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�¡®§­ ç¨¬ ç¥à¥§ Lq ¯à®áâà ­áâ¢® ¢á¥å ¨§¬¥à¨¬ëå ¯® �¥¡¥£ã ­  [0; 1] äã­ªæ¨© f(x), ¤«ï
ª®â®àëå

kfkq =
�Z 1

0
jf(x)jqdx

�1=q

< +1 1 � q <1:

�ãáâì ¤ ­  ¯®á«¥¤®¢ â¥«ì­®áâì fpng ­ âãà «ì­ëå ç¨á¥« â ª¨å, çâ® pn � 2, n = 1; 2; : : : �¡®¡-
é¥­­ãî á¨áâ¥¬ã �  à  �fpkg = f�n(t)g ­  ®âà¥§ª¥ [0; 1] ®¯à¥¤¥«¨¬ á«¥¤ãîé¨¬ ®¡à §®¬ ([1],
[2]). �®«®¦¨¬ �1(t) � 1 ­  [0; 1], ¥á«¨ n � 2, â® n = mk + r(pk+1 � 1) + s, £¤¥ mk = p1p2 : : : pk;
k = 0; 1; : : : ; r = 0; 1; : : : ;mk � 1; s = 1; 2; : : : ; pk+1 � 1. �¥à¥§ A ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® â®ç¥ª ¢¨¤ 
l

mk
­  ®âà¥§ª¥ [0; 1]. �®£¤ , ¥á«¨ t 2 B, £¤¥ B � [0; 1] nA, à §«®¦¥­¨¥

t =
1X
k=1

�k(t)
mk

; �k(t) = 0; 1; : : : ; pk � 1;

¥¤¨­áâ¢¥­­®. �¥¯¥àì ®¯à¥¤¥«¨¬ äã­ªæ¨î

�n(t) = �sk;r(t) =

8>>><
>>>:

p
mk exp

2�is�k+1(t)
pk+1

; t 2
�

r

mk

;
r + 1
mk

�
\B;

0; t =2
�
r

mk

;
r + 1
mk

�
:

�®«ì§ãïáì â¥¬, çâ® ¬­®¦¥áâ¢® B ¢áî¤ã ¯«®â­® ­  [0; 1], äã­ªæ¨î �n(t) ¯® ­¥¯à¥àë¢­®áâ¨ ¯à®-
¤®«¦¨¬ ­  ¨­â¥à¢ «

�
r
mk

; r+1
mk

�
. �®á«¥ íâ®£® ¢ â®çª å à §àë¢  äã­ªæ¨î �n(t) ¯®«®¦¨¬ à ¢­®©

¯®«ãáã¬¬¥ ¥¥ ¯à¥¤¥«ì­ëå §­ ç¥­¨© á¯à ¢  ¨ á«¥¢ ,   ­  ª®­æ å ®âà¥§ª  [0; 1] | ee ¯à¥¤¥«ì­ë¬
§­ ç¥­¨ï¬ ¨§­ãâà¨ ®âà¥§ª .

� ª ®¯à¥¤¥«¥­­ ï á¨áâ¥¬  �fpng ®àâ®­®à¬¨à®¢ ­  ¨ ¯®«­  ¢ ¯à®áâà ­áâ¢¥ L1 [1]. �á«¨ pn = 2
¤«ï ¢á¥å n � 1, â® �fpng ¡ã¤¥â ª« áá¨ç¥áª®© á¨áâ¥¬®© �  à .

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¯®«ì§®¢ âìáï á«¥¤ãîé¨¬¨ ®¡®§­ ç¥­¨ï¬¨: Sn(f; t) =
nP

k=1
ak(f)�k(t) |

ç áâ¨ç­ ï áã¬¬  àï¤  �ãàì¥,   ak(f) | ª®íää¨æ¨¥­âë �ãàì¥ äã­ªæ¨© f 2 L1 ¯® ®¡®¡é¥­­®©

á¨áâ¥¬¥ �  à ; En(f)q = inf
fbkg




f � nP
k=1

bk�k




q
| ­ ¨«ãçè¥¥ ¯à¨¡«¨¦¥­¨¥ äã­ªæ¨© f 2 Lq, 1 �

q < +1 ¯®«¨­®¬ ¬¨ ¯® á¨áâ¥¬¥ �fpng.
�®«®¦¨¬ 4k;r =

�
r�1
mk

; r
mk

�
: r = 1; 2; : : : ;mk; k = 0; 1; : : : �¥«¨ç¨­  !(f; �)q = sup

0�h��

n 1�hR
0

jf(x+

h)� f(x)jqdx
o1=q

­ §ë¢ ¥âáï ¬®¤ã«¥¬ ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨© f 2 Lq.

