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� à ¡®â¥ ¨§ãç îâáï ¢®¯à®áë ¥¤¨áâ¢¥®áâ¨ ¤«ï ¤¢ã¬¥àëå àï¤®¢ �  à . �à¨ íâ®¬ à á-
á¬ âà¨¢ ¥âáï ª« áá â ª  §ë¢ ¥¬ëå �-à¥£ã«ïàëå áå®¤¨¬®áâ¥© ¤«ï ¤¢ã¬¥àëå àï¤®¢ (� ¬®¦¥â
¯à¨¨¬ âì «î¡®¥ § ç¥¨¥ ¨§ ¯®«ã¨â¥à¢ «  (0; 1]), ª ¦¤ ï ¨§ ª®â®àëå ï¢«ï¥âáï ¡®«¥¥ ®¡é¥©,
ç¥¬ ç áâ® ¨á¯®«ì§ã¥¬ ï áå®¤¨¬®áâì ¯® ¯àï¬®ã£®«ì¨ª ¬. �à¥¤¨ ãª § ëå áå®¤¨¬®áâ¥©  å®-
¤¨âáï â ª ï, çâ® ¯à¨ ¬¥¥¥ ®¡é¨å áå®¤¨¬®áâïå (¢ãâà¨ ¤ ®£® ª« áá ) ¥¤¨áâ¢¥®áâì ¤«ï
¤¢ã¬¥àëå àï¤®¢ �  à  ¨¬¥¥â ¬¥áâ®,   ¯à¨ ¡®«¥¥ ®¡é¨å | ¥â.

�á¯®«ì§ã¥âáï á«¥¤ãîé¥¥ ®¯à¥¤¥«¥¨¥ ®¤®¬¥àëå äãªæ¨© �  à  �n(x): �1(x) � 1 ¤«ï
x 2 [0; 1]; ¥á«¨ n = 2k + i, £¤¥ k � 0, 1 � i � 2k, â®

�n(x) =

8><
>:
2k=2 ¯à¨ x 2 � 2i�2

2k+1
; 2i�1
2k+1

�
;

�2k=2 ¯à¨ x 2 � 2i�1
2k+1

; 2i
2k+1

�
;

0 ¢¥
�
2i�2
2k+1

; 2i
2k+1

�
.

� â®çª¥ 0 (á®®â¢¥âáâ¢¥® 1) äãªæ¨î �n(x) ¯®« £ ¥¬ à ¢®© ¯à¥¤¥«ã á¯à ¢  (á®®â¢¥âáâ¢¥®
á«¥¢ ) äãªæ¨¨ �n(x),   ¢ ®áâ «ìëå â®çª å ®âà¥§ª  [0; 1] | áà¥¤¥¬ã  à¨ä¬¥â¨ç¥áª®¬ã ¯à ¢®£®
¨ «¥¢®£® ¯à¥¤¥«®¢. �à¨ â ª®¬ ®¯à¥¤¥«¥¨¨ á¨áâ¥¬  f�n(x)g ¯®«  ¢ C[0; 1] ([1], [2]).

�¢ã¬¥àë© àï¤ �  à 
1X
n=1

1X
m=1

an;m�n;m(x; y) =
1X
n=1

1X
m=1

an;m�n(x)�m(y) (1)

 §ë¢ ¥âáï �-à¥£ã«ïà® áå®¤ïé¨¬áï ª áã¬¬¥ S(x; y) ¢ â®çª¥ (x; y) 2 [0; 1]2, ¥á«¨ ¯®á«¥¤®¢ â¥«ì-

®áâì ¯àï¬®ã£®«ìëå ç áâ¨çëå áã¬¬ SN;M(x; y) =
NP
n=1

MP
m=1

an;m�n;m(x; y) áå®¤¨âáï ª S(x; y) ¯à¨

minfN;Mg ! 1 ¨

minfN=M ;M=Ng � �: (2)

�á«¨ ãá«®¢¨¥ (2) ®â¡à®á¨âì, â® ¯®«ãç¨¬ ®¡ëçãî áå®¤¨¬®áâì ¯® ¯àï¬®ã£®«ì¨ª ¬. �á«¨ ¤«ï
ç¨á¥« N , M ¡ã¤¥â ¢ë¯®«ïâìáï ãá«®¢¨¥ (2), â® ç áâ¨çãî áã¬¬ã SN;M(x; y) ¡ã¤¥¬  §ë¢ âì
�-à¥£ã«ïà®©. �¡®§ ç¨¬ �-à¥£ã«ïàãî áå®¤¨¬®áâì ¢ ¢¨¤¥ SN;M(x; y)

��! S(x; y). �ç¥¢¨¤®, ¯à¨
�1 < �2 ¨§ �1-à¥£ã«ïà®© áå®¤¨¬®áâ¨ á«¥¤ã¥â �2-à¥£ã«ïà ï áå®¤¨¬®áâì,   ¨§ áå®¤¨¬®áâ¨ ¯®
¯àï¬®ã£®«ì¨ª ¬ á«¥¤ã¥â �-à¥£ã«ïà ï áå®¤¨¬®áâì ¯à¨ «î¡®¬ � 2 (0; 1].

�à®áâ¥©è ï § ¤ ç  â¥®à¨¨ ¥¤¨áâ¢¥®áâ¨ ®àâ®£® «ìëå àï¤®¢ ¢ë£«ï¤¨â â ª: á«¥¤ã¥â «¨
¨§ â®£®, çâ® àï¤ ¯® ¥ª®â®à®© á¨áâ¥¬¥ äãªæ¨© áå®¤¨âáï ª ã«î   á¢®¥© ®¡« áâ¨ ®¯à¥¤¥«¥¨ï,
à ¢¥áâ¢® ã«î ª®íää¨æ¨¥â®¢ íâ®£® àï¤ ? �«ï àï¤®¢ (1) ¯à¨ áå®¤¨¬®áâ¨ ¯® ¯àï¬®ã£®«ì¨ª ¬
®â¢¥â   ¢®¯à®á § ¤ ç¨ ®ª §ë¢ ¥âáï ¯®«®¦¨â¥«ìë¬, çâ® á«¥¤ã¥â ¨§ à ¡®â [3] ¨ [4]. � [5] ¡ë-
«® ¤®ª § ®, çâ®   «®£¨ç ï á¨âã æ¨ï ¨¬¥¥â ¬¥áâ® ¨ ¯à¨ �-à¥£ã«ïà®© áå®¤¨¬®áâ¨ àï¤®¢ (1),
¥á«¨ � � 1=2. �®«¥¥ â®£®, ¢ [5] ¤«ï ª ¦¤®£® � � 1=2 ¯®áâà®¥ ®¡®¡é¥ë© ¨â¥£à «,  §¢ ë©

