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1. �¢¥¤¥¨¥

� áá¬®âà¨¬ àï¤ë ¯® ¬®£®ç«¥ ¬ �¥¦ ¤à  Pn(x)   ®âà¥§ª¥ [�1; 1], ®à¬¨à®¢ ë¬ ãá«®-
¢¨¥¬ Pn(1) = 1. �ãáâì f(x) { äãªæ¨ï ®£à ¨ç¥®© ¢ à¨ æ¨¨   íâ®¬ ®âà¥§ª¥ ¨ Sn(f; x) =
nP

k=0
ak(f)Pk(x) | ç áâ ï áã¬¬  ¥¥ àï¤  �ãàì¥{�¥¦ ¤à  ¯®àï¤ª  n, â. ¥. ª®íää¨æ¨¥âë �ã-

àì¥ f(x) ¨¬¥îâ ¢¨¤ ak(f) =
1R
�1

(k + 1
2
)f(t)Pk(t)dt. �«ï ç áâ®© áã¬¬ë àï¤  �ãàì¥{�¥¦ ¤à 

¯®àï¤ª  n ¨¬¥¥â ¬¥áâ® ¯à¥¤áâ ¢«¥¨¥

Sn(f; x) =
Z 1

�1
f(t)Kn(x; t)dt;

£¤¥ ¯® ä®à¬ã«¥ �à¨áâ®ä¥«ï{� à¡ã ([1], á. 361)

Kn(x; t) =
nX

j=0

�
j +

1
2

�
Pj(x)Pj(t) =

n+ 1
2

�
Pn+1(x)Pn(t)� Pn+1(t)Pn(x)

x� t

�
:

�ãáâì ¤ «¥¥ ¢áî¤ã áç¨â ¥¬, çâ® ¤«ï äãªæ¨¨ f(x) ¢ë¯®«¥® ãá«®¢¨¥ f(x) = 1
2

�
f(x + 0) +

f(x� 0)
�
.

�§¢¥áâ® ([2], á. 319), çâ® ¤«ï äãªæ¨¨ f(x), ¨¬¥îé¥© ®£à ¨ç¥ãî ¢ à¨ æ¨î   ®âà¥§-
ª¥ [�1; 1], àï¤ �ãàì¥{�¥¦ ¤à  áå®¤¨âáï ¢ ª ¦¤®© â®çª¥ x 2 (�1; 1) ª § ç¥¨î f(x).

�¡®§ ç¨¬ ç¥à¥§ V (f; [�; �]) ¯®«ãî ¢ à¨ æ¨î äãªæ¨¨ f(x)   ®âà¥§ª¥ [�; �],   ç¥à¥§ C |
 ¡á®«îâë¥ ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥, ¢ à §ëå á«ãç ïå à §«¨çë¥. �¨á«®¢ë¥ ¬®¦¨â¥«¨
¢® ¢á¥å ®æ¥ª å á O-á¨¬¢®« ¬¨ ï¢«ïîâáï  ¡á®«îâë¬¨ ¯®áâ®ïë¬¨.

� á«ãç ¥, ª®£¤  f(x) | 2�-¯¥à¨®¤¨ç¥áª ï äãªæ¨ï ®£à ¨ç¥®© ¢ à¨ æ¨¨ ¨ sn(f; x) |
ç áâ ï áã¬¬  ¥¥ àï¤  �ãàì¥ ¯® âà¨£®®¬¥âà¨ç¥áª®© á¨áâ¥¬¥, ¢ [3] ¤®ª §  

�¥®à¥¬  A. �ãáâì f(x) | 2�-¯¥à¨®¤¨ç¥áª ï äãªæ¨ï ®£à ¨ç¥®© ¢ à¨ æ¨¨ ¨

hx(t) := f(x+ t) + f(x� t)� 2f(x); t 2 [0; �]:

�®£¤  ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ ç áâëå áã¬¬ àï¤  �ãàì¥ f(x) ¯® âà¨£®®¬¥âà¨ç¥áª®© á¨áâ¥¬¥
sn(f; x), á¯à ¢¥¤«¨¢  ®æ¥ª 

jf(x)� sn(f; x)j 6 3
n

nX
k=1

V

�
hx;

�
0;
�

k

��
: (1)

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâ 02-01-00787) ¨ ¯à®£à ¬¬ë \�¥¤ãé¨¥  ãçë¥ èª®«ë" (¯à®¥ªâ ��-1549.2003.1).
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�¢¥¤¥¬ ®¡®§ ç¥¨¥

gx(t) =

8>><>>:
f(t)� f(x� 0); �1 6 t < x;

0; t = x;

f(t)� f(x+ 0); x < t 6 1:

� ¬¥â¨¬, çâ® äãªæ¨ï gx(t) ¥¯à¥àë¢  ¢ â®çª¥ t = x.
�«ï àï¤®¢ �ãàì¥{�¥¦ ¤à  ¢ [4] ¯®«ãç¥ á«¥¤ãîé¨©   «®£ ®æ¥ª¨ (1).

