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n+m

� ¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ En+m à áá¬ âà¨¢ îâáï ¤¢¥ £« ¤ª¨¥ n-¯®¢¥àå­®áâ¨M ,M ¨ ¤¨ä-
ä¥®¬®àä¨§¬ f :M !M . �áá«¥¤ã¥âáï á«ãç ©, ª®£¤  f | æ¥­âà «ì­ ï ¯à®¥ªæ¨ï.

�¡®§­ ç¨¬ ç¥à¥§ r à ¤¨ãá-¢¥ªâ®à â®çª¨ p 2 M , ç¥à¥§ r | à ¤¨ãá-¢¥ªâ®à â®çª¨ f(p) 2 M .
�®£¤  ®â®¡à ¦¥­¨¥ f :M !M § ¯¨è¥âáï ¢ ¢¨¤¥ r = lr, l 2 F (M): �¨ää¥à¥­æ¨ « ®â®¡à ¦¥­¨ï
f ®¯à¥¤¥«¨âáï ¨§ à ¢¥­áâ¢  df(X) = df(@Xr) = @Xr, X 2 TM: �¬¥¥¬ df(X) = (Xl)r + lX,
X 2 TM: �â®¡à ¦¥­¨¥ f ¨­¤ãæ¨àã¥â ­  M ¬¥âà¨ªã

g(X;Y ) = hdf(X); df(Y )i = l2g(X;Y ) + (Xl)(Y l)hr; ri + l(Y l)hX; ri + l(Xl)hY; ri:

�®«®¦¨¬ r = U + � , U 2 TM , � 2 TM?, hr; ri = 2�: �¬¥¥¬

g(X;Y ) = l2g(X;Y ) + 	(X;Y ); (1)

£¤¥ 	(X;Y ) = 
(X)!(Y ) + 
(Y )!(X), 
(X) = Xl, !(X) = �(Xl) + lhU;Xi:

�¥¬¬  1. C«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï íª¢¨¢ «¥­â­ë :
1) æ¥­âà «ì­ ï ¯à®¥ªæ¨ï f :M !M | ª®­ä®à¬­®¥ ®â®¡à ¦¥­¨¥ ;
2) 	 = 0.

�®ª § â¥«ìáâ¢®. �â®¡à ¦¥­¨¥ f : M ! M ª®­ä®à¬­® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
g(X;Y ) = �2g(X;Y ), � 2 F (M); ¨«¨ (�2 � l2)g(X;Y ) = 	(X;Y ). � â ª ª ª à ­£ ª¢ ¤à â¨ç-
­®© ä®à¬ë 	 < 3, â® ¯à¨ n > 2 �2 � l2 = 0, 	 = 0. �«ï n = 2 áãé¥áâ¢ãîâ ¨§®â¥à¬¨ç¥áª¨¥
ª®®à¤¨­ âë u, v. �®£¤  
u!v + 
v!u = 0, 
v!v = 
u!u, ®âªã¤  á«¥¤ã¥â 	 = 0.

�«¥¤áâ¢¨¥ 1. �á«¨ æ¥­âà «ì­ ï ¯à®¥ªæ¨ï ¥áâì ª®­ä®à¬­®¥ ®â®¡à ¦¥­¨¥, â® «¨¡® f ¥áâì
£®¬®â¥â¨ï, «¨¡® V = � 1

�
U = grad(ln jlj).

�®ª § â¥«ìáâ¢®. 	 = 0 ¢ á«ãç ¥, ª®£¤  
 = 0, l = const, f | £®¬®â¥â¨ï, «¨¡® ! = 0,
X ln jlj+ 1

�
hU;Xi = 0; â. ¥. ¢¥ªâ®à V = � 1

�
U ¥áâì grad ln jlj.

�«¥¤áâ¢¨¥ 2. �á«¨ æ¥­âà «ì­ ï ¯à®¥ªæ¨ï f :M !M ¥áâì ª®­ä®à¬­®¥ ®â®¡à ¦¥­¨¥, â® f
| «¨¡® £®¬®â¥â¨ï, «¨¡® | ¨­¢¥àá¨ï.

�®ª § â¥«ìáâ¢®. �á«¨ l = const, â® f | £®¬®â¥â¨ï, ¥á«¨ l 6= const, â® X ln jlj = � 1

�
hX;Ui.

� ¤àã£®© áâ®à®­ë, ¤¨ää¥à¥­æ¨àãï à ¢¥­áâ¢® 2� = hr; ri, ¯®«ãç¨¬ X� = hX; ri = hX;Ui. �âªã¤ 
l� = k = const, r = 2kr

hr;ri
, â. ¥. f | ¨­¢¥àá¨ï.

�ãáâì � | ¢â®à ï äã­¤ ¬¥­â «ì­ ï ä®à¬  n-¯®¢¥àå­®áâ¨ M , r | á¢ï§­®áâì �¥¢¨-�¨¢¨â 
¬¥âà¨ª¨ g. �¬¥¥â ¬¥áâ® [1] à ¢¥­áâ¢®

@XdfY � dfrXY = �(X;Y ); (2)
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®âªã¤  @X((Y l)r+ lY )� (rXY l)r� l(rXY ) = �(X;Y ). �á¯®«ì§ãï ãà ¢­¥­¨ï � ãáá -�¥©­£ àâ¥­ 
([2], á. 23), ¯®«ãç¨¬

(HessrX;Y l)r + (Xl)Y + (Y l)X + l(rXY �rXY ) + l�(X;Y ) = �(X;Y );

£¤¥ HessrX;Y l = XY l � rXY l | £¥áá¨ ­ äã­ªæ¨¨ l ¢ á¢ï§­®áâ¨ r. � §« £ ï � ­  ª á â¥«ì­ãî
�> ¨ ­®à¬ «ì­ãî �? c®áâ ¢«ïîé¨¥, ¯®«ãç¨¬

�>(X;Y ) = (Xl)Y + (Y l)X + l(rXY �rXY ) + (HessrX;Y l)U; (3)

�?(X;Y ) = l�(X;Y ) + (HessrX;Y l)�:

�¥ªâ®àë �(X;Y ) ®¯à¥¤¥«ïîâ ¯¥à¢®¥ ­®à¬ «ì­®¥ ¯à®áâà ­áâ¢® N ¨«¨ £« ¢­ãî ­®à¬ «ì ¯®¢¥àå-
­®áâ¨ M . �§ (3) ¢ëâ¥ª îâ á«¥¤ãîé¨¥ â¥®à¥¬ë.