� ¡®â  ¯®¤¤¥à¦   �®áá¨©áª¨¬ ä®¤®¬ äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨© (¯à®¥ªâ 02-01-00428) ¨ ¯à®-
£à ¬¬®© ¯®¤¤¥à¦ª¨ ¢¥¤ãé¨å  ãçëå èª®« (¯à®¥ªâ ��-1657.2003.1).
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(P �
R)-¨â¥£à «®¬, á ¯®¬®éìî ª®â®à®£® ª®íää¨æ¨¥âë ¢áî¤ã   [0; 1]2 �-à¥£ã«ïà® áå®¤ïé¨åáï

àï¤®¢ (1) ¢®ááâ  ¢«¨¢ îâáï ¯® ä®à¬ã« ¬ �ãàì¥. �â¬¥â¨¬, çâ® «î¡®© ¨§ ¨â¥£à «®¢ ¤ ®-
£® á¥¬¥©áâ¢  ¥ ¬®¦¥â ¡ëâì ¯®ªàëâ ¥ â®«ìª® ¨â¥£à «®¬ �¥¡¥£ , ® ¨ ¬®£¨¬¨ ¨§¢¥áâë¬¨
®¡®¡é¥ë¬¨ ¨â¥£à « ¬¨,  ¯à¨¬¥à, ¥à¥£ã«ïàë¬ ¨«¨ �-à¥£ã«ïàë¬ ¨â¥£à « ¬¨ �¥áâ®ª {
�¥àà®  [6].

�¥¬ ¥ ¬¥¥¥, â ª ï á¨âã æ¨ï ¨¬¥¥â ¬¥áâ® ¥ ¢® ¢á¥å á«ãç ïå. � [7] ¡ë«® ¤®ª § ®, çâ® ¯à¨
§ ç¥¨ïå �, ¡«¨§ª¨å ª ¥¤¨¨æ¥, ¥¤¨áâ¢¥®áâì  àãè ¥âáï. � ¨¬¥®, ¤«ï «î¡®£® � 2 (

p
2=2; 1]

áãé¥áâ¢ã¥â àï¤ (1), ¥ ¢á¥ ª®ííää¨æ¨¥âë ª®â®à®£® ã«¥¢ë¥, áå®¤ïé¨©áï ª ã«î �-à¥£ã«ïà®
¢áî¤ã   [0; 1]2.

�á®, çâ® áãé¥áâ¢ã¥â �0 2 [1=2;
p
2=2] â ª®¥, çâ® ¯à¨ � < �0 ¥¤¨áâ¢¥®áâì ¨¬¥¥â ¬¥áâ®,  

¯à¨ � > �0  àãè ¥âáï. �¤¨áâ¢¥®áâì á¥©ç á ¯®¨¬ ¥âáï ¢ á ¬®¬ ã§ª®¬ á¬ëá«¥, â. ¥. ¯®¤ ¥©
¯®¤à §ã¬¥¢ ¥¬, çâ® ¢á¥ ª®íää¨æ¨¥âë áå®¤ïé¥£®áï ¢áî¤ã ª ã«î àï¤  (1) ¥®¡å®¤¨¬® ã«¥-
¢ë¥. �®ª ¦¥¬, çâ® �0 =

p
2=2. �«ï ª ¦¤®£® § ç¥¨ï � < �0 ¯®áâà®¨¬ ®¡®¡é¥ë© ¨â¥£à «,

ª®â®àë©  §®¢¥¬ (P �
d )-¨â¥£à «®¬ ¨ ¯®ª ¦¥¬, çâ® á ¯®¬®éìî íâ®£® ¨â¥£à «  ª®íää¨æ¨¥âë

¢áî¤ã   [0; 1]2 áå®¤ïé¥£®áï �-à¥£ã«ïà® ¤¢ã¬¥à®£® àï¤  �  à  ¢®ááâ  ¢«¨¢ îâáï ¯® ä®à¬ã-
« ¬ �ãàì¥. �¥¬ á ¬ë¬ ¡ã¤¥â ¯®«ãç¥® ®¡®¡é¥¨¥ à¥§ã«ìâ â®¢ [5].

�®á¯®«ì§ã¥¬áï á«¥¤ãîé¨¬¨ ®¯à¥¤¥«¥¨ï¬¨ [4]{[6]. �¢®¨ç®-à æ¨® «ìë¬¨  §ë¢ îâáï

â®çª¨ ¬®¦¥áâ¢  Qd
def= fx = p=2n 2 [0; 1], p; n 2 Zg,   ¤¢®¨ç®-¨àà æ¨® «ìë¬¨ | â®ç-

ª¨ ¬®¦¥áâ¢  Id
def= [0; 1] n Qd. � ¬ªãâë© ¯àï¬®ã£®«ì¨ª, «¥¦ é¨© ¢ [0; 1]2 ¨ ¨¬¥îé¨© ¢¨¤�

p
2n
; p+1

2n

�� � q
2m
; q+1
2m

�
á æ¥«ë¬¨ p, q, n ¨ m,  §ë¢ ¥âáï ¤¢®¨çë¬ ¨â¥à¢ «®¬,   ¯ à  ç¨á¥« (n;m)

{ ¥£® à £®¬. �¢®©ãî ¯®á«¥¤®¢ â¥«ì®áâì f�k;lg ¤¢®¨çëå ¨â¥à¢ «®¢  §®¢¥¬ ®á®¢®© ¤«ï
â®çª¨ (x; y) 2 [0; 1]2, ¥á«¨ (x; y) 2 �k;l, �k+1;l � �k;l, �k;l+1 � �k;l ¨ à £ �k;l à ¢¥ (k; l) ¤«ï
¢á¥å k ¨ l.

�«ï § ¤ ®£® àï¤  (1) ¯®áâà®¨¬ äãªæ¨î ¤¢®¨ç®£® ¨â¥à¢ «  	(�) ¯® ä®à¬ã«¥

	(�) =
1X
n=1

1X
m=1

Z
�

an;m�n;m(x; y)dx dy: (3)

�§ à¥§ã«ìâ â®¢ [8] á«¥¤ã¥â, çâ® áã¬¬  ¢ ¯à ¢®© ç áâ¨ ä®à¬ã«ë (3) á®¤¥à¦¨â «¨èì ª®¥ç®¥
ç¨á«® ¥ã«¥¢ëå á« £ ¥¬ëå, äãªæ¨ï 	(�) ï¢«ï¥âáï  ¤¤¨â¨¢®© äãªæ¨¥© ¤¢®¨ç®£® ¨â¥à-
¢ «  ¨

	(�) = j�jS2k;2l(x; y); (4)

£¤¥ (x; y) | «î¡ ï ¢ãâà¥ïï â®çª  ¤¢®¨ç®£® ¨â¥à¢ «  �,   (k; l) | à £ íâ®£® ¨â¥à¢ « .
� â¥à¬¨ å äãªæ¨¨ 	(�), ª®â®à ï ¤«ï àï¤  (1) áâà®¨âáï ¯® ä®à¬ã«¥ (3), áä®à¬ã«¨àã¥¬

ãá«®¢¨ï, ¥®¡å®¤¨¬ë¥ ¤«ï â®£®, çâ®¡ë íâ®â àï¤ áå®¤¨«áï ª ª®¥ç®© áã¬¬¥ ¢ ¥ª®â®à®© â®çª¥.
�®¤®¡ë¥ ãâ¢¥à¦¤¥¨ï ä®à¬ã«¨à®¢ «¨áì ¢ ([5], ãâ¢¥à¦¤¥¨ï 1{3), ®¤ ª® ®¨ ¥ ¯®¤å®¤ïâ ¤«ï
á«ãç ï � > 1=2. �«ï íâ®£® ¯®âà¥¡ãîâáï ¡®«¥¥ â®ª¨¥ ãâ¢¥à¦¤¥¨ï. � ãâ¢¥à¦¤¥¨ïå 1{8 áã¬¬ã
S(x; y) ¡ã¤¥¬ áç¨â âì ª®¥ç®©.