� áá¬®âà¨¬ äã­ªæ¨®­ «ì­ë¥ ª« ááë H!
q = ff 2 Lq : !(f; �)q � !(�); 0 � � � 1g, £¤¥

!(�) | ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨, ¨ Eq(�) = ff 2 Lq[0; 1] : En(f)q � �ng, £¤¥ � = f�ng+1n=1 |
¯®á«¥¤®¢ â¥«ì­®áâì ¯®«®¦¨â¥«ì­ëå ç¨á¥« â ª ï, çâ® �n # 0, n ! 1. �¥à¥§ C(p; q; : : : ) ¡ã¤¥¬
®¡®§­ ç âì ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥, § ¢¨áïé¨¥ ®â ãª § ­­ëå ¯ à ¬¥âà®¢.
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�á«®¢¨¥  ¡á®«îâ­®© ¨ à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ àï¤  �ãàì¥{�  à  ¢ â¥à¬¨­ å ¬®¤ã«ï ­¥-
¯à¥àë¢­®áâ¨ ¨ ­ ¨«ãçè¥£® ¯à¨¡«¨¦¥­¨ï ¨áá«¥¤®¢ ­ë ¢ [3], [4], ¤«ï ®¡®¡è¥­­®© á¨áâ¥¬ë �  à 
¨§ãç¥­ë ¢ [5] (á¬. â ª¦¥ [6]).

� ¤ ­­®© áâ âì¥ ãáâ ­®¢«¥­ë ãá«®¢¨ï  ¡á®«îâ­®© ¨ à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ àï¤  �ãàì¥ ¯®
®¡®¡é¥­­®© á¨áâ¥¬¥ �  à  �fpng äã­ªæ¨¨ ¨§ ª« áá®¢ H!

q , Eq(�).
�§ ®¯à¥¤¥«¥­¨ï äã­ªæ¨© �n ([1], á. 300) á«¥¤ã¥â

�¥¬¬  1. �ãáâì ®¡®¡é¥­­ ï á¨áâ¥¬  �  à  �fpng ®¯à¥¤¥«¥­  ¯®á«¥¤®¢ â¥«ì­®áâìî fpng
­ âãà «ì­ëå ç¨á¥« pn � 2, n = 1; 2; : : : �®£¤  ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

sup
x2[0;1]






mk+1X

n=mk+1

�n(x)�n(�)





q

= m
1�1=q
k :

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ à áá¬ âà¨¢ âì ®¡®¡é¥­­ãî á¨áâ¥¬ã �  à  �fpng, ®¯à¥¤¥«¥­­ãî ®£à -
­¨ç¥­­®© ¯®á«¥¤®¢ â¥«ì­®áâìî fpng.

�¥®à¥¬  1. �á«¨ f 2 Lq, 1 < q < +1, ¨

1X
n=1

n1=q�1En(f)q < +1; (1)

â® àï¤

1X
n=1

jan(f)�n(t)j (2)

à ¢­®¬¥à­® áå®¤¨âáï ­  [0; 1].

�®ª § â¥«ìáâ¢®. �ãáâì M , N | ¯à®¨§¢®«ì­ë¥ ­ âãà «ì­ë¥ ç¨á« . �ë¡¥à¥¬ ­ âãà «ì­ë¥
ç¨á«  l ¨ v â ª¨¥, çâ® ml�1 < M � ml; mv�1 < N � mv. � á¨«ã ®àâ®£®­ «ì­®áâ¨ ®¡®¡é¥­­®©
á¨áâ¥¬ë �  à  ¨ ­¥à ¢¥­áâ¢  ��¥«ì¤¥à  ¯®«ãç¨¬

mk+1X
n=mk+1

jan(f)�n(x)j �






mk+1X
n=mk+1

an(f)�n






q






mk+1X

n=mk+1

"n(x)�n(x)�n(�)





q0

; (3)

£¤¥ "n(x) = expf�i arg(an(f)�n(x))g ¨ 1
q
+ 1

q0
= 1, ¯à¨ ª ¦¤®¬ x 2 [0; 1].

