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� 1987 £. ­  ¬¥¦¤ã­ à®¤­®¬ ª®««®ª¢¨ã¬¥ ¯® â¥®à¨¨ ¯®«ã£àã¯¯ ¢ �¥£¥¤¥ �.-�.�í­ ¯®áâ ¢¨«
¯à®¡«¥¬ã íää¥ªâ¨¢­®£® ®¯¨á ­¨ï ¯á¥¢¤®¬­®£®®¡à §¨ï ¯®«ã£àã¯¯ O, ¯®à®¦¤¥­­®£® ¢á¥¬¨ ¯®-
«ã£àã¯¯ ¬¨ ¨§®â®­­ëå ¢áî¤ã ®¯à¥¤¥«¥­­ëå ¯à¥®¡à §®¢ ­¨© ª®­¥ç­ëå æ¥¯¥©, â. ¥. ­ å®¦¤¥­¨ï
 «£®à¨â¬ , ª®â®àë© ®¯à¥¤¥«ï« ¡ë, ¯à¨­ ¤«¥¦¨â «¨ ¤ ­­ ï ª®­¥ç­ ï ¯®«ã£àã¯¯  íâ®¬ã ¯á¥¢-
¤®¬­®£®®¡à §¨î. �ª®«ìª®-­¨¡ã¤ì § ¬¥â­ë¥ ¯à®¤¢¨¦¥­¨ï ¯® íâ®© ¯à®¡«¥¬¥ ­ ç «¨áì â®«ìª® á
1995 £. �­ ç «  �.�.�¨££¨­á [1] ¤®ª § «, çâ® ¯á¥¢¤®¬­®£®®¡à §¨¥ O á ¬®¤ã «ì­® ¨ á®¤¥à¦¨â
­¥ ¢á¥ R-âà¨¢¨ «ì­ë¥ ¯®«ã£àã¯¯ë (â ª¨¬ ®¡à §®¬, O áâà®£® ¬¥­ìè¥, ç¥¬ A, ¯á¥¢¤®¬­®£®®¡à -
§¨¥ ¢á¥å ª®­¥ç­ëå  ¯¥à¨®¤¨ç¥áª¨å ¯®«ã£àã¯¯), å®âï ª ¦¤ ï ª®­¥ç­ ï á¢ï§ª  ¯à¨­ ¤«¥¦¨â O.
�®á«¥¤­¨© à¥§ã«ìâ â �¨££¨­á  ¡ë« ®¡®¡é¥­ ¢ [2], £¤¥ ¡ë«® ¯®ª § ­®, çâ® ª ¦¤ ï ª®­¥ç­ ï
¯®«ã£àã¯¯ , ¨¤¥¬¯®â¥­âë ª®â®à®© ®¡à §ãîâ ¨¤¥ «, «¥¦¨â ¢ O. B [3] ¤®ª § ­®, çâ® ¯á¥¢¤®-
¬­®£®®¡à §¨¥ POI, ¯®à®¦¤¥­­®¥ ¢á¥¬¨ ¯®«ã£àã¯¯ ¬¨ ¨­ê¥ªâ¨¢­ëå ¨§®â®­­ëå ç áâ¨ç­ëå ¯à¥-
®¡à §®¢ ­¨© ª®­¥ç­ëå æ¥¯¥©, ï¢«ï¥âáï (á®¡áâ¢¥­­ë¬) ¯®¤¯á¥¢¤®¬­®£®®¡à §¨¥¬ ¢ O. � ¤àã£®©
áâ®à®­ë, ¢ [4] ¯®ª § ­®, çâ® ¨­â¥à¢ « [O;A] à¥è¥âª¨ ¢á¥å ¯á¥¢¤®¬­®£®®¡à §¨© ¯®«ã£àã¯¯ ¨¬¥¥â
¬®é­®áâì ª®­â¨­ãã¬ ,   ­¥¤ ¢­® ¢ [5] ¡ë«® ãáâ ­®¢«¥­®, çâ® O ­¥ ª®­¥ç­® ¡ §¨àã¥¬® ¨, ¡®«¥¥
â®£®, ¢áïª®¥ ¯á¥¢¤®¬­®£®®¡à §¨¥ ¯®«ã£àã¯¯ V â ª®¥, çâ® POI �V �O_R_L, £¤¥ R ¨ L áãâì
á®®â¢¥âáâ¢¥­­® ¯á¥¢¤®¬­®£®®¡à §¨ï ¢á¥å ª®­¥ç­ëå R-âà¨¢¨ «ì­ëå ¯®«ã£àã¯¯ ¨ ¢á¥å ª®­¥ç­ëå
L-âà¨¢¨ «ì­ëå ¯®«ã£àã¯¯, ­¥ ª®­¥ç­® ¡ §¨àã¥¬®. �¥¬ ­¥ ¬¥­¥¥, ¨áå®¤­ ï ¯à®¡«¥¬  �í­  ¢á¥
¥é¥ ®áâ ¥âáï ­¥à¥è¥­­®©.

�¥«ì ¤ ­­®© à ¡®âë | ¥é¥ ®¤­® ¯à®¤¢¨¦¥­¨¥ ¢ ­ ¯à ¢«¥­¨¨ ª à¥è¥­¨î ¯à®¡«¥¬ë �í­ . �
¨¬¥­­®, ¡ã¤¥â ¤®ª § ­®, çâ® O á®¤¥à¦¨â ¢á¥ ¯®«ã¯àï¬ë¥ ¯à®¨§¢¥¤¥­¨ï æ¥¯¥© (à áá¬ âà¨¢ ¥-
¬ëå ª ª ¯®«ãà¥è¥âª¨) ­  ¯®«ã£àã¯¯ë ¢á¥å ¨­ê¥ªâ¨¢­ëå ¨§®â®­­ëå ç áâ¨ç­ëå ¯à¥®¡à §®¢ ­¨©
ª®­¥ç­ëå æ¥¯¥©.

1. �à¥¤¢ à¨â¥«ì­ë¥ á¢¥¤¥­¨ï

�á¯®«ì§ãîâáï áâ ­¤ àâ­ë¥ ¯®­ïâ¨ï ¨ ®¡®§­ ç¥­¨ï â¥®à¨¨ ¯®«ã£àã¯¯ ¨§ [6]. �¤­ ª® ¢ ¤ ­-
­®© à ¡®â¥ ¡ã¤¥â ã¤®¡­® ®¡®§­ ç âì ç¥à¥§ S0 ¯®«ã£àã¯¯ã, ¯®«ãç¥­­ãî ¨§ ¤ ­­®© ¯®«ã£àã¯¯ë

S ¯à¨á®¥¤¨­¥­¨¥¬ ¤®¯®«­¨â¥«ì­®£® ­ã«ï,   ­¥ ¯®«ã£àã¯¯ã, ¯®«ãç¥­­ãî ¨§ S ¯à¨á®¥¤¨­¥­¨¥¬

­ã«ï, ¥á«¨ ¢ S ­ã«ï ­¥ ¡ë«® (ª ª ®¯à¥¤¥«¥­® ¢ [6]), â. ¥. ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® 0 | á¨¬¢®«,
­¥ ¯à¨­ ¤«¥¦ é¨© S, S0 | ¯®«ã£àã¯¯  á ­®á¨â¥«¥¬ S [ f0g ¨ ã¬­®¦¥­¨¥¬, ¯à®¤®«¦ îé¨¬
ã¬­®¦¥­¨¥ ¢ S ¯® ¯à ¢¨«ã 0s = s0 = 00 = 0 ¤«ï ¢á¥å s 2 S.

