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�¢¥¤¥¨¥

�®¤ ¯ à ¬¥âà¨ç¥áª¨¬ á¨â¥§®¬ ¯®¨¬ ¥âáï ¯®¨áª ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï, § ¢¨áïé¥£® ®â
¥ª®â®àëå ¯ à ¬¥âà®¢ ¨«¨ ¢®§¬ãé¥¨© ¢ § ¤ ç¥. � [1], [2] â ª®© á¨â¥§ ¯®áâà®¥ ¢ «¨¥©®-
ª¢ ¤à â¨ç®© § ¤ ç¥ ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï, £¤¥ à®«ì ¯ à ¬¥âà®¢ ¨£à «¨  ç «ì®¥ á®áâ®ï-
¨¥ x(t0), ª®¥ç®¥ á®áâ®ï¨¥ x(t1) ¨ ¯ à ¬¥âàë p, «¨¥©® ¢å®¤ïé¨¥ ¢ ¯à ¢ë¥ ç áâ¨ «¨¥©®©
¯® á®áâ®ï¨î ¨ ã¯à ¢«¥¨î á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. � ¤ ®© áâ âì¥ ¯à¥¤« -
£ ¥âáï á¯®á®¡ ã«ãçè¥¨ï ã¯à ¢«¥¨ï, § ¢¨áïé¥£® ®â ¯à®¨§¢®«ì®£®  ç «ì®£® á®áâ®ï¨ï ¢
«¨¥©®© á¨áâ¥¬¥ á ã¯à ¢«ï¥¬ë¬¨ ª®íää¨æ¨¥â ¬¨ ¨ á ª¢ ¤à â¨çë¬ äãªæ¨® «®¬.

1. �®áâ ®¢ª  § ¤ ç¨

� «¨¥©®© á¨áâ¥¬¥ á ã¯à ¢«ï¥¬ë¬¨ ª®íää¨æ¨¥â ¬¨

_x = A(u; t)x + b(u; t); t 2 T = [t0; t1]; (1)

¯à¨ ¯à®¨§¢®«ì®¬  ç «ì®¬ ãá«®¢¨¨

x(t0) = � (2)

®¯à¥¤¥«¥ äãªæ¨® «

J(u; �) = '(x(t1)) +
Z
T

[F (x; u; t) + 1

2
hD(t)u(t); u(t)i]dt: (3)

�¤¥áì x = x(t; u; �) 2 En, t 2 T , | à¥è¥¨¥ § ¤ ç¨ �®è¨ (1), (2) ¯à¨ § ¤ ®¬ u = u(t; �) 2 Er,
t 2 T , ¬ âà¨çë¥ äãªæ¨¨A(u; t), b(u; t) à §¬¥à®áâ¨ (n�n) ¨ (n�1) á®®â¢¥âáâ¢¥® «¨¥©ë ¯®
ã¯à ¢«¥¨ï¬, áª «ïà ï äãªæ¨ï '(x) ¢®£ãâ  ¯® x, áª «ïà ï äãªæ¨ï F (x; u; t) ¡¨«¨¥© 
¯® (x; u), ¬ âà¨ç ï äãªæ¨ïD(t) à §¬¥à®áâ¨ (r�r) á¨¬¬¥âà¨ç  ¨ ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ 
¢ ª ¦¤®¬ t 2 T , h�; �i | áª «ïà ï áª®¡ª  ¢ Er.

�à¥¡ã¥âáï ã«ãçè¨âì § ¤ ®¥ ¥®¯â¨¬ «ì®¥ ã¯à ¢«¥¨¥ u0 = u0(t; �), â. ¥. ¯®áâà®¨âì ã¯à -
¢«¥¨¥ u1 = u1(t; �), ¤«ï ª®â®à®£®

J(u1; �) < J(u0; �) 8�:

� ¬¥ç ¨¥ 1. �¤¥áì ¬ë ¯à¥¤¯®« £ ¥¬, çâ® ¤«ï § ¤ ®£® ¢ ¢¨¤¥ ¥ª®â®à®£®   «¨â¨ç¥áª®£®
¢ëà ¦¥¨ï ã¯à ¢«¥¨ï u = u(t; �), t 2 T , ¢®§¬®¦®  ©â¨ à¥è¥¨¥ x = x(t; u; �), t 2 T , § ¤ ç¨
�®è¨ (1), (2) â ª¦¥ ¢   «¨â¨ç¥áª®© ä®à¬¥. �®£¤  íâ® ¬®¦® á¤¥« âì ¯ãâ¥¬ ¯à¥¤áâ ¢«¥¨ï
à¥è¥¨ï (1), (2) ¯® ä®à¬ã«¥ �®è¨ á ¢ëç¨á«¥¨¥¬ ¢   «¨â¨ç¥áª®© ä®à¬¥ ª®íää¨æ¨¥â®¢ äã-
¤ ¬¥â «ì®© ¬ âà¨æë. �®§¬®¦® â ª¦¥ ¯à¨¬¥¥¨¥   «¨â¨ç¥áª¨å ¯à¨¡«¨¦¥ëå ¬¥â®¤®¢

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

¯à®¥ªâë 02-01-00243 ¨ 02-01-81001, ¨ ¯à®£à ¬¬ë \�¨¢¥àá¨â¥âë �®áá¨¨", ¯à®¥ªâ ��.03.01.008.
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( ¯à., [3]) ¢ ®â«¨ç¨¥ ®â âà ¤¨æ¨®ëå ç¨á«¥ëå ¬¥â®¤®¢ ¯à¨ ¯®¨áª¥ ®¯â¨¬ «ìëå ¯à®£à ¬¬-
ëå ã¯à ¢«¥¨©.

2. �®à¬ã«  ¯à¨à é¥¨ï æ¥«¥¢®£® äãªæ¨® « 

�ãáâì ¤«ï ¯à®¨§¢®«ì®£® � 2 En § ¤ ® ã¯à ¢«¥¨¥ u0 = u0(t; �) ¨  ©¤¥® à¥è¥¨¥ x0 =
x(t; u0; �) § ¤ ç¨ �®è¨ (1), (2). �ãáâì â ª¦¥ ¤«ï íâ®£® ¦¥ � § ¤ ® ¤àã£®¥ ã¯à ¢«¥¨¥ u = u(t; �)
¨  ©¤¥® à¥è¥¨¥ x = x(t; u; �) â®© ¦¥ § ¤ ç¨. �¡®§ ç¨¬ �x = x � x0, �u = u � u0. �®£¤ 
  à¥è¥¨ïå ãà ¢¥¨© ¢ ¯à¨à é¥¨ïå � _x = �ux[A(u0; t)x + b(u0; t)], �x(t0) = 0, ¯à¨à é¥¨¥
äãªæ¨® «  (3) ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

J(u; �) � J(u0; �) = �x'(x
0(t1)) +

Z
T

[�uxF (x
0; u0; t) + 1

2
�uhD(t)u

0(t); u0(t)i]dt+

+
Z
T

h (t);� _x ��ux[A(u
0; t)x+ b(u0; t)]idt: (4)

�¤¥áì  =  (t) 2 En, t 2 T , | ¯®ª  ¥®¯à¥¤¥«¥ ï ¥âà¨¢¨ «ì ï á®¯àï¦¥ ï ¢¥ªâ®à-
äãªæ¨ï, �ux, �u, �x | ¯à¨à é¥¨ï äãªæ¨© ¯® ãª § ë¬  à£ã¬¥â ¬.

�¥¯¥àì ¢¢¥¤¥¬ äãªæ¨î �®âàï£¨ 

H( ; x; u; t) = h (t); A(u; t)x + b(u; t)i � F (x; u; t) �
1
2
hD(t)u(t); u(t)i;

¯à®¨§¢¥¤¥¬ ¨â¥£à¨à®¢ ¨¥ ¯® ç áâï¬ á« £ ¥¬®£®
R
T

h (t);� _x(t)idt; à §«®¦¨¬ ¯à¨à é¥¨¥ �x'

¢ àï¤ �¥©«®à  ¤® ¯¥à¢®£® á« £ ¥¬®£®, ¯à¨à é¥¨¥ �uxH( ; x0; u0; t) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

