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�áá«¥¤®¢ ­¨ï ¢ ®¡« áâ¨ ¤¨ää¥à¥­æ¨ «ì­ëå ¨£à ¢¥¤ãâáï ¤®áâ â®ç­® ¨­â¥­á¨¢­® ¢ â¥ç¥­¨¥
ã¦¥ ¬­®£¨å «¥â. � ç «® ¨§ãç¥­¨î § ¤ ç ¢ ¨£à®¢®© ¯®áâ ­®¢ª¥ ¯®«®¦¨«¨ à ¡®âë �.�©§¥ªá ,
�. �ãí­ , �.�.�à á®¢áª®£®, �.�.�®­âàï£¨­ , �.�.�®à®¡ì¥¢ . �®«¥¥ ¯®§¤­¨¥ ¨áá«¥¤®¢ ­¨ï ¢
íâ®© ®¡« áâ¨ ¯à¥¤áâ ¢«¥­ë ¢ [1]{[7].

�§ãç¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­ëå ¨£à ¯à¨ ­¥®¯à¥¤¥«¥­­®áâ¨ ­ ç «®áì ®â­®á¨â¥«ì­® ­¥¤ ¢­®.
�à¨à®¤  ­¥®¯à¥¤¥«¥­­ëåä ªâ®à®¢, ¢«¨ïîé¨å ­  ¯à®æ¥áá ¯à¨­ïâ¨ï à¥è¥­¨©, ¬®¦¥â ¡ëâì á ¬®©
à §­®®¡à §­®©: ¯®£à¥è­®áâ¨ ¨§¬¥à¥­¨©, ¯®¬¥å¨ ¯à¨ ¯¥à¥¤ ç¥ ¨­ä®à¬ æ¨¨, ­¥®¯à¥¤¥«¥­­®áâì
¯®á«¥¤ãîé¨å ¤¥©áâ¢¨© ®¯¯®­¥­â  ¨ â. ¯. �ç¥â â ª®£® à®¤  ä ªâ®à®¢ ¯®§¢®«ï¥â ¡®«¥¥ ¤®áâ®¢¥à­®
®¯¨áë¢ âì à ¡®âã á«®¦­ëå á¨áâ¥¬.

�à¥¤¨ ­ ¯à ¢«¥­¨© â¥®à¨¨ ¨£à á«¥¤ã¥â ¢ë¤¥«¨âì ª®®¯¥à â¨¢­ë¥ ¨£àë. �áá«¥¤®¢ ­¨ï ¢ ®¡« -
áâ¨ ª®®¯¥à â¨¢­ëå ¨£à ¯à ªâ¨ç¥áª¨ ¯®«­®áâìî ¯®á¢ïé¥­ë ¯®§¨æ¨®­­ë¬ ¨£à ¬ [4], [6], ¢ ª®â®àëå
ãç¨âë¢ ¥âáï ®¡à â­ ï á¢ï§ì, çâ® ¯®§¢®«ï¥â ¡®«¥¥ £¨¡ª® áâà®¨âì ¯à®æ¥áá ã¯à ¢«¥­¨ï. � ª, ¢ [3]
¯à®¢¥¤¥­® ¤®¢®«ì­® ¯®¤à®¡­®¥ ¨áá«¥¤®¢ ­¨¥ ¯®§¨æ¨®­­®© ª®®¯¥à â¨¢­®© «¨­¥©­®-ª¢ ¤à â¨ç­®©
¨£àë ¯à¨ ­¥®¯à¥¤¥«¥­­®áâ¨. �¯à¥¤¥«¥­¨¥ à¥è¥­¨ï ¢ íâ®© ¨£à¥ áâà®¨âáï ­  ®á­®¢ ­¨¨ à §«¨ç-
­ëå ¯à¨­æ¨¯®¢ ®¯â¨¬ «ì­®áâ¨ (¯à¨­æ¨¯ë ã£à®§ ¨ ª®­âàã£à®§, ®¯â¨¬ «ì­®áâì ¯® �«¥©â¥àã ¨
¤à.). �¥¬ ­¥ ¬¥­¥¥, ¢ â®¬ á«ãç ¥, ª®£¤  ¢á«¥¤áâ¢¨¥ ª ª¨å-«¨¡® ¯à¨ç¨­, ­ ¯à¨¬¥à, ¯à¨ á¨«ì­ëå
¯®¬¥å å, ¤®¯®«­¨â¥«ì­ ï ¨­ä®à¬ æ¨ï ­¥ ¬®¦¥â ¡ëâì íää¥ªâ¨¢­® ¨á¯®«ì§®¢ ­  ¢ å®¤¥ ¨£àë,
¥¤¨­áâ¢¥­­® ¢®§¬®¦­ë¬ áâ ­®¢¨âáï ¯à®£à ¬¬­®¥ ã¯à ¢«¥­¨¥.