�¥®à¥¬  B. �ãáâì f(x) | äãªæ¨ï ®£à ¨ç¥®© ¢ à¨ æ¨¨   ®âà¥§ª¥ [�1; 1]. �®£¤  ¤«ï

x 2 (�1; 1) ¨ n > 2 ¨¬¥¥â ¬¥áâ® ®æ¥ª 

jf(x)� Sn(f; x)j 6 28(1 � x2)�
3
2

n

nX
k=1

V

�
gx;

�
x� 1 + x

k
; x+

1� x

k

��
+

+
(1� x2)�1

�n
jf(x+ 0)� f(x� 0)j:

�ãáâì ¯®á«¥¤®¢ â¥«ì®áâì  âãà «ìëå ç¨á¥« n1 = 1 < n2 < : : : ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

1X
j=m

1
nj
6

A

nm
; m = 1; 2; : : : ; (2)

£¤¥ A > 1 |  ¡á®«îâ ï ¯®áâ®ï ï. �â® ãá«®¢¨¥ à ¢®á¨«ì® ¢®§¬®¦®áâ¨ ¯à¥¤áâ ¢¨âì ¯®-
á«¥¤®¢ â¥«ì®áâì fnjg ¢ ¢¨¤¥ ®¡ê¥¤¨¥¨ï ª®¥ç®£® ç¨á«  « ªã àëå ¯®á«¥¤®¢ â¥«ì®áâ¥©
([5], á. 24).

�«ï âà¨£®®¬¥âà¨ç¥áª®£® á«ãç ï ¢ [6] ¯®«ãç¥® á«¥¤ãîé¥¥ ãá¨«¥¨¥ â¥®à¥¬ë A.

�¥®à¥¬  C. �ãáâì f(x) | 2�-¯¥à¨®¤¨ç¥áª ï äãªæ¨ï ®£à ¨ç¥®© ¢ à¨ æ¨¨,   ¯®á«¥¤®-

¢ â¥«ì®áâì fnjg ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (2). �®£¤  ¤«ï ¢á¥å n ¨ x á¯à ¢¥¤«¨¢  ®æ¥ª 

jf(x)� sn(f; x)j =
���� 1X
k=n+1

(ak cos kx+ bk sinkx)
���� 6

6

���� ni�1X
k=n+1

(ak cos kx+ bk sinkx)
����+ 1X

j=i

���� nj+1�1X
k=nj

(ak cos kx+ bk sinkx)
���� 6 CA

n

nX
k=1

V

�
hx;

�
0;
�

k

��
;

£¤¥ ni�1 6 n < ni ¨ A | ¬®¦¨â¥«ì ¨§ ®æ¥ª¨ (2).

�¥«ì ¤ ®© à ¡®âë | ¯®«ãç¨âì   «®£¨ç®¥ ãá¨«¥¨¥ â¥®à¥¬ë B ¤«ï àï¤®¢ �ãàì¥{
�¥¦ ¤à .

�¥®à¥¬  1. �ãáâì äãªæ¨ï f(x) ¨¬¥¥â ®£à ¨ç¥ãî ¢ à¨ æ¨î   ®âà¥§ª¥ [�1; 1],   ¯®-

á«¥¤®¢ â¥«ì®áâì fnjg ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (2). �®£¤  ¤«ï x 2 (�1; 1) ¨ n > 2 á¯à ¢¥¤«¨¢®

¥à ¢¥áâ¢®

jf(x)� Sn(f; x)j 6
���� ni�1X
k=n+1

ak(f)Pk(x)
����+ 1X

j=i

���� nj+1�1X
k=nj

ak(f)Pk(x)
���� 6

6
CA(1� x2)�

3
2

n

nX
k=1

V

�
gx;

�
x� 1 + x

k
; x+

1� x

k

��
+
CA(1� x2)�1

n
jf(x+ 0)� f(x� 0)j;

£¤¥ ni�1 6 n < ni ¨ A | ¬®¦¨â¥«ì ¨§ ®æ¥ª¨ (2).
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2. �¢®©áâ¢  ¬®£®ç«¥®¢ �¥¦ ¤à 

� íâ®¬ ¯ à £à ä¥ ¯à¨¢¥¤¥ë á¢®©áâ¢  ¬®£®ç«¥®¢ �¥¦ ¤à , ª®â®àë¥ ¡ã¤ãâ ¤ «¥¥ ¨á¯®«ì-
§®¢ âìáï.

�¥¬¬  1 ([4], «¥¬¬  3). �«ï x 2 (�1; 1) ¨ n > 2 ¨¬¥îâ ¬¥áâ® ®æ¥ª¨

1) ¥á«¨ �1 6 t < x, â® ���� Z t

�1

Kn(x; �)d�
���� 6 6

n(x� t)
(1� x2)�

1
2 ;

2) ¥á«¨ �1 < x < t 6 1, â®���� Z 1

t

Kn(x; �)d�
���� 6 6

n(t� x)
(1� x2)�

1
2 :

�¥®à¥¬  D. �«ï ¬®£®ç«¥®¢ �¥¦ ¤à  ¯à¨ n > 2 ¢¥à® á«¥¤ãîé¥¥  á¨¬¯â®â¨ç¥áª®¥

¯à¥¤áâ ¢«¥¨¥:

Pn(cos �) =

p
2p

�n
p
sin �

cos
��

n+
1
2

�
� � �

4

�
+�n(�); (3)

£¤¥ 0 < � < � ¨ ®áâ â®çë© ç«¥ ¤®¯ãáª ¥â ®æ¥ªã

j�n(�)j 6 C

n
3
2 (sin �)

3
2

: (4)

�â® ãâ¢¥à¦¤¥¨¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ç áâë© á«ãç ©  á¨¬¯â®â¨ç¥áª®© ä®à¬ã«ë �â¨«âì¥á 
¤«ï ¬®£®ç«¥®¢ �¥¦ ¤à  ([7], á. 145), £¤¥ ¢ ª ç¥áâ¢¥ ¬®¦¨â¥«ï ¯¥à¥¤ ª®á¨ãá®¬ ¢ £« ¢®¬
ç«¥¥ (3) ä¨£ãà¨àã¥â 4(2n)!!

