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� áâ âì¥ ¯®«ãç¥® ®¡®¡é¥¨¥ â¥®à¥¬ë �  å  ®¡ ®¡à â®¬ ®¯¥à â®à¥ ¨ ®¡®¡é¥¨¥ ¯à¨æ¨¯ 
à ¢®áâ¥¯¥®© ¥¯à¥àë¢®áâ¨ ¤«ï F -¯à®áâà áâ¢ ([1], áá. 99, 104).

�ãáâì (X; �) { ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®, ¢ ª®â®à®¬ ª ¦¤ë¥ ¤¢¥ à §«¨çë¥ â®çª¨ ¬®¦®
á®¥¤¨¨âì ¥¤¨áâ¢¥ë¬ á¥£¬¥â®¬ ¨§ ä¨ªá¨à®¢ ®£® ¬®¦¥áâ¢  á¥£¬¥â®¢ S (¯®¤ á¥£¬¥â®¬
¯®¨¬ ¥âáï ªà¨¢ ï, ¤«¨  ª®â®à®© à ¢  à ááâ®ï¨î ¬¥¦¤ã ¥¥ ª®æ ¬¨ ([2], á. 42)). � áâ®  
¯à®áâà áâ¢® X ¨ ¬®¦¥áâ¢® S ¡ã¤¥¬  « £ âì

�á«®¢¨¥ �. � ¦¤ë© á¥£¬¥â ¨§ ¬®¦¥áâ¢  S ¬®¦® ¥¤¨áâ¢¥ë¬ ®¡à §®¬ ¯à®¤®«¦¨âì ¤®
£¥®¤¥§¨ç¥áª®© «¨¨¨ ¯à®áâà áâ¢  X ([2], á. 48).

�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï:
T (x; y) | á¥£¬¥â ¨§ ¬®¦¥áâ¢  S á ª®æ ¬¨ x; y 2 X;
(xyz) ®¡®§ ç ¥â á¨âã æ¨î, ¯à¨ ª®â®à®© y 2 T (x; z), y 6= x, y 6= z;
!�(x; y) | â®çª , ª®â®à ï  å®¤¨âáï ¨§ ãá«®¢¨©:

 ) ¥á«¨ 0 � � � 1, â® !�(x; y) 2 T (x; y) ¨ �(x; !�(x; y)) = � � �(x; y);
¡) ¥á«¨ ¢ë¯®«¥® ãá«®¢¨¥ � ¨ � > 1 (� < 0), â® �(x; !�(x; y)) = j�j � �(x; y) ¨ (xy!�(x; y))

((!�(x; y)xy)).

� áâ®   ¯à®áâà áâ¢® X ¨ ¬®¦¥áâ¢® S ¡ã¤¥¬  « £ âì â ª¦¥
�á«®¢¨¥ B. �â®¡à ¦¥¨¥ !� : X � X ! X ¥¯à¥àë¢® ¤«ï ª ¦¤®£® � 2 K, £¤¥ K = [0; 1],

¥á«¨ ãá«®¢¨¥ � ¥ ¢ë¯®«¥®, ¨ K = R, ¥á«¨ ãá«®¢¨¥ � ¢ë¯®«¥®.
� «®£¨çë¥ ãá«®¢¨ï ¡ã¤¥¬  « £ âì â ª¦¥   ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢® ( eX; e�) á ä¨ªá¨à®-