�â¢¥à¦¤¥¨¥ 1. �ãáâì x; y 2 Id. �á«¨ SN;M(x; y)
��! S(x; y), â® lim

n!1
(	(�n;n)=j�n;nj) =

S(x; y).

�®ª § â¥«ìáâ¢® «¥£ª® á«¥¤ã¥â ¨§ ä®à¬ã«ë (4).
�ã¤¥¬ ®¡®§ ç âì ¢ ¤ «ì¥©è¥¬ ç¥à¥§ 'n;m(x; y) ¢ëà ¦¥¨¥ an;m�n;m(x; y) | ®¡é¨© ç«¥

àï¤  (1).

�â¢¥à¦¤¥¨¥ 2. �ãáâì ¤«ï ª®®à¤¨ â â®çª¨ (x; y) ¢ë¯®«¥® ãá«®¢¨¥

� <
1 + x

1 + y
<
1
�
: (5)
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�á«¨ x 2 Qd, y 2 Id (x 2 Id, y 2 Qd) ¨ SN;M(x; y)
��! S(x; y), â® ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨

f�k;lg, ®á®¢®© ¤«ï â®çª¨ (x; y), ¢ë¯®«ï¥âáï ãá«®¢¨¥

lim
n!1

	(�n;n)� 1
2
	(�n�1;n)

j�n;nj = 0 (6)

�
lim
n!1

	(�n;n)� 1
2
	(�n;n�1)

j�n;nj = 0 á®®â¢¥âáâ¢¥®

�
: (7)

�®ª § â¥«ìáâ¢®. �ã¤¥¬ ¤®ª §ë¢ âì ä®à¬ã«ã (6) (ä®à¬ã«  (7) ¤®ª §ë¢ ¥âáï   «®£¨ç®),
¯à¨ç¥¬ ¤«ï \¯à ¢®©" ®á®¢®© ¯®á«¥¤®¢ â¥«ì®áâ¨ (¤«ï \«¥¢®©" |   «®£¨ç®).

�ãáâì [a] ®§ ç ¥â æ¥«ãî ç áâì ç¨á«  a. � áá¬®âà¨¬ ç áâ¨çë¥ áã¬¬ë

S2k+[2kx]+1; 2k+[2ky]+1(x; y); S2k+[2kx]; 2k+[2ky]+1(x; y): (8)

� á¨«ã (5) ®¡¥ ç áâ¨çë¥ áã¬¬ë �-à¥£ã«ïàë ¯à¨ ¡®«ìè¨å k. �®ª ¦¥¬ íâ®   ¯à¨¬¥à¥
¢â®à®© ç áâ¨ç®© áã¬¬ë. �¥©áâ¢¨â¥«ì®, á ®¤®© áâ®à®ë, ¯à¨ ¤®áâ â®ç® ¡®«ìè¨å k

2k + [2kx]
2k + [2ky] + 1

>
2k(1 + x)� 1
2k(1 + y) + 1

> �;

  á ¤àã£®© áâ®à®ë,

2k + [2kx]
2k + [2ky] + 1

<
2k(1 + x)
2k(1 + y)

<
1
�

(¯®áª®«ìªã x ¨ y ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (5)).
� ª ª ª àï¤ �  à  áå®¤¨âáï �-à¥£ã«ïà® ª ª®¥ç®© áã¬¬¥ ¢ â®çª¥ (x; y), â® ®¡¥ ç áâ¨çë¥

áã¬¬ë ¢ (8) áâà¥¬ïâáï ¯à¨ k !1 ª ®¤®¬ã ¨ â®¬ã ¦¥ ç¨á«ã,   ¨å à §®áâì áâà¥¬¨âáï ª ã«î.
�® íâ  à §®áâì à ¢  (¯à¨ ¤®áâ â®ç® ¬ «®¬ " > 0)

2k+[2ky]+1X
i=1

'2k+[2kx]+1; i(x; y) = C
2k+[2ky]+1X

i=1

'2k+[2kx]+1; i(x+ "; y) =

= C(S2k+1; 2k+[2ky]+1(x+ "; y) � S2k; 2k+[2ky]+1(x+ "; y)) =

= C(S2k+1; 2k+1(x+ "; y) � S2k; 2k+1(x+ "; y)) = C

�
	(�k+1;k+1)
j�k+1;k+1j � 	(�k;k+1)

j�k;k+1j
�
=

=
C

2j�k+1;k+1j
�
	(�k+1;k+1)� 1

2
	(�k;k+1)

�
;

£¤¥ C à ¢® 1 ¨«¨ 1=2. �âáî¤  á«¥¤ã¥â ä®à¬ã«  (6). � ¯®á«¥¤¥© ¢ëª« ¤ª¥ ¨á¯®«ì§®¢   ä®à-
¬ã«  (4).

�â¢¥à¦¤¥¨¥ 3. �ãáâì ¤«ï ª®®à¤¨ â â®çª¨ (x; y) ¢ë¯®«¥® ãá«®¢¨¥ (5). �á«¨ x; y 2 Qd

¨ SN;M(x; y)
��! S(x; y), â® ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨ f�k;lg, ®á®¢®© ¤«ï â®çª¨ (x; y),

¢ë¯®«ï¥âáï ãá«®¢¨¥

lim
n!1

	(�n;n)� 1
2
	(�n�1;n)� 1

2
	(�n;n�1) + 1

4
	(�n�1;n�1)

j�n;nj = 0: (9)