�(2n+1)!!
1p

2
p
sin �

. �æ¥ª  (3) ¢ëâ¥ª ¥â ®âáî¤ , â. ª. (2n)!!
(2n+1)!!

=
p
�

2
p
n
+ O

�
n�

3
2

�
.

�¥©áâ¢¨â¥«ì®, ¨§¢¥áâ® ([8], á. 406), çâ®

(2n)!!
(2n� 1)!!

=
p
�ne

�n
n ; £¤¥ j�nj < C:

�«¥¤®¢ â¥«ì®,
(2n)!!

(2n+ 1)!!
=

p
�n

2n+ 1

�
1 +O(n�1)

�
=

p
�

2
p
n
+O

�
n�

3
2

�
:

�¥®à¥¬  E ([9]). �ãáâì ¯®á«¥¤®¢ â¥«ì®áâì fnjg ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (2) ¨ A | ª®-

áâ â  ¨§ ãá«®¢¨ï (2). �®£¤  ¤«ï ¢á¥å x á¯à ¢¥¤«¨¢  ®æ¥ª 

1X
j=1

���� nj+1�1X
k=nj

sinkx
k

���� 6 CA:

�®ç® â ª ¦¥ ¬®¦® ¤®ª § âì á«¥¤ãîéãî ®æ¥ªã.

�¥¬¬  2. �ãáâì ¯®á«¥¤®¢ â¥«ì®áâì fnjg ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (2) ¨ A | ª®áâ â 

¨§ ãá«®¢¨ï (2). �®£¤  ¤«ï ¢á¥å x ¨¬¥¥â ¬¥áâ® ®æ¥ª 

1X
j=1

���� nj+1�1X
k=nj

sin(k + 1
2
)x

k

���� 6 CA:

�«ï àï¤  ¯® ª®á¨ãá ¬ á¯à ¢¥¤«¨¢ 

�¥¬¬  3. �ãáâì ¯®á«¥¤®¢ â¥«ì®áâì fnjg ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (2), â®£¤  ¤«ï x2(0; 2�)
1X
j=1

���� nj+1�1X
k=nj

cos(k + 1
2
)x

k

���� 6 CA

x(2� � x)
:
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�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ bDn(x) = 1
2
+

nP
k=1

cos
�
k + 1

2

�
x. �®£¤ 

bDn(x) =
sin x

2
� sinx+ sin(n+ 1)x

2 sin x

2

: (5)

�«ï ®æ¥ª¨ j bDn(x)j á¢¥àåã ®æ¥¨¬ á¨§ã äãªæ¨î sin x

2
. �«ï x 2 [0; �] sin x

2
> x

�
>

x(2��x)
2�2

.
� ª ª ª äãªæ¨¨ sin x

2
¨ x(2��x)

2�2
ç¥âë ®â®á¨â¥«ì® â®çª¨ �, â® ¥à ¢¥áâ¢®

sin
x

2
>
x(2� � x)

2�2
(6)

á¯à ¢¥¤«¨¢® ¨   [�; 2�]. �§ (5) ¨ (6) á«¥¤ã¥â j bDn(x)j 6 3
2 sin x

2

6 3�2

x(2��x) , 0 < x < 2�. �âáî¤  á
¯®¬®éìî ¯à¥®¡à §®¢ ¨ï �¡¥«ï ¯®«ãç ¥¬

���� qX
k=p

cos(k + 1
2
)x

k

���� 6 C

x(2� � x)p
; £¤¥ 1 6 p 6 q 61: (7)

�®íâ®¬ã ¨§ (7) ¨ á¢®©áâ¢ ¯®á«¥¤®¢ â¥«ì®áâ¨ fnjg á«¥¤ã¥â

1X
j=1

���� nj+1�1X
k=nj

cos(k + 1
2
)x

k

���� 6 1X
j=1

C

njx(2� � x)
6

CA

x(2� � x)
: �

�¥®à¥¬  2. �ãáâì x; t 2 (�1; 1) ¨ x = cos �, t = cos , £¤¥ �;  2 (0; �) ¨ n > 2. �®£¤  ¤«ï

¬®£®ç«¥®¢ �¥¦ ¤à  Pn á¯à ¢¥¤«¨¢  ®æ¥ª 

Pn(x)
�
Pn�1(t)� Pn+1(t)

�
=

2
p
sin

n�
p
sin �

�
sin
��

n+
1
2

�
( � �)

�
� cos

��
n+

1
2

�
( + �)

��
+

+O(n�2(sin sin �)�
3
2 ): (8)

�®ª § â¥«ìáâ¢®. � ç «  ®æ¥¨¬ à §®áâì Pn�1(t)�Pn+1(t), ¨á¯®«ì§ãï â¥®à¥¬ã D. �¬¥¥¬

Pn�1(t)� Pn+1(t) = Pn�1(cos )� Pn+1(cos ) =

=

p
2p

�(n� 1)
p
sin

cos
��

n� 1
2

�
 � �

4

�
+�n�1()�

�
p
2p

�(n+ 1)
p
sin

cos
��

n+
3
2

�
 � �

4

�
� �n+1():

�®£¤  á®£« á® (4)

Pn�1(t)� Pn+1(t) =

p
2p

� sin

�
1p
n� 1

cos
��

n� 1
2

�
 � �

4

�
� 1p

n+ 1
cos

��
n+

3
2

�
 � �

4

��
+

+O(n�
3
2 (sin)�

3
2 ) =

2
p
2
p
sinp
�n

sin
��

n+
1
2

�
 � �

4

�
+O(n�

3
2 (sin)�

3
2 ): (9)
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�®«ì§ãïáì ®æ¥ª®© (9) ¨ â¥®à¥¬®© D, ®æ¥¨¬ ¯à®¨§¢¥¤¥¨¥

