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1. �¢¥¤¥­¨¥

� «¨ç¨¥ ¬ «®£® ¯ à ¬¥âà  ¯à¨ áâ àè¥© ¯à®¨§¢®¤­®© ¢ ãà ¢­¥­¨¨ ª®­¢¥ªæ¨¨-¤¨ääã§¨¨
íª¢¨¢ «¥­â­® ¯à¥®¡« ¤ ­¨î ª®­¢¥ªâ¨¢­ëå ç«¥­®¢ ãà ¢­¥­¨ï ­ ¤ ¤¨ääã§¨®­­ë¬¨ ¨ á¨«ì­®
®á«®¦­ï¥â ç¨á«¥­­®¥ à¥è¥­¨¥. �à¨ ®¯à¥¤¥«¥­­ëå ãá«®¢¨ïå â ª ï á¨âã æ¨ï á®®â¢¥âáâ¢ã¥â ¢®§-
­¨ª­®¢¥­¨î ¯®£à ­¨ç­®£® á«®ï, â.¥. á¨«ì­®¬ã à®áâã à¥è¥­¨ï ­  ã§ª®¬ ãç áâª¥ ®¡« áâ¨ à áç¥â .
�â® ï¢«¥­¨¥ å à ªâ¥à­® ¤«ï è¨à®ª®£® ªàã£  à¥è ¥¬ëå § ¤ ç [1]. �¯¯à®ªá¨¬ æ¨ï ¯®¤®¡­ëå § -
¤ ç ª®­¥ç­ë¬¨ à §­®áâï¬¨ ¯à¨¢®¤¨â ª ­¥®¡å®¤¨¬®áâ¨ à¥è âì á¨«ì­® ­¥á¨¬¬¥âà¨ç­ë¥ á¨áâ¥¬ë
«¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©.

�®¤ á¨«ì­® ­¥á¨¬¬¥âà¨ç­ë¬¨ á¨áâ¥¬ ¬¨ «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©

Au = f; A = A0 +A1; A0 = A�0; A1 = �A�1; (1)

¡ã¤¥¬ ¯®­¨¬ âì á¨áâ¥¬ë, ã ª®â®àëå á¨¬¬¥âà¨ç­ ï ç áâì ¬ âà¨æë £®à §¤® ¬¥­ìè¥ (¢ á¬ëá«¥
­¥ª®â®à®© ­®à¬ë), ç¥¬ ¥¥ ª®á®á¨¬¬¥âà¨ç­ ï ç áâì.

�¤­ ª® ­ «¨ç¨¥ ¬ «®£® ¯ à ¬¥âà  ¯à¨ áâ àè¥© ¯à®¨§¢®¤­®© ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬, ­® ­¥
¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ ¢®§­¨ª­®¢¥­¨ï ¯®£à ­¨ç­®£® á«®ï ¢ à¥è ¥¬®© § ¤ ç¥. �®ï¢«¥­¨¥ ¯®£à -
­¨ç­®£® á«®ï áãé¥áâ¢¥­­® § ¢¨á¨â ®â ªà ¥¢ëå ãá«®¢¨© ¨ ¯à ¢®© ç áâ¨ ¨áå®¤­ëå ¤¨ää¥à¥­æ¨-
 «ì­ëå ãà ¢­¥­¨©, â.¥. ®â á¢®©áâ¢ äã­ªæ¨¨ f ¢ (1), ª®â®à ï ¯®á«¥  ¯¯à®ªá¨¬ æ¨¨ ¤¨ää¥à¥­æ¨-
 «ì­®£® ãà ¢­¥­¨ï á®¤¥à¦¨â íâ¨ ¤ ­­ë¥.

� áá¬®âà¨¬ ¢ ®¡« áâ¨ 
 á«¥¤ãîéãî ªà ¥¢ãî § ¤ çã:

�
1
Pe

�U + v1
@U

@x
+ v2

@U

@y
= f(x; y); U j@
 = U£à: (2)

� ¨¡®«¥¥ á«®¦­ë© íâ ¯  ¯¯à®ªá¨¬ æ¨¨ § ¤ ç¨ (2) á¢ï§ ­ á ¢ë¡®à®¬  ¯¯à®ªá¨¬ æ¨¨ ¤«ï ª®­¢¥ª-
â¨¢­ëå ç«¥­®¢ (¯¥à¢ëå ¯à®¨§¢®¤­ëå) ãà ¢­¥­¨ï, å®âï ç¨á«® ¢ à¨ ­â®¢ ¤®áâ â®ç­® ®£à ­¨ç¥­®,
â.ª. ¨á¯®«ì§ãîâáï «¨¡®  ¯¯à®ªá¨¬ æ¨¨ ¯¥à¢®£® ¯®àï¤ª  (à §­®áâ¨ \¢¯¥à¥¤" ¨«¨ \­ § ¤"), «¨¡®
æ¥­âà «ì­®-à §­®áâ­ ï  ¯¯à®ªá¨¬ æ¨ï 2 ¯®àï¤ª  â®ç­®áâ¨.

�§¢¥áâ­® [2], çâ® ¯à¨ ¨á¯®«ì§®¢ ­¨¨ à §­®áâ¥© \¢¯¥à¥¤" ¨«¨ \­ § ¤" ­¥®¡å®¤¨¬® á®åà ­ïâì ¢
à §­®áâ­®© ä®à¬¥ á¢®©áâ¢  ¬®­®â®­­®áâ¨ ¨ ¯à¨­æ¨¯ ¬ ªá¨¬ã¬ , ª®â®àë¥ ¯à¨ ¯à¥®¡à §®¢ ­¨¨
à §­®áâ­®© áå¥¬ë ¢ á¨áâ¥¬ã «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ¤ îâ ¢ (1) M -¬ âà¨æã [3].
(�á«¨ §­ ª¨ äã­ªæ¨© v1(x; y) ¨ v2(x; y) ­¥¯®áâ®ï­­ë, â® ¢¬¥áâ® à §­®áâ¥© \¢¯¥à¥¤" ¨«¨ \­ § ¤"
¨á¯®«ì§ãîâáï à §­®áâ¨ \¯à®â¨¢ ¯®â®ª ".) �«ï íâ®£® á«ãç ï ¬®¦­® ¯à¥¤«®¦¨âì ¤®áâ â®ç­® è¨-
à®ª¨© ­ ¡®à ¨â¥à æ¨®­­ëå ¬¥â®¤®¢, íää¥ªâ¨¢­® à¥è îé¨å á¨áâ¥¬ë á M -¬ âà¨æ ¬¨ [4], ¨, ¢
¯¥à¢ãî ®ç¥à¥¤ì, ¬¥â®¤ë, ®á­®¢ ­­ë¥ ­  ­¥¯®«­®¬ à §«®¦¥­¨¨ �®«¥æª®£® ¢ á®ç¥â ­¨¨ á £à -
¤¨¥­â­ë¬¨ ¬¥â®¤ ¬¨ [5]. �® ­¨§ª ï â®ç­®áâì áå¥¬ ¯¥à¢®£® ¯®àï¤ª  (®á®¡¥­­® ¢ á«ãç ¥ á¨«ì­®
¬¥­ïîé¨åáï ª®íää¨æ¨¥­â®¢ § ¤ ç¨) ¨ ®è¨¡ª¨ ¯à¨ ®¯¨á ­¨¨ ¯®¢¥¤¥­¨ï à¥è¥­¨ï ¢ ¯®£à ­¨ç­®¬
á«®¥ ­¥ ¯®§¢®«ïîâ à¥ª®¬¥­¤®¢ âì ¨å ¤«ï ¨á¯®«ì§®¢ ­¨ï ¢® ¢á¥å á«ãç ïå.
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�¥­âà «ì­®-à §­®áâ­ë¥ áå¥¬ë, ¤ îé¨¥ ¡®«¥¥ ¢ëá®ª¨© ¯®àï¤®ª  ¯¯à®ªá¨¬ æ¨¨ ¨ ¯à ¢¨«ì­®
®¯¨áë¢ îé¨¥ ¯®¢¥¤¥­¨¥ à¥è¥­¨ï ¢ ¯®£à ­¨ç­®¬ á«®¥, ­ ª« ¤ë¢ îâ ¤®áâ â®ç­® ¦¥áâª¨¥ ®£à -
­¨ç¥­¨ï ­  è £ á¥âª¨. �â® á¢ï§ ­® á ­¥®¡å®¤¨¬®áâìî á®åà ­¥­¨ï ¤¨ £®­ «ì­®£® ¯à¥®¡« ¤ ­¨ï
¢ ¨áå®¤­®© ¬ âà¨æ¥ á¨áâ¥¬ë (1), ª®â®à®¥ ¤®áâ â®ç­® ¤«ï áå®¤¨¬®áâ¨ ¡®«ìè¨­áâ¢  ¡ §®¢ëå ¨
­ ¨¡®«¥¥ à á¯à®áâà ­¥­­ëå ¨â¥à æ¨®­­ëå ¬¥â®¤®¢ â ª¨å, ª ª ¬¥â®¤ë �ª®¡¨, �¥©¤¥«ï, SOR ¨
SSOR. � á«ãç ¥ ®âáãâáâ¢¨ï ¤¨ £®­ «ì­®£® ¯à¥®¡« ¤ ­¨ï ¢ ¨áå®¤­®© ¬ âà¨æ¥ ç áâì íâ¨å ¬¥â®¤®¢
(­ ¯à., ¬¥â®¤ �¥©¤¥«ï) ¯¥à¥áâ ¥â áå®¤¨âìáï,   ¤àã£¨¥ (­ ¯à., SOR) á¨«ì­® ã¬¥­ìè îâ áª®à®áâì
áå®¤¨¬®áâ¨.