�®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬ ¤«ï \¯à ¢®© ¢¥àå¥©" ®á®¢®© ¯®á«¥¤®¢ â¥«ì®áâ¨ (¤«ï ¢á¥å
®áâ «ìëå |   «®£¨ç®). � ª ª ª àï¤ �  à  áå®¤¨âáï �-à¥£ã«ïà® ª ª®¥ç®© áã¬¬¥ ¢ â®çª¥
(x; y), â® ª ®¤®¬ã ¨ â®¬ã ¦¥ ¯à¥¤¥«ã ¯à¨ k !1 áâà¥¬ïâáï ¢ëà ¦¥¨ï S2k+[2kx]+i; 2k+[2ky]+j(x; y)
(i; j = 0; 1) (ª ª ¨ ¢ ãâ¢¥à¦¤¥¨¨ 2, ¬®¦® ¯®ª § âì, çâ® ãª § ë¥ ç áâ¨çë¥ áã¬¬ë ï¢«ïîâáï
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�-à¥£ã«ïàë¬¨). � ç¨â, ª ã«î áâà¥¬¨âáï ¢ëà ¦¥¨¥
1P

i;j=0
(�1)i+jS2k+[2kx]+i; 2k+[2ky]+j(x; y). �®

¯à¨ ¤®áâ â®ç® ¬ «ëå " > 0 íâ® ¢ëà ¦¥¨¥ à ¢®

'2k+[2kx]+1; 2k+[2ky]+1(x; y) = C'2k+[2kx]+1; 2k+[2ky]+1(x+ "; y + ") =

= C
1X

i;j=0

(�1)i+jS2k+1�i; 2k+1�j (x+ "; y + ") = C
1X

i;j=0

(�1)i+j	(�k+1�i;k+1�j)
j�k+1�i;k+1�j j =

=
C

j�k+1;k+1j
1X

i;j=0

�
� 1
2

�i+j
	(�k+1�i;k+1�j);

£¤¥ C à ¢® 1, 1=2 ¨«¨ 1=4. �âáî¤  á«¥¤ã¥â ä®à¬ã«  (9). � ¯®á«¥¤¥© ¢ëª« ¤ª¥ ¨á¯®«ì§®¢  
ä®à¬ã«  (4). �

�ë« ¨§ãç¥ á«ãç ©, ª®£¤  ª®®à¤¨ âë â®çª¨ (x; y) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (5). � áá¬®âà¨¬
¤àã£¨¥ á«ãç ¨ ¨ ¯®«ãç¨¬ ä®à¬ã«ë, ¯®¤®¡ë¥ ä®à¬ã« ¬ (6), (7) ¨ (9).

�ãáâì ¤«ï ª®®à¤¨ â â®çª¨ (x; y) ¢ë¯®«ï¥âáï ãá«®¢¨¥

1 + x

1 + y
<

1
2�
: (10)

� ©¤¥¬ ãá«®¢¨ï, ¥®¡å®¤¨¬ë¥ ¤«ï áå®¤¨¬®áâ¨ àï¤  (1) ¢ â®çª å, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î
(10).

�â¢¥à¦¤¥¨¥ 4. �á«¨ x; y 2 Id ¨ ¤«ï â®çª¨ (x; y) ¢ë¯®«¥® ãá«®¢¨¥ (10), â® ¤«ï �-à¥£ã-
«ïà®© áå®¤¨¬®áâ¨ àï¤  (1) ª áã¬¬¥ S(x; y) ¢ â®çª¥ (x; y) ¥®¡å®¤¨¬® ¢ë¯®«¥¨¥ ãá«®¢¨ï

lim
n!1

	(�n+1;n)
j�n+1;nj = S(x; y): (11)

�®ª § â¥«ìáâ¢® ®ç¥¢¨¤®, ¥á«¨ § ¬¥â¨âì, çâ® ¯à¨ ¤®áâ â®ç® ¡®«ìè¨å k ¯®á«¥¤®¢ â¥«ì-
®áâì S2k+[2kx]+1; 2k�1+[2k�1y]+1(x; y) ï¢«ï¥âáï �-à¥£ã«ïà®©, â. ª. ¯à¨ k !1

1 >
2k�1 + [2k�1y] + 1
2k + [2kx] + 1

! 2k�1(1 + y)
2k(1 + x)

=
1 + y

2(1 + x)
> �:

�®£¤ 

S(x; y) = lim
k!1

S2k+[2kx]+1; 2k�1+[2k�1y]+1(x; y) = lim
k!1

S2k+1; 2k(x; y) = lim
k!1

	(�k+1;k)
j�k+1;kj ;

çâ® ¨ ¤®ª §ë¢ ¥â ä®à¬ã«ã (11). �

�â¢¥à¦¤¥¨¥ 5. �ãáâì ¤«ï ª®®à¤¨ â â®çª¨ (x; y) ¢ë¯®«¥® ãá«®¢¨¥ (10). �á«¨ x 2 Qd,

y 2 Id (x 2 Id, y 2 Qd) ¨ SN;M(x; y)
��! S(x; y), â® ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨ f�k;lg,

®á®¢®© ¤«ï â®çª¨ (x; y), ¢ë¯®«ï¥âáï ãá«®¢¨¥

lim
n!1

	(�n+1;n)� 1
2
	(�n;n)

j�n+1;nj = 0 (12)

�
lim
n!1

	(�n+1;n)� 1
2
	(�n+1;n�1)

j�n+1;nj = 0 á®®â¢¥âáâ¢¥®

�
: (13)

�®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬ ¤«ï \¯à ¢®©" ®á®¢®© ¯®á«¥¤®¢ â¥«ì®áâ¨ (12).
� áá¬®âà¨¬ ç áâ¨çë¥ áã¬¬ë

S2k+1+[2k+1x]+1; 2k+[2ky]+1(x; y); S2k+1+[2k+1x]; 2k+[2ky]+1(x; y): (14)

� ª ¦¥, ª ª ¢ ¯à¥¤ë¤ãé¥¬ ãâ¢¥à¦¤¥¨¨, ¯®ª §ë¢ ¥âáï, çâ® ¯à¨ ¡®«ìè¨å k ç áâ¨çë¥ áã¬-
¬ë ¢ ä®à¬ã«¥ (14) ï¢«ïîâáï �-à¥£ã«ïàë¬¨,   â. ª. àï¤ �  à  áå®¤¨âáï �-à¥£ã«ïà® ª ª®¥ç®©
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áã¬¬¥ ¢ â®çª¥ (x; y), â® ®¡¥ ç áâ¨çë¥ áã¬¬ë ¢ ä®à¬ã«¥ (14) áâà¥¬ïâáï ¯à¨ k !1 ª ®¤®¬ã ¨
â®¬ã ¦¥ ç¨á«ã,   ¨å à §®áâì áâà¥¬¨âáï ª ã«î. �®¤®¡® â®¬ã, ª ª íâ® ¤¥« «®áì ¢ ãâ¢¥à¦¤¥-
¨¨ 2, ¯®ª §ë¢ ¥âáï, çâ® íâ  à §®áâì à ¢ 

C

2j�k+2;k+1j
�
	(�k+2;k+1)� 1

2
	(�k+1;k+1)

�

(£¤¥ C à ¢® 1 ¨«¨ 1=2), ®âªã¤  á«¥¤ã¥â ä®à¬ã«  (12). �®à¬ã«  (13) ¤®ª §ë¢ ¥âáï   «®£¨ç®. �

�â¢¥à¦¤¥¨¥ 6. �ãáâì ¤«ï ª®®à¤¨ â â®çª¨ (x; y) ¢ë¯®«¥® ãá«®¢¨¥ (10). �á«¨ x; y 2 Qd

¨ SN;M(x; y)
��! S(x; y), â® ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨ f�k;lg, ®á®¢®© ¤«ï â®çª¨ (x; y),

¢ë¯®«ï¥âáï ãá«®¢¨¥

lim
n!1

	(�n+1;n)� 1
2
	(�n;n)� 1

2
	(�n+1;n�1) + 1

4
	(�n;n�1)

j�n+1;nj = 0: (15)

�®ª § â¥«ìáâ¢® à ¢¥áâ¢  (15) ¯à®¢¥¤¥¬ ¤«ï \¯à ¢®© ¢¥àå¥©" ®á®¢®© ¯®á«¥¤®¢ â¥«ì®-
áâ¨ (¤«ï ¢á¥å ®áâ «ìëå {   «®£¨ç®). � ¬¥â¨¬, çâ® ¤«ï «î¡ëå i; j = 0; 1 ¨ k !1 ¨¬¥¥â ¬¥áâ®
æ¥¯®çª  á®®®â®è¥¨©

1 >
2k + [2ky] + j

2k+1 + [2k+1x] + i
! 1 + y

2(1 + x)
> �:

�«¥¤®¢ â¥«ì®, ç áâ¨çë¥ áã¬¬ë S2k+1+[2k+1x]+i; 2k+[2ky]+j(x; y) ï¢«ïîâáï �-à¥£ã«ïàë¬¨ ¯à¨

¡®«ìè¨å k,   ¢ëà ¦¥¨¥
1P

i;j=0
(�1)i+jS2k+1+[2k+1x]+i; 2k+[2ky]+j(x; y) áâà¥¬¨âáï ª ã«î ¯à¨ k ! 1.

�®¦® ¯®ª § âì, ¯®¤®¡® â®¬ã, ª ª ¤¥« «®áì ¢ ¤®ª § â¥«ìáâ¢¥ ãâ¢¥à¦¤¥¨ï 3, çâ® ¯®á«¥¤¥¥
¢ëà ¦¥¨¥ à ¢®

C

j�k+2;k+1j
1X

i;j=0

�
�1
2

�i+j
	(�k+2�i;k+1�j);

£¤¥ C à ¢® 1, 1=2 ¨«¨ 1=4, ®âªã¤  á«¥¤ã¥â ä®à¬ã«  (15). �

�«¥¤ãîé¨¥ âà¨ ãâ¢¥à¦¤¥¨ï ¯à¥¤áâ ¢«ïîâ á®¡®© ¥®¡å®¤¨¬ë¥ ãá«®¢¨ï �-à¥£ã«ïà®© áå®-
¤¨¬®áâ¨ àï¤  (1) ¢ â®çª¥ (x; y), ¤«ï ª®®à¤¨ â ª®â®à®© ¢ë¯®«¥® ãá«®¢¨¥

1 + x

1 + y
> 2�: (16)

�®ª § â¥«ìáâ¢® íâ¨å ãâ¢¥à¦¤¥¨©   «®£¨ç® ¤®ª § â¥«ìáâ¢ã ãâ¢¥à¦¤¥¨© 4{6 (ä ªâ¨ç¥áª¨
ª®®à¤¨ âë â®çª¨ (x; y) ¯à¨ ¯¥à¥å®¤¥ ®â ãâ¢¥à¦¤¥¨© 4{6 ª ãâ¢¥à¦¤¥¨ï¬ 7{9 ¯à®áâ® ¯®¬¥ï-
îâáï à®«ï¬¨).

�â¢¥à¦¤¥¨¥ 7. �á«¨ x; y 2 Id ¨ ¤«ï â®çª¨ (x; y) ¢ë¯®«¥® ãá«®¢¨¥ (16), â® ¤«ï �-à¥-
£ã«ïà®© áå®¤¨¬®áâ¨ àï¤  (1) ª áã¬¬¥ S(x; y) ¢ â®çª¥ (x; y) ¥®¡å®¤¨¬® ¢ë¯®«¥¨¥ ãá«®¢¨ï

lim
n!1

	(�n;n+1)

j�n;n+1j
= S(x; y).

�â¢¥à¦¤¥¨¥ 8. �ãáâì ¤«ï ª®®à¤¨ â â®çª¨ (x; y) ¢ë¯®«¥® ãá«®¢¨¥ (16). �á«¨ x 2 Qd,

y 2 Id (á®®â¢¥âáâ¢¥® x 2 Id, y 2 Qd ¨«¨ x; y 2 Qd) ¨ SN;M(x; y)
��! S(x; y), â® ¤«ï «î¡®©

¯®á«¥¤®¢ â¥«ì®áâ¨ f�k;lg, ®á®¢®© ¤«ï â®çª¨ (x; y), ¢ë¯®«ï¥âáï ®¤® ¨§ ãá«®¢¨©

lim
n!1

	(�n;n+1)� 1
2
	(�n�1;n+1)

j�n;n+1j = 0; (17)

lim
n!1

	(�n;n+1)� 1
2
	(�n;n)

j�n;n+1j = 0 (18)

¨«¨

lim
n!1

	(�n;n+1)� 1
2
	(�n�1;n+1)� 1

2
	(�n;n) + 1

4
	(�n�1;n)

j�n;n+1j = 0 (19)
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á®®â¢¥âáâ¢¥®.

�¥à¥©¤¥¬ ª ¤®ª § â¥«ìáâ¢ã ®á®¢ëå à¥§ã«ìâ â®¢ à ¡®âë.

�¥®à¥¬  1. �ãáâì ç¨á«® � ¢ë¡à ® â ª, çâ® � 2 (0;
p
2=2),  ¤¤¨â¨¢ ï äãªæ¨ï ¤¢®¨ç®£®

¨â¥à¢ «  �(�) ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬ ãá«®¢¨ï¬ (§¤¥áì f�n;mg | «î¡ ï ¨§ ®á®¢ëå ¤«ï

á®®â¢¥âáâ¢ãîé¥© â®çª¨ ¯®á«¥¤®¢ â¥«ì®áâ¥© ¤¢®¨çëå ¨â¥à¢ «®¢):

1) ¥á«¨ x; y 2 Id ¨ ¤«ï â®çª¨ (x; y) ¯à¨ § ¤ ®¬ � ¢ë¯®«ï¥âáï ãá«®¢¨¥ (5), â®
lim
n!1

�(�n;n)

j�n;nj
� 0;

2) ¥á«¨ x; y 2 Id ¨ ¤«ï â®çª¨ (x; y) ¯à¨ § ¤ ®¬ � ¢ë¯®«ï¥âáï ãá«®¢¨¥ (10), â®
lim
n!1