�ãáâì X | ¬­®¦¥áâ¢®. �¡®§­ ç¨¬ ç¥à¥§ PT (X) ¬®­®¨¤ ¢á¥å ç áâ¨ç­ëå ¯à¥®¡à §®¢ ­¨©
X (®â­®á¨â¥«ì­® ª®¬¯®§¨æ¨¨), ç¥à¥§ T (X) | ¯®¤¬®­®¨¤ ¢ PT (X), á®áâ®ïé¨© ¨§ ¢á¥å ¢áî¤ã
®¯à¥¤¥«¥­­ëå ¯à¥®¡à §®¢ ­¨© X, ¨ ç¥à¥§ I(X) | á¨¬¬¥âà¨ç¥áªãî ¨­¢¥àá­ãî ¯®«ã£àã¯¯ã ­ 

� ¡®â  ¢ë¯®«­ï« áì ¢ à ¬ª å ¯à®¥ªâ  PRAXIS/2/2.1/MAT/73/94�¥­âà  �«£¥¡àë�¨áá ¡®­áª®£® ã­¨-
¢¥àá¨â¥â . � áâ¨ç­® ®­  ¡ë«  ¯®¤¤¥à¦ ­  £à ­â®¬ INVOTAN 9/A/96/PO.
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X, â. ¥. ¯®¤¬®­®¨¤ ¢ PT (X), á®áâ®ïé¨© ¨§ ¢á¥å ¨­ê¥ªâ¨¢­ëå ç áâ¨ç­ëå ¯à¥®¡à §®¢ ­¨© X. � á-
á¬®âà¨¬ n-í«¥¬¥­â­ãî æ¥¯ì Xn, ­ ¯à¨¬¥à, Xn = f1 < 2 < � � � < ng. �à¥®¡à §®¢ ­¨¥ s 2 PT (Xn)
­ §ë¢ ¥âáï ¨§®â®­­ë¬, ¥á«¨ ¤«ï «î¡ëå x; y 2 Dom(s) ¨§ x � y á«¥¤ã¥â xs � ys. �¡®§­ ç¨¬ ç¥-
à¥§ POn ¯®¤¬®­®¨¤ ¢ PT (Xn), á®áâ®ïé¨© ¨§ ¢á¥å ¨§®â®­­ëå ç áâ¨ç­ëå ¯à¥®¡à §®¢ ­¨©, ç¥à¥§
On | ¯®¤¬®­®¨¤ ¢ T (Xn), á®áâ®ïé¨© ¨§ ¢á¥å ¨§®â®­­ëå (¢áî¤ã ®¯à¥¤¥«¥­­ëå) ¯à¥®¡à §®¢ ­¨©,
¨ ç¥à¥§ POIn | ¨­¢¥àá­ë© ¯®¤¬®­®¨¤ ¢á¥å ¨§®â®­­ëå ¯à¥®¡à §®¢ ­¨© ¨§ I(Xn).

� ¬ ¯®­ ¤®¡¨âáï á«¥¤ãîé¥¥ ®¯¨á ­¨¥ ¨¤¥ «®¢ ¨ ª®­£àãí­æ¨© ¬®­®¨¤  POIn (á¬. [7], ¯à¥¤-
«®¦¥­¨ï 2.3 ¨ 2.6).

�¥¬¬  1.1. �®­®¨¤ POIn ¨¬¥¥â n+1 ¨¤¥ «, ª ¦¤ë© ¨§ ª®â®àëå ï¢«ï¥âáï £« ¢­ë¬. �®«¥¥

â®ç­®, ¨¤¥ «ë ¢ POIn áãâì

f0g = I0 � I1 � � � � � In = POIn;

£¤¥ Ik = fs 2 POIn j 0 � j Im(s)j � kg ¤«ï ª ¦¤®£® k 2 f0; : : : ; ng. �®­£àãí­æ¨¨ ­  POIn
¨áç¥à¯ë¢ îâáï à¨á®¢áª¨¬¨ ª®­£àãí­æ¨ï¬¨, á®®â¢¥âáâ¢ãîé¨¬¨ ¯¥à¥ç¨á«¥­­ë¬ ¨¤¥ « ¬.

� ¯®¬­¨¬, çâ® ¯á¥¢¤®¬­®£®®¡à §¨¥ ¯®«ã£àã¯¯ | íâ® ª« áá ª®­¥ç­ëå ¯®«ã£àã¯¯, § ¬ª­ãâë©
®â­®á¨â¥«ì­® ¢§ïâ¨ï £®¬®¬®àä­ëå ®¡à §®¢ ¯®¤¯®«ã£àã¯¯ ¨ ª®­¥ç­ëå ¯àï¬ëå ¯à®¨§¢¥¤¥­¨©. �
¤ ­­®© à ¡®â¥ ¢áâà¥âïâáï á«¥¤ãîé¨¥ ¯á¥¢¤®¬­®£®®¡à §¨ï ¯®«ã£àã¯¯:

1. O | ¯á¥¢¤®¬­®£®®¡à §¨¥, ¯®à®¦¤¥­­®¥ ¬®­®¨¤ ¬¨ fOn j n 2 Ng;
2. POI | ¯á¥¢¤®¬­®£®®¡à §¨¥, ¯®à®¦¤¥­­®¥ ¬®­®¨¤ ¬¨ fPOIn j n 2 Ng;
3. Sl | ¯á¥¢¤®¬­®£®®¡à §¨¥ ¢á¥å ª®­¥ç­ëå ¯®«ãà¥è¥â®ª;
4. Ecom | ¯á¥¢¤®¬­®£®®¡à §¨¥ ¢á¥å ª®­¥ç­ëå ¯®«ã£àã¯¯ á ª®¬¬ãâ¨àãîé¨¬¨ ¨¤¥¬¯®â¥­-

â ¬¨;
5. J | ¯á¥¢¤®¬­®£®®¡à §¨¥ ¢á¥å ª®­¥ç­ëå J -âà¨¢¨ «ì­ëå ¯®«ã£àã¯¯.

� §®¢¥¬ n- à­ë¬ ¯á¥¢¤®á«®¢®¬ ®â®¡à ¦¥­¨¥ �, á®¯®áâ ¢«ïîé¥¥ ª ¦¤®© ª®­¥ç­®© ¯®«ã-
£àã¯¯¥ S n- à­ãî äã­ªæ¨î �S : Sn ! S ­  S, ¯¥à¥áâ ­®¢®ç­ãî á ¯à®¨§¢®«ì­ë¬ £®¬®¬®à-
ä¨§¬®¬ f : S ! T ¬¥¦¤ã ª®­¥ç­ë¬¨ ¯®«ã£àã¯¯ ¬¨ ¢ â®¬ á¬ëá«¥, çâ® f(�S(s1; : : : ; sn)) =
�T (f(s1); : : : ; f(sn)) ¤«ï ¢á¥å s1; : : : ; sn 2 S. �á¥¢¤®á«®¢  ­ §ë¢ îâ ¥é¥ ­¥ï¢­ë¬¨ ®¯¥à æ¨ï¬¨.
�®à®è® ¨§¢¥áâ­ë© ¨ ¯à®áâ®©, ­® ¢¥áì¬  ¢ ¦­ë© ¯à¨¬¥à ¯á¥¢¤®á«®¢  ¤®áâ ¢«ï¥â ã­ à­ ï äã­ª-
æ¨ï x 7! x!, ª®â®à ï ­  ¯à®¨§¢®«ì­®© ª®­¥ç­®© ¯®«ã£àã¯¯¥ S á®¯®áâ ¢«ï¥â ª ¦¤®¬ã í«¥¬¥­âã
s 2 S ¨¤¥¬¯®â¥­â æ¨ª«¨ç¥áª®© ¯®¤¯®«ã£àã¯¯ë, ¯®à®¦¤¥­­®© s. �á¥¢¤®â®¦¤¥áâ¢®¬ ®â n ¯¥-
à¥¬¥­­ëå ­ §ë¢ ¥âáï ä®à¬ «ì­®¥ à ¢¥­áâ¢® ¬¥¦¤ã n- à­ë¬¨ ¯á¥¢¤®á«®¢ ¬¨, áª ¦¥¬, � = �.
�®¢®àïâ, çâ® ª®­¥ç­ ï ¯®«ã£àã¯¯  S ã¤®¢«¥â¢®àï¥â â ª®¬ã ¯á¥¢¤®â®¦¤¥áâ¢ã, ¥á«¨ �S = �S.
�« áá ª®­¥ç­ëå ¯®«ã£àã¯¯ C ã¤®¢«¥â¢®àï¥â � = �, ¥á«¨ íâ®¬ã ¯á¥¢¤®â®¦¤¥áâ¢ã ã¤®¢«¥â¢®àï-
¥â ª ¦¤ ï ¯®«ã£àã¯¯  ¨§ C. � «ì­¥©è¨¥ ¤¥â «¨ ç¨â â¥«ì á¬®¦¥â ­ ©â¨ ¢ [8].