�ç¥¢¨¤­®, ­ «¨ç¨¥ ¢ ãà ¢­¥­¨¨ ¬ «®£® ¯ à ¬¥âà  ¯à¨ áâ àè¥© ¯à®¨§¢®¤­®© ­ ª« ¤ë¢ ¥â áã-
é¥áâ¢¥­­ë¥ ®£à ­¨ç¥­¨ï ­  è £¨ ¯® ¯à®áâà ­áâ¢ã æ¥­âà «ì­®-à §­®áâ­®© áå¥¬ë, ¥á«¨ ¬ë å®â¨¬
á®åà ­¨âì ¢ ¯®«ãç ¥¬®© ¬ âà¨æ¥ A á¨áâ¥¬ë (1) ¤¨ £®­ «ì­®¥ ¯à¥®¡« ¤ ­¨¥. � ª¨¥ ®£à ­¨ç¥­¨ï
ã¢¥«¨ç¨¢ îâ ®¡ê¥¬ ¢ëç¨á«¨â¥«ì­®© à ¡®âë, ­¥®¡å®¤¨¬ãî ¯ ¬ïâì ¨ ¢à¥¬ï ¢ëç¨á«¥­¨©. �¬¥áâ¥
á â¥¬, ®­¨ ­¥ á¢ï§ ­ë á áãé¥áâ¢®¬ à¥è ¥¬®© § ¤ ç¨,   ­ ª« ¤ë¢ îâáï ¨â¥à æ¨®­­ë¬ ¬¥â®¤®¬,
â.ª. ¢ ¡®«ìè¥© ç áâ¨ ®¡« áâ¨ à áç¥â  à¥è¥­¨¥ á¨«ì­® ­¥ ¬¥­ï¥âáï, çâ® ¯®§¢®«ï¥â áç¨â âì á
¤®áâ â®ç­® ¡®«ìè¨¬ è £®¬ ¯® ¯à®áâà ­áâ¢ã, á®åà ­ïï ¯à¨¥¬«¥¬ãî â®ç­®áâì.

�à¥¤« £ ¥¬ë© ­¨¦¥ ª« áá ¨â¥à æ¨®­­ëå ¬¥â®¤®¢ ¯®§¢®«ï¥â ¨§¡ ¢¨âìáï ®â â ª¨å ®£à ­¨ç¥-
­¨©, â.ª. ¥£® ¨á¯®«ì§®¢ ­¨¥ âà¥¡ã¥â ®â ¨áå®¤­®© ­¥á¨¬¬¥âà¨ç­®© ¬ âà¨æë «¨èì ¯®«®¦¨â¥«ì­®©
®¯à¥¤¥«¥­­®áâ¨ ¥¥ á¨¬¬¥âà¨ç­®© ç áâ¨,   ­¥ ¤¨ £®­ «ì­®£® ¯à¥®¡« ¤ ­¨ï ¢ ¨áå®¤­®© ¬ âà¨-
æ¥. � ª¨¬ ®¡à §®¬, ¯à¥¤« £ ¥¬ë© ª« áá ¨â¥à æ¨®­­ëå ¬¥â®¤®¢ ¯®§¢®«ï¥â íää¥ªâ¨¢­® à¥è âì
á¨«ì­® ­¥á¨¬¬¥âà¨ç­ë¥ á¨áâ¥¬ë, ¯®«ãç¥­­ë¥ ¨§ (2) ¯à¨ ç¨á« å �¥ª«¥ Pe � 105:

2. �®áâ ­®¢ª  § ¤ ç¨

�â æ¨®­ à­ ï § ¤ ç  ª®­¢¥ªæ¨¨-¤¨ääã§¨¨ ¢ ­¥á¦¨¬ ¥¬®© áà¥¤¥ ®¯¨áë¢ ¥âáï ãà ¢­¥­¨¥¬
(2) á ¤®¡ ¢«¥­¨¥¬ ãà ¢­¥­¨ï ­¥à §àë¢­®áâ¨

divV = 0; V = fv1; v2g: (3)

� ¤ ç  (2) § ¯¨á ­  ¢ ­¥¤¨¢¥à£¥­â­®© ä®à¬¥, ­® ãç¨âë¢ ï ãà ¢­¥­¨¥ (3) ­¥á¦¨¬ ¥¬®áâ¨ áà¥¤ë,
¥¥ ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

�
1
Pe

�U +
@v1U

@x
+ v2

@v2U

@y
= f(x; y); U j@
 = U£à (4)

¨«¨ ¢ â ª ­ §ë¢ ¥¬®¬ \á¨¬¬¥âà¨ç­®¬" ¢¨¤¥ [6], [7]

�
1
Pe

�U +
@v1U

@x
+ v1

@U

@x
+
@v2U

@y
+ v2

@U

@y
= f(x; y); U j@
 = U£à: (5)

