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1. �ãáâì R+ = [0;+1), � > �1, d�� = e�xx�dx ¨ � | ¡®à¥«¥¢áª ï ¬¥à    R+ (¥ ®¡ï§ â¥«ì-
® ª®¥ç ï). � à ¡®â¥ ¯®«ãç¥ë ªà¨â¥à¨¨ ®£à ¨ç¥®áâ¨, ª®¬¯ ªâ®áâ¨ ¨ ¯à¨ ¤«¥¦®áâ¨
®¯¥à â®à 

L : L2(R+; ��)! L2(R+; �);

(Lf)(y) =
Z
R+

e�xyf(x)d��(x)
(1)

à §«¨çë¬ ®¯¥à â®àë¬ ¨¤¥ « ¬ ¢ â¥à¬¨ å ¬¥àë �. � ¡®â  ï¢«ï¥âáï ¯à®¤®«¦¥¨¥¬ áâ â¥©
 ¢â®à  [1], [2], ¯®á¢ïé¥ëå   «®£¨çë¬ ¢®¯à®á ¬. �á®¢ ï ¨¤¥ï à ¡®âë | ¨§ãç¥¨¥ ®¯¥à -
â®à®¢ ¢¨¤  (1) á ¯®¬®éìî ®¯¥à â®à®¢ ¢«®¦¥¨ï ª« áá®¢   «¨â¨ç¥áª¨å äãªæ¨©, ¤«ï ª®â®àëå
á®®â¢¥âáâ¢ãîé¨¥ ªà¨â¥à¨¨ ®£à ¨ç¥®áâ¨, ª®¬¯ ªâ®áâ¨ ¨ ¯à¨ ¤«¥¦®áâ¨ à §«¨çë¬ ®¯¥-
à â®àë¬ ¨¤¥ « ¬ å®à®è® ¨§¢¥áâë (á¬. [1] ¨ ¡¨¡«¨®£à ä¨î ª ¥©).

� ¯. 2 ¤   ä®à¬ã«¨à®¢ª  ®á®¢®£® à¥§ã«ìâ â  à ¡®âë. � ¯. 3 ¯à¨¢®¤ïâáï ¥®¡å®¤¨¬ë¥ á¢¥-
¤¥¨ï ®¡ ®¯¥à â®à å ¢«®¦¥¨ï ª« áá®¢ �¨à¨å«¥. � ¯. 4 ¤ ® ¤®ª § â¥«ìáâ¢® ®á®¢®£® à¥§ã«ì-
â â .

2. �¯à¥¤¥«¥¨ï s-ç¨á¥« (á¨£ã«ïàëå ç¨á¥«), ®¯¥à â®àëå ¨¤¥ «®¢ �� (ª« áá®¢ � ââ¥ {
�¥©¬  ),   â ª¦¥ ¨¤¥ «®¢ ��;� (ª« ááë� ââ¥ -�®à¥æ ) ¯à¨¢¥¤¥ë ¢ ([3], £«. 1, 3). � ¯®¬¨¬
«¨èì ®¯à¥¤¥«¥¨¥ ��;� : ª®¬¯ ªâë© ®¯¥à â®à T , ¤¥©áâ¢ãîé¨© ¨§ £¨«ì¡¥àâ®¢  ¯à®áâà áâ¢  H1

¢ £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® H2, ¯à¨ ¤«¥¦¨â ª« ááã ��;� , ¥á«¨ ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ ¥£®
á¨£ã«ïàëå ç¨á¥« ¢ë¯®«¥® á®®â®è¥¨¥X

n

s�n(T )n
�=��1 <1; � > 0; � > 0:

�¢¥¤¥¬ ®¡®§ ç¥¨ï R+ =
1S
n=0

[2n; 2n+1] =
1S
n=0

�n; �n = �(�n); § ª () § ¬¥ï¥â ®¡®à®â \¢

â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨".

�¥®à¥¬  1. �ãáâì L | ®¯¥à â®à (1). �®£¤ 

 ) L ®£à ¨ç¥ () sup(2�n(1+�)�n) <1,

¡) L ª®¬¯ ªâ¥ () 2�n(1+�)�n ! 0; n!1,

¢) L 2 �p, p > 0, ()
P
n
(2�n(1+�)�n)p=2 <1,

£) L 2 �p;� , p � 1, � > 0, ()
P
n
(2�n(1+�)�n)�=2n�=p�1 <1.