� ¯®¬­¨¬ â¥¯¥àì ®¤­ã ª« áá¨ç¥áªãî ª®­áâàãªæ¨î ¨ ¤®ª ¦¥¬ âà¨ «¥¬¬ë, ª®â®àë¥ ¯®­ -
¤®¡ïâáï ¢ á«¥¤ãîé¥¬ ¯ à £à ä¥.

�ãáâì S ¨ T | ¤¢¥ ¯®«ã£àã¯¯ë ¨

' : T 1 ! Endr(S)
t 7! t' : S ! S

s 7! (s)t'

| £®¬®¬®àä¨§¬ ¬®­®¨¤  T 1 ¢ ¬®­®¨¤ Endr(S),  ­â¨¨§®¬®àä­ë© ¬®­®¨¤ã End(S) ¢á¥å í­¤®-
¬®àä¨§¬®¢ ¯®«ã£àã¯¯ë S. �ª ¦¥¬, çâ® £®¬®¬®àä¨§¬ ' ®¯à¥¤¥«ï¥â («¥¢®¥) ¤¥©áâ¢¨¥ T ­  S.
�¢ï¦¥¬ á íâ¨¬ £®¬®¬®àä¨§¬®¬ ¯®«ã£àã¯¯ã S�'T (¨¬¥­ã¥¬ãî ¯®«ã¯àï¬ë¬ ¯à®¨§¢¥¤¥­¨¥¬ S ¨

T ,  áá®æ¨¨à®¢ ­­ë¬ á '), ®¯à¥¤¥«¥­­ãî ­  ¬­®¦¥áâ¢¥ S � T á ã¬­®¦¥­¨¥¬

(s1; t1)(s2; t2) = (s1((s2)t1'); t1t2)

¤«ï ¢á¥å s1; s2 2 S ¨ t1; t2 2 T . �¡ëç­® í«¥¬¥­â (s)t', £¤¥ s 2 S ¨ t 2 T 1, ®¡®§­ ç îâ ¯à®áâ®
ç¥à¥§ t:s. � â ª¨å ®¡®§­ ç¥­¨ïå â®â ä ªâ, çâ® ®â®¡à ¦¥­¨¥ ' : T 1 ! Endr(S) | £®¬®¬®àä¨§¬
¬®­®¨¤®¢, ®§­ ç ¥â, çâ® ¤«ï ¢á¥å s1; s2 2 S ¨ t1; t2 2 T 1 ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥ ãá«®¢¨ï:
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1. t:(s1s2) = (t:s1)(t:s2);
2. (t1t2):s = t1:(t2:s);
3. 1:s = s.

�¬­®¦¥­¨¥ ¢ S�'T â®£¤  § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

(s1; t1)(s2; t2) = (s1(t1:s2); t1t2)

¤«ï ¢á¥å s1; s2 2 S ¨ t1; t2 2 T .
�®âï ¯®«ã£àã¯¯  S�'T § ¢¨á¨â ®â á¯¥æ¨ä¨ª¨ £®¬®¬®àä¨§¬  ', ®¡ëç­® ï¢­®¥ ãª § ­¨¥ ­  '

®¯ãáª îâ ¨ ®¡®§­ ç îâ íâã ¯®«ã£àã¯¯ã ¯à®áâ® ç¥à¥§ S�T .

�à¨¬¥à 1.1. �ãáâì S ¨ T | ¤¢¥ ¯®«ã£àã¯¯ë. �¡®§­ ç¨¬ ç¥à¥§ ST
1

¯®«ã£àã¯¯ã ¢á¥å ®â®-
¡à ¦¥­¨© ¨§ T 1 ¢ S, ¢ ª®â®à®© ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå ®â®¡à ¦¥­¨© f; g 2 ST

1

®¯à¥¤¥«¥­® ­  ª ¦¤®¬
x 2 T 1 ¯à ¢¨«®¬

(x)(fg) = (x)f(x)g:

�«ï t 2 T 1 ¨ f 2 ST
1

®¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥ t:f 2 ST
1

, ¯®« £ ï

(x)(t:f) = (xt)f

¤«ï ª ¦¤®£® x 2 T 1. �®£¤  ®â®¡à ¦¥­¨¥ ' : T 1 ! Endr(ST
1

) â ª®¥, çâ® (f)t' = t:f ¤«ï ¢á¥å
t 2 T 1 ¨ f 2 ST

1

, ¡ã¤¥â £®¬®¬®àä¨§¬®¬ ¬®­®¨¤®¢. �®íâ®¬ã ¬®¦­® à áá¬®âà¥âì ¯®«ã¯àï¬®¥
¯à®¨§¢¥¤¥­¨¥ ST

1

�T ,  áá®æ¨¨à®¢ ­­®¥ á '; ®­® ­ §ë¢ ¥âáï á¯«¥â¥­¨¥¬ S ¨ T .

�¥¬¬  1.2. �ãáâì T | ¬®­®¨¤ á ­ã«¥¬, ¢ ª®â®à®¬ T n f1g ¥áâì ¯®¤¯®«ã£àã¯¯ , U1 |

¯®¤¬®­®¨¤ f0; 1g ¢ T ¨ S | ¯®«ã£àã¯¯ . �ãáâì S�T | â ª®¥ ¯®«ã¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥, çâ®

t:s = 0:s ¤«ï ¢á¥å t 2 T n f1g ¨ s 2 S, ¨ S�U1 | ¯®«ã¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥,  áá®æ¨¨à®¢ ­­®¥ á

®£à ­¨ç¥­¨¥¬ ­  U1 ¤¥©áâ¢¨ï T ­  S. �®£¤  ¯®«ã£àã¯¯  S�T ¢ª« ¤ë¢ ¥âáï ¢ (S�U1)� T .

�®ª § â¥«ìáâ¢®. �ãáâì ®â®¡à ¦¥­¨¥  : S�T ! (S�U1)� T ®¯à¥¤¥«¥­® ¯à ¢¨«®¬

(s; t) =

(
((s; 1); 1); ¥á«¨ t = 1;

((s; 0); t); ¥á«¨ t 6= 1:

�á­®, çâ®  ¨­ê¥ªâ¨¢­®. �®ª ¦¥¬, çâ®  | £®¬®¬®àä¨§¬. �®§ì¬¥¬ ¯à®¨§¢®«ì­ë¥ (s; t); (r; q) 2
S�T . �á«¨ t = 1, â®

((s; 1)(r; q)) = (s(1:r); q) = (sr; q) =

(
((sr; 1); 1); ¥á«¨ q = 1;

((sr; 0); q); ¥á«¨ q 6= 1;
=

=

(
((s(1:r); 1); 1); ¥á«¨ q = 1;

((s(1:r); 0); q); ¥á«¨ q 6= 1;
=

(
((s; 1); 1)((r; 1); 1); ¥á«¨ q = 1;

((s; 1); 1)((r; 0); q); ¥á«¨ q 6= 1;
= (s; 1) (r; q) :

�á«¨ t 6= 1, â® tq 6= 1, ®âªã¤ 

((s; t)(r; q)) = (s(t:r); tq) = (s(0:r); tq) = ((s(0:r); 0); tq) =

=

(
((s; 0); t)((r; 1); 1); ¥á«¨ q = 1;