¢ ë¬ ¬®¦¥áâ¢®¬ á¥£¬¥â®¢ eS. �¢¥¤¥¬ á«¥¤ãîé¨¥ ®¯à¥¤¥«¥¨ï. �¥¯à¥àë¢®¥ ®â®¡à ¦¥¨¥
f : X ! eX  §®¢¥¬ £¥®¤¥§¨ç¥áª¨¬ ®â®¡à ¦¥¨¥¬, ¥á«¨ ®® ¯¥à¥¢®¤¨â á¥£¬¥âë ¨§ ¬®¦¥áâ¢  S
¢ á¥£¬¥âë ¬®¦¥áâ¢  eS. �®¦¥áâ¢® ¢á¥å £¥®¤¥§¨ç¥áª¨å ®â®¡à ¦¥¨© ¨§ X ¢ eX ®¡®§ ç¨¬ ç¥-
à¥§ G(X; eX). �ë ¢ ¡®«ìè¥© áâ¥¯¥¨ ¡ã¤¥¬ ¨â¥à¥á®¢ âìáï ¯®¤¬®¦¥áâ¢®¬ G!(X; eX) ¬®¦¥áâ¢ 
G(X; eX), á®¤¥à¦ é¥¬ â®«ìª® â ª¨¥ £¥®¤¥§¨ç¥áª¨¥ ®â®¡à ¦¥¨ï f : X ! eX, ª®â®àë¥ ã¤®¢«¥â¢®-
àïîâ ãá«®¢¨î f(!�(x; y)) = e!�(f(x); f(y)) ¤«ï ¢á¥å x; y 2 X ¨ ¤«ï ª ¦¤®£® � 2 K. �®¦¥áâ¢®
M ¯à®áâà áâ¢  X  §®¢¥¬ ¢ë¯ãª«ë¬, ¥á«¨ ¢¬¥áâ¥ á ª ¦¤ë¬¨ ¤¢ã¬ï à §«¨çë¬¨ â®çª ¬¨ ®®
á®¤¥à¦¨â á¥£¬¥â ¨§ ¬®¦¥áâ¢  S á ª®æ ¬¨ ¢ íâ¨å â®çª å.

�à¨¢¥¤¥¬ ¥ª®â®àë¥ í«¥¬¥â àë¥ á¢®©áâ¢  £¥®¤¥§¨ç¥áª¨å ®â®¡à ¦¥¨©.
1. �¡à § ¢ë¯ãª«®£® ¬®¦¥áâ¢  ¯à¨ £¥®¤¥§¨ç¥áª®¬ ®â®¡à ¦¥¨¨ ï¢«ï¥âáï ¢ë¯ãª«ë¬ ¬®¦¥-

áâ¢®¬.
2. �§®¬¥âà¨ç¥áª®¥ ®â®¡à ¦¥¨¥ ¯à®áâà áâ¢  X ¢ ¯à®áâà áâ¢® eX ï¢«ï¥âáï £¥®¤¥§¨ç¥áª¨¬

®â®¡à ¦¥¨¥¬ ¯à¨ ãá«®¢¨¨ ¢®§¬®¦®£® ¨§¬¥¥¨ï ¬®¦¥áâ¢  eS.
3. �á«¨ ¬®¦¥áâ¢® eS § ¬ªãâ® ®â®á¨â¥«ì® â®¯®«®£¨¨ ¯®â®ç¥ç®© áå®¤¨¬®áâ¨ ¢ ¬®¦¥áâ¢¥

¢á¥å á¥£¬¥â®¢ ¯à®áâà áâ¢  eX ¨ ¯®á«¥¤®¢ â¥«ì®áâì £¥®¤¥§¨ç¥áª¨å ®â®¡à ¦¥¨© ¯®â®ç¥ç®
áå®¤¨âáï ª ¥ª®â®à®¬ã ¥¯à¥àë¢®¬ã ®â®¡à ¦¥¨î, â® íâ® ®â®¡à ¦¥¨¥ £¥®¤¥§¨ç¥áª®¥.
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4. �á«¨ ¯à®áâà áâ¢® eX ã¤®¢«¥â¢®àï¥â ãá«®¢¨î B, ¯®á«¥¤®¢ â¥«ì®áâì ®â®¡à ¦¥¨© ¨§ ¬®-
¦¥áâ¢  G!(X; eX) ¯®â®ç¥ç® áå®¤¨âáï ª ¥ª®â®à®¬ã ¥¯à¥àë¢®¬ã ®â®¡à ¦¥¨î, â® íâ® ®â®¡à -
¦¥¨¥ ¯à¨ ¤«¥¦¨â ¬®¦¥áâ¢ã G!(X; eX).