� ¤ ­­®© áâ âì¥ à áá¬ âà¨¢ ¥âáï ¤¨ää¥à¥­æ¨ «ì­ ï ¨£à  N ãç áâ­¨ª®¢ ¯à¨ ­¥®¯à¥¤¥«¥­-
­®áâ¨ ¢ ¯à®£à ¬¬­ëå áâà â¥£¨ïå. �§ ¨¬®®â­®è¥­¨ï ¬¥¦¤ã ¢á¥¬¨ ¨£à®ª ¬¨ ¯à¥¤¯®« £ îâáï ¤®-
¡à®¦¥« â¥«ì­ë¬¨, çâ® ¯®§¢®«ï¥â ¨á¯®«ì§®¢ âì ª®­æ¥¯æ¨î ®¯â¨¬ «ì­®áâ¨ ¯® � à¥â®,   â ª¦¥
á¢¥àâªã ªà¨â¥à¨¥¢ ¯® � à«¨­ã ¤«ï ¬ â¥¬ â¨ç¥áª®£® ä®à¬ã«¨à®¢ ­¨ï ¨£àë ¢ ¢¨¤¥ ¬ ªá¨¬¨­-
­®© § ¤ ç¨ á ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ®£à ­¨ç¥­¨ï¬¨. �«ï à¥è¥­¨ï § ¤ ç¨ ¨á¯®«ì§ã¥âáï ¬¥â®¤
èâà ä­ëå äã­ªæ¨®­ «®¢ [8]{[10], ¯®§¢®«ïîé¨© ®á¢®¡®¤¨âìáï ®â ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥© ¨
¯¥à¥©â¨ ª ®¡ëç­®© § ¤ ç¥ ­  ¬ ªá¨¬ã¬. �®à¬ã«¨àãîâáï â¥®à¥¬ë, ®¡®á­®¢ë¢ îé¨¥ ¨á¯®«ì-
§®¢ ­¨¥ á¢¥àâ®ª � à«¨­  ¢ ¤ ­­®© ª®®¯¥à â¨¢­®© ¨£à¥. �  ª ¦¤®¬ íâ ¯¥ ¯à¨¬¥­¥­¨ï ¬¥â®¤ 
èâà ä®¢ ä®à¬ã«¨àãîâáï â¥®à¥¬ë ® áãé¥áâ¢®¢ ­¨¨ à¥è¥­¨ï ­®¢®© § ¤ ç¨ ¨ ¥£® á®¢¯ ¤¥­¨¨ á
à¥è¥­¨¥¬ ¨áå®¤­®© § ¤ ç¨. �®«ãç¥­ë ­¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ®¯â¨¬ «ì­®áâ¨.

1. �®áâ ­®¢ª  § ¤ ç¨

� áá¬®âà¨¬ ¤¨ää¥à¥­æ¨ «ì­ãî ª®®¯¥à â¨¢­ãî ¨£àã N «¨æ ¯à¨ ­¥®¯à¥¤¥«¥­­®áâ¨:

� = hf1; : : : ; Ng;�; fUigi=1;N ; Z; fJi(u
(1); : : : ; u(N); z)gi=1;N i:
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� íâ®© ¨£à¥ äã­ªæ¨®­¨à®¢ ­¨¥ ¤¨­ ¬¨ç¥áª®© ã¯à ¢«ï¥¬®© á¨áâ¥¬ë � ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­-
­ë¬ ¢¥ªâ®à­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

_x = f(u(1); : : : ; u(N); z; x; t); x(t�) = x�; t 2 [t�; v]; (1.1)

¤ îé¨¬ ¨§¬¥­¥­¨¥ ä §®¢®£® ¢¥ªâ®à  x(t) ¯® ¢à¥¬¥­¨ t ¯®¤ ¤¥©áâ¢¨¥¬ ã¯à ¢«ïîé¨å ¢®§¤¥©áâ¢¨©
¨£à®ª®¢ (u(1); : : : ; u(N)) ¨ ­¥®¯à¥¤¥«¥­­®£® ä ªâ®à  z, ¯à¨ç¥¬ x 2 Rn, u(1); : : : ; u(N) 2 Rr, z 2 Rm,

£¤¥ Rk (k = n; r;m) { ¥¢ª«¨¤®¢® ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢® á ­®à¬®© kxk =

s
kP

j=1
x2j , t�, v |

§ ¤ ­­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨ á®®â¢¥âáâ¢¥­­® ­ ç «  ¨ ®ª®­ç ­¨ï ¨£àë.
� ¤ «ì­¥©è¥¬ à¥è¥­¨¥ ¨£àë ¡ã¤¥¬ áâà®¨âì ¢ ¯à®£à ¬¬­ëå ã¯à ¢«¥­¨ïå. �®íâ®¬ã áâà â¥£¨î

i-£® ¨£à®ª  ¡ã¤¥¬ ®â®¦¤¥áâ¢«ïâì á ¥£® äã­ªæ¨¥© ã¯à ¢«¥­¨ï u(i)(�), ¯à¨ç¥¬ u(i)(t) 2 Ui, i = 1; N .
�¨âã æ¨î ¨£àë ¡ã¤¥¬ ®â®¦¤¥áâ¢«ïâì á ­ ¡®à®¬ (u(1)(�); : : : ; u(N)(�)). �¥®¯à¥¤¥«¥­­ë© ä ªâ®à z
¢ ª ¦¤ë© ¬®¬¥­â ¢à¥¬¥­¨ t ¯à¨­¨¬ ¥â §­ ç¥­¨¥ z 2 Z.

�­®¦¥áâ¢  Di ¤®¯ãáâ¨¬ëå ã¯à ¢«ïîé¨å ¢®§¤¥©áâ¢¨© i-£® ¨£à®ª  ®¯à¥¤¥«¨¬ ª ª ¬­®¦¥áâ¢ 
®£à ­¨ç¥­­ëå ¨§¬¥à¨¬ëå äã­ªæ¨© u(i)(�) á® §­ ç¥­¨ï¬¨ ¨§ § ¤ ­­ëå ¬­®¦¥áâ¢ Ui.