�(�n+1;n)

j�n+1;nj
� 0;

3) ¥á«¨ x; y 2 Id ¨ ¤«ï â®çª¨ (x; y) ¯à¨ § ¤ ®¬ � ¢ë¯®«ï¥âáï ãá«®¢¨¥ (16), â®
lim
n!1

�(�n;n+1)

j�n;n+1j
� 0;

4) ¥á«¨ x 2 Qd, y 2 Id ¨ ¤«ï â®çª¨ (x; y) ¯à¨ § ¤ ®¬ � ¢ë¯®«ï¥âáï ãá«®¢¨¥ (5)
(á®®â¢¥âáâ¢¥® ãá«®¢¨ï (10) ¨«¨ (16)), â® ¤«ï äãªæ¨¨ �(�) ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

(6) ((12) ¨«¨ (17) á®®â¢¥âáâ¢¥®);
5) ¥á«¨ x 2 Id, y 2 Qd ¨ ¤«ï â®çª¨ (x; y) ¯à¨ § ¤ ®¬ � ¢ë¯®«ï¥âáï ãá«®¢¨¥ (5)

(á®®â¢¥âáâ¢¥® ãá«®¢¨ï (10) ¨«¨ (16)), â® ¤«ï äãªæ¨¨ �(�) ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

(7) ((13) ¨«¨ (18) á®®â¢¥âáâ¢¥®);
6) ¥á«¨ x; y 2 Qd ¨ ¤«ï â®çª¨ (x; y) ¯à¨ § ¤ ®¬ � ¢ë¯®«ï¥âáï ãá«®¢¨¥ (5) (á®®â¢¥âáâ-

¢¥® ãá«®¢¨ï (10) ¨«¨ (16)), â® ¤«ï äãªæ¨¨ �(�) ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® (9) ((15)
¨«¨ (19) á®®â¢¥âáâ¢¥®).

�®£¤  �(�) � 0 ¤«ï «î¡®£® ¤¢®¨ç®£® ¨â¥à¢ «  �.

�®ª § â¥«ìáâ¢®. �ãáâì U1 | ¬®¦¥áâ¢® â®ç¥ª ª¢ ¤à â  [0; 1]2, ã¤®¢«¥â¢®àïîé¨å ãá«®-
¢¨î (5),   U2 ¨ U3 |   «®£¨çë¥ ¬®¦¥áâ¢  â®ç¥ª, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ (10) ¨ (16)
á®®â¢¥âáâ¢¥®. � ª ª ª � <

p
2=2, â® ¬®¦¥áâ¢® U1 ¨¬¥¥â ¥¯ãáâ®¥ ¯¥à¥á¥ç¥¨¥ ª ª á U2, â ª

¨ á U3. �®«¥¥ â®£®, ¥á«®¦® ¯®ª § âì, çâ® ¬®¦¥áâ¢  Ui (i = 1; 2; 3) ®¡à §ãîâ ®âªàëâ®¥ (¢
â®¯®«®£¨¨ [0; 1]2) ¯®ªàëâ¨¥ ¥¤¨¨ç®£® ª¢ ¤à â . �§ íâ®£® á¢®©áâ¢  á ¯®¬®éìî í«¥¬¥â àëå
£¥®¬¥âà¨ç¥áª¨å á®®¡à ¦¥¨© «¥£ª® ¤®ª §ë¢ ¥âáï, çâ® ¤¢®¨çë© ¨â¥à¢ « � ¬®¦® à §¡¨âì
  ª®¥ç®¥ ç¨á«® ¥¯¥à¥ªàë¢ îé¨åáï ¤¢®¨çëå ª¢ ¤à â®¢, ª ¦¤ë© ¨§ ª®â®àëå ¯®«®áâìî
«¥¦¨â ¯® ªà ©¥© ¬¥à¥ ¢ ®¤®¬ ¨§ ¬®¦¥áâ¢ Ui.

�à¥¤¯®«®¦¨¬ â®£¤ , çâ® ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë ¥ ï¢«ï¥âáï ¢¥àë¬ ¨  ©¤¥âáï ¤¢®¨çë© ¨-
â¥à¢ « �0, ¤«ï ª®â®à®£® �(�0) < 0. � §¡¨¢ �0   ª®¥ç®¥ ç¨á«® ¤¢®¨çëå ª¢ ¤à â®¢, ª ¦¤ë©
¨§ ª®â®àëå ¯®«®áâìî «¥¦¨â ¢ ¥ª®â®à®¬ Ui, ¯®«ãç¨¬ á ãç¥â®¬  ¤¤¨â¨¢®áâ¨, çâ® ¯® ªà ©¥©
¬¥à¥   ®¤®¬ ¨§ ¨å äãªæ¨ï � ¯à¨¨¬ ¥â ®âà¨æ â¥«ì®¥ § ç¥¨¥. �®íâ®¬ã á á ¬®£®  ç « 
¬®¦® áç¨â âì �0 ¤¢®¨çë¬ ª¢ ¤à â®¬.

�á«¨ �0 � U1, â®, ¤®á«®¢® ¯®¢â®àïï à ááã¦¤¥¨ï â¥®à¥¬ë 1 ¨§ à ¡®âë [5],  ©¤¥¬ â ªãî
â®çªã (x; y) 2 �0, çâ® ¤«ï ¥ª®â®à®© ¯®á«¥¤®¢ â¥«ì®áâ¨, ®á®¢®© ¤«ï íâ®© â®çª¨, ¥ ¢ë¯®«-
ï¥âáï ®¤® ¨§ ãá«®¢¨© 1, 4, 5 ¨«¨ 6  è¥© â¥®à¥¬ë.

�ãáâì �0 � U2. �á«¨ à £ �0 à ¢¥ (n0; n0), â® �0 ¬®¦® à §¡¨âì   ¤¢  ¥¯¥à¥ªàë¢ îé¨åáï
¤¢®¨çëå ¨â¥à¢ «  à £  (n0+1; n0),   ®¤®¬ ¨§ ª®â®àëå ( §®¢¥¬ ¥£® �0

0) äãªæ¨ï � ¢ á¨«ã
á¢®¥©  ¤¤¨â¨¢®áâ¨ ¯à¨¨¬ ¥â ®âà¨æ â¥«ì®¥ § ç¥¨¥. �ë¡¥à¥¬ " > 0  áâ®«ìª® ¬ «ë¬, çâ®
�1(�0

0) < 0, £¤¥ ¯® ®¯à¥¤¥«¥¨î �1(�) = �(�) + "j�j.
� «ì¥©è¥¥ ¤®ª § â¥«ìáâ¢® á®¢  ¯à ªâ¨ç¥áª¨ ¤®á«®¢® ¯®¢â®àï¥â ¤®ª § â¥«ìáâ¢® â¥®à¥-