�à¨  ¯¯à®ªá¨¬ æ¨¨ § ¤ ç (2), (4) ¨«¨ (5) ¢ ®¡« áâ¨ 
 á £à ­¨æ¥© @
 ª®­¥ç­ë¬¨ à §­®áâï¬¨
¨«¨ ª®­¥ç­ë¬¨ í«¥¬¥­â ¬¨ ¯®«ãç ¥âáï á¨áâ¥¬  «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (����)
á ­¥á ¬®á®¯àï¦¥­­®© ¬ âà¨æ¥©, ¯à¨ç¥¬ á¢®©áâ¢  íâ®© ¬ âà¨æë áãé¥áâ¢¥­­® § ¢¨áïâ ®â á¯®á®¡ 
 ¯¯à®ªá¨¬ æ¨¨ ¯¥à¢ëå ¯à®¨§¢®¤­ëå ¨ ¢¨¤  ¨áå®¤­®© § ¤ ç¨. � ª, ¯à¨¬¥­ïï ª § ¤ ç¥ (2) à §­®-
áâ¨ \¯à®â¨¢ ¯®â®ª ", ¯®«ãç¨¬ ¢ à¥§ã«ìâ â¥ M -¬ âà¨æã [2],   ¨á¯®«ì§ãï æ¥­âà «ì­ë¥ à §­®áâ¨ ¢
ãà ¢­¥­¨¨ (5), | ¯®«®¦¨â¥«ì­ãî ¬ âà¨æã [7]. �à¨ íâ®¬ ãç¨âë¢ ¥âáï ãà ¢­¥­¨¥ ­¥á¦¨¬ ¥¬®áâ¨
áà¥¤ë (3), ¡« £®¤ àï ª®â®à®¬ã ¬®¦­® ¯®«ãç¨âì § ¯¨áì § ¤ ç¨ ¢ \á¨¬¬¥âà¨ç­®¬" ¢¨¤¥.

�áî¤ã ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬ à áá¬ âà¨¢ âì ¢ ª ç¥áâ¢¥ ¨áå®¤­®© ªà ¥¢ãî § ¤ çã (5), ¤«ï
 ¯¯à®ªá¨¬ æ¨¨ ª®â®à®© ¯à¨¬¥­ï¥âáï ª®­¥ç­®-à §­®áâ­ ï áå¥¬  á æ¥­âà «ì­ë¬¨ à §­®áâï¬¨.

3. �®­¥ç­®-à §­®áâ­ ï  ¯¯à®ªá¨¬ æ¨ï ãà ¢­¥­¨ï ª®­¢¥ªæ¨¨-¤¨ääã§¨¨
¨ á¢®©áâ¢  ¯®«ãç ¥¬®© ����

�¢¥¤¥¬ ¢ ®¡« áâ¨ 
 ¯àï¬®ã£®«ì­ãî à ¢­®¬¥à­ãî á¥âªã M á è £ ¬¨ h1 ¨ h2 á®®â¢¥âáâ¢¥­­®
¯® ­ ¯à ¢«¥­¨î Ox ¨ Oy. �à ¥¢ë¥ ãá«®¢¨ï ­  @
 ¨­â¥à¯®«¨àãîâáï á® ¢â®àë¬ ¯®àï¤ª®¬ â®ç-
­®áâ¨ ­  £à ­¨æã � á¥â®ç­®© ®¡« áâ¨ M . � ¯¨è¥¬ ªà ¥¢ãî § ¤ çã (5) ­  á¥âª¥ M , ¨á¯®«ì§ãï
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áâ ­¤ àâ­ë¥ ®¡®§­ ç¥­¨ï ¨§ [8] ¤«ï ïç¥©ª¨ á ¨­¤¥ªá ¬¨ (i; j). �®£¤ 

�
1
Pe

�hu+ v1u�

x
+ (v1u)�x + v2u�

y
+ (v2u)�y = fij ; uij j� = u�pij : (6)

� ¯¨è¥¬ à §­®áâ­ãî § ¤ çã (6) ­  áâ ­¤ àâ­®¬ ¯ïâ¨â®ç¥ç­®¬ è ¡«®­¥, ãç¨âë¢ ï ªà ¥¢ë¥
ãá«®¢¨ï ¢ ¯à ¢®© ç áâ¨ ¯®«ãç ¥¬®© á¨áâ¥¬ë ¨ ã¬­®¦ ï ¢á¥ ãà ¢­¥­¨¥ ­  h2 ¨ Pe (¢ ¯à¥¤-
¯®«®¦¥­¨¨, çâ® h1 = h2 = h)

�ui�1 j � ui+1 j + 4uij � ui j�1 � ui j+1 + k[(v1 ij + v1 i+1j)ui+1 j � (v1 i�1j + v1 ij)ui�1 j +

+(v2 ij+1 + v2 ij)ui j+1 � (v2 ij + v2 ij�1)ui j�1] = Fij : (7)

�¤¥áì ¢¥«¨ç¨­ 

k = Pe � h=2 (8)

­ §ë¢ ¥âáï ª®íää¨æ¨¥­â®¬ ª®á®á¨¬¬¥âà¨¨ § ¤ ç¨.
� à¥§ã«ìâ â¥ ¯®«ãç¨¬ á¨áâ¥¬ã «¨­¥©­ëå ­¥á ¬®á®¯àï¦¥­­ëå ãà ¢­¥­¨© (1).
�§¢¥áâ­® [8], çâ® «î¡®© «¨­¥©­ë© ®¯¥à â®à (¬ âà¨æã) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ áã¬¬ë

á¨¬¬¥âà¨ç­®£® ¨ ª®á®á¨¬¬¥âà¨ç­®£® ®¯¥à â®à®¢ (¬ âà¨æ). � ç áâ­®áâ¨, A = A0 +A1; £¤¥ A0 |
á¨¬¬¥âà¨ç­ ï,   A1 | ª®á®á¨¬¬¥âà¨ç­ ï ç áâ¨ ¬ âà¨æë A.

�¯à¥¤¥«¥­¨¥ 1. �¯¥à â®à A ­ §ë¢ ¥âáï ¯®«®¦¨â¥«ì­ë¬, ¥á«¨ ¥£® á¨¬¬¥âà¨ç­ ï ç áâì ¯®-
«®¦¨â¥«ì­® ®¯à¥¤¥«¥­ .

�¥®à¥¬  1. �¯¥à â®à A á¨áâ¥¬ë (1), ¯®áâà®¥­­ë© ¤«ï ãà ¢­¥­¨ï (5) ¯® à §­®áâ­®© áå¥¬¥

(7), ­¥á ¬®á®¯àï¦¥­ ¨ ¯®«®¦¨â¥«¥­.

�®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë á«¥¤ã¥â ¨§ â®£®, çâ® à §­®áâ­ë© ®¯¥à â®à (7) § ¤ ç¨ (5) ï¢­ë¬
®¡à §®¬ ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ áã¬¬ë á¨¬¬¥âà¨ç­®£® ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­®£® ®¯¥à â®à  A0,
ï¢«ïîé¥£®áï à §­®áâ­ë¬  ­ «®£®¬ ®¯¥à â®à  � ¯« á , ¨ ª®á®á¨¬¬¥âà¨ç­®£® ®¯¥à â®à  A1,
ï¢«ïîé¥£®áï à §­®áâ­ë¬  ­ «®£®¬ ª®­¢¥ªâ¨¢­ëå ç«¥­®¢ ãà ¢­¥­¨ï (5).

