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� ¡®â  ¯®á¢ïé¥  â¥®à¥â¨ç¥áª®¬ã ®¡®á®¢ ¨î ¢®§¬®¦®áâ¨ ª®àà¥ªâ¨à®¢ âì ¯®«¨®¬ ¯®
¤¢ã¬¥à®© á¨áâ¥¬¥ �  à , ¯à¥¤áâ ¢«ïîé¨© ¨§®¡à ¦¥¨¥ ¯®á«¥ ¥«¨¥©®©  ¯¯à®ªá¨¬ æ¨¨.
�  ï  ¯¯à®ªá¨¬ æ¨ï á®áâ®¨â ¢ ®¡ã«¥¨¨ ¬ «ëå ¯®  ¡á®«îâ®© ¢¥«¨ç¨¥ ª®íää¨æ¨¥â®¢
�ãàì¥{�  à  ¢¥ § ¢¨á¨¬®áâ¨ ®â ¨å à á¯®«®¦¥¨ï ¢ ¨áå®¤®¬ ¯®«¨®¬¥, ¯à¥¤áâ ¢«ïîé¥¬ ¨§®-
¡à ¦¥¨¥ ¤® á¦ â¨ï ¨ä®à¬ æ¨¨. �à¨ íâ®¬ æ¥«ìî ï¢«ï¥âáï á¦ â¨¥ £à ä¨ç¥áª®© ¨ä®à¬ æ¨¨
¡¥§ áãé¥áâ¢¥®£® ¨áª ¦¥¨ï ¨§®¡à ¦¥¨ï (á¬. [1], á. 103).

� à ¡®â¥ ¤¢ã¬¥à ï á¨áâ¥¬  �  à  ¯à¥¤áâ ¢«¥  ¢ ¤¢ãå ¢¨¤ å: ª ª ®¤®¬ áèâ ¡ë¬¨ ¢á¯«¥-
áª ¬¨, â ª ¨ ¯à®áâë¬ ¯à®¨§¢¥¤¥¨¥¬ ®¤®¬¥àëå á¨áâ¥¬ �  à . � ¤ ç  ¢ë§¢   á®¯®áâ ¢«¥¨-
¥¬ á® á«¥¤ãîé¨¬ ¨§¢¥áâë¬ ¤«ï ¯à®¥ªâ®à®¢ �¨áá  ä ªâ®¬ (á¬. [2], á. 38): ¥á«¨ ¤«ï ¨áå®¤®©
äãªæ¨¨ f(x) á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢  m � f(x) � M , â® «î¡ ï ç áâ ï áã¬¬  SN(f; x) àï¤ 
�ãàì¥{�  à  ã¤®¢«¥â¢®àï¥â â¥¬ ¦¥ ¥à ¢¥áâ¢ ¬, â. ¥. m � SN(f; x) � M 8N . �ë¡à áë¢ -
¨¥ ¬ «ëå ª®íää¨æ¨¥â®¢ ¯à¨¢®¤¨â ª ¯®«¨®¬ã, ¢ ®¡é¥¬ á«ãç ¥ ¥ á®¢¯ ¤ îé¥¬ã á ç áâ®©
áã¬¬®© SN(f; x). �  ¬®¦¥áâ¢¥, £¤¥ ¤«ï ¯®«ãç îé¥£®áï « ªã à®£® ¯®«¨®¬    «®£¨çë¥ ¥-
à ¢¥áâ¢   àãè îâáï, ¯à¨å®¤¨âáï ¯à¨¬¥ïâì ª®àà¥ªæ¨î, á¢ï§ ãî á® áà¥§ª®© ¯® § ¤ ë¬
ãà®¢ï¬ m ¨ M . �¨¦¥ ®æ¥¨¬ ¬¥àã íâ®£® ¬®¦¥áâ¢ .