Pn(x)(Pn�1(t)� Pn+1(t)) = Pn(cos �)
�
Pn�1(cos )� Pn+1(cos )

�
=

=
� p

2p
�n
p
sin �

cos
��

n+
1
2

�
� � �

4

�
+O(n�

3
2 (sin �)�

3
2 )
�
�

�
�
2
p
2
p
sinp
�n

sin
��

n+
1
2

�
 � �

4

�
+O(n�

3
2 (sin)�

3
2 )
�
=

=
4
p
sin

�n
p
sin �

cos
��

n+
1
2

�
� � �

4

�
sin
��

n+
1
2

�
 � �

4

�
+O(n�2(sin sin �)�

3
2 ):

�«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢   ¤® ¯à¨¬¥¨âì ä®à¬ã«ã ¯à®¨§¢¥¤¥¨ï âà¨£®®¬¥âà¨ç¥áª¨å
äãªæ¨©.

�¥¬¬  4. �ãáâì x; t 2 (�1; 1) ¨ ¯®á«¥¤®¢ â¥«ì®áâì fnjg ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (2). �®-
£¤  á¯à ¢¥¤«¨¢  ®æ¥ª 

1X
j=1

���� nj+1�1X
k=nj

Pk(x)(Pk�1(t)� Pk+1(t))
���� 6 CA

(1� t2)
3
4 (1� x2)

3
4

;

£¤¥ A | ¬®¦¨â¥«ì ¨§ ®æ¥ª¨ (2).

�®ª § â¥«ìáâ¢®. �§ â¥®à¥¬ë 2 ¨¬¥¥¬

1X
j=1

���� nj+1�1X
k=nj

Pk(x)(Pk�1(t)� Pk+1(t))
���� =

=
1X
j=1

���� nj+1�1X
k=nj

2
p
sin

k�
p
sin �

�
sin
��

k +
1
2

�
( � �)

�
� cos

��
k +

1
2

�
( + �)

��
+

+O(k�2(sin sin �)�
3
2 )
���� 6 1X

j=1

���� nj+1�1X
k=nj

2

k�
p
sin �

sin
��

k +
1
2

�
( � �)

�����+
+

1X
j=1

���� nj+1�1X
k=nj

2

k�
p
sin �

cos
��

k +
1
2

�
( + �)

�����+O

� 1X
j=1

���� nj+1�1X
k=nj

1

k2(sin sin �)
3
2

�����: (10)

�æ¥¨¬ ª ¦¤ãî áã¬¬ã ®â¤¥«ì®. �®«ì§ãïáì «¥¬¬®© 2 ¨ á¢®©áâ¢®¬ (2),  å®¤¨¬

1X
j=1

���� nj+1�1X
k=nj

2

k�
p
sin �

sin
��

k +
1
2

�
( � �)

����� 6
6

Cp
sin �

1X
j=1

���� nj+1�1X
k=nj

sin
��
k + 1

2

�
( � �)

�
k

���� 6 CAp
sin �

: (11)

� «¥¥, ¯® «¥¬¬¥ 3

1X
j=1

���� nj+1�1X
k=nj

2

k�
p
sin �

cos
��

k +
1
2

�
( + �)

����� 6
6

Cp
sin �

1X
j=1

���� nj+1�1X
k=nj

cos
�
(k + 1

2
)( + �)

�
k

���� 6 CAp
sin �( + �)(2� � ( + �))

: (12)

38



�,  ª®¥æ,

1X
j=1

���� nj+1�1X
k=nj

1

k2(sin sin �)
3
2

���� 6 C

(sin  sin �)
3
2

: (13)

�§ ®æ¥®ª (10){(13) ¯®«ãç ¥¬

1X
j=1

���� nj+1�1X
k=nj

Pk(x)(Pk�1(t)� Pk+1(t))
���� 6 CA

(sin sin �)
3
2

+
CA

( + �)(2� � ( + �))
p
sin �

: (14)

�«ï ®æ¥ª¨ ¯®á«¥¤¥£® á« £ ¥¬®£® à áá¬®âà¨¬ ¤¢  á«ãç ï:
1)  + � < �, â®£¤ 

CAp
sin �( + �)(2� � ( + �))

<
CAp

sin �( + �)�
6

CA

�
p
sin �

6
CA

(sin �)
3
2

; (15)

2)  + � > �, ¢ íâ®¬ á«ãç ¥

CAp
sin �( + �)(2� � ( + �))

6
CAp

sin ��(2� �  � �)
6

CAp
sin �(� � �)

6

6
CAp

sin � sin(� � �)
=

CA

(sin �)
3
2

: (16)

�«¥¤®¢ â¥«ì®, ¨§ (14){(16) ¯®«ãç ¥¬

1X
j=1

���� nj+1�1X
k=nj

Pk(x)(Pk�1(t)� Pk+1(t))
���� 6 CA

(sin sin �)
3
2

¨, ¯¥à¥å®¤ï ª x ¨ t, ¨¬¥¥¬

1X
j=1

���� nj+1�1X
k=nj

Pk(x)(Pk�1(t)� Pk+1(t))
���� 6 CA

(1� t2)
3
4 (1� x2)

3
4

: �

�¥¬¬  5. �ãáâì x 2 (�1; 1), â®£¤  ¤«ï n > 2 ¨¬¥îâ ¬¥áâ® ®æ¥ª¨

1)
�
1� �x+ 1�x

n

�2��1
6 C(1� x2)�1,

2)
�
1� �x� 1+x

n

�2��1
6 C(1� x2)�1,

3) ¥á«¨ t 2 [x� 1+x
n
; x+ 1�x

n
], â® (1� t2)�1 6 C(1� x2)�1.