((s; 0); t)((r; 0); q); ¥á«¨ q 6= 1;
= (s; t) (r; q) : �

�¨¦¥ ¡ã¤¥¬ à áá¬ âà¨¢ âì æ¥¯¨ ­¥ â®«ìª® ª ª ã¯®àï¤®ç¥­­ë¥ ¬­®¦¥áâ¢ , ­® ¨ ª ª ¯®-
«ãà¥è¥âª¨ (£¤¥, ª ª ®¡ëç­®, ¯à®¨§¢¥¤¥­¨¥ í«¥¬¥­â®¢ à ¢­® ¬¥­ìè¥¬ã ¨§ ­¨å). �â¬¥â¨¬, çâ®
í­¤®¬®àä¨§¬ë æ¥¯¨ C ª ª ¯®«ãà¥è¥âª¨ | íâ® ¢ â®ç­®áâ¨ ¨§®â®­­ë¥ ®â®¡à ¦¥­¨ï, â. ¥. â ª¨¥
®â®¡à ¦¥­¨ï f : C ! C, çâ® x � y ¢«¥ç¥â xf � yf ¤«ï «î¡ëå x; y 2 C. �¥©áâ¢¨â¥«ì­®, ¥á«¨
f 2 End(C), â® ¤«ï «î¡ëå x; y 2 C â ª¨å, çâ® x � y, ¨¬¥¥¬ xy = x, ®âªã¤  xfyf = (xy)f = xf ¨
xf � yf . �¡à â­®, ¤®¯ãáâ¨¬, çâ® ®â®¡à ¦¥­¨¥ f : C ! C ¨§®â®­­®. �®£¤ , ¢§ï¢ x; y 2 C, ¬®¦¥¬
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¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¯à¥¤¯®«®¦¨âì, çâ® x � y, ®âªã¤  xf � yf ¨ (xy)f = xf = xfyf . �«¥-
¤®¢ â¥«ì­®, f 2 End(C). �®íâ®¬ã ¯à®¨§¢®«ì­®¥ ¤¥©áâ¢¨¥ ¯®«ã£àã¯¯ë T ­  æ¥¯¨ C á®åà ­ï¥â
¯®àï¤®ª � ­  C, â.¥. ¥á«¨ t 2 T ¨ x; y 2 C â ª®¢ë, çâ® x � y, â® t:x � t:y. � §ã¬¥¥âáï, ¤«ï
ª®­¥ç­®© æ¥¯¨ C ¨§ m í«¥¬¥­â®¢ ¬®­®¨¤ End(C) ¨§®¬®àä¥­ ¬®­®¨¤ã Om.

�¥¬¬  1.3. �ãáâì C | ª®­¥ç­ ï æ¥¯ì, T | ¬®­®¨¤ á ­ã«¥¬, ' : T ! Endr(C) | £®¬®¬®à-

ä¨§¬ ¬®­®¨¤®¢ ¨ C�T | ¯®«ã¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥,  áá®æ¨¨à®¢ ­­®¥ á '. �á«¨ Im(0') = f0; 1g
¨ 0' ®â®¡à ¦ ¥â ¯® ªà ©­¥© ¬¥à¥ ¤¢  à §«¨ç­ëå í«¥¬¥­â  C ¢ ¥¤¨­¨æã, â® áãé¥áâ¢ãîâ ¤¢¥

â ª¨¥ ¯®¤æ¥¯¨ C1 ¨ C2 ¢ C, çâ® 1 < jC1j; jC2j < jCj ¨ C�T ¢ª« ¤ë¢ ¥âáï ¢ (C1�T )� (C2�T )0 ¤«ï
¯®¤å®¤ïé¨å ¯®«ã¯àï¬ëå ¯à®¨§¢¥¤¥­¨© C1�T ¨ C2�T .

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, ¯à¥¦¤¥ ¢á¥£®, çâ® æ¥¯ì C ¤®«¦­  á®¤¥à¦ âì ¯® ªà ©­¥© ¬¥à¥
¤¢  à §«¨ç­ëå í«¥¬¥­â , ®âªã¤  0 6= 1. �ãáâì

C 0 = fx 2 C j 0:x = 0g ¨ C2 = fx 2 C j 0:x = 1g:

�á­®, çâ® C 0 ¨ C2 | ¤¢  ­¥¯¥à¥á¥ª îé¨åáï ¨­â¥à¢ «  æ¥¯¨ C (¤¥©áâ¢¨â¥«ì­®, ¥á«¨ ¤«ï x 2 C 0

¨ y 2 C2 ¨¬¥¥¬ y � x, â® 0:y � 0:x, ®âªã¤  1 � 0, çâ® ­¥¢®§¬®¦­®; ¯®íâ®¬ã x < y), ®¡ê¥¤¨­¥­¨¥
ª®â®àëå à ¢­ï¥âáï C.

�®§ì¬¥¬ t 2 T ¨ x 2 C2. �á«¨ t:x 2 C 0, â® 0 = 0:(t:x) = (0t):x = 0:x = 1, çâ® ­¥¢®§¬®¦­®;
®âáî¤  t:x 2 C2. �®íâ®¬ã £®¬®¬®àä¨§¬ ' ¨­¤ãæ¨àã¥â £®¬®¬®àä¨§¬ ¬®­®¨¤  T ¢ Endr(C2). �
¤àã£®© áâ®à®­ë, ¢®§ì¬¥¬ t 2 T ¨ x 2 C 0. �á«¨ t:x 2 C2, â® 1 = 0:(t:x) = (0t):x = 0:x = 0,
çâ® ®¯ïâì-â ª¨ ­¥¢®§¬®¦­®; ®âáî¤  t:x 2 C 0. �®«®¦¨¬ C1 = C 0 [ f1g. � ª ª ª 1 2 Im(0')
¨ ®â®¡à ¦¥­¨¥ 0' á®åà ­ï¥â ¯®àï¤®ª, ¨¬¥¥¬ 0:1 = 1. �®£¤  ¨ ¤«ï «î¡®£® t 2 T ¨¬¥¥¬ t:1 =
t:(0:1) = (t0):1 = 0:1 = 1. �®íâ®¬ã £®¬®¬®àä¨§¬ ' ¨­¤ãæ¨àã¥â â ª¦¥ £®¬®¬®àä¨§¬ ¬®­®¨¤ 
T ¢ Endr(C1). � áá¬®âà¨¬ ¯®«ã¯àï¬ë¥ ¯à®¨§¢¥¤¥­¨ï C1�T ¨ C2�T ,  áá®æ¨¨à®¢ ­­ë¥ á íâ¨¬¨
£®¬®¬®àä¨§¬ ¬¨.

�¥¯¥àì ®¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥  1 : C�T ! C1�T ¯à ¢¨«®¬

(x; t) 1 =

(
(1; t); ¥á«¨ x 2 C2;

(x; t); ¥á«¨ x 2 C 0,

¨ ®â®¡à ¦¥­¨¥  2 : C�T ! (C2�T )0 | ¯à ¢¨«®¬

(x; t) 2 =

(
(x; t); ¥á«¨ x 2 C2;

0; ¥á«¨ x 2 C 0.

� ª ª ª í«¥¬¥­âë ¯®¤æ¥¯¨ C 0 ¯à¥¤è¥áâ¢ãîâ í«¥¬¥­â ¬ ¯®¤æ¥¯¨ C2 ¨ ¤«ï ¢á¥å x; y 2 C ¨ t 2 T
x(t:y) 2 C2 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  x; y 2 C2 (¤¥©áâ¢¨â¥«ì­®, 0:(x(t:y)) = (0:x)(0:(t:y)) =
(0:x)((0t):y) = (0:x)(0:y), ®âªã¤  0:(x(t:y)) = 1 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  0:x = 1 ¨ 0:y = 1),
 1 ¨  2 | £®¬®¬®àä¨§¬ë. � «¥¥, £®¬®¬®àä¨§¬  1 ¨­ê¥ªâ¨¢¥­ ­  C 0 � T ,   £®¬®¬®àä¨§¬  2
¨­ê¥ªâ¨¢¥­ ­  C2�T . �®íâ®¬ã ®â®¡à ¦¥­¨¥  : C�T ! (C1�T )� (C2�T )0, ®¯à¥¤¥«¥­­®¥ ¤«ï ¢á¥å
(x; t) 2 C�T ¯à ¢¨«®¬ (x; t) = ((x; t) 1; (x; t) 2), ï¢«ï¥âáï ¨­ê¥ªâ¨¢­ë¬ £®¬®¬®àä¨§¬®¬.

� ª®­¥æ, ¯®áª®«ìªã C | ¤¨§êî­ªâ­®¥ ®¡ê¥¤¨­¥­¨¥ C 0 ¨ C2, jC2j � 2 (¯® ¯à¥¤¯®«®¦¥­¨î),
jC1j � 2 (¯® ¯®áâà®¥­¨î), ¨¬¥¥¬ jCij < jCj ¤«ï i = 1; 2.

�¥¬¬  1.4. �ãáâì C | ª®­¥ç­ ï æ¥¯ì, T | ¬®­®¨¤ á ­ã«¥¬ ¨ C�T | ¯®«ã¯àï¬®¥ ¯à®¨§-

¢¥¤¥­¨¥. �á«¨ 0:e = e ¤«ï ­¥ª®â®à®£® e 2 C n f0; 1g, â® ­ ©¤ãâáï ¤¢¥ â ª¨¥ ¯®¤æ¥¯¨ C1 ¨ C2 ¢

C, çâ® 1 < jC1j; jC2j < jCj ¨ C�T ¢ª« ¤ë¢ ¥âáï ¢ (C1�T )� (C2�T ) ¤«ï ¯®¤å®¤ïé¨å ¯®«ã¯àï¬ëå

¯à®¨§¢¥¤¥­¨© C1�T ¨ C2�T .