�à¨ ãá«®¢¨¨ sup
n

pn < +1 ®¡®¡é¥­­ ï á¨áâ¥¬  �  à  ï¢«ï¥âáï ¡¥§ãá«®¢­ë¬ ¡ §¨á®¬ ([7]) ¢

¯à®áâà ­áâ¢¥ Lq, 1 < q <1. �®íâ®¬ã, ãç¨âë¢ ï «¥¬¬ã 1, ¡ã¤¥¬ ¨¬¥âì






mk+1X
n=mk+1

"n(x)�n(x)�n(�)





q0

� Cq






mk+1X

n=mk+1

�n(x)�n(�)





q0

� Cqm
1=q
k

¤«ï «î¡®£® x 2 [0; 1]. �«¥¤®¢ â¥«ì­®, ¯®«ì§ãïáì ­¥à ¢¥­áâ¢®¬ (3), ¯®«ãç¨¬

NX
n=M+1

jan(f)�n(x)j � Cq

v�1X
k=l�1

m1=q
k






mk+1X

n=mk+1

an(f)�n(�)





q

(4)

¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ­­®¬ x 2 [0; 1]. � á¨«ã ®æ¥­ª¨ [1]






mk+1X
n=mk+1

an(f)�n(�)





q

� CqEmk
(f)q

¨ ¬®­®â®­­®áâ¨ ­ ¨«ãçè¥£® ¯à¨¡«¨¦¥­¨ï ¨§ (4) ¯®«ãç¨¬

NX
n=M+1

jan(f)�n(x)j � Cq

mv�1X
n=ml�1+1

n1=q�1En(f)q
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¤«ï «î¡®£® x 2 [0; 1], ml�1 < M � ml, mv�1 < N � mv. �  ®á­®¢ ­¨¨ ãá«®¢¨ï (1) ®âáî¤  á«¥¤ã¥â
à ¢­®¬¥à­ ï áå®¤¨¬®áâì àï¤  (2) ­  [0; 1].

�¥®à¥¬  2. �ãáâì 1 < q < 1 ¨ �n # 0, n ! 1. �«ï â®£® çâ®¡ë ¤«ï «î¡®© äã­ªæ¨¨

f 2 Eq(�) àï¤ (2) à ¢­®¬¥à­® áå®¤¨«áï ­  [0; 1], ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë

1X
n=1

n1=q�1�n < +1: (5)

�®ª § â¥«ìáâ¢®. �®áâ â®ç­®áâì á«¥¤ã¥â ¨§ â¥®à¥¬ë 1. �®ª ¦¥¬ ­¥®¡å®¤¨¬®áâì. �ãáâì ¤«ï
«î¡®© äã­ªæ¨¨ f 2 Eq(�) àï¤ (2) à ¢­®¬¥à­® áå®¤¨âáï ­  [0; 1]. �®¯ãáâ¨¬, çâ® ãá«®¢¨¥ (5) ­¥
¢ë¯®«­ï¥âáï, â. ¥.

1X
n=1

n1=q�1�n = +1: (6)

�®«®¦¨¬ n1 = 1 ¨ nk+1 = minfn : �n � 1
2
�nkg, k � 1. �®£¤ 

�nk+1
� 2�1�nk ; �nk+1�1 > 2�1�nk : (7)

� «¥¥ ¯®«®¦¨¬ �(k) = maxfj : mj < nk+1g. �á­®, çâ® m�(k) < nk+1 � m�(k)+1. � áá¬®âà¨¬ àï¤
1P
k=1

m
1=q�1=2
�(k) �nk�m�(k)+1(t), t 2 [0; 1]. � á¨«ã à ¢¥­áâ¢ 

k�m�(k)+1kq = m
1=q�1=2
�(k) (8)

¨ ¯¥à¢®£® ­¥à ¢¥­áâ¢  ¢ (7) ¯®«ãç¨¬, çâ® íâ®â àï¤ ¯® ­®à¬¥ ¯à®áâà ­áâ¢  Lq, 1 < q < 1,
áå®¤¨âáï ª ­¥ª®â®à®© äã­ªæ¨¨ f0 2 Lq ¨ ¡ã¤¥â àï¤®¬ �ãàì¥ íâ®© äã­ªæ¨¨ ¯® á¨áâ¥¬¥ �fpng.
�ãáâì nj � n < nj+1. �®£¤  m�(j�1) < nj. �®«ì§ãïáì á®®â­®è¥­¨ï¬¨ (7) ¨ (8), ¯®«ãç¨¬