�®ª § â¥«ìáâ¢®. 1) �¬¥¥¬

1

1� �x+ 1�x
n

�2 = 1�
1� x� 1�x

n

��
1 + x+ 1�x

n

� = n2

(n� 1� x(n� 1))(n+ 1 + x(n� 1))
6

6
n2

(n� 1)(1� x)(n� 1)(1 + x)
=

n2

(n� 1)2(1� x2)
:

�áâ «®áì â®«ìª® ¢®á¯®«ì§®¢ âìáï ®æ¥ª®© n

n�1
6 2.

�®ª § â¥«ìáâ¢® ®æ¥ª¨ 2)   «®£¨ç®.
3) � áá¬®âà¨¬ ¤¢  á«ãç ï:
a) ¥á«¨ 0 6 x < 1, â® t2 6

�
x+ 1�x

n

�2
¨ 1

1�t2 6
1

1�
�
x+ 1�x

n

�2 6 C

1�x2 á®£« á® 1);

¡) ¥á«¨ �1 < x < 0, â® t2 6
�
x� 1+x

n

�2
¨ 1

1�t2 6
1

1�
�
x� 1+x

n

�2 6 C

1�x2 á®£« á® 2).
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�¥¬¬  6. �ãáâì x 2 (�1; 1) ¨ Pn(x) | ¬®£®ç«¥ë �¥¦ ¤à , â®£¤ 

1) jPn(x)j 6
�
2
�

� 1
2

(1� x2)�
1
2n�

1
2 ;

2)
Z 1

x

Kn(x; t)dt =
1
2
� 1
2
Pn(x)Pn+1(x);

3)
Z x

�1

Kn(x; t)dt =
1
2
+
1
2
Pn(x)Pn+1(x):

�®ª § â¥«ìáâ¢® íâ¨å ãâ¢¥à¦¤¥¨© ¨¬¥¥âáï ¢ ([4], «¥¬¬  1).

3. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 1

� áá¬®âà¨¬ àï¤
1P
j=i

��� nj+1�1P
k=nj

ak(f)Pk(x)
���. � ç «  ¯à¥®¡à §ã¥¬ ¢ãâà¥îî áã¬¬ã

nj+1�1X
k=nj

ak(f)Pk(x) =
Z 1

�1

f(t)
� nj+1�1X

k=nj

�
k +

1
2

�
Pk(t)Pk(x)

�
dt =

=
Z 1

�1

f(t)(Knj+1�1(x; t)�Knj�1(x; t))dt: (17)

�¡®§ ç¨¬ K(x; t;nj) := Knj+1�1(x; t) � Knj�1(x; t). �ë¯®«¨¬ ¢ ¨â¥£à «¥ ¨§ (17) ¯¥à¥å®¤ ª
äãªæ¨¨ gx(t)Z 1

�1

f(t)K(x; t;nj)dt =
Z x

�1

(f(t)� f(x� 0))K(x; t;nj)dt+
Z 1

x

(f(t)� f(x+ 0))K(x; t;nj)dt+

+ f(x� 0)
Z x

�1

K(x; t;nj)dt+ f(x+ 0)
Z 1

x

K(x; t;nj)dt =

=
Z 1

�1

gx(t)K(x; t;nj)dt+ f(x� 0)
Z x

�1

K(x; t;nj)dt+ f(x+ 0)
Z 1

x

K(x; t;nj)dt: (18)

�á¯®«ì§ãï ãâ¢¥à¦¤¥¨ï 2) ¨ 3) «¥¬¬ë 6 ¨ ®¡®§ ç ï P (x;nj) := Pnj+1�1(x)Pnj+1 (x)�Pnj�1(x)Pnj (x),
¨¬¥¥¬ Z x

�1

K(x; t;nj)dt =
1
2
P (x;nj); (19)Z 1

x

K(x; t;nj)dt = �1
2
P (x;nj): (20)

�§ (18){(20) ¯®«ãç ¥¬

Z 1

�1

f(t)K(x; t;nj)dt =
Z 1

�1

gx(t)K(x; t;nj)dt+
1
2
(f(x� 0)� f(x+ 0))P (x;nj): (21)

�æ¥¨¬ ¯®á«¥¤¥¥ á« £ ¥¬®¥ ¨§ ¯à ¢®© ç áâ¨ (21). �«ï íâ®£® á ç «  ®æ¥¨¬ à §®áâì, ¨á¯®«ì-
§ãï ãâ¢¥à¦¤¥¨¥ 1) «¥¬¬ë 6,

jP (x;nj)j 6 C(1� x2)�1

nj
: (22)
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�§ (22) ¨ ®¯à¥¤¥«¥¨ï ¯®á«¥¤®¢ â¥«ì®áâ¨ fnjg ¯®«ãç ¥¬
1
2

1X
j=i

j(f(x+ 0)� f(x� 0))P (x;nj)j 6

6 Cjf(x+ 0)� f(x� 0)j
1X
j=i

(1� x2)�1

nj
6
AC(1� x2)�1

ni
jf(x+ 0)� f(x� 0)j: (23)