�ã­ªæ¨¨ ¢ë¨£àëè  ¨£à®ª®¢ ®¯à¥¤¥«¨¬ ª ª

Ji(u(1)(�); : : : ; u(N)(�); z) = �i(x(v)) +
Z v

t�

Fi(u(1)(t); : : : ; u(N)(t); z; x(t); t)dt; i = 1; N: (1.2)

� àâ¨ï ¨£àë à §¢®à ç¨¢ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬. � ¦¤ë© i-© ¨£à®ª ¢ë¡¨à ¥â ­  ¢¥áì
¯¥à¨®¤ ¢à¥¬¥­¨ [t�; v] á¢®î ª®­ªà¥â­ãî ¤®¯ãáâ¨¬ãî áâà â¥£¨î u(i)(�). � à¥§ã«ìâ â¥ áª« ¤ë¢ -
¥âáï á¨âã æ¨ï u(�) = (u(1)(�); : : : ; u(N)(�)). �¥§ ¢¨á¨¬® ®â â ª®£® ¢ë¡®à  ­  ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã
� ¢ ª ¦¤ë© ¬®¬¥­â ¢à¥¬¥­¨ ¤¥©áâ¢ã¥â ­¥ª®â®à ï ­¥®¯à¥¤¥«¥­­®áâì z 2 Z. �à¨ u(i) = u(i)(t),
i = 1; N , t 2 [t�; v], ¨ «î¡ëå z 2 Z áâà®¨âáï à¥è¥­¨¥ x(t), t 2 [t�; v], á¨áâ¥¬ë (1.1). � â¥¬ á®¢®ªã¯-
­®áâì (u(1)(�); : : : ; u(N)(�); x(�)) ¯®¤áâ ¢«ï¥âáï ¨£à®ª ¬¨ ¢ (1.2), ¨ ®­¨ ¢ëç¨á«ïîâ á¢®¨ ¢ë¨£àëè¨
¯à¨ à¥ «¨§ æ¨¨ «î¡®© ­¥®¯à¥¤¥«¥­­®áâ¨ z 2 Z.

� ¤ ç  á®áâ®¨â ¢ ­ å®¦¤¥­¨¨ â ª®£® ­ ¡®à  ¯à®£à ¬¬­ëå áâà â¥£¨© u� = u�(t) = (u(1)�(t),
: : : ; u(N)�(t)), t 2 [t�; v], çâ®¡ë äã­ªæ¨¨ ¢ë¨£àëè  ¯à¨­¨¬ «¨ ¯® ¢®§¬®¦­®áâ¨ ­ ¨¡®«ìè¨¥ §­ -
ç¥­¨ï J�i , i = 1; N , ¯à¨ à¥ «¨§ æ¨¨ «î¡®© ­¥®¯à¥¤¥«¥­­®áâ¨ z 2 Z.

�¥§¤¥ ¤ «¥¥ ¯à¥¤¯®« £ îâáï ¢ë¯®«­¥­­ë¬¨ á«¥¤ãîé¨¥ ãá«®¢¨ï:

1) äã­ªæ¨¨ ã¯à ¢«¥­¨ï ­¥¯à¥àë¢­ë á¯à ¢ :

lim
�!t+0

u(i)(�) = u(i)(t); i = 1; N ;

2) ¢¥ªâ®à-äã­ªæ¨ï f «¨­¥©­  ¯® ª ¦¤®¬ã ã¯à ¢«¥­¨î u(i) ¨ ¨§¬¥à¨¬  ¯® t, äã­ªæ¨¨ Fi
áâà®£® ¢®£­ãâë ¯® ª ¦¤®¬ã ã¯à ¢«¥­¨î u(i), ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �¨¯è¨æ  ¯® á®¢®-
ªã¯­®áâ¨ ã¯à ¢«¥­¨© u(i), i = 1; N , ¨ ¨§¬¥à¨¬ë ¯® t;

3) ¢¥ªâ®à-äã­ªæ¨ï f ¨ äã­ªæ¨¨ �i, Fi ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë ¯® x, ®£à ­¨ç¥-
­ë ¢¬¥áâ¥ á® á¢®¨¬¨ ¯à®¨§¢®¤­ë¬¨ @f

@x
, @�i

@x
, @Fi

@x
, i = 1; N , ¯à¨ «î¡ëå ®£à ­¨ç¥­­ëå

(u(i); : : : ; u(N); x);
4) ¢¥ªâ®à-äã­ªæ¨ï f ¨ äã­ªæ¨¨ Fi ¨§¬¥à¨¬ë ¨ ®£à ­¨ç¥­ë ¯® z;
5) ¬­®¦¥áâ¢  Ui, i = 1; N , | ¢ë¯ãª«ë¥, § ¬ª­ãâë¥ ¨ ®£à ­¨ç¥­­ë¥ ¬­®¦¥áâ¢  (¢ë¯ãª«ë¥

ª®¬¯ ªâë), ¬­®¦¥áâ¢® Z § ¬ª­ãâ® ¨ ®£à ­¨ç¥­®;
6) ãà ¢­¥­¨¥ (1.1) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥.

2. �¯à¥¤¥«¥­¨¥ à¥è¥­¨ï

�¯à¥¤¥«¥­¨¥ 2.1. �¨âã æ¨ï (u(1)�; : : : ; u(N)�) 2 D1 � � � � �DN ­ §ë¢ ¥âáï ¬ ªá¨¬ «ì­®© ¯®
� à¥â® ¢ ¨£à¥ �, ¥á«¨ ¯à¨ «î¡ëå (u(1); : : : ; u(N)) 2 D1�� � ��DN ¨ «î¡®© ­¥®¯à¥¤¥«¥­­®áâ¨ z 2 Z
­¥á®¢¬¥áâ­  á¨áâ¥¬  ­¥à ¢¥­áâ¢

Ji(u(1); : : : ; u(N); z) � Ji(u(1)�; : : : ; u(N)�; z); i = 1; N;
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¢ ª®â®à®© å®âï ¡ë ®¤­® ¨§ ­¥à ¢¥­áâ¢ áâà®£®¥.