En(f0)q � Em�(j�1)+1(f0)q �
1X
k=j

�nk �
1
2
�nj � 4�n:

� ª¨¬ ®¡à §®¬, 4�1f0 2 Eq(�). �® ®¯à¥¤¥«¥­¨î äã­ªæ¨¨ á¨áâ¥¬ë �fpng ¯à¨ «î¡®¬ l ¡ã¤¥¬
¨¬¥âì

m�(l)+1X
n=1

jan(f0)�n(0)j �
lX

k=1

jam�(k)
(f0)jm1=q

�(k) =
lX

k=1

m
1=q
�(k)�nk : (9)

� ª ª ª �n # 0 ¯à¨ n! +1 ¨ fpng ®£à ­¨ç¥­ , â®
nk+1�1X
n=nk

n1=q�1�n � �nk

nk+1�1X
n=nk

n1=q�1 � 21�1=qqC0m
1=q
�(k)�nk ; k � 1:

�®íâ®¬ã, ãç¨âë¢ ï (6), ¨§ (9) ¯®«ãç¨¬

1X
n=1

jan(f0)�n(0)j = +1:

�â® ¯à®â¨¢®à¥ç¨â ¯à¥¤¯®«®¦¥­¨î ® à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ àï¤  (2) ¤«ï «î¡®© äã­ªæ¨¨
f(x) 2 Eq(�).
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�¥®à¥¬  3. �ãáâì !(�) | ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨, 0 � � � 1. �«ï â®£® çâ®¡ë ¤«ï «î¡®©

äã­ªæ¨¨ f 2 H!
q , 1 < q < +1, àï¤ (2) à ¢­®¬¥à­® áå®¤¨«áï ­  [0; 1], ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®,

çâ®¡ë

1X
n=1

n1=q�1!(n�1) < +1: (10)

�®ª § â¥«ìáâ¢®. �®áâ â®ç­®áâì á«¥¤ã¥â ¨§ ®æ¥­ª¨ [1]

En(f)q � 12!(f; n�1)q; f 2 Lq; 1 � q <1;

¨ â¥®à¥¬ë 1.
�¥®¡å®¤¨¬®áâì. �ãáâì ¤«ï «î¡®© äã­ªæ¨¨ f 2 H!

q àï¤ (2) à ¢­®¬¥à­® áå®¤¨âáï ­  [0; 1].
�®¯ãáâ¨¬, çâ® ãá«®¢¨¥ (10) ­¥ ¢ë¯®«­ï¥âáï, â. ¥.

1X
n=1

n1=q�1!(n�1) = +1:

�®£¤  ¯® â¥®à¥¬¥ �.�.�â¥çª¨­  [8] áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì fB(n)g â ª ï, çâ®

B(n) # 0; n! +1; B(n) � !(n�1); n = 1; 2; : : : ; (11)
NX
n=1

B(n) � N!(N�1);
1X
n=1

n1=q�1B(n) = +1: (12)

� á¨«ã â¥®à¥¬ë �®è¨ ¨ ®£à ­¨ç¥­­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fpng ¨§ (12) á«¥¤ã¥â
1X
k=1

m
1=q
k B(mk) = +1: (13)

�®áâà®¨¬ ¢®§à áâ îéãî ¯®á«¥¤®¢ â¥«ì­®áâì ­®¬¥à®¢ fnjg â ªãî, çâ®
1X
j=k

Bq(mnj ) = O(Bq(mnk)); (14)

1X
j=1

m1=q
nj

B(mnj ) = +1: (15)

�«ï íâ®£® ¯®«®¦¨¬ ki+1 = minfk : B(mk) � 1
2
B(mki)g. �®£¤ 

B(mki+1
) � 2�1B(mki); (16)

B(mk) > 2�1B(mki); k = ki; : : : ; ki+1 � 1: (17)

� ª®© ­®¬¥à ki+1 áãé¥áâ¢ã¥â, â. ª. B(mk) # 0, k ! +1. � á¨«ã ¬®­®â®­­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨
fB(n)g ¨ ­¥à ¢¥­áâ¢  (17) ¯®«ãç¨¬

ki=1X
k=ki�1

m
1=q
k B(mk) � Cqm

1=q
ki�1

B(mki�1): (18)