�â¬¥â¨¬, çâ® § ¯¨áì ãà ¢­¥­¨ï ª®­¢¥ªæ¨¨-¤¨ääã§¨¨ ¢ ¢¨¤¥ (5) ¯®§¢®«ï¥â ¯à¨ æ¥­âà «ì­®-
à §­®áâ­®©  ¯¯à®ªá¨¬ æ¨¨ ¯¥à¢ëå ¯à®¨§¢®¤­ëå ¯®«ãç¨âì áà §ã ª®á®á¨¬¬¥âà¨ç­ë© ®¯¥à â®à
¤«ï «î¡ëå ª®íää¨æ¨¥­â®¢ ãà ¢­¥­¨ï. �¬¥áâ¥ á â¥¬ ­¥®¡å®¤¨¬® ®â¬¥â¨âì, çâ® «¨èì ¢ á«ãç ¥
¯®áâ®ï­­ëå ª®íää¨æ¨¥­â®¢ ãà ¢­¥­¨¥ ª®­¢¥­æ¨¨-¤¨ääã§¨¨, § ¯¨á ­­®¥ ¢ ¢¨¤¥ (2) ¨«¨ (4), ¯à¨
æ¥­âà «ì­®-à §­®áâ­®©  ¯¯à®ªá¨¬ æ¨¨ ¤ ¥â áà §ã ª®á®á¨¬¬¥âà¨ç­ë© ®¯¥à â®à.

�á®¡ãî à®«ì ¯à¨ à¥è¥­¨¨ á¨áâ¥¬ë (1) ¨£à ¥â ª®íää¨æ¨¥­â ª®á®á¨¬¬¥âà¨¨ (8), â.ª. ¥£® §­ -
ç¥­¨¥ ®¯à¥¤¥«ï¥â ¢®§¬®¦­®áâì ¨á¯®«ì§®¢ ­¨ï à §«¨ç­ëå ¨â¥à æ¨®­­ëå ¬¥â®¤®¢. � ª ¯à¨ k � 1
¬ âà¨æ  á¨áâ¥¬ë (1) ®¡« ¤ ¥â á¢®©áâ¢®¬ ¤¨ £®­ «ì­®£® ¯à¥®¡« ¤ ­¨ï (¯à¥¤¯®« £ ¥âáï, çâ® áª®-
à®áâ¨ â¥ç¥­¨ï ­®à¬¨à®¢ ­ë ¨ ­¥ ¯à¥¢®áå®¤ïâ ¯® ¬®¤ã«î 1) ¨, á«¥¤®¢ â¥«ì­®, ¤«ï à¥è¥­¨ï á¨áâ¥-
¬ë ¬®¦­® ¨á¯®«ì§®¢ âì å®à®è® ¨§¢¥áâ­ë¥ ¨ íää¥ªâ¨¢­ë¥ ¬¥â®¤ë [8]{[10], ã¯®¬ï­ãâë¥ à ­¥¥.
�à¨ k � 1 íâ¨ ¬¥â®¤ë à ¡®â îâ ¯«®å® ¨«¨ ¢®®¡é¥ à áå®¤ïâáï, ¨ ­¥®¡å®¤¨¬ ¤àã£®© ¬¥â®¤,
¨á¯®«ì§ãîé¨© ®á®¡¥­­®áâ¨ § ¤ ç¨.

4. �â¥à æ¨®­­ë© ¬¥â®¤

�«ï à¥è¥­¨ï ���� (1) á ¬ âà¨æ¥© A ¨á¯®«ì§ã¥¬ áâ æ¨®­ à­ë© ¤¢ãá«®©­ë© ¨â¥à æ¨®­­ë©
¬¥â®¤ ¢¨¤ 

B
yj+1 � yj

�
+Ayj = f; j = 1; 2; : : : ; (9)

£¤¥ B; A | «¨­¥©­ë¥ ®¯¥à â®àë ¢ H; H | ª®­¥ç­®¬¥à­®¥ £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®, y0; f 2
H; � | ¯ à ¬¥âà, � > 0; B | ®¡à â¨¬ë© ®¯¥à â®à, yj | j-e ¯à¨¡«¨¦¥­¨¥, y0 | ­ ç «ì­®¥
¯à¨¡«¨¦¥­¨¥.
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� ¬¥â¨¬, çâ® ¤«ï ¬ âà¨æë A á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ à ¢¥­áâ¢ :

A = A0+A1; A0 = 1=2(A+A�) = A�0; A1 = 1=2(A�A�) = �A�1; A1 = KB+KH ; KB = �K�

H ;

£¤¥ A0 | á¨¬¬¥âà¨ç­ ï, A1 | ª®á®á¨¬¬¥âà¨ç­ ï ç áâ¨ A; KH ¨ KB | áâà®£® ­¨¦­ïï ¨«¨
áâà®£® ¢¥àå­ïï âà¥ã£®«ì­ë¥ ç áâ¨ ¬ âà¨æë A1 á®®â¢¥âáâ¢¥­­®.

�¥ ­ àãè ï ®¡é­®áâ¨, áç¨â ¥¬ ¢á¥ ¤¨ £®­ «ì­ë¥ í«¥¬¥­âë ¬ âà¨æë A à ¢­ë¬¨ 1, â.¥. á¨-
áâ¥¬  (1) ¬ áèâ ¡¨à®¢ ­ .

�¯¥à â®à®¬ ¯¥à¥å®¤  ¬¥â®¤  (9) ï¢«ï¥âáï

G = B�1(B � �A) = (B0 +B1)�1(B0 +B1 � �A0 � �A1);

B0 = 1=2(B +B�) = B�0 ; B1 = 1=2(B �B�) = �B�1 :

�à¥¤¯®«®¦¨¬, çâ®

B0 = B�0 > 0: (10)

�®£¤ 

G = [B1=2
0 (E +B

�1=2
0 B1B

1=2

0 )B1=2
0 ]�1[B1=2

0 (E +B
�1=2
0 B1B

�1=2
0 � �B

�1=2
0 A0B

�1=2
0 � �B

�1=2
0 A1B

�1=2
0 )] =

= B
1=2
0 (E +B

�1=2
0 B1B

�1=2
0 )�1(E +B

�1=2
0 B1B

�1=2
0 � �B

�1=2
0 A0B

�1=2
0 � �B

�1=2
0 A1B

�1=2
0 )B1=2

0 :

�¢¥¤¥¬ ®¯¥à â®àë

P0 = B
1=2
0 A0B

�1=2
0 = P �0 > 0; P1 = B

�1=2
0 B1B

�1=2
0 = �P �1 ; P2 = B

�1=2
0 A1B

�1=2
0 = �P �2 : (11)

� ¯¨è¥¬

G = B
�1=2
0 LB

1=2
0 ; (12)

£¤¥

L = (E + P1)
�1(E + P1 � �P0 � �P2): (13)

�ã¤¥¬ ¨§ãç âì áå®¤¨¬®áâì ¬¥â®¤  (9) ¢ í­¥à£¥â¨ç¥áª®© ­®à¬¥ kxkB0
= (x; x)1=2B0

= (B0x; x)1=2.
�á¯®«ì§ã¥¬ ¢ (9) § ¬¥­ã ¯¥à¥¬¥­­ëå y = B

�1=2
0 x. �®£¤  ¨§ (12) ¯®«ãç¨¬

kGkB0
= kLk: (14)

�®áª®«ìªã ¢¨¤ ®¯¥à â®à  B ¥é¥ ­¥ ®£®¢ à¨¢ «áï, ªà®¬¥ ãá«®¢¨ï (10) ¥£® ¯®«®¦¨â¥«ì­®© ®¯à¥-
¤¥«¥­­®áâ¨, ¯®âà¥¡ã¥¬, çâ®¡ë ®¯¥à â®à (E + P1 � �P0 � �P2) ¢ (13) ¡ë« á ¬®á®¯àï¦¥­. �â®£®
¬®¦­® ¤®¡¨âìáï á ¯®¬®éìî á®®â­®è¥­¨ï

P1 = �P2;

¨§ ª®â®à®£® ¯®á«¥ ¯®¤áâ ­®¢ª¨ ¢ëà ¦¥­¨ï (11) ¤«ï P1 ¨ P2 ¯®«ãç¨¬

B
�1=2
0 B1B

�1=2
0 = �B

�1=2
0 A1B

�1=2
0 ;

çâ® íª¢¨¢ «¥­â­® à ¢¥­áâ¢ã

B1 = �A1: (15)

�â® à ¢¥­áâ¢® ï¢«ï¥âáï ®á­®¢­ë¬ ¯à¨ ¤ «ì­¥©è¥¬ ª®­áâàã¨à®¢ ­¨¨ ¨â¥à æ¨®­­ëå ¬¥â®¤®¢ ¤«ï
á¨«ì­® ­¥á¨¬¬¥âà¨ç­ëå § ¤ ç.