�¡®§­ ç¨¬ ç¥à¥§ P ¬­®¦¥áâ¢® ¢á¥å ®¯â¨¬ «ì­ëå ¯® � à¥â® á¨âã æ¨© ¢ ¨£à¥ �.

3. �¢¥¤¥­¨¥ ª § ¤ ç¥ á ®¤­¨¬ ªà¨â¥à¨¥¬

�¡à §ã¥¬ ¢¥ªâ®à­ë© ªà¨â¥à¨©eJ(u(1); : : : ; u(N); z) = (J1(u(1); : : : ; u(N); z); : : : ; JN (u(1); : : : ; u(N); z)):

�­®¦¥áâ¢®¬ ¯ à¥â®-®¯â¨¬ «ì­ëå ¢¥ªâ®à­ëå ®æ¥­®ª L� ­ §ë¢ ¥âáï ¬­®¦¥áâ¢®, á®áâ®ïé¥¥ ¨§
\á¥¢¥à®-¢®áâ®ç­ëå" ç áâ¥© ¬­®¦¥áâ¢ ¢¥ªâ®à­ëå ®æ¥­®ª

Lz = f eJ(u(1); : : : ; u(N); z) j (u(1); : : : ; u(N)) 2 D1 � � � � �DNg;

â. ¥. ¬­®¦¥áâ¢® L� =
S
Z

L�z, £¤¥ L
�
z = f eJ(u(1)�; : : : ; u(N)�; z) j (u(1)�; : : : ; u(N)�) 2 Pg.

� ª ª ª ¬­®¦¥áâ¢® ¯ à¥â®-®¯â¨¬ «ì­ëå ¢¥ªâ®à­ëå ®æ¥­®ª á®áâ®¨â «¨èì ¨§ £à ­¨ç­ëå â®-
ç¥ª,   ¨£à  (1.1), (1.2) ª®®¯¥à â¨¢­ ï, â® ¨á¯®«ì§ã¥¬ «¨­¥©­ãî á¢¥àâªã � à«¨­  ¤«ï ¢¢¥¤¥­¨ï
¥¤¨­®£® ªà¨â¥à¨ï

J(u(1)(�); : : : ; u(N)(�); z) =
NX
i=1

�i(z)Ji(u
(1)(�); : : : ; u(N)(�); z) =

=
NX
i=1

�i(z)�i(x(v)) +
Z v

t�

� NX
i=1

�i(z)Fi(u(1)(t); : : : ; u(N)(t); z; x(t); t)
�
dt; (3.1)

£¤¥ �i(z) > 0,
NP
i=1

�i(z) = 1, ¤«ï «î¡®£® z 2 Z. �á«¨ ®¡®§­ ç¨âì �(z) = (�1(z); : : : ; �N(z)), â® (3.1)
¯à¨¬¥â ¢¨¤

J(u(1); : : : ; u(N); z) = h�(z) eJ (u(1); : : : ; u(N); z)i;

£¤¥ h�; �i | á¨¬¢®« áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï.
�«ï ­ å®¦¤¥­¨ï ¯ à¥â®-®¯â¨¬ «ì­®© á¨âã æ¨¨ ªà¨â¥à¨© (3.1) ­¥®¡å®¤¨¬® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

J(u(1); : : : ; u(N)) =
Z
Z

J(u(1); : : : ; u(N); z)�(dz) =

=
Z
Z

NX
i=1

�i(z)Ji(u
(1); : : : ; u(N); z)�(dz) =

Z
Z

h�(z); eJ(u(1); : : : ; u(N); z)i�(dz);

£¤¥ �(dz) | ¬¥à , ®¯à¥¤¥«¥­­ ï ­  ¬­®¦¥áâ¢¥ Z. � ª¨¬ ®¡à §®¬, ¢¬¥áâ® ¯¥à¢®­ ç «ì­®© § ¤ ç¨
¤«ï ¯®«ãç¥­­®© á¢¥àâª¨ ªà¨â¥à¨¥¢ ¬®¦­® áä®à¬ã«¨à®¢ âì á«¥¤ãîéãî.

�à¨ ®£à ­¨ç¥­¨ïå (1.1) ­ ©â¨ â ªãî á¨âã æ¨î (u(1)�; : : : ; u(N)�) 2 D1 � � � � �DN , çâ®¡ë

J(u(1)�; : : : ; u(N)�) = sup
(u(1);:::;u(N))2D1�����DN

Z
Z

J(u(1); : : : ; u(N); z)�(dz) = J�: (3.2)

�à¨¬¥­¥­¨¥ á¢¥àâª¨ � à«¨­  ª ¨£à¥ (1.1), (1.2) ®¡®á­®¢ë¢ ¥â

�¥®à¥¬  3.1. �«ï â®£® çâ®¡ë á¨âã æ¨ï (u(1)�; : : : ; u(N)�) 2 D1 � � � � � DN ¡ë«  ¯ à¥â®-

®¯â¨¬ «ì­®© ¢ ¨£à¥ (1:1), (1:2), ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë áãé¥áâ¢®¢ «¨ äã­ªæ¨¨

�i(z) > 0,
NP
i=1

�i(z) = 1, ¤«ï «î¡®£® z 2 Z, â ª¨¥, çâ® (u(1)�; : : : ; u(N)�) à¥ «¨§ã¥â à ¢¥­áâ¢ 

(3:2) ¯à¨ ®£à ­¨ç¥­¨ïå (1:1).

�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï  ­ «®£¨ç­® [11].