�®íâ®¬ã (á¬. (13))
1P
i=2

m
1=q
ki�1

B(mki�1) = +1. �âáî¤  á«¥¤ã¥â, çâ® ¯® ªà ©­¥© ¬¥à¥ ®¤¨­ ¨§ àï¤®¢
1P
j=1

m
1=q
k2j+1�1

B(mk2j+1�1),
1P
j=1

m
1=q
k2j�1

B(mk2j�1) à áå®¤¨âáï.
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�á«¨ à áå®¤¨âáï ¯¥à¢ë© ¨§ íâ¨å àï¤®¢, â® ¯®«®¦¨¬ nj = k2j+1� 1, ¢ ¯à®â¨¢­®¬ á«ãç ¥ nj =

k2j � 1. �®£¤ 
1P
j=1

m1=q
nj

B(mnj ) = +1. �®®â­®è¥­¨¥ (15) ¤®ª § ­®. �®ª ¦¥¬ (14). �§ ­¥à ¢¥­áâ¢

(16) á«¥¤ã¥â

B(mnj+1
) � 2�1B(mnj ) 8 j � 1: (19)

�®«ì§ãïáì íâ¨¬ ­¥à ¢¥­áâ¢®¬, «¥£ª® ã¡¥¤¨âìáï ¢ á¯à ¢¥¤«¨¢®áâ¨ á®®â­®è¥­¨ï (14). � «¥¥, ¯®-

«®¦¨¬ Ak =
kP

j=1
m1=q

nj
B(mnj ), Dk =

kP
j=1

m1=q
nj

B(mnj )=Aj , Fj = m1=q
nj

B(mnj )=AjDj . �®£¤ 

1X
j=1

Fj = +1: (20)

�¯à¥¤¥«¨¬ äã­ªæ¨î

f0(t) =

8>>>>>>><
>>>>>>>:

(�1)j+12pnj+1

pnj+1

Fj ; ¯à¨ t =
pnj+1 + 1
2mnj+1

; j = 1; 2; : : : ;

0; ¯à¨ t = 0; t 2
h 1
p1
; 1
i
; t 2

h 1
mk+1

;
1
mk

i
; k 6= nj ;

«¨­¥©­  ­  ª ¦¤®¬ ¨§ ®âà¥§ª®¢
h 1
mnj+1

;
pnj+1 + 1
2mnj+1

i
;
hpnj+1 + 1
2mnj+1

;
1

mnj

i
:

�ç¨âë¢ ï ®¯à¥¤¥«¥­¨¥ äã­ªæ¨¨ f0(t), t 2 [0; 1], ¨ ­¥à ¢¥­áâ¢® (19), ­¥âàã¤­® ã¡¥¤¨âìáï, çâ® f0 2
Lq, 1 � q <1. �®ª ¦¥¬, çâ® f0 2 H!

q . �ë¡¥à¥¬ ­ âãà «ì­®¥ ç¨á«® N â ª, çâ® m�1
N+1 < h < m�1

N .
�®£¤ 

1�hZ
0

jf0(t+ h)� f0(t)jq dt =
m�1

N�1Z
0

jf0(t+ h)� f0(t)jq dt+
1�hZ

m�1
N�1

jf0(t+ h)� f0(t)jq dt = I1 + I2: (21)

�æ¥­¨¬ ¨­â¥£à « I1. �ãáâì v(N) | ­ ¨¬¥­ìè¥¥ ¨§ ç¨á¥« j á® á¢®©áâ¢®¬ (pnj+1 + 1)(2m�1
nj+1) 2

[0;m�1
N+1]. �® á¢®©áâ¢ã ¬®¤ã«ï ç¨á«  ¨ ¢ á¨«ã ­¥à ¢¥­áâ¢  (a + b)� � 2��1(a� + b�), 1 � � < 1,

¯®«ãç¨¬

I1 � 2q�1
� m�1

N�1Z
0

jf0(t+ h)jq dt+
m�1

N�1Z
0

jf0(t)jq dt
�
: (22)

� ¯¥à¢®¬ ¨­â¥£à «¥ ¢ ¯à ¢®© ç áâ¨ ®æ¥­ª¨ (22), ¤¥« ï § ¬¥­ã ¯¥à¥¬¥­­ëå t + h = x, ¡ã¤¥¬
¨¬¥âì

m�1
N�1Z
0

jf0(t+ h)jq dt �
(pN+1)m�1

NZ

m�1
N+1

jf0(x)jq dx: (23)