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¨­â¥à¢ «ë

C1 = fx 2 C j x � eg ¨ C2 = fx 2 C j e � xg
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¢ C. � ¬¥â¨¬, çâ® ¢ C ¤®«¦­® ¡ëâì ¯® ªà ©­¥© ¬¥à¥ âà¨ à §«¨ç­ëå í«¥¬¥­â , ®âªã¤  0 6= 1.
�®«¥¥ â®£®, ¯®áª®«ìªã 0; e 2 C1, 1 =2 C1, e; 1 2 C2, 0 =2 C2, ¨¬¥¥¬ 1 < jCij < jCj ¤«ï i =
1; 2. � ¤àã£®© áâ®à®­ë, ¤«ï «î¡ëå t 2 T ¨ x 2 C1 ¨¬¥¥¬ t:e = t:(0:e) = (t0):e = 0:e = e; ­®
â®£¤  t:x � t:e = e, ®âªã¤  t:x 2 C1. �­ «®£¨ç­®, t:x 2 C2 ¤«ï ¢á¥å t 2 T ¨ x 2 C2. �®íâ®¬ã
¨¬¥¥âáï ¥áâ¥áâ¢¥­­®¥ ¤¥©áâ¢¨¥ T ­  C1 ¨ ­  C2. �ãáâì C1�T ¨ C2�T | ¯®«ã¯àï¬ë¥ ¯à®¨§¢¥¤¥­¨ï,
 áá®æ¨¨à®¢ ­­ë¥ á íâ¨¬¨ ¤¥©áâ¢¨ï¬¨.

�¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥  1 ¨§ C�T ¢ C1�T , ¯®« £ ï (x; t) 1 = (xe; t) ¤«ï ¢á¥å (x; t) 2 C�T .
�ãáâì (x; t); (y; q) 2 C�T . �®£¤ 

((x; t)(y; q)) 1 = (x(t:y); tq) 1 = (x(t:y)e; tq) = (xe(t:y)e; tq) = (xe(t:y)(t:e); tq) =

= (xe(t:(ye)); tq) = (xe; t)(ye; q) = (x; t) 1(y; q) 1:

�«¥¤®¢ â¥«ì­®,  1 | £®¬®¬®àä¨§¬. � ¤àã£®© áâ®à®­ë, ®¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥  2 ¨§ C�T ¢
C2�T , ¯®« £ ï

(x; t) 2 =

(
(e; t); ¥á«¨ x 2 C1;

(x; t); ¥á«¨ x 2 C2,

¤«ï ¢á¥å (x; t) 2 C�T . �®áª®«ìªã x(t:y) 2 C2 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  x; y 2 C2, ¢¨¤¨¬, çâ® ¨
 2 | £®¬®¬®àä¨§¬. � ª ª ª ®£à ­¨ç¥­¨ï  1 ­  C1�T ¨  2 ­  C2�T | â®¦¤¥áâ¢¥­­ë¥ ®â®¡à ¦¥-
­¨ï, ®â®¡à ¦¥­¨¥  : C�T ! (C1�T )�(C2�T ), ®¯à¥¤¥«¥­­®¥ ¯à ¢¨«®¬ (x; t) = ((x; t) 1; (x; t) 2)
¤«ï ¢á¥å (x; t) 2 C�T , ¨­ê¥ªâ¨¢­® ¨ â ª¦¥ ï¢«ï¥âáï £®¬®¬®àä¨§¬®¬. �â® ¨ ¢«¥ç¥â âà¥¡ã¥¬ë©
à¥§ã«ìâ â.

2. �á­®¢­®© à¥§ã«ìâ â

�ä®à¬ã«¨àã¥¬ ­ è ®á­®¢­®© à¥§ã«ìâ â.

�¥®à¥¬  2.1. �ãáâì n 2 N, C | æ¥¯ì, ' : POIn ! Endr(C) | £®¬®¬®àä¨§¬ ¬®­®¨¤®¢ ¨

C�POIn | ¯®«ã¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥,  áá®æ¨¨à®¢ ­­®¥ á '. �®£¤  C � POIn 2O.

�â¬¥â¨¬, çâ® íâ®â à¥§ã«ìâ â ®¡®¡é ¥â ®á­®¢­ãî â¥®à¥¬ã ¨§ [3], ª®â®à ï ãâ¢¥à¦¤ ¥â, çâ®
POI �O.

�«¥¤ãîé¨© ¯à¨¬¥à, ª®­âà áâ¨àãîé¨© á â¥®à¥¬®© 2.1, ¯®ª §ë¢ ¥â, çâ® Sl �POI ­¥ á®¤¥à-
¦¨âáï ¢ O.

�à¨¬¥à 2.1. �ãáâì U1 = f0; 1g|¤¢ãåí«¥¬¥­â­ ï ¯®«ãà¥è¥âª  ¨ S| á¯«¥â¥­¨¥ U1 á POI2.
�®£¤  S ­¥ ã¤®¢«¥â¢®àï¥â ¯á¥¢¤®â®¦¤¥áâ¢ã x!y(xy2)! = x!(xy2)!. �¥©áâ¢¨â¥«ì­®,

POI2 = ha; b j a2 = b2 = 0; aba = a; bab = bi = f0; a; b; ab; ba; 1g

(á¬. [7], ¯à¨¬¥à 3.1), ¨ ¯®« £ ï

s =
�
0 a b ab ba 1
1 1 1 1 1 1

�
¨ t =

�
0 a b ab ba 1
1 1 0 1 1 1

�
;

¬®¦­® ¯àï¬ë¬ ¢ëç¨á«¥­¨¥¬ ã¡¥¤¨âìáï, çâ® x = (s; ba) ¨ y = (t; b) | â ª¨¥ í«¥¬¥­âë S, çâ®
x!y(xy2)! 6= x!(xy2)!. � ¤àã£®© áâ®à®­ë, à áá¬aâà¨¢ ¥¬®¥ ¯á¥¢¤®â®¦¤¥áâ¢® ¢ë¯®«­¥­® ¢ O (á¬.
[4], ¯à¥¤«®¦¥­¨¥ 2.3). �«¥¤®¢ â¥«ì­®, S 2Sl �POI ¨ S =2O.

�à¨áâã¯¨¬ ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 2.1, ¤«ï ç¥£® á­ ç «  ¤®ª ¦¥¬ ­¥ª®â®àë¥ ¢á¯®¬®£ -
â¥«ì­ë¥ à¥§ã«ìâ âë.

�¥¬¬  2.1. �ãáâì C | æ¥¯ì ¨ ' : POIn ! Endr(C) | £®¬®¬®àä¨§¬ ¬®­®¨¤®¢. �á«¨

Im(0') = f0; 1g, ¯à¨ç¥¬ (x)0' = 0 ¤«ï ¢á¥å x 2 C n f1g, ¨«¨ Im(0') = f0g, ¨«¨ Im(0') = f1g, â®
t' = 0' ¤«ï ¢á¥å t 2 POIn n f1g.
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�®ª § â¥«ìáâ¢®. �á«¨ jCj = 1 ¨«¨ n = 1, â® «¥¬¬ , ®ç¥¢¨¤­®, ¢¥à­ . �ãáâì jCj � 2 ¨
n � 2. � ¬¥â¨¬, ¯à¥¦¤¥ ¢á¥£®, çâ® ¤«ï «î¡ëå ¨¤¥¬¯®â¥­â®¢ e ¨ f ¢ POIn â ª¨å, çâ® e � f , e'
¨ f' | ¨¤¥¬¯®â¥­âë ¢ Endr(C) ¨ Im(e') � Im(f'). � «¥¥, ¯® «¥¬¬¥ 1.1 ï¤à® ' ¥áâì à¨á®¢áª ï
ª®­£àãí­æ¨ï, á®®â¢¥âáâ¢ãîé ï ¨¤¥ «ã Ik ¢á¥å í«¥¬¥­â®¢ ¨§ POIn à ­£ , ¬¥­ìè¥£® «¨¡® à ¢­®£®
k, ¤«ï ­¥ª®â®à®£® k 2 f0; 1; : : : ; ng.