68



4. � à ­â¨à®¢ ­­®¥ à¥è¥­¨¥

�­®¦¥áâ¢® ¯ à¥â®-®¯â¨¬ «ì­ëå á¨âã æ¨© | ¤®áâ â®ç­® è¨à®ª®¥ ¬­®¦¥áâ¢®, ®¯à¥¤¥«ï¥¬®¥
¤«ï ª ¦¤®£® §­ ç¥­¨ï ­¥®¯à¥¤¥«¥­­®£® ä ªâ®à . �¢¥¤¥¬ ¤àã£®¥ ®¯à¥¤¥«¥­¨¥ à¥è¥­¨ï ¨£àë �
(£ à ­â¨à®¢ ­­®¥ à¥è¥­¨¥), ª®â®à®¥ ¡ã¤¥â ¯à¥¤áâ ¢«ïâì á®¡®© ­¥ª®â®à®¥ ¯®¤¬­®¦¥áâ¢® ¢á¥å
¯ à¥â®-®¯â¨¬ «ì­ëå á¨âã æ¨©. �à¨ íâ®¬ ¡ã¤¥¬ ãç¨âë¢ âì ­ ¨¬¥­¥¥ ¡« £®¯à¨ïâ­®¥ §­ ç¥­¨¥
­¥®¯à¥¤¥«¥­­®£® ä ªâ®à , ¤«ï ç¥£® ¨á¯®«ì§ã¥¬ ¯à¨­æ¨¯ £ à ­â¨à®¢ ­­®£® à¥§ã«ìâ â .

�¯à¥¤¥«¥­¨¥ 4.1. �¨âã æ¨ï (u(1)�(�); : : : ; u(N)�(�)) 2 D1�� � ��DN ­ §ë¢ ¥âáï �-¬ ªá¨¬ «ì­®©
¢ § ¤ ç¥ (1.1), (1.2) ¯à¨ ¯à®¨§¢®«ì­®© ä¨ªá¨à®¢ ­­®© ­¥®¯à¥¤¥«¥­­®áâ¨ z 2 Z, ¥á«¨ ¯à¨ «î¡ëå
(u(1)(�); : : : ; u(N)(�)) 2 D1 � � � � �DN áãé¥áâ¢ãîâ �i(z) > 0 â ª¨¥, çâ®

inf
z2Z

NX
i=1

�i(z)Ji(u
(1)(�); : : : ; u(N)(�); z) � inf

z2Z

NX
i=1

�i(z)Ji(u
(1)�(�); : : : ; u(N)�(�); z):

�®£¤  ¢¬¥áâ® § ¤ ç¨ (1.1), (1.2) ¯®«ãç ¥¬ ­®¢ãî § ¤ çã: ¯à¨ ®£à ­¨ç¥­¨ïå (1.1) ­ ©â¨ â ªãî
á¨âã æ¨î (u(1)�(�); : : : ; u(N)�(�)) 2 D1 � � � � �DN , çâ®¡ë

!� = inf
z2Z

J(u(1)�(�); : : : ; u(N)�(�); z) = sup
(u(1)(�);:::;u(N)(�))2D1�����DN

inf
z2Z

J(u(1)(�); : : : ; u(N)(�); z) = J�:
(4.1)

�¥®à¥¬  4.1. �«ï â®£® çâ®¡ë á¨âã æ¨ï (u(1)�(�); : : : ; u(N)�(�)) 2 D1 � � � � � DN ¡ë« 

�-¬ ªá¨¬ «ì­®©, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë áãé¥áâ¢®¢ «¨ â ª¨¥ äã­ªæ¨¨ �i(z) > 0,
NP
i=1

�i(z) = 1, ¤«ï «î¡®£® z 2 Z, çâ® ¢ë¯®«­ï¥âáï (4:1).

�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï  ­ «®£¨ç­® ([12], á. 179).

5. �á¢®¡®¦¤¥­¨¥ ®â ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥©
¨ á¢¥¤¥­¨¥ ª § ¤ ç¥ ­  ¬ ªá¨¬ã¬

�¢¥¤¥¬ ­®¢ë© æ¥«¥¢®© äã­ªæ¨®­ « á® èâà ä®¬ §  ­ àãè¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥©
(1.1):

V (u(1)(�); : : : ; u(N)(�); x(�); C) = inf
z2Z

J(u(1)(�); : : : ; u(N)(�); z) �

� C

Z
Z

Z v

t�

j _x(t)� f(u(1)(t); : : : ; u(N)(t); z; x(t); t)j2dt �(dz); (5.1)

£¤¥ C > 0 | ¯ à ¬¥âà èâà ä , �(dz) | ¬¥à , ®¯à¥¤¥«¥­­ ï ­  ¬­®¦¥áâ¢¥ Z.
� áá¬®âà¨¬ á¥¬¥©áâ¢® § ¤ ç, § ¢¨áïé¨å ®â ¯ à ¬¥âà  C,

eV (C) = sup
u(1)(�);:::;u(N)(�);x(�)

V (u(1)(�); : : : ; u(N)(�); x(�); C); (5.2)

£¤¥ sup ¨é¥âáï ¯® ¢á¥¬ u(1)(�); : : : ; u(N)(�) ¨§ L2[t�; v] | ¯à®áâà ­áâ¢  äã­ªæ¨© á ¨­â¥£à¨àã¥¬ë¬
­  [t�; v] ª¢ ¤à â®¬; x(�) ¨§W

(1)
2 [t�; v] | ¯à®áâà ­áâ¢   ¡á®«îâ­® ­¥¯à¥àë¢­ëå ­  [t�; v] äã­ªæ¨©

á ¯à®¨§¢®¤­ë¬¨ ¨§ L2[t�; v]. �¥è¥­¨¥¬ § ¤ ç¨ (5.1), (5.2) ­ §®¢¥¬ á¨âã æ¨î (u(1)�(�); : : : ; u(N)�(�))
¨ á®®â¢¥âáâ¢ãîé¨© ä §®¢ë© ¢¥ªâ®à x�(�), ®¡¥á¯¥ç¨¢ îé¨¥ (5.2).