� ãç¥â®¬ (12){(15) ¯®«ãç ¥âáï
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�¥®à¥¬  2. �«ï áå®¤¨¬®áâ¨ ¨â¥à æ¨®­­®£® ¬¥â®¤  (9) á ®¯¥à â®à®¬ B; ã¤®¢«¥â¢®àïî-
é¨¬ ãá«®¢¨ï¬ (10) ¨ (15) ¢ í­¥à£¥â¨ç¥áª®¬ ¯à®áâà ­áâ¢¥ HB0

; ¤®áâ â®ç­®, çâ®¡ë

k(E + �P1)
�1(E � �P0)k < 1 (16)

¨«¨

B0 � �=2A0 > 0: (17)

�¥®¡å®¤¨¬® ®â¬¥â¨âì, çâ® ãá«®¢¨¥ (16) ­¥ª®­áâàãªâ¨¢­® ¨ âàã¤­® ¯à®¢¥àï¥¬®. �®íâ®¬ã
ã¯à®áâ¨¬ ¥£®. �à¨¬¥­ïï ­¥à ¢¥­áâ¢® âà¥ã£®«ì­¨ª  ¤«ï (16), ¯®«ãç¨¬

kGkB0
= kLk = k(E + �P1)�1(E � �P0)k � k(E + �P1)�1k � kE � �P0k � kE � �P0k

á ¨á¯®«ì§®¢ ­¨¥¬ ­¥à ¢¥­áâ¢  k(E + �P1)�1k � 1 ¢ á¨«ã ª®á®á¨¬¬¥âà¨¨ ®¯¥à â®à  P1. �á«®¢¨¥
(16) ¡ã¤¥â ®¡¥á¯¥ç¥­®, ¥á«¨

k(E � �P0)k < 1: (18)

�çâï á ¬®á®¯àï¦¥­­®áâì ®¯¥à â®à  P0 ¨ á¢®©áâ¢  ®¯¥à â®à­ëå ­¥à ¢¥­áâ¢ [11], ¨§ (18) ¨¬¥¥¬

�E < E � �P0 < E;

çâ® íª¢¨¢ «¥­â­® ­¥à ¢¥­áâ¢ ¬
2E > �P0 > 0:

�®¤áâ ¢«ïï ¢ ­¨å ¢ëà ¦¥­¨¥ ¤«ï P0 ¨§ (11), ¯®«ãç ¥¬ (17).
� áá¬®âà¨¬ ¢®§¬®¦­ë¥ á¯®á®¡ë ¢ë¡®à  ®¯¥à â®à  B, çâ®¡ë ®¡¥á¯¥ç¨âì
 ) áå®¤¨¬®áâì ¨â¥à æ¨®­­®£® ¬¥â®¤  (9); ¡) íää¥ªâ¨¢­®áâì ®¡à é¥­¨ï ®¯¥à â®à  B.
�â®¡ë ¢ë¯®«­¨âì âà¥¡®¢ ­¨¥  ), ¤®áâ â®ç­®, ª ª íâ® ¡ë«® ¯®ª § ­® ¢ëè¥, ¢ë¯®«­¥­¨ï ®¯¥-

à â®à­®£® ­¥à ¢¥­áâ¢  (17). � à ¡®â¥ [12] ¡ë«® ¯®ª § ­®, çâ® ¤«ï ¢ë¯®«­¥­¨ï ãá«®¢¨ï (15)
®¯¥à â®à B ¤®«¦¥­ ¨¬¥âì ®¯à¥¤¥«¥­­ãî áâàãªâãàã,   ¨¬¥­­®

B = Bc + �((1 + j)KH + (1� j)KB); j = �1; Bc = B�c : (19)

�¯¥à â®à Bc ¯®ª  ¯à®¨§¢®«¥­, ­® ®­ ¤®«¦¥­ ®¡¥á¯¥ç¨¢ âì ¢ë¯®«­¥­¨¥ (10). �â¬¥â¨¬, çâ®

B0 = Bc + �j(KB �KH); j = �1; B1 = �A1: (20)

� áá¬®âà¨¬ ®¯¥à â®à B0 ¡®«¥¥ ¯®¤à®¡­®. �¬¥¥â ¬¥áâ®

�¥¬¬ . �ãáâì ¬ âà¨æ  Z 6= 0 á í«¥¬¥­â ¬¨ fzijgn1 ¨¬¥¥â ¢¨¤

Z = k +K�;

£¤¥ K | ¢¥é¥áâ¢¥­­ ï áâà®£® ¢¥àå­ïï ¨«¨ ­¨¦­ïï âà¥ã£®«ì­ ï ¬ âà¨æ . �®£¤  á¯¥ªâà �(Z)
¬ âà¨æë Z ¢¥é¥áâ¢¥­¥­, á®áâ®¨â ¨§ ¯®«®¦¨â¥«ì­ëå, ®âà¨æ â¥«ì­ëå ¨ ­ã«¥¢ëå á®¡áâ¢¥­-

­ëå ç¨á¥«, ¨

�v � �(Z) � v; v = max
i
jRij; Ri =

NX

j=1

jzij j:

�®«¥¥ â®£®, ¥á«¨ ¬ âà¨æ  Z ¤¢ãæ¨ª«¨ç¥áª ï [11], â® ¥¥ á®¡áâ¢¥­­ë¥ ç¨á«  à á¯®«®¦¥­ë

á¨¬¬¥âà¨ç­® ®â­®á¨â¥«ì­® ­ ç «  ª®®à¤¨­ â ¨

v = �(Z) = kZk2;

£¤¥ �(Z) | á¯¥ªâà «ì­ë© à ¤¨ãá ¬ âà¨æë Z;   k � k2 | á¯¥ªâà «ì­ ï ­®à¬ .
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�®ª § â¥«ìáâ¢® ¯¥à¢®© ç áâ¨ íâ®© «¥¬¬ë ¤ ­® ¢ [13]. �â®à ï ç áâì á«¥¤ã¥â ¨§ à¥§ã«ìâ â®¢,
¯à¨¢¥¤¥­­ëå ¢ [10].

�â¬¥â¨¬ áà §ã ¦¥, çâ® à áá¬ âà¨¢ ¥¬ ï ¬ âà¨æ  á¨áâ¥¬ë (1), ¯®«ãç¥­­ ï ¢ à¥§ã«ìâ â¥
áâ ­¤ àâ­®© ¯ïâ¨â®ç¥ç­®©  ¯¯à®ªá¨¬ æ¨¨ ãà ¢­¥­¨ï ª®­¢¥ªæ¨¨-¤¨ääã§¨¨, ï¢«ï¥âáï á®£« á­®
à¥§ã«ìâ â ¬ ¨§ [10] ¤¢ãæ¨ª«¨ç¥áª®©.