1. � íâ®¬ ¯ãªâ¥ à áá¬®âà¨¬ ¤¢ã¬¥àãî á¨áâ¥¬ã �  à  ª ª ®¤®¬ áèâ ¡ãî á¨áâ¥¬ã ¢á¯«¥-
áª®¢. �¡®§ ç¨¬ ç¥à¥§

'(t) =

(
1; t 2 [0; 1];

0; t =2 [0; 1];

¬ áèâ ¡¨àãîéãî äãªæ¨î �  à ,   ç¥à¥§

 (t) =

8>><
>>:
+1; t 2 [0; 1=2);

�1; t 2 [1=2; 1];

0; t =2 [0; 1];

| ¢á¯«¥áª �  à . �®«®¦¨¬

�(�1)(x1; x2) = '(x1) (x2);

�(1)(x1; x2) =  (x1)'(x2);

�(0)(x1; x2) =  (x1) (x2):

�ãáâì k = 0; 1; 2; : : : ; m1 = 0; 1; 2; : : : ; 2k � 1; m2 = 0; 1; 2; : : : ; 2k � 1; � = �1; 0; 1. �®£¤  á¨áâ¥¬ 
äãªæ¨©

�(x) = '(x1)'(x2);

�(�)
k;m1;m2

(x) = 2k�(�)(2kx1 �m1; 2kx2 �m2)
(1)

¯à¥¤áâ ¢«ï¥â á®¡®© ¤¢ã¬¥àë¥ ®¤®¬ áèâ ¡ë¥ ¢á¯«¥áª¨   ¡ §¥ äãªæ¨© �  à . �¤¥áì x =
(x1; x2) 2 [0; 1]2,   ®á¨â¥«¥¬ äãªæ¨¨ ï¢«ï¥âáï ¤¢®¨çë© ª¢ ¤à â �k;m1;m2

=
�
m1

2k
; m1+1

2k

�
�
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�
m2

2k
; m2+1

2k

�
. �§¢¥áâ®, çâ® ¤  ï á¨áâ¥¬  ï¢«ï¥âáï ¡¥§ãá«®¢ë¬ ¡ §¨á®¬ ¢ ¯à®áâà áâ¢ å Lp

(1 < p <1). �«ï äãªæ¨¨, ¯à¥¤áâ ¢«ï¥¬®© àï¤®¬

f(x) = c�(x) +
1X
k=0

2k�1X
m1=0

2k�1X
m2=0

1X
�=�1

c
(�)
k;m1;m2

�(�)
k;m1;m2

(x); (2)

®¯à¥¤¥«¨¬ ¤«ï «î¡®© à ááâ ®¢ª¨ § ª®¢ " = f"(�)k;m1;m2
g = f�1g ®¯¥à â®à

(T"f)(x) = c�(x) +
1X
k=0

2k�1X
m1=0

2k�1X
m2=0

1X
�=�1

"(�)k;m1;m2
c(�)k;m1;m2

�(�)
k;m1;m2

(x); (3)

á¢ï§ ë© á ¡¥§ãá«®¢®© áå®¤¨¬®áâìî àï¤  (2). � ¯®¬®éìî ®¯¥à â®à  T" ¬®¦® ¢ëà §¨âì « -
ªã àë¥ ¯®«¨®¬ë, ¢®§¨ª îé¨¥ ¯à¨ ¥«¨¥©®©  ¯¯à®ªá¨¬ æ¨¨ àï¤  (2). �ãáâì R�(x) |
« ªã àë© ¯®«¨®¬. � ©¤¥âáï à ááâ ®¢ª  § ª®¢ " â ª ï, çâ® R� = 1

2
(f + T"f). �«ï ¯à®-

áâà áâ¢  L2 ¨¬¥¥¬ kR�kL2 � kfkL2 , â®£¤  mesfx 2 [0; 1]2 : jR�(x)j > yg �
�kfkL2

y

�2
, ¨ ¨§ íâ®©

®æ¥ª¨ ¢¨¤®, çâ® ¬¥à  ¬®¦¥áâ¢ , ¤«ï ª®â®à®£® y � kfkL2 , ¬ « . � à ¡®â¥ ¤®ª § ®, çâ® ¤«ï
¨â¥£à¨àã¥¬®© äãªæ¨¨ f íâ  ¬¥à  â ª¦¥ ¬ « , â. ¥. ®¯¥à â®à T" ¨¬¥¥â á« ¡ë© â¨¯ (1; 1).