69



�¢¥¤¥­¨¥ äã­ªæ¨®­ « 

W (u(1)(�); : : : ; u(N)(�); x(�); !; C) = ! � C

Z
Z

�
min

�
0;

NX
i=1

�i(z)�i(x(v)) +

+
Z v

t�

� NX
i=1

�i(z)Fi(u(1)(t); : : : ; u(N)(t); z; x(t); t)
�
dt� !

��2

�(dz)�

� C

Z
Z

Z v

t�

j _x(t)� f(u(1)(t); : : : ; u(N)(t); z; x(t); t)j2dt �(dz) (5.3)

¯à¨¢®¤¨â ª ®¡ëç­®© § ¤ ç¥ ­  ¬ ªá¨¬ã¬fW (C) = sup
(u(1)(�);:::;u(N)(�);x(�))2L2�W

(1)
2

�1<!<+1

W (u(1)(�); : : : ; u(N)(�); x(�); !; C): (5.4)

�¥®à¥¬  5.1. 1) �¥è¥­¨ï § ¤ ç (5:1), (5:2) ¨ (5:3), (5:4) áãé¥áâ¢ãîâ, ¯à¨ç¥¬ á®®â¢¥â-

áâ¢¥­­®

lim
C!1

eV (C) = lim
C!1

inf
z2Z

� NX
i=1

�i(z)�i(ex(v; C)) +
+
Z v

t�

� NX
i=1

�i(z)Fi(eu(1)(t; C); : : : ; eu(N)(t; C); z; ex(t; C); t)�dt� = J�;

£¤¥ (eu(1)(t; C); : : : ; eu(N)(t; C); ex(t; C)) | à¥è¥­¨¥ § ¤ ç¨ (5:1), (5:2) ¯à¨ ä¨ªá¨à®¢ ­­®¬ C,

lim
C!1

fW (C) = J�:

2) �«ï ¤®áâ â®ç­® ¡®«ìè¨å C ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

0 � E(C) = eV (C)� J� �
K2N 2

4C�(Z)
;

£¤¥ K > 0 | ª®­áâ ­â , N | ç¨á«® ¨£à®ª®¢, �(Z) | ¬¥à  ¬­®¦¥áâ¢  Z.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë ¯à®¢®¤¨âáï  ­ «®£¨ç­® [8], [9].

6. �¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ®¯â¨¬ «ì­®áâ¨

�¥®à¥¬  6.1. �ãáâì (u(1)�(�); : : : ; u(N)�(�)) 2 D1�� � ��DN | ®¯â¨¬ «ì­ ï á¨âã æ¨ï ¢ § ¤ -

ç¥ (1:1), (3:1), ®¯à¥¤¥«¥­­ ï ­  ®âà¥§ª¥ [t�; v], x�(�) | á®®â¢¥âáâ¢ãîé ï âà ¥ªâ®à¨ï á¨áâ¥¬ë

(1:1). �®£¤  áãé¥áâ¢ã¥â â ª ï ­¥®âà¨æ â¥«ì­ ï ¨§¬¥à¨¬ ï äã­ªæ¨ï p(z), çâ®Z
Z

p(z)�(dz) = 1;

¯à¨ç¥¬ p(z) = 0 ¯à¨ z =2 Arg inf
z2Z

J(u(1)�; : : : ; u(N)�; z),   â ª¦¥ áãé¥áâ¢ãîâ ­¥ à ¢­ë¥ ®¤­®¢à¥-

¬¥­­® ­ã«î ç¨á«® �0 � 0 ¨ ¢¥ªâ®à-äã­ªæ¨ï ®£à ­¨ç¥­­®© ¢ à¨ æ¨¨  (z; �) â ª¨¥, çâ®

1) ¢¥ªâ®à-äã­ªæ¨ï  (z; �) ­  [t�; v] ¯à¨ «î¡®¬ ä¨ªá¨à®¢ ­­®¬ z 2 Z ã¤®¢«¥â¢®àï¥â ãà ¢-

­¥­¨î

_ (z; t) = �

�
@

@x
f(u(1)�(t); : : : ; u(N)�(t); z; x�(t); t)

�>
 (z; t) �

� �0p(z)
NX
i=1

�i(z)
@

@z
Fi(u(1)�(t); : : : ; u(N)�(t); z; x�(t); t)
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á ãá«®¢¨¥¬ âà ­á¢¥àá «ì­®áâ¨

 (z; v) = p(z)
NX
i=1

�i(z)
@

@x
�i(x

�(v));

2) ¤«ï ¯®çâ¨ ¢á¥å t 2 [t�; v] ­  ­ ¡®à¥ (u(1)�(�); : : : ; u(N)�(�)) ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢ Z
Z

Z v

t�

D� @

@u(j)
f(u(1)�(t); : : : ; u(N)�(t); z; x�(t); t)

�>
 (z; t) +

+ �0p(z)
NX
i=1

�i(z)
@

@u(j)
Fi(u(1)�(t); : : : ; u(N)�(t); z; x�(t); t); u(j)(t)� u(j)�(t)

E
dt �(dz) � 0

¤«ï «î¡ëå u(j) 2 Uj, j = 1; N .

�®ª § â¥«ìáâ¢®. �ãáâì (u(1)(�; C); : : : ; u(N)(�; C); x(�; C); !(C)) | à¥è¥­¨¥ § ¤ ç¨ (5.3), (5.4)
¯à¨ ä¨ªá¨à®¢ ­­®¬ C > 0.