�á¯®«ì§ã¥¬ íâã «¥¬¬ã ¤«ï ¨§ãç¥­¨ï á¯¥ªâà  á¨¬¬¥âà¨ç­®© ç áâ¨ A0 ¬ âà¨æë A: �â  ¬ âà¨-
æ  ¬ áèâ ¡¨à®¢ ­ , â.¥. ¯® £« ¢­®© ¤¨ £®­ «¨ ã ­¥¥ áâ®ïâ ¥¤¨­¨æë ¨ ®­  â ª¦¥, ª ª ®á­®¢­ ï
¬ âà¨æ , ï¢«ï¥âáï ¤¢ãæ¨ª«¨ç¥áª®©.

�¥®à¥¬  3. �ãáâì ¬ âà¨æ  A á¨¬¬¥âà¨ç­ , ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­ , ¬ áèâ ¡¨à®¢ ­ 

¨ ï¢«ï¥âáï ¤¢ãæ¨ª«¨ç¥áª®©. �®£¤  ¥¥ á¯¥ªâà

�(A) 2 (0; 2): (21)

�®ª § â¥«ìáâ¢®. �ãáâì �k 2 �(A). �®£¤  ¤«ï ¢á¥å �k ¨§ á¯¥ªâà  ¬ âà¨æë A ¨¬¥¥¬

�k(A) = �k(E +AR) = 1 + �k(AR) > 0; (22)

£¤¥ AR = U + U�; U | áâà®£® ­¨¦­ïï (¢¥àå­ïï) âà¥ã£®«ì­ ï ç áâì ¬ âà¨æë AR. �®£¤  ¨§
¯à¥¤ë¤ãé¥© «¥¬¬ë á«¥¤ã¥â, çâ® á®¡áâ¢¥­­ë¥ ç¨á«  ¬ âà¨æë AR á¨¬¬¥âà¨ç­ë ®â­®á¨â¥«ì-
­® ­ ç «  ª®®à¤¨­ â, ¬ ªá¨¬ «ì­®¥ ¨ ¬¨­¨¬ «ì­®¥ á®¡áâ¢¥­­ë¥ ç¨á«  á¢ï§ ­ë à ¢¥­áâ¢®¬
�min(AR) = ��max(AR). � á¨«ã íâ®£® à ¢¥­áâ¢  ¨§ (22) á«¥¤ã¥â (21).

�«ï ­ å®¦¤¥­¨ï ®¯â¨¬ «ì­®£® ¨â¥à æ¨®­­®£® ¯ à ¬¥âà  ­¥®¡å®¤¨¬  ¨­ä®à¬ æ¨ï ®¡ ¨­â¥à-
¢ «¥, ­  ª®â®à®¬ ¥£® ­ã¦­® ¨áª âì. �¥¢ ï £à ­¨æ  íâ®£® ¨­â¥à¢ «  ¨§¢¥áâ­  ¨ à ¢­  0,   ¯à ¢ãî
­ ©¤¥¬ ¨§ ¤®áâ â®ç­®£® ãá«®¢¨ï áå®¤¨¬®áâ¨. �ç¨âë¢ ï (21) ¨ â®, çâ® á¨¬¬¥âà¨ç­ ï ç áâì ¬ -
âà¨æë A0 á¨áâ¥¬ë (1) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ â¥®à¥¬ë 3, ¯¥à¥¯¨è¥¬ ¤®áâ â®ç­®¥ ãá«®¢¨¥ (17)
¢ ¢¨¤¥

B0 > �E > 0: (23)

�®¤áâ ¢¨¢ ¢ (23) ¢ëà ¦¥­¨¥ ¤«ï B0 ¨§ (20), ¯®«ãç¨¬

Bc + �jK > �E > 0; K = KB �KH : (24)

� ª ª ª ®¯¥à â®à jK ¨¬¥¥â ¢ á¨«ã «¥¬¬ë ª ª ¯®«®¦¨â¥«ì­ë¥, â ª ¨ ®âà¨æ â¥«ì­ë¥ á®¡áâ¢¥­­ë¥
ç¨á«  ¨, ªà®¬¥ â®£®, � > 0; â® ¤«ï ¢ë¯®«­¥­¨ï (24) ®¯¥à â®à Bc ¤®«¦¥­ ¡ëâì ¯®«®¦¨â¥«ì­ë¬.

�à¥¤¯®«®¦¨¢, çâ® ®¯¥à â®à Bc ­¥ § ¢¨á¨â ®â ¯ à ¬¥âà  � ¨ à áá¬®âà¥¢ «¨èì «¥¢®¥ ­¥à ¢¥­-
áâ¢® ¢ (24) (¯à ¢®¥ ­¥à ¢¥­áâ¢® ¢ë¯®«­ï¥âáï ¢á¥£¤  ¯à¨ � > 0); ¯®«ãç¨¬

Bc > �(E � jK) > 0:

�¢¥¤ï �min = min
i
�i(Bc) ¨ ãç¨âë¢ ï «¥¬¬ã ¤«ï ®¯¥à â®à  jK; ¯®«ãç ¥¬

�min > �(1 + �(K)) = �(1 + kKk2) =) � < �min=(1 + kKk2):

�â¬¥â¨¬ â ª¦¥ ¤¢  ®¡áâ®ïâ¥«ìáâ¢ : C-­®à¬ë ¬ âà¨æ K ¨ A1 á®¢¯ ¤ îâ, â.ª. íâ¨ ¬ âà¨æë
¨¬¥îâ ®¤¨­ ª®¢ë¥ ¯® ¬®¤ã«î í«¥¬¥­âë, ¨ ¢ á¨«ã ­®à¬ «ì­®áâ¨ íâ¨å ¬ âà¨æ ¨¬¥¥¬ ¨§ [11]

kKk2 � kKk1 = kA1k1:

�à¨ ¢ë¡®à¥ ¯ à ¬¥âà  � ã¤®¡­¥©, á â®çª¨ §à¥­¨ï íää¥ªâ¨¢­®áâ¨ ¢ëç¨á«¥­¨©, ¨á¯®«ì§®¢ âì
¨¬¥­­® C-­®à¬ã. �®£¤  ¢¥àå­ïï £à ­¨æ  ¨­â¥à¢ «  ¤«ï ¨â¥à æ¨®­­®£® ¯ à ¬¥âà , ¯à¨ ª®â®à®¬
¬¥â®¤ (9) ¡ã¤¥â áå®¤¨âìáï, ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

�
�
=

�min

1 + kA1k1
: (25)

� ª¨¬ ®¡à §®¬, ¤®ª § ­® á«¥¤ãîé¥¥ ¤®áâ â®ç­®¥ ãá«®¢¨¥ áå®¤¨¬®áâ¨ ¬¥â®¤ .
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�¥®à¥¬  4. �ãáâì ¬ âà¨æ  A á¨áâ¥¬ë (1) ¯®«®¦¨â¥«ì­ . �®£¤  ¨â¥à æ¨®­­ë© ¬¥â®¤

(9) á ®¯¥à â®à®¬ B, § ¤ ­­ë¬ ä®à¬ã«®© (19), ¨ á ®¯¥à â®à®¬ Bc; ­¥ § ¢¨áïé¨¬ ®â ¨â¥à æ¨-

®­­®£® ¯ à ¬¥âà  �; áå®¤¨âáï ¢ ¯à®áâà ­áâ¢¥ HB0
¯à¨ � 2 (0; ��); £¤¥ �� ®¯à¥¤¥«¥­® ¢ (25).