�uxH( ; x0; u0; t) = �uH( ; x; u0; t) + �xH( ; x0; u0; t);

¨ ¯®á«¥¤¥¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ íâ®© ä®à¬ã«ë à §«®¦¨¬ ¢ àï¤ �¥©«®à  ¤® ¯¥à¢®£® ç«¥ .
� ª®¥æ, ¢¢¥¤¥¬ á®¯àï¦¥ãî § ¤ çã �®è¨

_ = �A(u; t)0 +
@F (x; u; t)

@x
;  (t1) = �

@'(x(t1))
@x

; (5)

£¤¥ 0 | á¨¬¢®« âà á¯®¨à®¢ ¨ï ¬ âà¨æë, ¨ § ¬¥â¨¬, çâ®   § ¤ ®© ¯ à¥ (u0(t; �); x(t; u0; �))
áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ § ¤ ç¨ �®è¨ (5)  0 =  (t; u0; �), ª®â®à®¥ ¬®¦®  ©â¨ ¢
  «¨â¨ç¥áª®© ä®à¬¥ â ª ¦¥, ª ª  å®¤¨«®áì x0 = x(t; u0; �).

� à¥§ã«ìâ â¥ ä®à¬ã«  ¯à¨à é¥¨ï (4) ¯à¨¬¥â á«¥¤ãîé¨© ¢¨¤:

J(u; �) � J(u0; �) = �

Z
T

�uH( 0; x; u0; t)dt+ o'(k�x(t1)k): (6)

�â¬¥â¨¬, çâ® ¢ (6) ¯¥à¢®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ ¯®¤áç¨â ®   x = x(t; u; �). �¬¥® íâ¨¬
®  ®â«¨ç ¥âáï ®â âà ¤¨æ¨®®£® ¢¨¤ . � ª®£® â¨¯  ¥âà ¤¨æ¨®ë¥ ä®à¬ã«ë ¯à¨à é¥¨ï ¨á-
¯®«ì§ãîâáï ¢ [4] ¤«ï ¯®áâà®¥¨ï ç¨á«¥ëå ¬¥â®¤®¢ ¯®¨áª  ®¯â¨¬ «ìëå ¯à®£à ¬¬ëå ã¯à -
¢«¥¨©. � «¥¥, ¢ á¨«ã ¢®£ãâ®áâ¨ áª «ïà®© äãªæ¨¨ '(x) ®áâ â®ª ®â à §«®¦¥¨ï ¥¥ ¯à¨à é¥-
¨ï �x'(x) ¥¯®«®¦¨â¥«¥:

o'(k�x(t1)k) � 0: (7)

� ª®¥æ, oH(k�x(t)k) = 0 ¢ á¨«ã ¡¨«¨¥©®áâ¨ ¯à ¢ëå ç áâ¥© á¨áâ¥¬ë (1) ¨ äãªæ¨¨ F ¯®
(x; u).
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3. �à®æ¥¤ãà  ã«ãçè¥¨ï

� ¬¥â¨¬, çâ® ¢ á¨«ã ¯à¥¤¯®«®¦¥¨© ® ¯ à ¬¥âà å § ¤ ç¨ (1)-(3) áª «ïà ï äãªæ¨ï
H( ; x; u; t) ¨¬¥¥â áâàãªâãàã

H( ; x; u; t) = hW ( ; x; t); u(t)i �
1
2
hD(t)u(t); u(t)i +H1( ; x; t); (8)

¯à¨ç¥¬ ¢¥ªâ®à-äãªæ¨ï W ( ; x; t) «¨¥©  ¯® x

W ( ; x; t) = B( ; t)x +W ( ; t):

�¤¥áì B( ; t) | ¬ âà¨ç ï äãªæ¨ï à §¬¥à®áâ¨ (r � n), W ( ; x; t) 2 Er, W ( ; t) 2 Er, t 2 T .
�¥à¥å®¤¨¬ ª ®¯¨á ¨î ¯à®æ¥¤ãàë ã«ãçè¥¨ï ã¯à ¢«¥¨ï u0 = u0(t; �). �à¥¦¤¥ ¢á¥£® ¤«ï