1) �á¯®«ì§ã¥¬ ­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ íªáâà¥¬ã¬  äã­ªæ¨¨W ¯® x. �ãáâì ex(�) | ¯à®¨§¢®«ì­ ï
¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï, ª®â®à ï ®¡à é ¥âáï ¢ ­ã«ì ¢­¥ ­¥ª®â®à®£® ¨­â¥à¢ « ,
á®¤¥à¦ é¥£®áï ¢ [t�; v]. � ©¤¥¬ ¯¥à¢ãî ¢ à¨ æ¨î äã­ªæ¨®­ «  W ­  âà ¥ªâ®à¨¨ x(�; C) + ex(�)
¯à¨ ä¨ªá¨à®¢ ­­ëå (u(1)(�; C); : : : ; u(N)(�; C); x(�; C); !(C)) ¨ ¯à¨à ¢­ï¥¬ ¥¥ ­ã«î:

�W (u(1)(�; C); : : : ; u(N)(�; C); x(�; C); !(C); C; ex(�)) = p(z; C)
� NX

i=1

�i(z)
@

@x
�i(x(v; C))

�ex(v) +
+p(z; C)

Z v

t�

� NX
i=1

�i(z)
@

@x
Fi(u

(1)(t; C); : : : ; u(N)(t; C); z; x(t; C); t)
�ex(t)dt�

�

Z v

t�

 (z; t; C)
�
_ex(t)� � @

@x
f(u(1)(t; C); : : : ; u(N)(t; C); z; x(t; C); t)

�ex(t)�dt = 0;

£¤¥

p(z; C) = �2Cmin
�
0;

NX
i=1

�i(z)�i(x(v; C)) +

+
Z v

t�

� NX
i=1

�i(z)Fi(u
(1)(t; C); : : : ; u(N)(t; C); z; x(t; C); t)

�
dt� !(C)

�
;

 (z; t; C) = 2C( _x(t; C)� f(u(1)(t; C); : : : ; u(N)(t; C); z; x(t; C); t)):

�®£¤ , ¨á¯®«ì§ãï ¨­â¥£à¨à®¢ ­¨¥ ¯® ç áâï¬Z v

t�

 (z; t; C) _ex(t)dt =  (z; v; C)ex(v)� Z v

t�

_ (z; t; C)ex(t)dt;
¯®«ãç¨¬

 (z; t; C)ex(v)� Z v

t�

_ (z; t; C)ex(t)dt�
�

Z v

t�

�
@

@x
f(u(1)(t; C); : : : ; u(N)(t; C); z; x(t; C); t)

�>
 (z; t; C)ex(t)dt�

�p(z; C)
� NX

i=1

�i(z)
@

@x
�i(x(v; C))

�ex(v)�
�p(z; C)

Z v

t�

� NX
i=1

�i(z)
@

@x
Fi(u(1)(t; C); : : : ; u(N)(t; C); z; x(t; C); t)

�ex(t)dt = 0:
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� ¢¥­áâ¢® ­ã«î ¢ë¯®«­¨âáï, ¥á«¨

_ (z; t; C) = �

�
@

@x
f(u(1)(t; C); : : : ; u(N)(t; C); z; x(t; C); t)

�>
 (z; t; C) �

�p(z; C)
NX
i=1

�i(z)
@

@x
Fi(u

(1)(t; C); : : : ; u(N)(t; C); z; x(t; C); t); (6.1)

 (z; v; C) = p(z; C)
NX
i=1

�i(z)
@

@x
�i(x(v; C)): (6.2)

2) �á¯®«ì§ã¥¬ ­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ íªáâà¥¬ã¬  ¯® !. �¬¥¥¬

@

@!
W (u(1)(�; C); : : : ; u(N)(�; C); x(�; C); !(C); C) = 1 +

Z
z

p(z; C)(�1)�(dz) = 0:

� ª¨¬ ®¡à §®¬, Z
Z

p(z; C)�(dz) = 1: (6.3)

3) �á¯®«ì§ã¥¬ ­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ¬ ªá¨¬ã¬  äã­ªæ¨®­ «  W ¨ u(i)(�), i = 1; N . �ãáâì
u(i)(�), i = 1; N , | ¯à®¨§¢®«ì­ë¥ ¨§¬¥à¨¬ë¥ ­  [t�; v] äã­ªæ¨¨ á® §­ ç¥­¨ï¬¨ u(i)(t) 2 Ui. �®£¤ 
­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ¬ ªá¨¬ã¬  äã­ªæ¨®­ «  W ¯® u(j)(�) ¯à¨ ä¨ªá¨à®¢ ­­ëå u(i)(�; C), j 6= i,
x(�; C), !(C) á ãç¥â®¬ ¢ë¯ãª«®áâ¨ ¬­®¦¥áâ¢ Uj ¤ ¥â

D
p(z; C)

Z v

t�

NX
i=1

�i(z)
@

@u(j)
Fi(u

(1)(t; C); : : : ; u(N)(t; C); z; x(t; C); t)dt �(dz) �

�2C
Z
Z

Z v

t�

[ _x(t; C)� f(u(1)(t; C); : : : ; u(N)(t; C); z; x(t; C); t)] �

�

�
�

@

@u(j)
f(u(1)(t; C); : : : ; u(N)(t; C); z; x(t; C); t)

�
dt �(dz); u(j)(t)� u(j)(t; C)

E
� 0:

� ª ª ª u(j)(�) ¢ë¡¨à «¨áì ¯à®¨§¢®«ì­®, â® ®âáî¤  ¢ëâ¥ª ¥â, çâ® ¯à¨ ¯®çâ¨ ¢á¥å t 2 [t�; v]
ã¯à ¢«¥­¨ï u(j)(�; C) ¤®«¦­ë ã¤®¢«¥â¢®àïâì ­¥à ¢¥­áâ¢ã