� áá¬®âà¨¬ ­¥áª®«ìª® á¯®á®¡®¢ § ¤ ­¨ï ®¯¥à â®à  Bc. �ç¥¢¨¤­®, çâ® ­ ¨¡®«¥¥ íää¥ªâ¨¢-
­ë¬ ¨§ ­¨å ¢ á¬ëá«¥ ¢ëç¨á«¨â¥«ì­®© à ¡®âë ï¢«ï¥âáï ®¯¥à â®à Bc á ¤¨ £®­ «ì­®© áâàãªâãà®©
í«¥¬¥­â®¢. �â® ¯à¨¢®¤¨â ª âà¥ã£®«ì­®© áâàãªâãà¥ ®¯¥à â®à  B; çâ® ¯®§¢®«ï¥â ¥£® «¥£ª® ®¡à -
é âì.

� ç áâ­®áâ¨, ¢ à ¡®â¥ [13]

Bc = E; (26)

çâ® ®¡¥á¯¥ç¨¢ «® ¢ë¯®«­¥­¨¥ ãá«®¢¨© ¯à¥¤ë¤ãé¨å â¥®à¥¬. � ¬ ¦¥ ¡ë«¨ ¯à¨¢¥¤¥­ë à¥§ã«ì-
â âë, á¢ï§ ­­ë¥ á ®¯â¨¬ «ì­ë¬ ¢ë¡®à®¬ ¨â¥à æ¨®­­®£® ¯ à ¬¥âà , ¨ ¤ ­  ®æ¥­ª  áª®à®áâ¨
áå®¤¨¬®áâ¨ ¬¥â®¤ .

�¬¥áâ¥ á â¥¬, ¯à®¢¥¤¥­­ë¥ ç¨á«®¢ë¥ íªá¯¥à¨¬¥­âë ¯®ª §ë¢ îâ, çâ® ¯à¥¤«®¦¥­­ë¥ ¬¥â®¤ë
âà¥¡ãîâ ¡®«ìè®£® ç¨á«  ¨â¥à æ¨© ¢ á«ãç ïå, ª®£¤  áª®à®áâ¨ v1 ¨ v2 á¨«ì­® ¬¥­ïîâáï. �â®
á¢ï§ ­® á â¥¬, çâ® ®¯¥à â®àë ¢¥àå­¥£® á«®ï ¨§ [13] ­¥ á®¤¥à¦ â ¤®áâ â®ç­®© ¨­ä®à¬ æ¨¨ ®¡
¨§¬¥­¥­¨¨ ª®íää¨æ¨¥­â®¢ § ¤ ç¨.

�â®¡ë ãáâà ­¨âì íâ®â ­¥¤®áâ â®ª, ¢ [14] ¯à¥¤«®¦¥­® ¨á¯®«ì§®¢ âì ®¯¥à â®à

Bc = E + !D; (27)

£¤¥ D = diag(KHKB + KBKH)=2: � íâ®¬ á«ãç ¥ ®¯¥à â®à Bc ã¦¥ á®¤¥à¦¨â ¨­ä®à¬ æ¨î ®¡
¨§¬¥­¥­¨ïå ª®íää¨æ¨¥­â®¢ ¢ ãà ¢­¥­¨¨ (5) ¨  ¤¥ª¢ â­® ­  íâ® à¥ £¨àã¥â, çâ® ¨ ¯®¤â¢¥à¦¤ ¥âáï
à áç¥â ¬¨. �¬¥áâ¥ á â¥¬, â¥®à¥â¨ç¥áª¨¥ ®æ¥­ª¨ áå®¤¨¬®áâ¨ ¬¥â®¤  á Bc ¨§ (27) á®¢¯ ¤ îâ á
®æ¥­ª ¬¨ ¤«ï ¬¥â®¤  á Bc ¨§ (26), çâ® ãª §ë¢ ¥â ­  £àã¡®áâì ¨á¯®«ì§ã¥¬ëå ®æ¥­®ª.

5. �¨á«¥­­ë¥ à¥§ã«ìâ âë

�ë«® ¯à®¢¥¤¥­® ç¨á«¥­­®¥ ¨áá«¥¤®¢ ­¨¥ ¤ ­­®£® ª« áá  ¨â¥à æ¨®­­ëå ¬¥â®¤®¢ ­  ¯à¨¬¥à¥
­ å®¦¤¥­¨ï à¥è¥­¨ï á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©, ¯®«ãç¥­­®© ¢ à¥§ã«ìâ â¥
à §­®áâ­®©  ¯¯à®ªá¨¬ æ¨¨ (6) § ¤ ç¨ (5) ¯à¨ á«¥¤ãîé¨å §­ ç¥­¨ïå ª®íää¨æ¨¥­â®¢:

� ¡«¨æ  1

� ¤ ç  v1 v2
1 1 -1
2 1� 2x 2y � 1
3 x+ y x� y
4 sin 2�x 2�y cos 2�x

� ª ç¥áâ¢¥ â®ç­®£® à¥è¥­¨ï ãà ¢­¥­¨ï (5) ¢ ®¡« áâ¨ [0; 1] � [0; 1] ¡¥à¥âáï áâ¥¯¥­­ ï äã­ª-
æ¨ï u = xm + ym; £¤¥ m = 5; ¬®¤¥«¨àãîé ï à¥è¥­¨¥ â¨¯  ¯®£à ­¨ç­®£® á«®ï, ¨ äã­ªæ¨ï
u = sin�x sin�y; ¬®¤¥«¨àãîé ï £« ¤ª®¥ à¥è¥­¨¥.

�â¥à æ¨®­­ë© ¯à®æ¥áá ¯à¥ªà é ¥âáï, ¥á«¨

R = kr(k)k2=kr
(0)k2 � ";

£¤¥ r(k); r(0) | ­¥¢ï§ª¨ ­  k-© ¨ ­  0-© ¨â¥à æ¨¨, " = 10�6:
� ¯à¨¢¥¤¥­­®© â ¡«¨æ¥ 2 á®¤¥à¦ âáï §­ ç¥­¨ï ç¨á«  ¨â¥à æ¨©, ­¥®¡å®¤¨¬ëå ¤«ï ¤®áâ¨¦¥-