�ç¨âë¢ ï ®¯à¥¤¥«¥­¨¥ äã­ªæ¨¨ f0, ¯®«ãç¨¬

m�1
N�1Z
0

jf0(t)jq dt =
1X

k=v(N)

m�1
nkZ

m�1
nk+1

jf0(t)jq dt+
m�1

N�1Z

m�1
N+1

jf0(t)jq dt: (24)
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�§ ­¥à ¢¥­áâ¢ (22){(24) á«¥¤ã¥â, çâ®

I1 � 2q�1
�
2

m�1
N�1Z

m�1
N+1

jf0(t)jq dt+
(pN+1)m�1

NZ

m�1
N�1

jf0(t)jq dt+
1X

k=v(N)

m�1
nkZ

m�1
nk+1

jf0(t)jq dt
�
: (25)

�§ ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ f0 ¢¨¤­®, çâ®

jf0(t)j � 2pnj+1(pnj+1 � 1)�1Fj 8 t 2 [0; 1]:

�®íâ®¬ã, ãç¨âë¢ ï, çâ® pn � C0 8n � 1, ¯®«ãç¨¬

m�1
nkZ

m�1
nk+1

jf0(t)jq dt � (4Fk)qm�1
nk
� (4B(mnk))

q; k � v(N): (26)

�­ «®£¨ç­® ¤®ª §ë¢ îâáï ­¥à ¢¥­áâ¢ 

(pN+1)m�1
NZ

m�1
N�1

jf0(t)jq dt � Cq!
q(h); (27)

m�1
N�1Z

m�1
N+1

jf0(t)jq dt � (4!(m�1
N ))q � Cq!

q(h): (28)

� ¯®¬®éìî ­¥à ¢¥­áâ¢ (26){(28) ¨ (19), (12) ¨§ (25) ¯®«ãç¨¬

I1 � Cq

�
!q(h) +

1X
k=v(N)

Bq(mnk)
�
� Cq!

q(h): (29)

Oæ¥­¨¬ I2. �® ®¯à¥¤¥«¥­¨î äã­ªæ¨¨ f0 ¡ã¤¥¬ ¨¬¥âì

I2 =

1=p1Z

m�1
N�1

jf0(t+ h)� f0(t)jq dt =
v(N)�1X
j=1

m�1
njZ

m�1
nj+1

�h

jf0(x+ h)� f0(x)jq dx: (30)

�¥¯®áà¥¤áâ¢¥­­ë¬ ¢ëç¨á«¥­¨¥¬ ¯®«ãç¨¬

m�1
njZ

m�1
nj+1

�h

jf0(x+h)�f0(x)jq dx � (h4pnj+1(pnj+1�1)�2Fjmnj+1)q(pnj+1�1)m�1
nj+1; j = 1; 2; : : : ; v(N)�1:

�®¤áâ ¢«ïï ¢ à ¢¥­áâ¢® (30), ¨¬¥¥¬

I2 � (4h)q
v(N)�1X
j=1

[pnj+1(pnj+1 � 1)�2Fjmnj+1]q
pnj+1 � 1
mnj+1

� (16h)q
v(N)�1X
j=1

mq
nj
Bq(mnj ): (31)

� á¨«ã B(n) # 0, n! +1, ¨ 2 � pn � C0, n = 1; 2; 3; : : : , ­¥âàã¤­® ã¡¥¤¨âìáï, çâ®

v(N)�1X
j=1

mq
nj
Bq(mnj ) � Cq

v(N)�1X
j=1

nj�1X
l=nj�1

mq
lB

q(ml) � Cq

m�(N)�1X
s=1

sq�1Bq(s); (32)
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£¤¥ �(N) = nv(N)�1. �®«ì§ãïáì á¢®©áâ¢®¬ n!( 1
n
) " ¯à¨ n ! +1 ¨ ¯¥à¢ë¬ á®®â­®è¥­¨¥¬ ¢ (12),

¯®«ãç¨¬
m�(N)�1X

s=1

sq�1Bq(s) � Cq

�
m�(N)�1!

�
1

m�(N)�1

��q

:

�®íâ®¬ã ¨§ (31) ¨ (32) á«¥¤ã¥â

I2 � Cqh
q

�
m�(N)�1!