�à¥¤¯®«®¦¨¬, çâ® k < n � 1. �®£¤  £®¬®¬®àä¨§¬ ' ¨­ê¥ªâ¨¢¥­ ­  ¬­®¦¥áâ¢¥ Jk+1 ¢á¥å
í«¥¬¥­â®¢ à ­£  k+1, ª®â®à®¥ ®¡à §ã¥â J -ª« áá ¢ POIn (á¬. [3] ¨«¨ [7]), ¨ ¢ Jk+1 ¥áâì ¯® ªà ©­¥©
¬¥à¥ ¤¢  à §«¨ç­ëå ¨¤¥¬¯®â¥­â  e ¨ f . �«¥¤®¢ â¥«ì­®, e' 6= f', e'; f' 6= 0' ¨ (ef)' = 0',
¯®áª®«ìªã à ­£ ef ¬¥­ìè¥ «¨¡® à ¢¥­ k.

�¥¯¥àì à áá¬®âà¨¬ ¯® ®â¤¥«ì­®áâ¨ âà¨ á«ãç ï, ãª § ­­ë¥ ¢ ä®à¬ã«¨à®¢ª¥ «¥¬¬ë.
�®¯ãáâ¨¬ á­ ç « , çâ® Im(0') = f0; 1g, ¯à¨ç¥¬ (x)0' = 0 ¤«ï ¢á¥å x 2 Cnf1g. � ¬¥â¨¬, çâ® ¢

íâ®¬ á«ãç ¥ (1)0' = 1. �«¥¤®¢ â¥«ì­®, (x)t' 6= 1 ¤«ï «î¡ëå t 2 POIn ¨ x 2 C nf1g (¢ ¯à®â¨¢­®¬
á«ãç ¥ ¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥ 0 = (x)0' = (x)(0t)' = (x)(t'0') = ((x)t')0' = (1)0' = 1).
�âáî¤  ¤«ï ¢á¥å t 2 POIn â ª¨å, çâ® Im(t') = f0; 1g, ¨¬¥¥¬ t' = 0'. �®íâ®¬ã f0; 1g � Im(e')
¨ f0; 1g � Im(f'), ¢ á¨«ã ç¥£® ­ ©¤ãâáï â ª¨¥ x; y 2 C n f0; 1g, çâ® (x)e' = x ¨ (y)f' = y. �¥§
®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦­® ¯à¥¤¯®«®¦¨âì, çâ® x � y. �à¨ â ª®¬ ¯à¥¤¯®«®¦¥­¨¨

x = (x)e' � (y)e' = ((y)f')e' = (y)(f'e') = (y)(ef)' = (y)0' = 0;

çâ® ¯à¨¢®¤¨â ª ¯à®â¨¢®à¥ç¨î.
�¥¯¥àì ¤®¯ãáâ¨¬, çâ® Im(0') = f0g. �®áª®«ìªã e'; f' 6= 0', ¨¬¥¥¬ f0g � Im(e') ¨ f0g �

Im(f'), ¢ á¨«ã ç¥£® á­®¢  ­ ©¤ãâáï â ª¨¥ x; y 2 C n f0g, çâ® (x)e' = x ¨ (y)f' = y. � ª ¨
¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥, ¯à¥¤¯®« £ ï, çâ® x � y, ¯®«ãç ¥¬, çâ® x = 0, â. ¥. á­®¢  ¯à¨å®¤¨¬ ª
¯à®â¨¢®à¥ç¨î.

�®¯ãáâ¨¬, ­ ª®­¥æ, çâ® Im(0') = f1g. �®£¤  f1g � Im(e') ¨ f1g � Im(f'), ¢ á¨«ã ç¥£®
­ ©¤ãâáï â ª¨¥ x; y 2 C n f1g, çâ® (x)e' = x ¨ (y)f' = y. �­®¢  ¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨
¬®¦­® áç¨â âì, çâ® x � y. �® â®£¤ 

1 = (x)0' = (x)(fe)' = (x)(e'f') = ((x)e')f' = (x)f' � (y)f' = y;

¨ ®¯ïâì-â ª¨ ¯à¨å®¤¨¬ ª ¯à®â¨¢®à¥ç¨î.
�â ª, k � n� 1 ¨ ¯®â®¬ã, ¢§ï¢ ¯à®¨§¢®«ì­®¥ ¯à¥®¡à §®¢ ­¨¥ t 2 POIn n f1g ¨ § ¬¥â¨¢, çâ®

¥£® à ­£ ¬¥­ìè¥ ¨«¨ à ¢¥­ n� 1, § ª«îç ¥¬, çâ® t 2 ker('), â.¥. t' = 0'.

�¥¬¬  2.2. �ãáâì C | æ¥¯ì ¨ ' : POIn ! Endr(C) | £®¬®¬®àä¨§¬ ¬®­®¨¤®¢, ¤«ï ª®â®-

à®£® Im(0') = f0g. �®£¤  ­ ©¤¥âáï â ª ï ¯®«ã£àã¯¯  W 2J \Ecom, çâ® ¯®«ã¯àï¬®¥ ¯à®¨§¢¥-

¤¥­¨¥ C�POIn,  áá®æ¨¨à®¢ ­­®¥ á ', ¢ª« ¤ë¢ ¥âáï ¢W�POIn. � ç áâ­®áâ¨, C �POIn 2POI.

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬ ¯à¥¦¤¥ ¢á¥£®, çâ® ¯® «¥¬¬¥ 2.1 ®â®¡à ¦¥­¨¥ ' ¤®«¦­® ¡ëâì
¯®áâ®ï­­ë¬ ­  POIn n f1g. �«¥¤®¢ â¥«ì­®, ¯® «¥¬¬¥ 1.2 ¯®«ã¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥ C�POIn
¢ª« ¤ë¢ ¥âáï ¢ (C�U1)�POIn, £¤¥ U1 | ¯®¤¬®­®¨¤ f0; 1g ¢ POIn,   C�U1 | ¯®«ã¯àï¬®¥ ¯à®-
¨§¢¥¤¥­¨¥,  áá®æ¨¨à®¢ ­­®¥ á ®£à ­¨ç¥­¨¥¬ ' ­  U1. �®áª®«ìªã J \Ecom�POI [9], ®áâ ¥âáï
¯®ª § âì, çâ® C�U1 | J -âà¨¢¨ «ì­ ï ¯®«ã£àã¯¯  á ª®¬¬ãâ¨àãîé¨¬¨ ¨¤¥¬¯®â¥­â ¬¨. � ¬¥-
â¨¬, çâ® «¥£ª® ã¡¥¤¨âìáï, çâ® ª ¦¤ ï ª®­¥ç­ ïR-âà¨¢¨ «ì­ ï ¯®«ã£àã¯¯  á ª®¬¬ãâ¨àãîé¨¬¨
¨¤¥¬¯®â¥­â ¬¨ ¡ã¤¥â ¨ L-âà¨¢¨ «ì­®©, ¢ á¨«ã ç¥£® ¬®¦­® ®£à ­¨ç¨âìáï ¯à®¢¥àª®© â®£®, çâ®
C�U1 | R-âà¨¢¨ «ì­ ï ¯®«ã£àã¯¯  á ª®¬¬ãâ¨àãîé¨¬¨ ¨¤¥¬¯®â¥­â ¬¨.

� ª ª ª ¨ C, ¨ U1 ï¢«ïîâáï R-âà¨¢¨ «ì­ë¬¨ ¯®«ã£àã¯¯ ¬¨ ¨ ¯á¥¢¤®¬­®£®®¡à §¨¥ ¢á¥å
ª®­¥ç­ëå R-âà¨¢¨ «ì­ëå ¯®«ã£àã¯¯ § ¬ª­ãâ® ®â­®á¨â¥«ì­® ¯®«ã¯àï¬ëå ¯à®¨§¢¥¤¥­¨© (á¬.
[10], ¯à¨¬¥à V.8.4), ¯®«ã£àã¯¯  C�U1 ¡ã¤¥â R-âà¨¢¨ «ì­®©.