3. �ãáâì � 2 R. �« áá®¬ �¨à¨å«¥ D� ¢ ¥¤¨¨ç®¬ ªàã£¥ D   ª®¬¯«¥ªá®© ¯«®áª®áâ¨ C

 §ë¢ ¥âáï £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® äãªæ¨© f(z) =
1P
n=0

fnz
n,   «¨â¨ç¥áª¨å ¢ D á ®à¬®©

� ¡®â  ¢ë¯®«¥  ¯à¨ ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨© (£à â 95-01-
00348).
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kf j D�k
2 =

1P
n=0

jfnj
2(n + 1)�. �à¨ � = 0 ¯®«ãç ¥¬ ¨§¢¥áâë© ª« áá � à¤¨ H2, ¯à¨ � = �1 |

ª« áá �¥à£¬   A2, ¯à¨ � = 1 | ®¡ëçë© ª« áá �¨à¨å«¥ D2.
�ãáâì � | ¬¥à    ®âà¥§ª¥ [0; 1]. �®«®¦¨¬ �n = [1� 2�n; 1� 2�n�1], �n = �(�n), n = 0; 1; : : :
�¬¥¥â ¬¥áâ®

�¥®à¥¬  2. �ãáâì J | ®¯¥à â®à ¢«®¦¥¨ï D� ¢ L2(�), � < 1. �®£¤ 

 ) J ®£à ¨ç¥ () sup(2�n(1��)�n) <1,

¡) J ª®¬¯ ªâ¥ () sup(2�n(1��)�n)! 0, n!1,

¢) J 2 �p, p > 0, ()
1P
n=0

(2�n(1��)�n)p=2 <1,

£) J 2 �p;� , p � 1, � > 0, ()
1P
n=0

(2�n(1��)�n)�=2n�=p�1 <1.

�¥®à¥¬  2 ¯®«ãç¥  �â¥£¥£®© [4]. � áâì £) â¥®à¥¬ë 2 ¤®ª §    ¢â®à®¬ ¢ à ¡®â¥ [1].

4. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. � ¯®¬¨¬ ¥ª®â®àë¥ à¥§ã«ìâ âë ¨§ [2].
�ãáâì (X;�) | ¯à®áâà áâ¢® á ¬¥à®©, G | ®¡« áâì ¢ C ¨ � | ¬¥à  ¢ G. � áá¬®âà¨¬ ¨â¥-

£à «ìë© ®¯¥à â®à

K : L2(X;�)! L2(G; �);

(Kf)(y) =
Z
X

k(x; y)f(x)d�(x):
(2)

� §®¢¥¬ ï¤à® à §«®¦¨¬ë¬, ¥á«¨ áãé¥áâ¢ã¥â á¨áâ¥¬  �¨áá  ffn(x)g10 ¢ L2(X;�) ¨ ¯®«®¦¨â¥«ì-
 ï ¯®á«¥¤®¢ â¥«ì®áâì fkng10 â ª¨¥, çâ®

k(x; y) =
1X
0

knfn(x)yn: (3)

� ¯®¬¨¬, çâ® á¨áâ¥¬®© �¨áá  feng10 ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ H  §ë¢ ¥âáï á¨áâ¥¬  ¢¥ª-
â®à®¢, ®¡à §ãîé ï ¡ §¨á �¨áá  ¢ § ¬ëª ¨¨ á¢®¥© «¨¥©®© ®¡®«®çª¨ ([3], £«. VI).

� áá¬®âà¨¬ £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® H2(k)   «¨â¨ç¥áª¨å äãªæ¨© ¢¨¤ 

f(z) =
1X
0

fnz
n; kf j H2(k)k2 =

1X
0

jfnj
2k�2n

¨ ®¯¥à â®à ¢«®¦¥¨ï

J : H2(k)! L2(G; �): (4)

� §®¢¥¬ £« ¢®© ç áâìî «¨¥©®£® ®£à ¨ç¥®£® ®¯¥à â®à  T : H1 ! H2 (H1, H2 | £¨«ì¡¥à-
â®¢ë ¯à®áâà áâ¢ ) ¥£® áã¦¥¨¥   ¯®¤¯à®áâà áâ¢® H1 	 Ker(T ) (Ker(T ) | ï¤à® ®¯¥à â®à ).
� §®¢¥¬ ®¯¥à â®àë ¯®¤®¡ë¬¨ ¯® ¬®¤ã«î ï¤à , ¥á«¨ ¯®¤®¡ë ¨å £« ¢ë¥ ç áâ¨.