5. �á«¨ £®¬¥®¬®àä¨§¬ f ¯à¨ ¤«¥¦¨â ¬®¦¥áâ¢ã G(X; eX) (G!(X; eX)), â® ®¡à âë© £®¬¥®-
¬®àä¨§¬ f�1 ¯à¨ ¤«¥¦¨â ¬®¦¥áâ¢ã G( eX;X) (G!( eX;X)).

�ä®à¬ã«¨àã¥¬ ¯®«ãç¥ë¥ à¥§ã«ìâ âë.

�¥®à¥¬  1. �á«¨ f 2 G!(X; eX), â® f ®â®¡à ¦ ¥â ®£à ¨ç¥ë¥ ¬®¦¥áâ¢  ¢ ®£à ¨ç¥-

ë¥ ¬®¦¥áâ¢ .

�¥®à¥¬  2. �ãáâì ¯à®áâà áâ¢  X, eX ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �, ®â®¡à ¦¥¨¥ f : X !eX ¯¥à¥¢®¤¨â ®£à ¨ç¥ë¥ ¬®¦¥áâ¢  ¢ ®£à ¨ç¥ë¥ ¬®¦¥áâ¢ , f(!�(x; y)) = e!�(f(x); f(y))
¤«ï ¢á¥å x; y 2 X ¨ ¤«ï ª ¦¤®£® � 2 R. �®£¤  f 2 G!(X; eX).

�¥®à¥¬  3. �ãáâì ¯®«ë¥ ¬¥âà¨ç¥áª¨¥ ¯à®áâà áâ¢  X, eX ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ �,
B ¨ ¢á¥ è àë ¢ íâ¨å ¯à®áâà áâ¢ å ¢ë¯ãª«ë¥. �á«¨ áîàê¥ªæ¨ï f ¯à¨ ¤«¥¦¨â ¬®¦¥áâ¢ã

G!(X; eX), â® f | ®âªàëâ®¥ ®â®¡à ¦¥¨¥.

�«¥¤áâ¢¨¥¬ á¢®©áâ¢  5 ¨ â¥®à¥¬ë 3 ï¢«ï¥âáï

�¥®à¥¬  4. �ãáâì ¯®«ë¥ ¬¥âà¨ç¥áª¨¥ ¯à®áâà áâ¢  X, eX ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ �,
B ¨ ¢á¥ è àë ¢ íâ¨å ¯à®áâà áâ¢ å ¢ë¯ãª«ë¥. �á«¨ ®â®¡à ¦¥¨¥ f ¨§ G!(X; eX) ¡¨¥ªâ¨¢®,
â® f�1 2 G!( eX;X).

�¥®à¥¬  5. �ãáâì ¯®«ë¥ ¬¥âà¨ç¥áª¨¥ ¯à®áâà áâ¢  X, eX ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ �,
B ¨ ff�g�2A | á¥¬¥©áâ¢® ®â®¡à ¦¥¨© ¨§ G!(X; eX). �á«¨ ¤«ï ª ¦¤®£® x 2 X ¬®¦¥áâ¢®

ff�(x) : � 2 Ag ®£à ¨ç¥®, â® lim
x!p

f�(x) = f�(p) à ¢®¬¥à® ®â®á¨â¥«ì® � 2 A.