D Z
Z

Z v

t�

��
@

@u(j)
f(u(1)(t; C); : : : ; u(N)(t; C); z; x(t; C); t)

�>
 (z; t; C) +

+p(z; C)
NX
i=1

�i(z)
@

@u(j)
Fi(u

(1)(t; C); : : : ; u(N)(t; C); z; x(t; C); t)
�
dt �(dz); u(j)(t)� u(j)(t; C)

E
� 0
(6.4)

¤«ï ¢á¥å u(j) 2 Uj , j = 1; N .
�ãáâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ u(i)n (�; C), i = 1; N , xn(�; C), !n(C) â ª®¢ë, çâ® ¯à¨ ä¨ªá¨à®¢ ­-

­®¬ C

lim
n!1

W (u(1)n (�; C); : : : ; u(N)
n (�; C); xn(�; C); !n(C); C) =

= sup
x(�;C);u

(1)
n (�;C);:::;u

(N)
n (�;C)

W (u(1)n (�; C); : : : ; u(N)
n (�; C); x(�; C); !(C); C) = fW (C):

� ª ª ª fW (C) | ¢¥«¨ç¨­  ª®­¥ç­ ï, â® ­®à¬ë k n(z; �; C)k ¢ ¯à®áâà ­áâ¢¥ L2[t�; v], £¤¥

 n(t; z; C) = 2C( _xn(t; C)� f(u(1)n (t; C); : : : ; u(N)
n (t; C); xn(t; C); t; z));
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®£à ­¨ç¥­ë ¯à¨ ¢á¥å z 2 Z. � á¨«ã ­¥¯à¥àë¢­®áâ¨ ¨ ®£à ­¨ç¥­­®áâ¨ äã­ªæ¨¨ f ¨ ª®¬¯ ªâ­®áâ¨
¬­®¦¥áâ¢  Z áãé¥áâ¢ã¥â â ª®© ­¥¯ãáâ®© è à X � Rn, çâ® x(t�) 2 X ¨ xn(�; C) à ¢­®¬¥à­® ¯®
n, C, t 2 [t�; v] ®£à ­¨ç¥­ë ­  X.

�«¥¤®¢ â¥«ì­®, á ãç¥â®¬ ­¥à ¢¥­áâ¢ 

j _xn(t; C)j �
1
2C

j n(t; z; C)j + jf(u(1)n (t; C); : : : ; u(N)
n (t; C); xn(t; C); t; z)j

¬®¦­® ¢ë¡à âì ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì xk(�; C), áå®¤ïéãîáï à ¢­®¬¥à­® ª  ¡á®«îâ­® ­¥¯à¥-
àë¢­®© äã­ªæ¨¨ x�(�; C), x�(t; C) 2 X ¯à¨ ¢á¥å t 2 [t�; v]. �à¨ íâ®¬ _xk(�; C) ! _x�(�; C) á« ¡® ¢
L2[t�; v].

� á¨«ã á« ¡®© ª®¬¯ ªâ­®áâ¨ ¬­®¦¥áâ¢  D ¬®¦­® ¢ë¡à âì ¯®á«¥¤®¢ â¥«ì­®áâì Ck !1 â ª,
çâ®¡ë !(Ck)! !�, x(�; Ck)! x�(�) à ¢­®¬¥à­®, (u(1)(�; Ck); : : : ; u(N)(�; Ck))! (u(1)�(�); : : : ; u(N)�(�))
¯®çâ¨ ¢áî¤ã ­  [t�; v], â. ¥.

lim
C!1

!(C) = lim
C!1

fW (C) = lim
C!1

sup
(u(1)(�;C);:::;u(N)(�;C))2D1�����DN

inf
z2Z

� NX
i=1

�i(z)�i(x(v; C)) +

+
Z v

t�

� NX
i=1

�i(z)Fi(u(1)(t; C); : : : ; u(N)(t; C); z; x(t; C); t)
�
dt

�
=

= sup
(u(1)(�);:::;u(N)(�))2D1�����DN

inf
z2Z

J(u(1)(�); : : : ; u(N)(�); z) = J�: (6.5)

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï

�k =
�Z

Z

j (z; t; Ck)j�(dz) + 1
��1

;  k(z; t) = �k (z; t; Ck):

� ª ª ª

�k +
Z
Z

j k(z; t)j�(dz) = �k

�
1 +

Z
Z

j (z; t; Ck)j�(dz)
�
= 1;

â® �k,  k(z; t) ­¥ à ¢­ë ®¤­®¢à¥¬¥­­® ­ã«î ¨ ®£à ­¨ç¥­ë ¢ á®¢®ªã¯­®áâ¨ ¥¤¨­¨æ¥© ¯à¨ ¢á¥å k.
�®íâ®¬ã ¬®¦­® ¢ë¤¥«¨âì ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì Ckn ! 1 ¯à¨ n ! 1, çâ®¡ë �kn ! �0,
p(z; Ck) = pk(z)! p(z). �§ (6.3) ¨¬¥¥¬

R
Z

p(z)�(dz) = 1,   ¨§ (6.5) | p(z) = 0 ¯à¨

z =2 Arg inf
z2Z

J(u(1)�(�); : : : ; u(N)�(�); z). �¬­®¦ ï á®®â­®è¥­¨ï (6.1), (6.2), (6.4) ­  �kn ¨ ¯¥à¥å®¤ï ª

¯à¥¤¥«ã ¯à¨ Ckn !1, ¯®«ãç ¥¬  kn(z; t)!  (z; t) ¯à¨ t 2 [t�; v] ¨ ¢á¥ ãâ¢¥à¦¤¥­¨ï â¥®à¥¬ë.
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