¯à®¨§¢®«ì®£® x  ©¤¥¬

u0(t; �; x) = argmax
u
[hW ( 0; x; t); u(t)i � 1

2
hD(t)u(t); u(t)i]; t 2 T: (9)

� á¨«ã ®¯à¥¤¥«¥®© ¯®«®¦¨â¥«ì®áâ¨ ¬ âà¨ç®© äãªæ¨¨ D(t), t 2 T ,

u0(t; �; x) = D�1(t)[B( 0; t)x(t) +W ( 0; t)]: (10)

�¥¯¥àì ã¯à ¢«¥¨¥ (10) ¯®¤áâ ¢¨¬ ¢ á¨áâ¥¬ã (1). � à¥§ã«ìâ â¥ (á ãç¥â®¬ «¨¥©®áâ¨ ¯® (u; x)
¯à ¢ëå ç áâ¥© (1)) ¯®«ãç¨¬ § ¤ çã �®è¨ ¤«ï ¢¥ªâ®à®£® ãà ¢¥¨ï �¨ªª â¨

_x = A(u0(t; �; x); t)x + b(u0(t; �; x); t);

x(t0) = �:
(11)

�ãáâì x0 = x0(t; �) | à¥è¥¨¥ § ¤ ç¨ �®è¨ (11). �®¤áâ ¢¨¬ íâ® à¥è¥¨¥ ¢ ä®à¬ã«ã (10) ¨
¯®«ãç¨¬

u1(t; �) = u0(t; �; x0): (12)

� ¬¥ç ¨¥ 2. �«ï à¥è¥¨ï § ¤ ç¨ �®è¨ (11) ¬®¦® ¯à¨¬¥ïâì   «¨â¨ç¥áª¨¥ ¯à¨¡«¨-
¦¥ë¥ ¬¥â®¤ë [3]. P §à ¡®â ë á¯¥æ¨ «ìë¥   «¨â¨ç¥áª¨¥ ¬¥â®¤ë à¥è¥¨ï § ¤ ç �®è¨ ¤«ï
ãà ¢¥¨ï �¨ªª â¨ [5], ª®â®àë¥ â ª¦¥ ¬®¦® ¨á¯®«ì§®¢ âì.

�ª®ç â¥«ì®, ¨áå®¤ï ¨§ ¢¨¤  (8) äãªæ¨¨ H, ®¯¥à æ¨¨ (9), (10) ¨ ä®à¬ã«ë (12), ¨¬¥¥¬

�u0H( 0; x0; u0; t) � 0; t 2 T: (13)

�âáî¤  ¢ á¨«ã ¥à ¢¥áâ¢ (7) ¨ (13) ¨ ¨§ ä®à¬ã«ë ¯à¨à é¥¨ï (6) ¯à¨ u = u0 = u1

J(u1; �) � J(u0; �):

�à¨ ¥®¡å®¤¨¬®áâ¨ ¯à®æ¥¤ãà  ã«ãçè¥¨ï  ©¤¥®£® ã¯à ¢«¥¨ï ¬®¦¥â ¯®¢â®àïâìáï, ¥á«¨ ®®
¥ ®¯â¨¬ «ì®. �ª®ç â¥«ìë¬ à¥§ã«ìâ â®¬ ï¢«ï¥âáï

�â¢¥à¦¤¥¨¥. �  ¯®á«¥¤®¢ â¥«ì®áâ¨ ã¯à ¢«¥¨© fuk = uk(t; �); t 2 Tg, k = 0; 1; : : : ,
£¥¥à¨àã¥¬®© ¯à¥¤«®¦¥®© ¯à®æ¥¤ãà®©, áâà®£®¥ ã«ãçè¥¨¥

J(uk+1; �) < J(uk; �)

®¡¥á¯¥ç¨¢ ¥âáï ¯à¨ â ª¨å � 2 En, ¯à¨ ª®â®àëå áãé¥áâ¢ãîâ ®âà¥§ª¨ Tk � T ¯®«®¦¨â¥«ì®©

¬¥àë, £¤¥

�ukH( k; xk; uk; t) > 0; t 2 Tk � T; mesTk > 0: (14)