�ãáâì frig| ¥®£à ¨ç¥ ï áâà®£® ¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì®áâì ¯®«®¦¨â¥«ìëå ¤¥©-
áâ¢¨â¥«ìëå ç¨á¥«, Bi | § ¬ªãâë© è à á æ¥âà®¬ ¢ â®çª¥ p 2 X, à ¤¨ãá  ri. �§ â¥®à¥¬ë 1
á«¥¤ã¥â, çâ®   ¬®¦¥áâ¢¥ G!(X; eX) ¬®¦® § ¤ âì ¬¥âà¨ªã [3]

�(f; ') =
1X
i=1

2�i � supfe�(f(x); '(x)) : x 2 Big � (1 + supfe�(f(x); '(x)) : x 2 Big)
�1

¤«ï ¢á¥å f; ' 2 G!(X; eX). �¡®§ ç¨¬ ç¥à¥§ H!(X) ¬®¦¥áâ¢® £®¬¥®¬®àä¨§¬®¢ ¨§ G!(X;X),
à ¢®¬¥à® ¥¯à¥àë¢ëå   ª ¦¤®¬ § ¬ªãâ®¬ è à¥ Bi � X ¢¬¥áâ¥ á ®¡à âë¬¨ £®¬¥®¬®à-
ä¨§¬ ¬¨.

�§ â¥®à¥¬ë 1 ¤ ®© áâ âì¨ ¨ â¥®à¥¬ë 2 áâ âì¨ [3] á«¥¤ã¥â

�¥®à¥¬  6. �¥âà¨ç¥áª®¥ ¯à®áâà áâ¢® (H!(X); �),  ¤¥«¥®¥ ®¯¥à æ¨¥© ª®¬¯®§¨æ¨¨ ®â®-
¡à ¦¥¨©, ï¢«ï¥âáï â®¯®«®£¨ç¥áª®© £àã¯¯®©, ¥¯à¥àë¢® ¤¥©áâ¢ãîé¥©   ¯à®áâà áâ¢¥ (X; �).

� ¬¥ç ¨¥. � ¯¥à¢®¬ ¯à¥¤«®¦¥¨¨ áâ âì¨ ([3], á. 61) á«¥¤ã¥â ç¨â âì: \: : : ®â®¡à ¦¥¨© (¥-
¯à¥àë¢ëå), ª®â®àë¥ ®â®¡à ¦ îâ ®£à ¨ç¥ë¥ ¬®¦¥áâ¢  : : : ".

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �®¯ãáâ¨¬ ®¡à â®¥. �ãáâì áãé¥áâ¢ã¥â â ª ï ®£à ¨ç¥ ï
¯®á«¥¤®¢ â¥«ì®áâì fxng ¨§ X, çâ® e�(f(xn); f(p))!1 (n!1), £¤¥ p | ä¨ªá¨à®¢  ï â®çª 
¨§ X. �®£¤ ,  ç¨ ï á ¥ª®â®à®£® ®¬¥à  n, �n = (e�(f(xn); f(p)))�1 � 1 ¨ �n ! 0 (n ! 1).
�à®¬¥ â®£®, !�n(p; xn) ! p (n ! 1), ¯®áª®«ìªã �(p; !�n(p; xn)) = �n � �(p; xn) ! 0 (n ! 1).
�®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥ á ãá«®¢¨¥¬ ¥¯à¥àë¢®áâ¨ ®â®¡à ¦¥¨ï f , â. ª.

e�(f(p); f(!�n(p; xn))) = e�(f(p); e!�n(f(p); f(xn))) = �n � e�(f(p); f(xn)) = 1: �
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�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �®ª ¦¥¬ ¥¯à¥àë¢®áâì ®â®¡à ¦¥¨ï f . �ãáâì xn, x 2 X,
xn ! x (n!1). �ë¡¥à¥¬ â ªãî ¯®á«¥¤®¢ â¥«ì®áâì ¤¥©áâ¢¨â¥«ìëå ç¨á¥« fkng, çâ® kn !1,
kn � �(xn; x) ! 0 (n ! 1). �®£¤  �(x; !kn(x; xn)) ! 0, ¯®áª®«ìªã �(x; !kn(x; xn)) = kn � �(x; xn).
�à®¬¥ â®£®, ¯®á«¥¤®¢ â¥«ì®áâì ff(!kn(x; xn))g ®£à ¨ç¥ , â. ª. ®â®¡à ¦¥¨¥ f ¯¥à¥¢®¤¨â ®£à -
¨ç¥ë¥ ¬®¦¥áâ¢  ¢ ®£à ¨ç¥ë¥ ¬®¦¥áâ¢ . �«¥¤®¢ â¥«ì®,

lim
n!1

e�(f(xn); f(x)) = lim
n!1

k�1n � e�(f(!kn(x; xn)); f(x)) = 0:

� ª¨¬ ®¡à §®¬, ®â®¡à ¦¥¨¥ f ¥¯à¥àë¢®.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. �§ ¯à¥¤áâ ¢«¥¨ï X =
1S
n=1

!n(p;C), £¤¥ p 2 X, C | ®âªàë-

âë© è à á æ¥âà®¬ ¢ â®çª¥ p ¨ à ¤¨ãá®¬ " > 0, ¨¬¥¥¬

eX =
1[
n=1

e!n(f(p); f(C)) =
1[
n=1

e!n(f(p); f(C));

£¤¥ ç¥àâ  ®§ ç ¥â § ¬ëª ¨¥ ¬®¦¥áâ¢ . �® ¨§¢¥áâ®© â¥®à¥¬¥ ® ª â¥£®à¨ïå ([1], á. 44) áãé¥-
áâ¢ã¥â â ª®© ®¬¥à n, çâ® ¬®¦¥áâ¢® e!n(f(p); f(C)) á®¤¥à¦¨â ¥¯ãáâ®¥ ®âªàëâ®¥ ¬®¦¥áâ¢®. �®
¨§ ãá«®¢¨© �, B á«¥¤ã¥â, çâ® ®â®¡à ¦¥¨¥ e!�(z; �) : eX ! eX ï¢«ï¥âáï £®¬¥®¬®àä¨§¬®¬ ¤«ï ª -
¦¤®£® z 2 eX ¨ ¤«ï ª ¦¤®£® � 2 Rnf0g. �®íâ®¬ã ¬®¦¥áâ¢® f(C) á®¤¥à¦¨â ®âªàëâ®¥ ¬®¦¥áâ¢®
V 6= ?. �à®¬¥ â®£®,

f(C) = f(!1=2(C;!�1(p;C))) = e!1=2(f(C); e!�1(f(p); f(C))) � e!1=2(V; e!�1(f(p); V )):

�®á«¥¤¥¥ ¬®¦¥áâ¢® á®¤¥à¦¨â â®çªã f(p) ¨ ®âªàëâ®, ¯®áª®«ìªã ¢ á¨«ã ãá«®¢¨© �, B ®âªàëâ®
®â®¡à ¦¥¨¥ e!� : eX � eX ! eX ¤«ï ª ¦¤®£® � 2 R. �ë¡¥à¥¬ ç¨á«  "k = "=2k, k = 0; 1; 2; : : :
�§ ¯à¨¢¥¤¥ëå ¢ëè¥ à ááã¦¤¥¨© á«¥¤ã¥â, çâ®  ©¤ãâáï â ª¨¥ ¤¥©áâ¢¨â¥«ìë¥ ç¨á«  �k > 0,
k = 0; 1; 2; : : : , çâ® �k ! 0 (k ! 1) ¨ f(B(x; "k)) � eB(f(x); �k)) ¤«ï ª ¦¤®£® x 2 X ¨ ¤«ï
ª ¦¤®£® k 2 f0; 1; 2; : : : g, £¤¥ B(x; "k) ( eB(f(x); �k)) | è à á æ¥âà®¬ ¢ â®çª¥ x 2 X (f(x) 2 eX),
à ¤¨ãá  "k (�k). �ãáâì x0 2 X, y 2 eB(f(x0); �0). �®£¤  áãé¥áâ¢ã¥â â®çª  x1 2 B(x0; "0), ¤«ï
ª®â®à®© e�(f(x1); y) < �1. �«¥¤®¢ â¥«ì®, y 2 eB(f(x1); �1). �®¢â®àïï íâ® à ááã¦¤¥¨¥, ¯®áâà®¨¬
â ªãî ¯®á«¥¤®¢ â¥«ì®áâì fxkg, çâ® xk+1 2 B(xk; "k), y 2 eB(f(xk); �k). �â  ¯®á«¥¤®¢ â¥«ì®áâì
äã¤ ¬¥â «ì ï, ¯®áª®«ìªã

