

z(xt0
ij )� 2

: (5)

�§ (4) ¨ (5) ¢ëâ¥ª ¥â ¥à ¢¥áâ¢®

1
p� 1

< yi0;j0;t0 : (6)

�ãáâì (i1; j1; 1); (i2; j2; 1) 2 K(I2; J2; T2; y) â ª¨¥, çâ® (i1; j1) 6= (i2; j2), yi1;j1;1 = yi2;j2;1 =
1

2p�2
.

�®£¤  ¢ á¨«ã (6) ¨¬¥¥¬ yi1;j1;1+ yi2;j2;1 < yi0;j0;t0 . �®íâ®¬ã, ¯à¨¬¥ïï «¥¬¬ã 3, ¯®«ãç¨¬ ¬. . ¢. x00

¬®£®£à ¨ª  M(3; n), ¤«ï ª®â®à®© ç¨á«® ª®¬¯®¥â ¢ ¤¢ã¬¥àëå á¥ç¥¨ïå ®à¨¥â æ¨¨ (i; j)
§ ¤ ¥âáï ¢¥ªâ®à®¬ (z(x1ij); z(x

2
ij); : : : ; z(x

n
ij)).

�¨â¥à âãà 
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