�¥®à¥¬  1. �«ï «î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨ " = f"(�)k;m1;m2
g = f�1g ®¯¥à â®à T" ¨¬¥¥â á« -

¡ë© â¨¯ (1; 1), â. ¥. ¤«ï «î¡®£® y > 0 ¨ «î¡®© äãªæ¨¨ f 2 L1([0; 1]2) á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

mesfx 2 [0; 1]2 : j(T"f)(x)j > yg �
A

y
kfkL1 ; (4)

£¤¥ A |  ¡á®«îâ ï ª®áâ â , 1 < A � 5.

�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï ¯® áå¥¬¥ ¨§ ([3], á. 87), ® ¯à¨ íâ®¬ ¯à¨¬¥ï¥âáï à §«®¦¥¨¥
ª¢ ¤à â  [0; 1]2, á¢ï§ ®¥ á ¨â¥£à¨àã¥¬®© äãªæ¨¥© ([4], á. 27). �¥à ¢¥áâ¢® (4) ¤®áâ â®ç®
¤®ª § âì ¤«ï ¯®«¨®¬®¢. �à¥¤¯®«®¦¨¬, çâ®

mes
�
x 2 [0; 1]2 :

����
M+NX
k=M

2k�1X
m1=0

2k�1X
m2=0

1X
�=�1

"
(�)
k;m1;m2

c
(�)
k;m1;m2

�(�)
k;m1;m2

(x)
���� > y

�
�

�
A

y


M+NX
k=M

2k�1X
m1=0

2k�1X
m2=0

1X
�=�1

c(�)k;m1;m2
�(�)
k;m1;m2

(x)

L1

;

â®£¤  ¯à ¢ ï ç áâì ¯à¨ M ! 1 áâà¥¬¨âáï ª ã«î, â. ª. á¨áâ¥¬  ®¡à §ã¥â ¡ §¨á ¢ L1. �«¥¤®¢ -
â¥«ì®, ç áâë¥ áã¬¬ë àï¤  (3) áå®¤ïâáï ¯® ¬¥à¥. �á«¨ PN(x) | ç áâë¥ áã¬¬ë àï¤  (3), â®
¯® ¯à¥¤¯®«®¦¥¨î

mesfx 2 [0; 1]2 : j(T"f)(x)j > yg � lim
N!1

mesfx 2 [0; 1]2 : jPN(x)j > yg �

� lim
N!1

A

y
kSN(f; x)kL1 =

A

y
kfkL1 :

�¥¯¥àì ãáâ ®¢¨¬ (4) ¤«ï ¯®«¨®¬®¢. �ãáâì

g(x) = c�(x) +
NX
k=0

2k�1X
m1=0

2k�1X
m2=0

1X
�=�1

c
(�)
k;m1;m2

�(�)
k;m1;m2

(x)

¥áâì ¯à®¨§¢®«ìë© ¯®«¨®¬, ¯à¨ç¥¬ y > kgkL1 (¤«ï y < kgkL1 ¥à ¢¥áâ¢® (4) ®ç¥¢¨¤®). � áá¬®-
âà¨¬ à §«®¦¥¨¥ äãªæ¨¨ g 2 L1, x 2 [0; 1]2,   áã¬¬ã g(x) = p(x)+h(x) ¨ à §«®¦¥¨¥ ª¢ ¤à â 
[0; 1]2   ¬®¦¥áâ¢  F ¨ 
 (á¬. [4], á. 27). �ãªæ¨¨ p ¨ h ®¡« ¤ îâ á¢®©áâ¢ ¬¨, á¢ï§ ë¬¨ á®
á¢®©áâ¢ ¬¨ ¬®¦¥áâ¢ F ¨ 
,