�®¦® § ¬¥â¨âì, çâ® ®¯¥à â®àë (2), (4) ¯®¤®¡ë ¯® ¬®¤ã«î ï¤à  ¯à¨ ãá«®¢¨¨ (3) (¯®¤à®¡¥¥
®¡ íâ®¬ á¬. ¢ [2]).

�¡à â¨¬áï ª ¨â¥£à «ì®¬ã ®¯¥à â®àã � ¯« á  (1). �«ï ¥£®   «¨§  ¯®âà¥¡ãîâáï ¬®£®-
ç«¥ë � £¥àà . �¨áâ¥¬  ¬®£®ç«¥®¢ fbLn(x; �)g10 ¥áâì á¨áâ¥¬  � £¥àà , ¥á«¨

 ) bLn(x; �) | ¬®£®ç«¥ áâ¥¯¥¨ n á ¯®«®¦¨â¥«ìë¬ áâ àè¨¬ ª®íää¨æ¨¥â®¬,
¡)

R
R+

bLn(x; �)bLm(x; �)d��(x) = �nm, �nm | á¨¬¢®« �à®¥ª¥à .

(� á¨áâ¥¬¥ � £¥àà  á¬.,  ¯à., ¢ [5], £«. VI.)
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�¬¥¥â ¬¥áâ® ä®à¬ã« 

(1� w)���1 exp
�
�

wx

1� w

�
=

1X
n=0

An
bLn(x; �)w

n; jwj < 1; (5)

An = [�(�+ n+ 1)=n!]1=2 � n�=2; n!1;

£¤¥ �(�) | £ ¬¬ -äãªæ¨ï �©«¥à  ([5], áá. 233, 56{60). � ª ®¡ëç®, an � bn ®§ ç ¥â, çâ®
limanb

�1
n = 1, n!1.

�®« £ ï y = w=(1 � w), ¨¬¥¥¬, çâ® ï¤à® ®¯¥à â®à  L à §«®¦¨¬®. �¤®¡¥¥ ¯à®¢¥áâ¨ ¯à¥-
®¡à §®¢ ¨¥ w = y=(1 + y), ¯à¨ ª®â®à®¬ R+ ¯¥à¥å®¤¨â ¢ [0; 1] ¨ ®¯à¥¤¥«¨âì ¬¥àã e�   [0; 1] ª ª
\¯¥à¥á ¤ªã" ¬¥àë � (¤«ï «î¡®£® ¨§¬¥à¨¬®£® ¬®¦¥áâ¢  e � R+ ®¡®§ ç¨¬ ç¥à¥§ ee ¥£® ®¡à §
¯à¨ ®â®¡à ¦¥¨¨ w = y=(1 + y) ¨ ¯®«®¦¨¬ e�(ee) = �(e) ). � áá¬®âà¨¬ ®¯¥à â®à eL, ¤¥©áâ¢ãî-
é¨© ¨§ L2(R+; ��) ¢ L2([0; 1]; e�) ª ª ¨â¥£à «ìë© ®¯¥à â®à á ï¤à®¬ exp

�
� wx

1�w

�
. �¬¥¥â ¬¥áâ®

á®®â®è¥¨¥ eL = i�L, £¤¥ i| ã¨â àë© ®¯¥à â®à ¨§ ¯à®áâà áâ¢  L2(R+; �) ¢ L2([0; 1]; e�) ¢¨¤ 
(if)(x) = f(x=(1� x)):

� á¨«ã ä®à¬ã«ë (5) ®¯¥à â®à L ¯®¤®¡¥ ¯® ¬®¤ã«î ï¤à  ®¯¥à â®àã ¢«®¦¥¨ï

eJ : D
�� ! L2([0; 1]; (1� x)2�+2de�(x)):

�à¨¬¥ïï â¥®à¥¬ã 2 ª ®¯¥à â®àã eJ, ¯®«ãç¨¬ ãâ¢¥à¦¤¥¨ï â¥®à¥¬ë 1.
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