­¨ï ãª § ­­®© â®ç­®áâ¨ ¯à¨ à¥è¥­¨¨ § ¤ ç¨ ­  á¥âª¥ 32�32 ¢ á«ãç ¥ ¨á¯®«ì§®¢ ­¨ï ®¯¥à â®à 
Bc, § ¤ ­­®£® ä®à¬ã«®© (26) | ��(1)� ¨ ��(1)� ¨ ä®à¬ã«®© (27) | ��(D)� ¨ ��(D)�.
�ãª¢ë � ¨ � ¯®á«¥ áª®¡®ª ®§­ ç îâ, çâ® ¢ ª ç¥áâ¢¥ â®ç­®£® à¥è¥­¨ï § ¤ ç¨ ¨á¯®«ì§®¢ «®áì,
á®®â¢¥âáâ¢¥­­®, £« ¤ª®¥ à¥è¥­¨¥ ¨«¨ à¥è¥­¨¥ â¨¯  ¯®£à ­¨ç­®£® á«®ï.
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�§ ¯à¨¢¥¤¥­­ëå ¤ ­­ëå ¢¨¤­®, çâ® â¨¯ à¥è¥­¨ï ­¥ ®ª §ë¢ ¥â § ¬¥â­®£® ¢«¨ï­¨ï ­  ç¨á«®
¨â¥à æ¨©, â.¥. áå®¤¨¬®áâì ¬¥â®¤  ­¥ § ¢¨á¨â ®â ¯®¢¥¤¥­¨ï à¥è¥­¨ï,   á¢ï§ ­  á® §­ ç¥­¨¥¬ ¬ -
«®£® ¯ à ¬¥âà  ¯à¨ áâ àè¥© ¯à®¨§¢®¤­®© ¨ ¯®¢¥¤¥­¨¥¬ áª®à®áâ¥© â¥ç¥­¨ï. �¬¥­ìè¥­¨¥ è £ 
¯® ¯à®áâà ­áâ¢ã áª §ë¢ ¥âáï «¨èì ­  â®ç­®áâ¨ ¯®«ãç ¥¬®£® à¥è¥­¨ï. �¥®à¥â¨ç¥áª¨ ¯®¢¥¤¥­¨¥
¬¥â®¤®¢ (9), (26) ¨ (9), (27) ­¥ ®â«¨ç ¥âáï. �¨á«¥­­® ¯à®¢¥à¥­®, çâ® áª®à®áâì áå®¤¨¬®áâ¨ ¬¥â®¤ 
(9), (27) ¯à¨¬¥à­® ¢ ¤¢  à §  ¢ëè¥ «¨èì ¢ § ¤ ç¥ 4,£¤¥ å à ªâ¥à¨áâ¨ª¨ â¥ç¥­¨ï á¨«ì­® ¬¥­ï-
«¨áì. � ®áâ «ì­ëå á«ãç ïå ¬¥â®¤ (26) ®ª § «áï íää¥ªâ¨¢­¥©, â ª ª ª âà¥¡ã¥â ­  25% ¬¥­ìè¥
 à¨ä¬¥â¨ç¥áª¨å ¤¥©áâ¢¨© §  áç¥â ¯à®áâ®© áâàãªâãàë ®¯¥à â®à  B:

� ¡«¨æ  2
�¥§ã«ìâ âë à¥è¥­¨ï § ¤ ç ­  á¥âª¥ 32� 32

�®¬¥à § ¤ ç¨ Pe ��(1)� ��(1)� ��(D)� ��(D)�
1 103 216 214 214 219
2 103 336 335 288 263
3 103 305 299 264 253
4 103 606 612 341 360
1 104 1517 1528 1486 1394
2 104 1462 1403 1153 994
3 104 1439 1613 1191 1098
4 104 4935 4483 2194 2138
1 105 11604 11896 11467 10504
2 105 11276 11258 8879 8124
3 105 10958 13898 8980 8165
4 105 42330 41963 17976 17661

� ª ¨ ¯à¥¤¯®« £ «®áì, ­  áª®à®áâì áå®¤¨¬®áâ¨ á¨«ì­®¥ ¢«¨ï­¨¥ ®ª §ë¢ ¥â ª®íää¨æ¨¥­â
­¥á¨¬¬¥âà¨¨ á¨áâ¥¬ë k = Peh=2 (h | è £ ¯® ¯à®áâà ­áâ¢ã),   ­¥ Pe ¨ h ¢ ®â¤¥«ì­®áâ¨. �áâ -
­®¢«¥­®, çâ® ¯à¨ à §«¨ç­ëå Pe ¨ h; ¤«ï ª®â®àëå k ®áâ ¢ «áï ¯®áâ®ï­­ë¬, §­ ç¥­¨ï �opt ¨ n
(ç¨á«® ¨â¥à æ¨©) ¯à ªâ¨ç¥áª¨ ­¥ ¨§¬¥­ïîâáï.

�áá«¥¤®¢ «®áì ¢«¨ï­¨¥ ª®íää¨æ¨¥­â  k ¨ ¨â¥à æ¨®­­®£® ¯ à ¬¥âà  � ­  ¢¥«¨ç¨­ã n |
ç¨á«  ¨â¥à æ¨©,   â ª¦¥ ­  áå®¤¨¬®áâì ¬¥â®¤®¢. �¨á«¥­­® ¯®¤â¢¥à¤¨«®áì áãé¥áâ¢®¢ ­¨¥ â ª¨å
§­ ç¥­¨© �opt; ¤«ï ª®â®àëå ç¨á«® ¨â¥à æ¨© ¤«ï ¤®áâ¨¦¥­¨ï § ¤ ­­®© â®ç­®áâ¨ ¬¨­¨¬ «ì­®.

�à ¢­¥­¨¥ ¯à¥¤«®¦¥­­ëå ¬¥â®¤®¢ á ¬¥â®¤®¬ ¢¥àå­¥© à¥« ªá æ¨¨ ¨ �¥©¤¥«ï ¯®ª § «®, çâ®
¯à¨ 0 < k < 1 ¯®á«¥¤­¨¥ ¡®«¥¥ íää¥ªâ¨¢­ë, ­® ¯à¨ k > 1 ¯à¥¤¯®£ « ¥¬ë¥ ¬¥â®¤ë áâ ­®¢ïâáï
¯à¥¤¯®çâ¨â¥«ì­¥©. �¥â®¤ �¥©¤¥«ï ¯¥à¥áâ ¥â áç¨â âì ã¦¥ ¯à¨ k = 1:2;   ¬¥â®¤ ¢¥àå­¥© à¥« ª-
á æ¨¨ áç¨â ¥â åã¦¥ ¬¥â®¤  ­¨¦­¥© à¥« ªá æ¨¨, ª®â®àë© ¯¥à¥áâ ¥â áå®¤¨âìáï ¯à¨ k > 103:
�à¥¤« £ ¥¬ë¥ ¢ ¤ ­­®© áâ âì¥ ¬¥â®¤ë ­¥ â®«ìª® áå®¤ïâáï ¡ëáâà¥¥ ¢ëè¥ã¯®¬ï­ãâëå, ­® ¨ ¯à®-
¤®«¦ îâ à ¡®â âì ¯à¨ §­ ç¥­¨ïå k > 103:

� ª¨¬ ®¡à §®¬, à áá¬®âà¥­­ë© ¢ëè¥ ª« áá ¨â¥à æ¨®­­ëå ¬¥â®¤®¢ ¯à¥¤­ §­ ç¥­ ¤«ï à¥è¥-
­¨ï ���� á ­¥á ¬®á®¯àï¦¥­­ë¬¨ ¯®«®¦¨â¥«ì­ë¬¨ ¬ âà¨æ ¬¨, ã ª®â®àëå ª®á®á¨¬¬¥âà¨ç­ ï
ç áâì ï¢«ï¥âáï ¯à¥®¡« ¤ îé¥©. �  áç¥â ¨á¯®«ì§®¢ ­¨ï ­  ¢¥àå­¥¬ á«®¥ ®¯¥à â®à  B (¨«¨, çâ®
íª¢¨¢ «¥­â­®, ¯¥à¥®¡ãá« ¢«¨¢ â¥«ï), á®¤¥à¦ é¥£® ª®á®á¨¬¬¥âà¨ç­ãî ç áâì ¨áå®¤­®£® ®¯¥à -
â®à , ã¤ ¥âáï à¥è âì § ¤ ç¨, ¢ ª®â®àëå ç¨á«® ª®á®á¨¬¬¥âà¨¨ ï¢«ï¥âáï ¢¥«¨ç¨­®© ¯®àï¤ª  106

¨ ¡®«¥¥.
�¢â®à ¢ëà ¦ ¥â ¡« £®¤ à­®áâì �.�.�¨ª¨­ã §  ¯à®¢¥¤¥­­ë¥ à áç¥âë.
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