�
1

m�(N)�1

��q

: (33)

�ç¨âë¢ ï ¢ë¡®à ­®¬¥à  �(N), «¥£ª® ã¡¥¤¨âìáï, çâ®m�1
N+1 � m�1

�(N). �«¥¤®¢ â¥«ì­®, �(N) < N+1,
â. ¥. �(N) � 1 < N . �®£¤  ¯® ¢ë¡®àã ­®¬¥à  N ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢® h < m�1

�(N)�1. �®íâ®¬ã
ãç¨âë¢ ï, çâ® ��1!(�) ã¡ë¢ ¥â ­  [0; 1], ¨§ (33) ¡ã¤¥¬ ¨¬¥âì

I2 � Cq!
q(h): (34)

�§ ­¥à ¢¥­áâ¢ (21), (29) ¨ (34) á«¥¤ã¥â !(f0�)q � Cq!(�), 0 < � � 1. �­ ç¨â, äã­ªæ¨ï g0(t) =
1
Cq
f0(t) 2 H!

q . �¥¯¥àì ¤®ª ¦¥¬, çâ® àï¤ (2) à áå®¤¨âáï ¢ â®çª¥ x = 0. �® ®¯à¥¤¥«¥­¨î äã­ªæ¨©
á¨áâ¥¬ë �fpng ¨ ¬®¤ã«ï ª®¬¯«¥ªá­®£® ç¨á«  ¯®«ãç¨¬

jamnj
+1(g0)�mnj

+1(0)j =
mnj

cq

��
b0 +

pnj+1�1X
l=1

bl cos
2�l

pnj + 1

�2

+
� pnj+1�1X

l=1

sin
2�l

pnj + 1

�2�1=2
; (35)

£¤¥

bl =

(l+1)m�1
nj+1Z

lm�1
nj+1

f0(t)dt; l = 0; 1; : : : ; pnj+1 � 1; 8 j � 1:

� ª ª ª [ l
mnj+1

; 1+l
mnj+1

] � [ 1
mnj+1

; 1
mnj

] ¯à¨ l = 1; 2; : : : ; pnj+1 � 1, â®, ¯®«ì§ãïáì ®¯à¥¤¥«¥­¨-

¥¬ äã­ªæ¨¨ f0(t), ­¥¯®áà¥¤áâ¢¥­­ë¬ ¢ëç¨á«¥­¨¥¬ ¬®¦­® ã¡¥¤¨âìáï, çâ® bl =
(�1)j+12Fj

(pnj+1�1)2mnj


l,

l = 1; 2; : : : ; pnj+1 � 1, £¤¥ 
l = 2l � 1, ¥á«¨ l = 1; 2; : : : ; [
pnj+1+1

2
] � 1; 
l = 2(pnj+1 � l) � 1,

¥á«¨ l = [
pnj+1+1

2
] + 1; : : : ; pnj+1 � 1. �á«¨ l = [

pnj+1+1

2
], â® 
l = (pnj+1 � 2) ¯à¨ ­¥ç¥â­®¬ pnj+1

¨ 
l = (pnj+1 � 3
2
) ¯à¨ ç¥â­®¬ pnj+1. � ¯¨áì [y] ®§­ ç ¥â æ¥«ãî ç áâì ç¨á«  y. �®«ì§ãïáì

íâ¨¬¨ §­ ç¥­¨ï¬¨ bl ¨ ãç¨âë¢ ï, çâ® 2 � pn � C0, n = 1; 2; : : : , ¨§ à ¢¥­áâ¢  (35) ¯®«ãç¨¬
jamnj

+1(g0)�mnj
+1(0)j � cqFj 8 j. �«¥¤®¢ â¥«ì­®, ¢ á¨«ã á®®â­®è¥­¨ï (20) ¡ã¤¥¬ ¨¬¥âì

1X
n=1

jan(g0)�n(0)j = +1

¤«ï äã­ªæ¨¨ g0 2 H!
q . �â® ¯à®â¨¢®à¥ç¨â ¯à¥¤¯®«®¦¥­¨î ® â®¬, çâ® ¤«ï «î¡®© äã­ªæ¨¨ f 2 H!

q

àï¤ (2) à ¢­®¬¥à­® áå®¤¨âáï ­  [0; 1].