�á«¨ ¦¥ ¯à¨ ª ª¨å-â® �k 2 En

�ukH( k; xk; uk; t) � 0; t 2 T; (15)
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â® ã¯à ¢«¥¨¥ uk = uk(t; �) ¤«ï íâ¨å �k ã¤®¢«¥â¢®àï¥â ¥®¡å®¤¨¬®¬ã ãá«®¢¨î ®¯â¨¬ «ì®áâ¨

@H( k; xk; uk; t)
@u

= 0: (16)

�¥©áâ¢¨â¥«ì®, ¯¥à¢®¥ ¯®«®¦¥¨¥ ãâ¢¥à¦¤¥¨ï á«¥¤ã¥â ¨§ ä®à¬ã«ë ¯à¨à é¥¨ï (6) ¯à¨
u0 = uk, u = uk = uk+1 ¨ ¥à ¢¥áâ¢  (14). � ª®¥æ, ¥á«¨ ¯à¨ ª ª¨å-â® �k 2 En ¢ë¯®«ï¥âáï
â®¦¤¥áâ¢® (15), â® íâ® ®§ ç ¥â uk(t; �k) = uk(t; �k) ¨ á¯à ¢¥¤«¨¢®áâì ãá«®¢¨ï (16).

� ª®¥æ, ¥á«¨ ¯à ¢ë¥ ç áâ¨ á¨áâ¥¬ë (1) ¨ ¯®¤¨â¥£à «ì ï äãªæ¨ï F (x; u; t) «¨¥©ë ¯®
x ¨ ¯® u, â® ¨§ ãá«®¢¨ï (9) u0 = u0(t; �). �¥©áâ¢¨â¥«ì®, ¤«ï § ¤ ç¨

_x = A(t)x+G(t)u(t) + f(u; t); x(t0) = �;

J(u; �) = '(x(t1)) +
Z
T

[ha(t); x(t)i + hg(t); u(t)i + 1

2
hD(t)u(t); u(t)i]dt ! min;

¨¬¥¥¬

H( ; x; u; t) = hW ( ; t); u(t)i � 1

2
hD(t)u(t); u(t)i +H1( ; x; t);

W ( ; t) = G(t)0 (t)� g(t);

u0(t; �) = D�1(t)[G(t)0 0(t)� g(t)]:

�à¨¬¥à. _x = u(t)x, x(0) = �, t 2 [0; 1],

J(u; �) = x(1) +
1
2

Z 1

0

u2(t)dt! min :

�¤¥áì H( ; x; u; t) =  ux� 1

2
u2, _ = �u(t) ,  (1) = �1,

u(t; x;  ) = argmax
u

H( ; x; u; t) =  x:

�ãáâì u0(t; �) = �. �®£¤  x0(t; �) = �e�t, J(u0; �) = �e� + �2

2
,

 0(t; �) = �e�e��t; u0(t; �; x) = �e�e��tx;

x0(t; �) : _x = �e�e��tx2; x(0) = �; x0(t; �) =
�

1 + e� � e�e��t
:

�âáî¤ 

u1(t; �) =
��e�e��t

1 + e� � e�e��t
; J(u1; �) = �e�� +

1
2
�e� �

1
2
�e�� �

1
2
�2:

�¤¥áì äãªæ¨ï f0(�) = J(u1; �)� J(u0; �), ª®â®à ï ®¯à¥¤¥«ï¥â ¢¥«¨ç¨ã á¯ãáª  ¯à¨ à §«¨çëå
�   ¯¥à¢®¬ è £¥, ¯à¨¨¬ ¥â ¢¨¤

f0(�) = ��(sh�+ �):

�¥âàã¤® ¯®ª § âì, çâ® f0(�) < 0 ¨«¨ J(u1; �) < J(u0; �) 8� 6= 0. �à¨ �0 = 0 ¨¬¥¥¬ J(u1; �0) =
J(u0; �). � á«ãç ¥ �0 = 0 ã¯à ¢«¥¨¥ u� � 0 ï¢«ï¥âáï ®¯â¨¬ «ìë¬ ¢ ¯®áâ ¢«¥®© § ¤ ç¥.
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