�®íâ®¬ã ¨§ (17), (21) ¨ (23) á«¥¤ã¥â

1X
j=i

���� nj+1�1X
k=nj

ak(f)Pk(x)
���� 6 1X

j=i

���� Z 1

�1

gx(t)K(x; t;nj)dt
����+ CA(1� x2)�1

ni
jf(x+ 0)� f(x� 0)j: (24)

�à¥®¡à §ã¥¬ ¨â¥£à « ¨§ (24). �«ï íâ®£® à §®¡ì¥¬ ¯à®¬¥¦ãâ®ª ¨â¥£à¨à®¢ ¨ï   âà¨ ®â-
à¥§ª : [�1; x� 1+x

ni
], [x� 1+x

ni
; x+ 1�x

ni
] ¨ [x+ 1�x

ni
; 1]. �¢¥¤¥¬ ®¡®§ ç¥¨ï

Lni(x) :=
1X
j=i

���� Z x� 1+x

ni

�1

gx(t)K(x; t;nj)dt
����

¨ Mni(x); Nni(x) |   «®£¨çë¥ ¢¥«¨ç¨ë, ª®£¤  ¨â¥£à «ë ¡¥àãâáï ¯® ®áâ ¢è¨¬áï ¤¢ã¬ ®â-
à¥§ª ¬ á®®â¢¥âáâ¢¥®. �®£¤ 

1X
j=i

���� Z 1

�1
gx(t)K(x; t;nj)dt

���� 6 Lni(x) +Mni(x) +Nni(x): (25)

� ç¥¬ á ®æ¥ª¨ Lni(x). �¡®§ ç¨¬ y := x� 1+x
ni

¨ ¯®«®¦¨¬ �n(x; t) :=
tR

�1

Kn(x; �)d� . � ¬¥â¨¬,

çâ® �n(x;�1) = 0. �¡®§ ç¨¢ �(x; t;nj) := �nj+1�1(x; t)� �nj�1(x; t), ¨¬¥¥¬Z y

�1
gx(t)K(x; t;nj)dt =

Z y

�1
gx(t)dt�(x; t;nj) = gx(t)�(x; t;nj)

��y
t=�1

�
Z y

�1
�(x; t;nj)dtgx(t) =

= gx(y)�(x; y;nj)�
Z y

�1

�(x; t;nj)dtgx(t): (26)

�®£« á® «¥¬¬¥ 1

j�(x; t;nj)j 6 6(1� x2)�
1
2

(nj � 1)(x� t)
+

6(1� x2)�
1
2

(nj+1 � 1)(x � t)
6
C(1� x2)�

1
2

nj(x� t)
: (27)

�®íâ®¬ã

j�(x; y;nj)j 6 C(1� x2)�
1
2

nj(x� y)
=

C(1� x2)�
1
2

nj(x� (x� 1+x
ni
))
=
C(1� x2)�

1
2ni

nj(1 + x)
:

� ª ª ª ¯® ®¯à¥¤¥«¥¨î gx(x) = 0, â® jgx(y)j = jgx(y)� gx(x)j 6 V (gx; [x; y]). �âáî¤ 

jgx(y)�(x; y;nj)j 6 V

�
gx;

�
x; x� 1 + x

ni

��
C(1� x2)�

1
2ni

nj(1 + x)
: (28)

�á¯®«ì§ãï (28) ¨ á¢®©áâ¢  ¯®á«¥¤®¢ â¥«ì®áâ¨ fnjg, ®æ¥¨¬ àï¤

1X
j=i

jgx(y)�(x; y;nj)j 6 V

�
gx;

�
x; x� 1 + x

ni

�� 1X
j=i

C(1� x2)�
1
2ni

nj(1 + x)
6

6
CA(1� x2)�

1
2

1 + x
V

�
gx;

�
x; x� 1 + x

ni

��
: (29)
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�«¥¤®¢ â¥«ì®, ¨§ (26) ¨ (29) ¯®«ãç ¥¬

Lni(x) 6
1X
j=i

���� Z y

�1

�(x; t;nj)dtgx(t)
����+ CA(1� x2)�

1
2

(1 + x)
V

�
gx;

�
x; x� (1 + x)

ni

��
: (30)

�æ¥¨¬ ¯¥à¢ãî áã¬¬ã ¨§ ¯à ¢®© ç áâ¨ (30)

1X
j=i

���� Z y

�1
�(x; t;nj)dtgx(t)

���� 6 1X
j=i

Z y

�1
j�(x; t;nj)jdtV (gx; [�1; t]): (31)

�á¯®«ì§ãï  ¤¤¨â¨¢®áâì ¢ à¨ æ¨¨ äãªæ¨¨   ®âà¥§ª¥,  å®¤¨¬

dtV (gx; [�1; t]) = dtV (gx; [�1; x]) � dtV (gx; [t; x]) = dt(�V (gx; [t; x])): (32)

�«¥¤®¢ â¥«ì®, ¨§ (31), (27) ¨ (32) ¢ëâ¥ª ¥â

1X
j=i

���� Z y

�1

�(x; t;nj)dtgx(t)
���� 6 1X

j=i

Z y

�1

C(1� x2)�
1
2

nj(x� t)
dt(�V (gx; [t; x])) 6

6
CA(1� x2)�

1
2

ni

Z y

�1

1
x� t

dt(�V (gx; [t; x])): (33)

�®á«¥¤¨© ¨â¥£à « ®æ¥¨¬, á«¥¤ãï à ááã¦¤¥¨ï¬ ¨§ [4]:

Z x� 1+x

ni

�1

1
x� t

dt(�V (gx; [t; x])) = �V (gx; [t; x]) 1
x � t

���x� 1+x
ni

t=�1
+
Z x� 1+x

ni

�1

V (gx; [t; x])
dt

(x � t)2
=

= �V
�
gx;