¬ë 1 ¨§ [5]. �®¢â®àïï ¯à®æ¥áá ¢ ãª § ®¬ ¤®ª § â¥«ìáâ¢¥, ¨¤ãªæ¨®® ¬®¦® ¯®áâà®¨âì ¢«®-
¦¥ãî ¯®á«¥¤®¢ â¥«ì®áâì ¤¢®¨çëå ¨â¥à¢ «®¢ fIng1n=n0 à £  (n+1; n) (  ¥ ª¢ ¤à â®¢, ª ª
¢ ã¯®¬ïãâ®© â¥®à¥¬¥ 1 ¨§ [4], ¨ íâ® ¥¤¨áâ¢¥®¥ à §«¨ç¨¥) â ª¨å, çâ® �1(In) < 0. �à¨ íâ®¬
In ! (x; y), £¤¥ «¨¡® x; y 2 Qd, ¯à¨ç¥¬ ¤«ï äãªæ¨¨ �1(�),   § ç¨â, ¨ ¤«ï äãªæ¨¨ �(�), ¢
â®çª¥ (x; y) ¥ ¢ë¯®«ï¥âáï à ¢¥áâ¢® (15); «¨¡® x 2 Id, y 2 Qd, ¯à¨ç¥¬ ¤«ï äãªæ¨¨ �1(�),
  § ç¨â, ¨ ¤«ï äãªæ¨¨ �(�), ¢ â®çª¥ (x; y) ¥ ¢ë¯®«ï¥âáï à ¢¥áâ¢® (13); «¨¡® x 2 Qd,
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y 2 Id, ¯à¨ç¥¬ ¤«ï äãªæ¨¨ �1(�),   § ç¨â, ¨ ¤«ï äãªæ¨¨ �(�), ¢ â®çª¥ (x; y) ¥ ¢ë¯®«-
ï¥âáï à ¢¥áâ¢® (12); «¨¡®,  ª®¥æ, x; y 2 Id ¨ ¤«ï äãªæ¨¨ �1(�) ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®
lim
n!1

�1(�n+1;n)=j�n+1;nj � 0. �®£¤ 

lim
n!1

�(�n+1;n)
j�n+1;nj = lim

n!1
(�1(�n+1;n)� "j�n+1;nj)=j�n+1;nj � 0� " = �" < 0;

¨ ¥ ¢ë¯®«ï¥âáï ãá«®¢¨¥ 2 â¥®à¥¬ë.
� «®£¨ç® ¯à¥¤ë¤ãé¥¬ã à §¡¨à ¥âáï á«ãç ©, ª®£¤  �0 � U3. � «î¡®¬ á«ãç ¥ ¯à¨å®¤¨¬ ª

¯à®â¨¢®à¥ç¨î, ¤®ª §ë¢ îé¥¬ã â¥®à¥¬ã.

�¥®à¥¬ë, ¯®¤®¡ë¥ ¤®ª § ®©, ¢ â¥®à¨¨ ®¡®¡é¥ëå ¨â¥£à «®¢ ®¡ëç®  §ë¢ îâáï \â¥®-
à¥¬ ¬¨ ® ¬®®â®®áâ¨" (¯à¨¬¥àë â ª¨å â¥®à¥¬ á¬.,  ¯à., ¢ [6], á. 20; [9], á. 453). �¨ ¯®§¢®«ïîâ
áâà®¨âì ¤®áâ â®ç® ®¡é¨¥ ¨â¥£à «ë. �¤¨ â ª®© ¨â¥£à « á¥©ç á ¯®áâà®¨¬.

�¯à¥¤¥«¥¨¥. �ãáâì § ¤ ë äãªæ¨ï f(x; y) : [0; 1]2 ! R ¨ ç¨á«® � 2 (0;
p
2=2). � §®¢¥¬

äãªæ¨î f(x; y) (P �
d )-¨â¥£à¨àã¥¬®©   [0; 1]

2, ¥á«¨ ¤«ï «î¡®£® " > 0 áãé¥áâ¢ãîâ  ¤¤¨â¨¢ë¥
äãªæ¨¨ ¤¢®¨ç®£® ¨â¥à¢ «  F1(�) ¨ F2(�) ( §ë¢ ¥¬ë¥ ç áâ® ¬ ¦®à â®© ¨ ¬¨®à â®©,
á®®â¢¥âáâ¢¥®) á® á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

1. ¥á«¨ x; y 2 Id ¨ ¤«ï â®çª¨ (x; y) ¢ë¯®«ï¥âáï ãá«®¢¨¥ (5), â® lim
n!1

F1(�n;n)

j�n;nj
� f(x; y) �

lim
n!1

F2(�n;n)

j�n;nj
;

2. ¥á«¨ x; y 2 Id ¨ ¤«ï â®çª¨ (x; y) ¢ë¯®«ï¥âáï ãá«®¢¨¥ (10), â® lim
n!1

F1(�n+1;n)

j�n+1;nj
� f(x; y) �

lim
n!1

F2(�n+1;n)

j�n+1;nj
;

3. ¥á«¨ x; y 2 Id ¨ ¤«ï â®çª¨ (x; y) ¢ë¯®«ï¥âáï ãá«®¢¨¥ (16), â® lim
n!1

F1(�n;n+1)

j�n;n+1j
� f(x; y) �

lim
n!1

F2(�n;n+1)

j�n;n+1j
;

4. ¥á«¨ x 2 Qd, y 2 Id ¨ ¤«ï â®çª¨ (x; y) ¢ë¯®«ï¥âáï ãá«®¢¨¥ (5), (10) ¨«¨ (16), â® ¤«ï
äãªæ¨© Fi(�), i = 1; 2, ¨ ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨ f�n;mg, ®á®¢®© ¤«ï â®çª¨
(x; y), ¢ë¯®«ï¥âáï à ¢¥áâ¢® (6) (à ¢¥áâ¢  (12) ¨ (17) á®®â¢¥âáâ¢¥®);

5. ¥á«¨ x 2 Id, y 2 Qd ¨ ¤«ï â®çª¨ (x; y) ¢ë¯®«ï¥âáï ãá«®¢¨¥ (5), (10) ¨«¨ (16), â® ¤«ï
äãªæ¨© Fi(�), i = 1; 2, ¨ ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨ f�n;mg, ®á®¢®© ¤«ï â®çª¨
(x; y), ¢ë¯®«ï¥âáï à ¢¥áâ¢® (7) (à ¢¥áâ¢  (13) ¨ (18) á®®â¢¥âáâ¢¥®);

6. ¥á«¨ x; y 2 Qd ¨ ¤«ï â®çª¨ (x; y) ¢ë¯®«ï¥âáï ãá«®¢¨¥ (5), (10) ¨«¨ (16), â® ¤«ï äãª-
æ¨© Fi(�), i = 1; 2, ¨ ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨ f�n;mg, ®á®¢®© ¤«ï â®çª¨ (x; y),
¢ë¯®«ï¥âáï à ¢¥áâ¢® (9) (à ¢¥áâ¢  (15) ¨ (19) á®®â¢¥âáâ¢¥®);

7. F1([0; 1]2)� F2([0; 1]2) < ",

£¤¥ (P �
d )-¨â¥£à « (�-à¥£ã«ïàë© ¤¢®¨çë© ¨â¥£à « ¯¥àà®®¢áª®£® â¨¯ ) ¯® «î¡®¬ã ¤¢®¨ç®¬ã

¨â¥à¢ «ã � ®â äãªæ¨¨ f(x; y) ®¯à¥¤¥«¥ ª ª (P �
d )
R
�

f(x; y)dx dy = inf
F1

F1(�) = sup
F2

F2(�).