�¥¯¥àì ¯®ª ¦¥¬, çâ® C�U1 2Ecom. �à¥¦¤¥ ¢á¥£® § ¬¥â¨¬, çâ® ¨¤¥¬¯®â¥­â ¬¨ ¢ C�U1 ¡ã¤ãâ
¢á¥ í«¥¬¥­âë ¢¨¤  (x; 1), £¤¥ x 2 C ¨ (0; 0). �®£¤  ¤«ï «î¡ëå x; y 2 C ¨¬¥¥¬

(x; 1)(y; 1) = (x(1:y); 1) = (xy; 1) = (yx; 1) = (y(1:x); 1) = (y; 1)(x; 1):
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� «¥¥, ¤«ï ¢á¥å x 2 C

(x; 1)(0; 0) = (x(1:0); 0) = (x0; 0) = (0; 0) = (00; 0) = (0(0:x); 0) = (0; 0)(x; 1);

®âªã¤  C�U1 2Ecom.

�¥¬¬  2.3. �ãáâì C | æ¥¯ì ¨ ' : POIn ! Endr(C) | £®¬®¬®àä¨§¬ ¬®­®¨¤®¢, ¤«ï ª®â®-

à®£® Im(0') = f1g. �®£¤  ¯®«ã¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥ C�POIn,  áá®æ¨¨à®¢ ­­®¥ á ', ¢ª« ¤ë¢ ¥âáï
¢ Endr(C)�POIn+1. � ç áâ­®áâ¨, C�POIn 2O.

�®ª § â¥«ìáâ¢®. � ª ¨ ¢ëè¥, ­ ç­¥¬ á ­ ¡«î¤¥­¨ï, çâ® ®â®¡à ¦¥­¨¥ ' ¯®áâ®ï­­® ­ 
POIn n f1g ¯® «¥¬¬¥ 2.1. �®£¤  ¯® «¥¬¬¥ 1.2 ¯®«ã¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥ C�POIn ¢ª« ¤ë¢ -
¥âáï ¢ (C�U1)�POIn, £¤¥ U1 | ¯®¤¬®­®¨¤ f0; 1g ¢ POIn,   C�U1 | ¯®«ã¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥,
 áá®æ¨¨à®¢ ­­®¥ á ®£à ­¨ç¥­¨¥¬ ' ­  U1. � ª ª ª ¬®­®¨¤ U1 ¨§®¬®àä¥­ POI1 ¨ ¯à®¨§¢¥¤¥­¨¥
POI1 � POIn ¢ª« ¤ë¢ ¥âáï ¢ POIn+1 (á¬. [3], ¯à¥¤«®¦¥­¨¥ 2.4), ¤«ï ¤®ª § â¥«ìáâ¢  ¯¥à¢®£®
ãâ¢¥à¦¤¥­¨ï «¥¬¬ë ®áâ ¥âáï ã¡¥¤¨âìáï, çâ® ¯®«ã¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥ C�U1 ¢ª« ¤ë¢ ¥âáï ¢
Endr(C)�U1. �¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥  : C�U1 ! Endr(C)�U1, ¯®« £ ï ¤«ï ¢á¥å (x; t) 2 C�U1

(x; t) = ((x; t) 1; t);

£¤¥ ®â®¡à ¦¥­¨¥  1 : C�U1 ! Endr(C) ®¯à¥¤¥«¥­® ¯à ¢¨«®¬

(y)(x; 0) 1 = x ¨ (y)(x; 1) 1 = xy

¤«ï ¢á¥å y 2 C. �á­®, çâ® (x; t) 1 | í­¤®¬®àä¨§¬ æ¥¯¨ C. �ãáâì (x; t); (y; q) 2 C�U1 â ª®¢ë, çâ®
(x; t) = (y; q) . �®£¤  t = q ¨ (x; t) 1 = (y; q) 1. �«¥¤®¢ â¥«ì­®, x = (x)(x; t) 1 = (x)(y; q) 1 �
y = (y)(y; t) 1 = (y)(x; q) 1 � x ¨, áâ «® ¡ëâì, x = y, ®âªã¤   | ¨­ê¥ªæ¨ï. �¥¯¥àì ¯®ª ¦¥¬,
çâ®  1 | £®¬®¬®àä¨§¬. �ãáâì (x; t); (y; q) 2 C�U1. �®£¤ , ¯®áª®«ìªã Im(0') = f1g,

(x; t)(y; q) = (x(t:y); tq) =

(
(xy; q); ¥á«¨ t = 1;

(x; 0); ¥á«¨ t = 0,

®âªã¤ 

1. ¥á«¨ t = 0, â® (z)((x; t)(y; q)) 1 = (z)(x; 0) 1 = x =
= ((z)(y; q) 1)(x; 0) 1 = (z)(y; q) 1(x; t) 1 ¤«ï ¢á¥å z 2 C;

2. ¥á«¨ t = 1 ¨ q = 0, â® (z)((x; t)(y; q)) 1 = (z)(xy; 0) 1 = xy =
= (y)(x; 1) 1 = ((z)(y; 0) 1)(x; 1) 1 = (z)(y; q) 1(x; t) 1 ¤«ï ¢á¥å z 2 C;

3. ¥á«¨ t = 1 ¨ q = 1, â® (z)((x; t)(y; q)) 1 = (z)(xy; 1) 1 = xyz =
= (yz)(x; 1) 1 = ((z)(y; 1) 1)(x; 1) 1 = (z)(y; q) 1(x; t) 1 ¤«ï ¢á¥å z 2 C.

�â ª,  1 | £®¬®¬®àä¨§¬ ¨§ C�U1 ¢ End
r(C). �âáî¤   | ¨­ê¥ªâ¨¢­ë© £®¬®¬®àä¨§¬, ¨ ¯¥à¢®¥

ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë ¤®ª § ­®.
�¥¯¥àì ¤®ª ¦¥¬ ¢â®à®¥ ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë. � ª ã¦¥ ®â¬¥ç «®áì, ¥á«¨ m| ç¨á«® í«¥¬¥­-

â®¢ C, â® ¬®­®¨¤ End(C) ¨§®¬®àä¥­ Om, ®âªã¤  End
r(C) ¢ª« ¤ë¢ ¥âáï ¢ Om+1 (á¬. [1], â¥®à¥¬ 

2.4). �â ª, C�POIn 2O.

�¥¬¬  2.4. �ãáâì C | æ¥¯ì ¨ ' : POIn ! Endr(C) | £®¬®¬®àä¨§¬ ¬®­®¨¤®¢, ¤«ï ª®â®-

à®£® Im(0') = f0; 1g, ¯à¨ç¥¬ (x)0' = 0 ¤«ï ¢á¥å x 2 C n f1g. �®£¤  ­ ©¤¥âáï â ª ï ¯®«ã£àã¯¯ 

W 2J , çâ® ¯®«ã¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥ C�POIn,  áá®æ¨¨à®¢ ­­®¥ á ', ¢ª« ¤ë¢ ¥âáï ¢W�POIn.
� ç áâ­®áâ¨, C�POIn 2O.

�®ª § â¥«ìáâ¢®. �­®¢  ¨á¯®«ì§ãï «¥¬¬ë 2.1 ¨ 1.2, ¬®¦¥¬ § ª«îç¨âì, çâ® C�POIn ¢ª« -
¤ë¢ ¥âáï ¢ (C�U1) � POIn, £¤¥ U1 | ¯®¤¬®­®¨¤ f0; 1g ¢ POIn,   C�U1 | ¯®«ã¯àï¬®¥ ¯à®¨§-
¢¥¤¥­¨¥,  áá®æ¨¨à®¢ ­­®¥ á ®£à ­¨ç¥­¨¥¬ ' ­  U1. �®áª®«ìªã J �O [9], ®áâ ¥âáï ¯®ª § âì, çâ®
¯®«ã£àã¯¯  C�U1 ¡ã¤¥â J -âà¨¢¨ «ì­®©.