�
x� 1 + x

ni
; x

��
1

x� x+ 1+x
ni

+ V (gx; [�1; x]) 1
1 + x

+
Z x� 1+x

ni

�1

V (gx; [t; x])
dt

(x � t)2
6

6 V (gx; [�1; x]) 1
1 + x

+
Z x� 1+x

ni

�1
V (gx; [t; x])

dt

(x � t)2
: (34)

�¤¥« ¥¬ ¢ ¯®á«¥¤¥¬ ¨â¥£à «¥ § ¬¥ã t = x� 1+x
T
. �®£¤  T = 1+x

x�t ¨, á«¥¤®¢ â¥«ì®,Z x� 1+x

ni

�1

V (gx; [t; x])
dt

(x � t)2
=
Z ni

1

V

�
gx;

�
x� 1 + x

T
; x

��
dT (x� 1+x

T
)

(1+x2)2

T 2

=

=
Z ni

1
V

�
gx;

�
x� 1 + x

T
; x

�� 1+x
T 2 dT
(1+x)2

T 2

=
1

1 + x

Z ni

1
V

�
gx;

�
x� 1 + x

T
; x

��
dT:

�®íâ®¬ã

Z x� 1+x

ni

�1

V (gx; [t; x])
dt

(x � t)2
6

1
1 + x

ni�1X
k=1

V

�
gx;

�
x� 1 + x

k
; x

��
: (35)

�§ (33){(35) ¯®«ãç ¥¬

1X
j=i

���� Z y

�1
�(x; t;nj)dtgx(t)

���� 6 CA(1� x2)�
1
2

ni(1 + x)

�
V (gx; [�1; x]) +

ni�1X
k=1

V

�
gx;

�
x� 1 + x

k
; x

���
6

6
CA(1� x2)�

1
2

(1 + x)ni

ni�1X
k=1

V

�
gx;

�
x� 1 + x

k
; x

��
:
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� â ª ª ª (1�x2)�
1
2

1+x
6 (1� x2)�

3
2 (1� x) 6 2(1 � x2)�

3
2 , â®

1X
j=i

���� Z y

�1

�(x; t;nj)dtgx(t)
���� 6 CA(1� x2)�

3
2

ni

ni�1X
k=1

V

�
gx;

�
x� 1 + x

k
; x

��
: (36)

�«¥¤®¢ â¥«ì®, ¨§ (30) ¨ (36) ¢ëâ¥ª ¥â ®æ¥ª 

Lni(x) 6
CA(1� x2)�

3
2

ni

ni�1X
k=1

V

�
gx;

�
x� 1 + x

k
; x

��
+ CA(1� x2)�

3
2V

�
gx;

�
x� 1 + x

ni
; x

��
6

6
CA(1� x2)�

3
2

ni

niX
k=1

V

�
gx;

�
x� 1 + x

k
; x

��
: (37)

�æ¥ª  ¤«ï Nni(x) ¤®ª §ë¢ ¥âáï   «®£¨ç®. � áá¬®âà¨¬ ¨â¥£à «
1R
t

Kn(x; �)d� ¨ ¢®á¯®«ì§ã¥¬-

áï ãâ¢¥à¦¤¥¨¥¬ 2) «¥¬¬ë 1. �®£¤  ¯®«ãç¨¬

Nni(x) 6
CA(1� x2)�

3
2

ni

niX
k=1

V

�
gx;

�
x; x+

1� x

ni

��
: (38)

�áâ «®áì ®æ¥¨âì ¢¥«¨ç¨ã Mni(x), £¤¥

Mni(x) =
1X
j=i

���� Z x+ 1�x
ni

x� 1+x

ni

gx(t)K(x; t;nj)dt
���� = 1X

j=i

���� nj+1�1X
k=nj

Z x+ 1�x
ni

x� 1+x

ni

�
k +

1
2

�
gx(t)Pk(x)Pk(t)dt

����:
�à¥®¡à §ã¥¬ ¢ëà ¦¥¨¥ ¯®¤ § ª®¬ ¬®¤ã«ï, ¨á¯®«ì§ãï à¥ªãàà¥â®¥ á®®â®è¥¨¥ ¤«ï ¬®£®-
ç«¥®¢ �¥¦ ¤à  ([2], á. 37) Pk(x) = 1

2k+1
(P 0

k+1(x)� P 0
k�1(x)). �®íâ®¬ã ¤«ï k = 1; 2; : : : ¨¬¥¥¬

Z x+ 1�x
ni

x� 1+x
ni

�
k +

1
2

�
Pk(x)Pk(t)gx(t)dt =

1
2
Pk(x)

Z x+ 1�x
ni

x� 1+x
ni

gx(t)d(Pk+1(t)� Pk�1(t)) =

=
1
2
Pk(x)

 
gx(t)(Pk+1(t)� Pk�1(t))

��x+ 1�x

ni

t=x� 1+x

ni

�
Z x+ 1�x

ni

x� 1+x

ni

(Pk+1(t)� Pk�1(t))dtgx(t)

!
=

=
1
2
Pk(x)

�
gx

�
x+

1� x

ni

��
Pk+1

�
x+

1� x

ni

�
� Pk�1

�
x+

1� x

ni

��
+

+ gx

�
x� 1 + x

ni

��
Pk�1

�
x� 1 + x

ni

�
� Pk+1

�
x� 1 + x

ni

��
+
Z x+ 1�x

ni

x� 1+x

ni

(Pk�1(t)� Pk+1(t))dtgx(t)
�
:

� ª¨¬ ®¡à §®¬,

Mni(x) 6
1
2

����gx�x+ 1� x

ni

����� 1X
j=i

���� nj+1�1X
k=nj

Pk(x)
�
Pk+1

�
x+

1� x

ni

�
� Pk�1

�
x+

1� x

ni

������+
+
1
2

����gx�x� 1 + x

ni

����� 1X
j=i

���� nj+1�1X
k=nj

Pk(x)
�
Pk�1

�
x� 1 + x

ni

�
� Pk+1

�
x� 1 + x

ni

������+
+
1
2

1X
j=i

���� nj+1�1X
k=nj

Z x+ 1�x
ni

x� 1+x
ni

Pk(x)(Pk�1(t)� Pk+1(t))dtgx(t)
���� =M�

1 (x) +M�
2 (x) +M�

3 (x): (39)
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� á¨«ã «¥¬¬ 4 ¨ 5 ¨¬¥¥¬

M�
1 (x) 6

����gx�x+ 1� x

ni

�
� gx(x)

���� CA�
1� (x+ 1�x

ni
)2
� 3
4 (1� x2)

3
4

6

6 V

�
gx;

�
x; x+

1� x

ni

��
CA(1� x2)�

3
2 : (40)

� «®£¨ç®, ¤«ï M�
2 (x) á¯à ¢¥¤«¨¢  ®æ¥ª 

M�
2 (x) 6 V

�
gx;

�
x� 1 + x

ni
; x

��
CA(1� x2)�

3
2 : (41)

�áâ «®áì ®æ¥¨âì M�
3 (x). �¬¥¥¬

M�
3 (x) =

1
2

1X
j=i

���� nj+1�1X
k=nj

Z x+ 1�x
ni

x� 1+x
ni

Pk(x)(Pk�1(t)� Pk+1(t))dtgx(t)
���� 6

6
1
2

Z x+ 1�x
ni

x� 1+x
ni

1X
j=i

���� nj+1�1X
k=nj

Pk(x)(Pk�1(t)� Pk+1(t))
����dtV �gx; �x� 1 + x

ni
; t

��
:

�âáî¤  á®£« á® «¥¬¬¥ 4 ¯®«ãç ¥¬

M�
3 (x) 6

Z x+ 1�x
ni

x� 1+x
ni

CA

(1� t2)
3
4 (1� x2)

3
4

dtV

�
gx;

�
x� 1 + x

ni
; t

��
:

� «¥¥ ¢ á¨«ã «¥¬¬ë 5 ¨¬¥¥¬

M�
3 (x) 6

Z x+ 1�x

ni

x� 1+x

ni

CA

(1� x2)
3
2

dtV

�
gx;

�
x� 1 + x

ni
; t

��
=

=
CA

(1� x2)
3
2

V

�
gx;

�
x� 1 + x

ni
; x+

1� x

ni

��
: (42)

� ¨â®£¥ ¨§ ®æ¥®ª (39){(42) á«¥¤ã¥â

Mni(x) 6 CA(1� x2)�
3
2V

�
gx;

�
x; x+

1� x

ni

��
+ CA(1� x2)�

3
2V

�
gx;

�
x� 1 + x

ni
; x

��
+

+ CA(1� x2)�
3
2V

�
gx;

�
x� 1 + x

ni
; x+

1� x

ni

��
6

6 CA(1� x2)�
3
2V

�
gx;

�
x� 1 + x

ni
; x+

1� x

ni

��
: (43)

� ª ª ª

V

�
gx;

�
x� 1 + x

ni
; x+

1� x

ni

��
6

1
ni

niX
k=1

V

�
gx;

�
x� 1 + x

k
; x+

1� x

k

��
;

â® ¨§ (24), (25), (37), (38) ¨ (43)  å®¤¨¬

1X
j=i

���� nj+1�1X
k=nj

ak(f)Pk(x)
���� 6 CA(1� x2)�

3
2

ni

niX
k=1

V

�
gx;

�
x� 1 + x

k
; x+

1� x

k

��
+

+
CA(1� x2)�1

ni
jf(x+ 0)� f(x� 0)j: (44)
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� ª¨¬ ®¡à §®¬, ¥á«¨ ç¨á«® n + 1 ¢å®¤¨â ¢ ¯®á«¥¤®¢ â¥«ì®áâì fnjg, â® â¥®à¥¬  ¤®ª §  .
�á«¨ ¦¥ n+ 1 ¥ ¢å®¤¨â ¢ ¯®á«¥¤®¢ â¥«ì®áâì fnjg, â® ¤«ï ®æ¥ª¨ ¢ëà ¦¥¨ï���� ni�1X

k=n+1

ak(f)Pk(x)
����+ 1X

j=i

���� nj+1�1X
k=nj

ak(f)Pk(x)
���� (45)

¤®¡ ¢¨¬ n + 1 ¢ ¯®á«¥¤®¢ â¥«ì®áâì fnjg. �«ï ¯®«ãç¥®© ¯®á«¥¤®¢ â¥«ì®áâ¨ ¢ë¯®«ï¥âáï
ãá«®¢¨¥ (2), ¥á«¨ A § ¬¥¨âì ¢ ¥¬   2A. �®£¤  ¢ á¨«ã (44) ¢ëà ¦¥¨¥ (45) ®æ¥¨¢ ¥âáï áã¬¬®©

CA(1� x2)�
3
2

n+ 1

n+1X
k=1

V

�
gx;

�
x� 1 + x

k
; x+
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