�(xk; xk+l) � �(xk; xk+1) + � � �+ �(xk+l�1; xk+l) < "k + � � �+ "k+l�1 = " � 21�k(1� 2�l)

¤«ï ª ¦¤®£® k 2 f0; 1; 2; : : : g ¨ ¤«ï ª ¦¤®£® l 2 f1; 2; 3; : : : g. �® ¯à®áâà áâ¢® X ¯®«®¥, ¯®íâ®¬ã
¯®á«¥¤®¢ â¥«ì®áâì fxkg áå®¤¨âáï ª ¥ª®â®à®¬ã ¯à¥¤¥«ã x 2 X. �à®¬¥ â®£®, y = lim

k!1
f(xk) =

f(x), ¯®áª®«ìªã ®â®¡à ¦¥¨¥ f ¥¯à¥àë¢®. � ª¨¬ ®¡à §®¬, eB(f(x0); �0) � f(B(x0; 3 � ")), â. ª.
â®çª  y ¨§ eB(f(x0); �0) ¯à®¨§¢®«ì ï ¨ �(x0; x) = lim

k!1
�(x0; xk) � 2 � " < 3 � ". �¥¯¥àì ¥âàã¤®

§ ¬¥â¨âì, çâ® ®â®¡à ¦¥¨¥ f ®âªàëâ®¥.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 5. �ãáâì " > 0, p 2 X. �ç¥¢¨¤®, çâ® ¬®¦¥áâ¢  Xn = fx : n�1 �

e�(f�(x); f�(p)) � "; � 2 Ag, n = 1; 2; : : : , § ¬ªãâë ¢ ¯à®áâà áâ¢¥ X ¨ X =
1S
n=1

Xn. �® â¥®à¥¬¥ ®

ª â¥£®à¨ïå ([1], á. 44) áãé¥áâ¢ã¥â â ª®¥  âãà «ì®¥ ç¨á«® n0, çâ® B(x0; �) � Xn0 ¤«ï ¥ª®â®à®£®
x0 2 Xn0 ¨ ¥ª®â®à®£® � > 0. �â®¡à ¦¥¨¥ !�(z; �) : X ! X ï¢«ï¥âáï £®¬¥®¬®àä¨§¬®¬ ¤«ï
ª ¦¤®£® z 2 X ¨ ¤«ï ª ¦¤®£® � 2 R n f0g ¢ á¨«ã ãá«®¢¨© �, B. �®íâ®¬ã x! x0 â®£¤  ¨ â®«ìª®
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â®£¤ , ª®£¤  y = !n�1
0

(p; !1=2(!�1(p; x0); x))! p. �® ¥á«¨ �(x; x0) < �, â®

e�(f�(y); f�(p)) = n�10 e�(f�(!1=2(!�1(p; x0); x)); f�(p)) �
� n�1

0
[e�(e!1=2(f�(!�1(p; x0)); f�(x)); f�(!�1(p; x0))) + e�(f�(!�1(p; x0)); f�(p))] �

� (2 � n0)
�1[e�(f�(p); f�(x)) + 3 � e�(f�(!�1(p; x0)); f�(p))] =

= (2 � n0)�1[e�(f�(p); f�(x)) + 3 � e�(f�(x0); f�(p))] � 2 � ":

�«¥¤®¢ â¥«ì®, ¯à¨ y ! p f�(y) áå®¤¨âáï ª f�(p).
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