�à¨ íâ®¬ â¥®à¥¬  1, ¯à¨¬¥¥ ï ª äãªæ¨¨ �(�) = F1(�) � F2(�), £ à â¨àã¥â, çâ® ¯à¨
¢ë¯®«¥¨¨ ãá«®¢¨ï (7) ¤ ®£® ®¯à¥¤¥«¥¨ï ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® inf

F1
F1(�) = sup

F2

F2(�).

�®áâà®¥ë© ¨â¥£à « ¯®§¢®«ï¥â áä®à¬ã«¨à®¢ âì á«¥¤ãîéãî â¥®à¥¬ã ¥¤¨áâ¢¥®áâ¨ ¤«ï
¤¢ã¬¥àëå àï¤®¢ �  à .

�¥®à¥¬  2. �ãáâì ç¨á«® � â ª®¥, çâ® 0 < � <
p
2=2 ¨ ¯ãáâì àï¤ (1) áå®¤¨âáï �-à¥£ã«ïà®

¢áî¤ã   ¥¤¨¨ç®¬ ª¢ ¤à â¥ ª ª®¥ç®© äãªæ¨¨ S(x; y). �®£¤  äãªæ¨ï S(x; y) ï¢«ï¥âáï

(P �
d )-¨â¥£à¨àã¥¬®© ¨ àï¤ (1) ï¢«ï¥âáï àï¤®¬ �ãàì¥ á¢®¥© áã¬¬ë ®â®á¨â¥«ì® (P �

d )-¨â¥-
£à « , â. ¥. ª®íää¨æ¨¥âë íâ®£® àï¤  ¢®ááâ  ¢«¨¢ îâáï ¯® ä®à¬ã« ¬ �ãàì¥

an;m = (P �
d )
Z
[0;1]2

S(x; y)�n;m(x; y)dx dy: (20)

63



�®ª § â¥«ìáâ¢®. �ãáâì 	(�) | äãªæ¨ï ¤¢®¨ç®£® ¨â¥à¢ « , ¯®áâà®¥ ï ¤«ï ¤ ®£®
àï¤  (1) ¯® ä®à¬ã«¥ (3). �«ï ¤®ª § â¥«ìáâ¢  (P �

d )-¨â¥£à¨àã¥¬®áâ¨ äãªæ¨¨ S(x; y) ¯®«®¦¨¬
¤«ï «î¡®£® " > 0 ¢ ®¯à¥¤¥«¥¨¨ (P �

d )-¨â¥£à «  F1(�) = F2(�) � 	(�).
�® ãá«®¢¨î àï¤ (1) áå®¤¨âáï ¢ «î¡®© â®çª¥ (x; y) 2 [0; 1]2 ª ª®¥ç®© áã¬¬¥. �®íâ®¬ã, ¥á«¨

x; y 2 Id, â® ¢ á¨«ã ãâ¢¥à¦¤¥¨© 1, 4 ¨ 7 ¤«ï äãªæ¨© F1 ¨ F2 ¢ë¯®«¥ë ¯¥à¢ë¥ âà¨ ãá«®¢¨ï
¨§ ®¯à¥¤¥«¥¨ï (P �

d )-¨â¥£à « . �á«¨ x; y 2 Qd, â® ¢ á¨«ã ãâ¢¥à¦¤¥¨© 3, 6 ¨ 8 ¤«ï äãªæ¨© F1

¨ F2 ¢ë¯®«¥® ãá«®¢¨¥ 6 ¨§ ®¯à¥¤¥«¥¨ï (P
�
d )-¨â¥£à « . �á«¨ ¦¥ x 2 Qd, y 2 Id (x 2 Id, y 2 Qd

á®®â¢¥âáâ¢¥®), â® ¢ á¨«ã ãâ¢¥à¦¤¥¨© 2, 5 ¨ 8 ¤«ï äãªæ¨© F1 ¨ F2 ¢ë¯®«¥® ãá«®¢¨¥ 4
(ãá«®¢¨¥ 5) ¨§ ®¯à¥¤¥«¥¨ï (P �

d )-¨â¥£à « . �®á«¥¤¥¥ ãá«®¢¨¥ ¤ ®£® ®¯à¥¤¥«¥¨ï ®ç¥¢¨¤®
¢ë¯®«ï¥âáï, â. ª. F1(�) � F2(�). � ª¨¬ ®¡à §®¬, ¤®ª §   (P �

d )-¨â¥£à¨àã¥¬®áâì äãªæ¨¨
S(x; y).

�¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ ¥à ¢¥áâ¢ : (P �
d )
R
�

S(x; y)dx dy = sup
F2

F2(�) � 	(�) � inf
F1

F1(�) =

(P �
d )
R
�

S(x; y)dx dy. �«¥¤®¢ â¥«ì®, (P �
d )
R
�

S(x; y)dx dy = 	(�).

�®ª § â¥«ìáâ¢® ¢â®à®© ç áâ¨ â¥®à¥¬ë (â. ¥. ä®à¬ã«ë (20)) ¤®á«®¢® ¯®¢â®àï¥â ¤®ª § â¥«ì-
áâ¢® ¢â®à®£® ãâ¢¥à¦¤¥¨ï â¥®à¥¬ë 2 à ¡®âë [5] (íâ  ç áâì ¤®ª § â¥«ìáâ¢  ¨ª ª ¥ § ¢¨á¨â
®â �).

� ª¨¬ ®¡à §®¬, ¨§ â¥®à¥¬ë 2 ¨ à¥§ã«ìâ â®¢ à ¡®âë [7] á«¥¤ã¥â, çâ® ¥¤¨áâ¢¥®áâì àï¤®¢
(1) ¯à¨ �-à¥£ã«ïà®© áå®¤¨¬®áâ¨ ¨¬¥¥â ¬¥áâ® ¯à¨ � <

p
2=2 ¨ ¥ ¨¬¥¥â ¬¥áâ  ¯à¨ � 2 (

p
2=2; 1].

�¤¥áì ¥ à áá¬ âà¨¢ «áï ¢®¯à®á, ¨¬¥¥â «¨ ¬¥áâ® ¥¤¨áâ¢¥®áâì ¤«ï àï¤®¢ (1), ¥á«¨ � =
p
2=2.
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