1) [0; 1]2 = F [
, F \ 
 = ;;
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2) jg(x)j � y ¯®çâ¨ ¢áî¤ã   ¬®¦¥áâ¢¥ F ;
3) 
 ¥áâì ®¡ê¥¤¨¥¨¥ ¤¢®¨çëå ª¢ ¤à â®¢ 
 = [

k
Qk, ¢ãâà¥®áâ¨ ª®â®àëå ¥ ¯¥à¥á¥ª -

îâáï, ¯à¨ç¥¬ ¤«ï ª ¦¤®£® Qk á¯à ¢¥¤«¨¢®

y <
1
jQkj

Z
Qk

jg(x)jdx < 4y: (5)

� §«®¦¥¨¥ ãáâà®¥® â ª:

p(x) =

8<
:
g(x); ¥á«¨ x 2 F ;

jQkj
�1

Z
Qk

g(t)dt; ¥á«¨ x 2 Qk;
(6)

h(x) =

8<
:
0; ¥á«¨ x 2 F ;

g(x) � jQkj
�1

Z
Qk

g(t)dt; ¥á«¨ x 2 Qk:
(7)

�¥á«®¦® § ¬¥â¨âì ¢ë¯®«¥¨¥ á«¥¤ãîé¨å á¢®©áâ¢ ã äãªæ¨© p ¨ h:

a) kpkL1 � kgkL1 ;
b) jp(x)j � 4y ¤«ï ¯®çâ¨ ¢á¥å x 2 [0; 1]2;
c)

R
Qk

h(x)dx = 0 (k = 1; 2; : : : ) ¨ supph � 
;

d) suppT"h � 
.

�¢®©áâ¢  a) ¨ c) á«¥¤ãîâ ¨§ ®¯à¥¤¥«¥¨© (6), (7). �¢®©áâ¢® b) á«¥¤ã¥â ¨§ (5) ¤«ï x 2 
 ¨ ¨§
á¢®©áâ¢  2) ¤«ï x 2 F . �áâ ®¢¨¬ d). �®ª ¦¥¬, çâ® ¤«ï ¤¢®¨çëå ª¢ ¤à â®¢ �k, á¢ï§ ëå á
¢ëç¨á«¥¨¥¬ ª®íää¨æ¨¥â®¢ äãªæ¨¨ T"h, ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® ck(T"h) = �ck(h) = 0, ¥á«¨
�k 6� 
. �¬¥¥¬

ck(h) =
Z
[0;1]2

h(x)�k(x)dx =
Z

\�k

h(x)�k(x)dx =
X
i

Z
Qi\�k

h(x)�k(x)dx:

� ª ª ª �k 6� 
 = [
i
Qi, â® «¨¡® �k \ Qi = ;, «¨¡® Qi � �+

k ¨«¨ Qi � ��
k . �¤¥áì �

�
k ®§ ç ¥â

ç¥â¢¥àâì ª¢ ¤à â  �k,   ª®â®à®© äãªæ¨ï �k ¯à¨¨¬ ¥â ¯®áâ®ïë¥ § ç¥¨ï, ¯®«®¦¨â¥«ìë¥
¨«¨ ®âà¨æ â¥«ìë¥ á®®â¢¥âáâ¢¥®. � «î¡®¬ á«ãç ¥Z

Qi\�k

h(x)�k(x)dx = C

Z
Qi

h(x)dx = 0

á®£« á® á¢®©áâ¢ã (7).
�¯¥à â®à T"f «¨¥¥, ¯®íâ®¬ã

mesfx 2 [0; 1]2 : j(T"g)(x)j > yg = mesfx 2 F : j(T"g)(x)j > yg+mesfx 2 
 : j(T"g)(x)j > yg �

� mesfx 2 F : j(T"p)(x)j > yg+mes
: (8)

�¥à¢®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ (8) ®æ¥¨¬ á ¯®¬®éìî á¢®©áâ¢ a) ¨ b). �«ï y > 0 ¨¬¥¥¬

mesfx 2 [0; 1]2 : j(T"p)(x)j > yg �
1
y2
kT"pk

2
L2
=

1
y2
kpk2L2 �

4
y
kpkL1 �

4
y
kgkL1 :

�â®à®¥ á« £ ¥¬®¥ ®æ¥¨¢ ¥âáï á ¯®¬®éìî ¥à ¢¥áâ¢ (5),   ¨¬¥®,

mes
 �
X
i

mesQi �
X
i

1
y

Z
Qi

jg(x)jdx =
1
y

Z



jg(x)jdx �
1
y
kgkL1 :

� ¨â®£¥ ¢ë¯®«¥® ¥à ¢¥áâ¢® (4) á ª®áâ â®© A = 5: �
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2. � íâ®¬ ¯ãªâ¥ à áá¬®âà¨¬ ¤¢ã¬¥àãî á¨áâ¥¬ã �  à  ª ª ¯àï¬®¥ ¯à®¨§¢¥¤¥¨¥ ¤¢ãå ®¤-
®¬¥àëå á¨áâ¥¬ (à §®¬ áèâ ¡ë¥ ¢á¯«¥áª¨). �«ï N = (2k; 2m), k = 1; 2; : : : , m = 1; 2; : : : ,
ç áâë¥ áã¬¬ë ¤¢®©®£® àï¤  ¯® á¨áâ¥¬¥ �  à  ¨¬¥îâ ¢¨¤

(SNf)(x) =
2k�1X
i=0

2m�1X
j=0

ci;j(f)�i(x1)�j(x2):

�¥á«®¦® § ¬¥â¨âì, çâ® ¤«ï x = (x1; x2) á ¤¢®¨ç®-¨àà æ¨® «ìë¬¨ ª®®à¤¨ â ¬¨ á¯à ¢¥¤«¨-
¢® à ¢¥áâ¢®

sup
N

j(SN jf j)(x)j = (Mdf)(x): (9)

� ¯à ¢®© ç áâ¨ (9) ®¡®§ ç¥  ¬ ªá¨¬ «ì ï äãªæ¨ï ¯® ¤¢®¨çë¬ ¯àï¬®ã£®«ì¨ª ¬. � ¨¬¥-
®, ¥á«¨ I =

�
i

2k
; i+1
2k

�
�
�
j

2m
; j+1
2m

�
, â®

(Mdf)(x) = sup
x2I

1
jIj

Z
I

jf(t)jft: (10)

�§¢¥áâ® ([5], á. 459), çâ® ¥á«¨ à §¬¥àëm ¨ k ¥ á®£« á®¢ ë, â® ¤«ï ª®¥ç®áâ¨ äãªæ¨¨ (10)
¯®çâ¨ ¢áî¤ã ¤®áâ â®ç® ãá«®¢¨¥ f 2 L ln+ L ¨ ¥ ¤®áâ â®ç® ãá«®¢¨¥ f 2 '(L), £¤¥ '(t) = o(t log t)
¯à¨ t! +1. �®ª ¦¥¬, çâ® ¢ íâ®¬ á«ãç ¥ äãªæ¨ï à á¯à¥¤¥«¥¨ï ¤«ïMd ¨¬¥¥â ®æ¥ªã á« ¡®£®
â¨¯ .

�¥®à¥¬  2. �¯¥à â®à Md ¨¬¥¥â á« ¡ë© â¨¯ (1; L ln+ L), â. ¥. ¤«ï «î¡®£® y > 0 á¯à ¢¥¤«¨¢®
¥à ¢¥áâ¢®

mesfx 2 [0; 1]2 : (Mdf)(x) > yg �
C

y
kfkL ln+ L;

£¤¥ C |  ¡á®«îâ ï ª®áâ â .