� ª ¢ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 2.2, ¯®«ã£àã¯¯  C�U1 ¡ã¤¥â R-âà¨¢¨ «ì­®©, ¢ á¨«ã ç¥£® ®áâ -
¥âáï ¤®ª § âì, çâ® C�U1 | L-âà¨¢¨ «ì­ ï ¯®«ã£àã¯¯ .
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�®§ì¬¥¬ x 2 C. �®¯ãáâ¨¬, çâ® (x; 0)L (y; u) ¤«ï ­¥ª®â®à®© ¯ àë (y; u) 2 C�U1. �®£¤  áã-
é¥áâ¢ãîâ â ª¨¥ (a; t); (b; q) 2 C�U1, çâ® (y; u) = (a; t)(x; 0) ¨ (x; 0) = (b; q)(y; u). �«¥¤®¢ â¥«ì­®,
(y; u) = (a(t:x); 0) ¨, â ª¨¬ ®¡à §®¬, u = 0. � «¥¥, y = a(t:x) ¨ x = b(q:y). �á«¨ x = 1, â® q:y = 1
¨ y = 1, ®âªã¤  x = y. �­ «®£¨ç­®, ¥á«¨ y = 1, â® x = y. �®¯ãáâ¨¬, çâ® x 6= 1 ¨ y 6= 1. �á«¨
t 6= 1, â® y = a(0:x) = a0 = 0 ¨ x = b(q:0) = b0 = 0, ®âªã¤  x = y. �­ «®£¨ç­®, ¥á«¨ q 6= 1, â®
x = y. � ª®­¥æ, ¥á«¨ t = q = 1, â® x = by � y = ax � x ¨ á­®¢  x = y. �®íâ®¬ã L-ª« áá ¯ àë
¢¨¤  (x; 0) ¢ C�U1 ®¤­®í«¥¬¥­â¥­.

�¥¯¥àì à áá¬®âà¨¬ (x; 1) 2 C�U1 ¨ ¤®¯ãáâ¨¬, çâ® (x; 1)L (y; u) ¤«ï ­¥ª®â®à®© ¯ àë (y; u) 2
C�U1. �®£¤  ­ ©¤ãâáï â ª¨¥ (a; t); (b; q) 2 C�U1, çâ® (y; u) = (a; t)(x; 1) ¨ (x; 1) = (b; q)(y; u). �§
¯®á«¥¤­¥£® à ¢¥­áâ¢  á«¥¤ã¥â, çâ® u = 1 = q, ®âªã¤  t = 1. �®£¤  x = by � y = ax � x ¨, áâ «®
¡ëâì, (y; u) = (x; 1). �®íâ®¬ã ¨ L-ª« áá ¯ àë ¢¨¤  (x; 1) ¢ C�U1 ®¤­®í«¥¬¥­â¥­. �â ª, C�U1 |
L-âà¨¢¨ «ì­ ï ¯®«ã£àã¯¯ .

�¥¬¬  2.5. �á«¨ S 2O, â® ¨ ¯®«ã£àã¯¯  S0 ¯à¨­ ¤«¥¦¨â O.

�®ª § â¥«ìáâ¢®. �ãáâì S 2O. � ª ª ª O ¥áâì ª« áá ¢á¥å ¤¥«¨â¥«¥© ¯®«ã£àã¯¯ Ok, k 2 N

(­ ¯à., [9] ¨«¨ [2]), ­ ©¤ãâáï m 2 N, ¯®¤¯®«ã£àã¯¯  T ¢ Om ¨ áîàê¥ªâ¨¢­ë© £®¬®¬®àä¨§¬ '
¨§ T ­  S. �á­®, çâ® ' ¨­¤ãæ¨àã¥â áîàê¥ªâ¨¢­ë© £®¬®¬®àä¨§¬ ¨§ T 0 ­  S0. �«¥¤®¢ â¥«ì­®,
¤«ï ¤®ª § â¥«ìáâ¢  «¥¬¬ë ¤®áâ â®ç­® ¯à®¢¥à¨âì, çâ® T 0 ¢ª« ¤ë¢ ¥âáï ¢ Om+1. �¯à¥¤¥«¨¬
®â®¡à ¦¥­¨¥  : T 0 ! Om+1, ¯®« £ ï ¤«ï ª ¦¤®£® t 2 T

(x)t =

(
xt; ¥á«¨ 1 � x � m;

m+ 1; ¥á«¨ x = m+ 1,

¨ (x)0 = m+ 1 ¤«ï ¢á¥å x 2 f1; : : : ;m+ 1g. �®£¤   | ¨­ê¥ªâ¨¢­ë© £®¬®¬®àä¨§¬.

�¥¯¥àì ¬®¦¥¬ ¤®ª § âì ®á­®¢­®© à¥§ã«ìâ â.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2.1. �ãáâì n 2 N, C | æ¥¯ì, ' : POIn ! Endr(C) | £®¬®¬®à-
ä¨§¬ ¬®­®¨¤®¢ ¨ C�POIn | ¯®«ã¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥,  áá®æ¨¨à®¢ ­­®¥ á '. �®ª ¦¥¬, çâ®
C�POIn 2O, ¨­¤ãªæ¨¥© ¯® ç¨á«ã í«¥¬¥­â®¢ ¢ C. �á«¨ æ¥¯ì C âà¨¢¨ «ì­ , â® ¯à®¨§¢¥¤¥­¨¥
C�POIn ¨§®¬®àä­® POIn, ®âªã¤  C�POIn 2O.

�®§ì¬¥¬ â¥¯¥àì ­¥âà¨¢¨ «ì­ãî æ¥¯ì C ¨ ¯à¥¤¯®«®¦¨¬, çâ® ¢á¥ ¯®«ã¯àï¬ë¥ ¯à®¨§¢¥¤¥­¨ï
C 0�POIn, £¤¥ C 0 | â ª ï æ¥¯ì, çâ® jC 0j < jCj, ¯à¨­ ¤«¥¦ â O. �á«¨ Im(0') = f0g ¨«¨ Im(0') =
f1g, â® ¯® «¥¬¬ ¬ 2.2 ¨ 2.3 ¯®«ãç ¥¬ C�POIn 2O. �á«¨ Im(0') = f0; 1g ¨ (x)0' = 0 ¤«ï ¢á¥å
x 2 C n f1g, â® C�POIn 2O ¯® «¥¬¬¥ 2.4. �á«¨ Im(0') = f0; 1g ¨ (x)0' = 1 ¤«ï ­¥ª®â®à®£® x 2
Cnf1g, â® 0' ®â®¡à ¦ ¥â ¯® ªà ©­¥© ¬¥à¥ ¤¢  à §«¨ç­ëå í«¥¬¥­â  C ¢ ¥¤¨­¨æã. �«¥¤®¢ â¥«ì­®,
¯® «¥¬¬¥ 1.3 áãé¥áâ¢ãîâ ¤¢¥ â ª¨¥ ¯®¤æ¥¯¨ C1 ¨ C2 ¢ C, çâ® 1 < jCij < jCj ¤«ï i = 1; 2 ¨ çâ®
C�POIn ¢ª« ¤ë¢ ¥âáï ¢ (C1�POIn) � (C2�POIn)0 ¤«ï ­¥ª®â®àëå ¯®«ã¯àï¬ëå ¯à®¨§¢¥¤¥­¨©
C1�POIn ¨ C2�POIn. �® ¯à¥¤¯®«®¦¥­¨î ¨­¤ãªæ¨¨ C1�POIn; C2�POIn 2O ¨ ¯® «¥¬¬¥ 2.5
(C2�POIn)0 2O, ®âªã¤  C�POIn 2O ¨ ¢ íâ®¬ á«ãç ¥. � ª®­¥æ, ¤®¯ãáâ¨¬, çâ® ¤«ï Im(0') ­¥
¢ë¯®«­ï¥âáï ­¨ ®¤¨­ ¨§ ¯à¥¤ë¤ãé¨å á«ãç ¥¢. �®£¤  ­ ©¤¥âáï â ª®© í«¥¬¥­â e 2 C n f0; 1g, çâ®
e 2 Im(0'). � ª ª ª 0' | ¨¤¥¬¯®â¥­â ¢ Endr(C), ¨¬¥¥¬ e = (e)0'. �«¥¤®¢ â¥«ì­®, ¯® «¥¬¬¥ 1.4
áãé¥áâ¢ãîâ ¤¢¥ â ª¨¥ ¯®¤æ¥¯¨ C1 ¨ C2 ¢ C, çâ® 1 < jCij < jCj ¤«ï i = 1; 2 ¨ çâ® C�POIn
¢ª« ¤ë¢ ¥âáï ¢ (C1�POIn)� (C2�POIn) ¤«ï ­¥ª®â®àëå ¯®«ã¯àï¬ëå ¯à®¨§¢¥¤¥­¨© C1�POIn ¨
C2�POIn. �­®¢  ¨á¯®«ì§ãï ¯à¥¤¯®«®¦¥­¨¥ ¨­¤ãªæ¨¨, § ª«îç ¥¬, çâ® C1�POIn; C2�POIn 2O,
®âªã¤  C�POIn 2O.
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