�¥®à¥¬  1. �á«¨ f :M !M | æ¥­âà «ì­ ï ¯à®¥ªæ¨ï, â® á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï íª¢¨-

¢ «¥­â­ë :
1) £« ¢­ ï ­®à¬ «ì N ¯®¢¥àå­®câ¨ M ¯ à ««¥«ì­  ¯®¢¥àå­®áâ¨ M ,

2) l�(X;Y ) = �(HessrX;Y l)�:

�«¥¤áâ¢¨¥ 3. �á«¨ f :M !M |æ¥­âà «ì­ ï ¯à®¥ªæ¨ï, ¨ £« ¢­ ï ­®à¬ «ì N ¯®¢¥àå­®áâ¨
M ¯ à ««¥«ì­  ¯®¢¥àå­®áâ¨ M , â® £« ¢­ ï ­®à¬ «ì ¯®¢¥àå­®áâ¨ M ®¤­®¬¥à­  ¨ ¯ à ««¥«ì­ 
¯®«î � .

�¥®à¥¬  2. �á«¨ f :M !M | æ¥­âà «ì­ ï ¯à®¥ªæ¨ï, â® á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï íª¢¨-

¢ «¥­â­ë :
1) £« ¢­ ï ­®à¬ «ì ¯®¢¥àå­®áâ¨ M ®àâ®£®­ «ì­  ¯®¢¥àå­®áâ¨ M ,

2) rXY = rXY + (X ln l)Y + (Y ln l)X + 1

l
(HessrX;Y l)U .

�áá«¥¤ã¥¬ �, ª®£¤  f : M ! M | ª®­ä®à¬­®¥ ®â®¡à ¦¥­¨¥. �á«¨ f | £®¬®â¥â¨ï, â®
Xl = 0, r = r, �> = 0, �?(X;Y ) = l�(X;Y ): �á«¨ f : M ! M | ª®­ä®à¬­®¥ ®â®¡à ¦¥­¨¥, ­¥
ï¢«ïîé¥¥áï £®¬®â¥â¨¥©, â®

rXY = rXY + (X ln jlj)Y + (Y ln jlj)X �
�

l
(HessrX;Y l)V �

1
l
�>(X;Y );

g = l2g; V = grad(ln jlj):

� ¤àã£®© áâ®à®­ë, ¥á«¨ f | ª®­ä®à¬­®¥ ®â®¡à ¦¥­¨¥, â® ([3], á. 18) rXY = rXY +(X ln jlj)Y +
(Y ln jlj)X � g(X;Y )V; £¤¥ g = l2g, V = grad(ln jlj): � ª¨¬ ®¡à §®¬, ¨¬¥¥¬

�>(X;Y ) = (lg(X;Y ) + �HessrX;Y )V: (4)

�§ (3), (4) ¢ëâ¥ª îâ

�¥®à¥¬  3. �á«¨ æ¥­âà «ì­ ï ¯à®¥ªæ¨ï f ¥áâì ª®­ä®à¬­®¥ ®â®¡à ¦¥­¨¥, â® �(X;Y ) =

l�(X;Y ) + (HessrX;Y )r + lg(X;Y )V:

�«¥¤áâ¢¨¥ 4. �á«¨ £« ¢­ ï ­®à¬ «ì ¯®¢¥àå­®áâ¨ M ®àâ®£®­ «ì­  ¯®¢¥àå­®áâ¨ M , ¨ æ¥­-
âà «ì­ ï ¯à®¥ªæ¨ï ¥áâì ª®­ä®à¬­®¥ ®â®¡à ¦¥­¨¥, ®â«¨ç­®¥ ®â £®¬®â¥â¨¨, â® �?(X;Y ) =
�(X;Y ) = l�(X;Y ) + l

�
g(X;Y )� .

�à¨¬¥à. �¥­âà «ì­ ï ¯à®¥ªæ¨ï f ¥áâì ª®­ä®à¬­®¥ ®â®¡à ¦¥­¨¥ ­  n-¯«®áª®áâì. �®£¤ 
�(X;Y ) = � 1

�
g(X;Y )�: �®«®¦¨¬ � | ®àâ � . �®£¤  �(X;Y ) = kg(X;Y )�, £¤¥ k = 1

�j� j
, A�X = kX:

�§ ãà ¢­¥­¨© � ãáá -�®¤ ææ¨ ([2], á. 29) á«¥¤ã¥â (Xk)� + kr?
X� = 0. �âªã¤  ¨¬¥¥¬ Xk = 0,

r?
X� = 0, â. ¥. ¯®¢¥àå­®áâì M ¯à¨­ ¤«¥¦¨â £¨¯¥àáä¥à¥ á æ¥­âà®¬ C = r + 1

k
� à ¤¨ãá  1

k
¨

(n+ 1)-¯«®áª®áâ¨ (M;O), â. ¥. ï¢«ï¥âáï n-áä¥à®©.
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