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¬ ªá¨¬ «ìë© ®¯¥à â®à ¯® ®¤®© ¯¥à¥¬¥®©

(M1f)(x) = sup
h 6=0

1
h

Z x1+h

x1

jf(t; x2)jdt:

� «®£¨ç® ®¯à¥¤¥«ï¥âáï (M2f)(x). �§¢¥áâ®, çâ® íâ¨ ®¯¥à â®àë ¨¬¥îâ á« ¡ë© â¨¯ (1; 1), ªà®¬¥
â®£®, (Mdf)(x) � (M1M2f)(x). �¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢® ([5], c. 460)

kM2fkL1 � A

Z 1

0
f ln+ f dt+A; (11)

£¤¥ A |  ¡á®«îâ ï ª®áâ â . �ãªæ¨¨ ¢ ®¡¥¨å ç áâïå ¥à ¢¥áâ¢  (11) à áá¬ âà¨¢ îâáï
ª ª äãªæ¨¨ ®¤®© ¯¥à¥¬¥®© x2. �«¥¤®¢ â¥«ì®, ¯à¨¬¥ïï (11), ®æ¥ªã á« ¡®£® â¨¯  ¤«ï
¬ ªá¨¬ «ì®£® ®¯¥à â®à  ®¤®© ¯¥à¥¬¥®© ¨ â¥®à¥¬ã �ã¡¨¨, ¯®«ãç ¥¬

mesfx 2 [0; 1]2 : (Mdf)(x) > yg � mesfx 2 [0; 1]2 : (M1M2f)(x) > yg �

�
Z 1

0

mesfx1 2 [0; 1] : (M1(M2f))(x1; t) > ygdt �
Z 1

0

C

y
k(M2f)(s; t)kL1dt =

=
C

y

Z 1

0
ds

Z 1

0
(M2f)(s; t)dt �

C

y

Z 1

0

�
A

Z 1

0
f(s; t) ln+ f(s; t)ds+A

�
dt �

C1

y
kfkL ln+ L;

£¤¥ ç¥à¥§ L ln+ L ®¡®§ ç¥® ¯à®áâà áâ¢® �à«¨ç  á M -äãªæ¨¥© juj ln+(juj+ 1).

�®£« á® (9) ª ª á«¥¤áâ¢¨¥ ¢ëâ¥ª ¥â

9



�¥®à¥¬  3. �¯¥à â®à (S�f)(x) = sup
N

j(SN jf j)(x)j ¨¬¥¥â á« ¡ë© â¨¯ (1; L ln+ L), â. ¥. ¤«ï

«î¡®£® y > 0 á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

mesfx 2 [0; 1]2 : (S�f)(x) > yg �
C

y
kfkL ln+ L;

£¤¥ C |  ¡á®«îâ ï ª®áâ â .

�à ¢¥¨¥ â¥®à¥¬ 1 ¨ 3 ¯®ª §ë¢ ¥â, çâ® á¨áâ¥¬  (1) ®¡« ¤ ¥â «ãçè¨¬¨ á¢®©áâ¢ ¬¨, ç¥¬ á¨áâ¥-
¬ , ®¡à §®¢  ï ¯àï¬ë¬ ¯à®¨§¢¥¤¥¨¥¬ á¨áâ¥¬ �  à  à §ëå ¯¥à¥¬¥ëå. �àã£¨¬¨ á«®¢ ¬¨,
®¤®¬ áèâ ¡ë¥ ¢á¯«¥áª¨   ¡ §¥ á¨áâ¥¬ë �  à  ®¡« ¤ îâ «ãçè¨¬¨ á¢®©áâ¢ ¬¨ ¯® áà ¢¥¨î
á à §®¬ áèâ ¡ë¬¨.
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