� ¬¥ç ­¨¥ 1. � á«ãç ¥ pn = 2, n = 1; 2; : : : (á¨áâ¥¬  �  à ) ¨§ â¥®à¥¬ë 3 á«¥¤ãîâ à¥-
§ã«ìâ âë �.�.�«ìï­®¢  [3] ¨ �.�.�à¨¡¥£¨­  [9]. �¥®à¥¬ë 1 ¨ 2, 3 à ­¥¥ ¡ë«¨  ­®­á¨à®¢ ­ë ¢
[10].

� ¬¥ç ­¨¥ 2. �à¨ sup
n

pn < +1 ãá«®¢¨ï

1X
n=1

n1=q�1En(f)q < +1;
1X
k=0

m
1=q
k Emk+1(f)q < +1

íª¢¨¢ «¥­â­ë.
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�®íâ®¬ã ãá«®¢¨¥
1X
k=0

m
1=q
k Emk+1(f)q < +1 (36)

¤®áâ â®ç­® ¤«ï à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ àï¤  (2) ­  ®âà¥§ª¥ [0; 1].

�¥¯¥àì ¤®ª ¦¥¬, çâ® ¯à¨ ­¥®£à ­¨ç¥­­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fpng ãá«®¢¨¥ (36) ­¥¤®áâ -
â®ç­® ¤«ï á¯à ¢¥¤«¨¢®áâ¨ ãâ¢¥à¦¤¥­¨ï â¥®à¥¬ë 1.

�¥®à¥¬  4. �ãáâì sup
n

pn = +1. �®£¤  áãé¥áâ¢ã¥â äã­ªæ¨ï f0 2 Lq[0; 1] â ª ï, çâ® ãá«®-

¢¨¥ (36) ¢ë¯®«­ï¥âáï, ­® àï¤
1P
n=1

jan(f0)�n(t)j ­¥ ¡ã¤¥â áå®¤¨âìáï à ¢­®¬¥à­® ­  [0; 1].

�®ª § â¥«ìáâ¢®. � ª ª ª ¯®á«¥¤®¢ â¥«ì­®áâì fpng ­¥®£à ­¨ç¥­ , ¬®¦­® ¢ë¡à âì â ªãî
¯®á«¥¤®¢ â¥«ì­®áâì ­®¬¥à®¢ n(k), çâ® mn(k) < pn(k+1). �®áâà®¨¬ äã­ªæ¨î

f0(t) =
1X
j=1

m
�1=2
n(j) �mn(j)+1(t):

�¥£ª® ã¡¥¤¨âìáï, çâ® f0 2 Lq[0; 1]. �ãáâì n(j) � k < n(j + 1). �®£¤ , ãç¨âë¢ ï ¬®­®â®­­®áâì
­ ¨«ãçè¥£® ¯à¨¡«¨¦¥­¨ï, ¯®«ãç¨¬

Emk+1(f0)q � Emn(j)+1(f0)q �
1X

l=j+1

m
�1=2
n(l) � Cqm

�1=q
n(j+1):

�®íâ®¬ã, ãç¨âë¢ ï, çâ® pn � 2, n � 1, ¨ mn(k) < pn(k+1), k � 1, ¯®«ãç¨¬

1X
k=0

m
1=q
k Emk+1(f0)q � C(q)

1X
j=0

m
�1=q
n(j+1)

n(j+1)�1X
k=n(j)

m
1=q
k �

� C(q)
1X
j=0

m
�1=q
n(j+1)m

1=q
n(j+1)�1 � C(q)

1X
j=0

�
1

mn(j)

�1=q

< +1:

� ª¨¬ ®¡à §®¬, äã­ªæ¨ï f0 2 Lq ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (36). �® ®¯à¥¤¥«¥­¨î á¨áâ¥¬ë f�n(t)g
¯®«ãç¨¬

mn(l)X
n=1

jan(f0)�n(0)j =
l�1X
j=1

jamn(j)+1(f0)�mn(j)+1(0)j =
l�1X
j=1

m
�1=2
n(j) m

1=2
n(j) = l � 1:

�¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ l! +1, ¨¬¥¥¬
1P
n=1

jan(f0)�n(0)j = +1.

B § ª«îç¥­¨¥  ¢â®àë ¡« £®¤ àïâ à¥æ¥­§¥­â  §  ¯®«¥§­®¥ § ¬¥ç ­¨¥.
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