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1. �®câ ®¢ª  § ¤ ç¨

� cc¬®âà¨¬ c¨câ¥¬y ¤¢yx yà ¢¥¨© ®¡é¥£® ¢¨¤ 

_x = '(t; x; y); _y =  (t; x; y); (1)

£¤¥ t 2 R+, x 2 R, y 2 R, äyªæ¨¨ '(t; x; y) ¨  (t; x; y) ¯à¨ ¤«¥¦ â ª« ccy Lip(2; 1) (§¤¥cì
¨ ¤ «¥¥ ¨c¯®«ì§yîâcï ®¡®§ ç¥¨ï ¨ ®¯à¥¤¥«¥¨ï [1]), ¨x ®¡éyî ¯®câ®ïyî �¨¯è¨æ  ¤«ï
®¡« câ¨ S(0; r) = f(x; y) 2 R2 : jxj+ jyj � r < +1g ®¡®§ ç¨¬ L(r) > 0.

�c«¨ äyªæ¨¨ '(t; x; y) ¨  (t; x; y) «¨¥©ë ¨ ¥ § ¢¨cïâ ®â t, â® ¥®¡x®¤¨¬ë¥ ¨ ¤®câ â®çë¥
yc«®¢¨ï £«®¡ «ì®©  c¨¬¯â®â¨ç¥cª®© ycâ®©ç¨¢®câ¨ y«¥¢®£® à¥è¥¨ï x = y = 0 c¨câ¥¬ë (1)
§ ¯¨cë¢ îâcï ¢ ¢¨¤¥ ¤¢yx ¥à ¢¥câ¢ � yc -�yà¢¨æ . �c«¨ ¦¥ äyªæ¨¨ ' ¨  ¥«¨¥©ë, â®,
ª ª ¨§¢¥câ® [2], ®¡®¡é¥ëx yc«®¢¨© � yc -�yà¢¨æ , § ¯¨cë¢ ¥¬ëx ¢ ¢¨¤¥ ¤¢yx ¥à ¢¥câ¢ ¯®
¯à ¢ë¬ ç câï¬ c¨câ¥¬ë (1), y¦¥ ¥¤®câ â®ç® ¤«ï £«®¡ «ì®©  c¨¬¯â®â¨ç¥cª®© ycâ®©ç¨¢®câ¨.
�®íâ®¬y ¢®§¨ª ¥â c«¥¤yîé ï § ¤ ç :  ©â¨ ¤®¯®«¨â¥«ìë¥ yc«®¢¨ï   äyªæ¨¨ '(t; x; y) ¨
 (t; x; y), ª®â®àë¥ c®¢¬¥câ® c ®¡®¡é¥ë¬¨ yc«®¢¨ï¬¨ � yc -�yà¢¨æ  ®¡¥c¯¥ç¨«¨ ¡ë £«®¡ «ì-
yî  c¨¬¯â®â¨ç¥cªyî ycâ®©ç¨¢®câì y«¥¢®£® à¥è¥¨ï c¨câ¥¬ë (1).

�â  § ¤ ç  ¤¥â «ì® ¨cc«¥¤®¢   ¤«ï  ¢â®®¬®£® c«yç ï (c¬. [3]{[5] ¨ ¡¨¡«¨®£à ä¨î ¢
¨x). �¥à¨®¤¨ç¥cª¨© c«yç © à cc¬ âà¨¢ «cï ¢ [6]. �à¨¬¥¨¬ ¥cª®«ìª® ¬®¤¨ä¨æ¨à®¢ ë¥
ª®câàyªæ¨¨ ¨c¯®«ì§®¢ ëx ¢ [3]{[6] § ª®¯®câ®ïëx äyªæ¨© �ï¯y®¢  ª ¥ ¢â®®¬®¬y
c«yç î c¨câ¥¬ë (1), ®¯¨à ïcì   â¥®à¥¬ë 1-3 ¨§ [1].

2. �¡é¨© c«yç ©

�¢¥¤¥¬ ®¡®§ ç¥¨ï:

H1(t; x; y; t0) = ('(t; x; y) � '(t0; 0; y))=x; x 6= 0;

H4(t; x; y; t0) = ( (t; x; y) �  (t0; x; 0))=y; y 6= 0;

h2(t0; y) = '(t0; 0; y)=y; y 6= 0; h3(t0; x) =  (t0; x; 0)=x; x 6= 0;

H0

1 (x; y) = sup
t�0

f('(t; x; y) � '(t; 0; y))=xg; x 6= 0;

H0

4 (x; y) = sup
t�0

f( (t; x; y) �  (t; x; 0))=yg; y 6= 0;

h02(y) = '0(y)=jyj; y 6= 0; '0(y) = sup
t�0

j'(t; 0; y)j;

h03(x) =  0(x)=jxj; x 6= 0;  0(x) = sup
t�0

j (t; x; 0)j:

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ c®¢®© ¯®¤¤¥à¦ª¥ �®cc¨©cª®£® ä®¤  äy¤ ¬¥â «ìëx ¨cc«¥¤®¢ ¨©

(ª®¤ ¯à®¥ªâ  97{01{00741).
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�«ï c¨câ¥¬ë (1) à cc¬®âà¨¬ ¤¢  ¢ à¨ â  ®¡®¡é¥ëx yc«®¢¨© � yc -�yà¢¨æ  ¢ ¢¨¤¥ ¥à -
¢¥câ¢ (

H1 +H4 � ��1(x; y) < 0;

H1H4 � h2h3 � �2(x; y) > 0 ¯à¨ t � 0; x 6= 0; y 6= 0
(2)

¨«¨ 8>><
>>:
H0
1 (x; y) < 0 ¯à¨ ¢c¥x x 6= 0; y 2 R;

H0
4 (x; y) < 0 ¯à¨ ¢c¥x y 6= 0; x 2 R;

H0
1H

0
4 � h02h

0
3 > 0 ¯à¨ ¢c¥x x 6= 0; y 6= 0:

(3)

�¥®à¥¬  1. �ycâì ¯à¨ ¥ª®â®à®¬ t0 � 0 ¤«ï c¨câ¥¬ë (1) ¢ë¯®«ïîâcï ®¡®¡é¥ë¥ yc«®-

¢¨ï � yc -�yà¢¨æ  (2) ¨, ªà®¬¥ â®£®, yc«®¢¨ï:
1.

�1(t0; x; y) = sup
t�0

fH1(t; x; y; t0)g � 0 ¯à¨ ¢c¥x x 6= 0; y 2 R;
�2(t0; x; y) = sup

t�0

fH4(t; x; y; t0)g � 0 ¯à¨ ¢c¥x x 2 R; y 6= 0;

2. ¥c«¨ �1(t0; x; 0) = 0 ¤«ï ¥ª®â®à®£® x 6= 0, â® j (t; x; 0)j � 1(x) > 0 ¯à¨ ¢c¥x t � 0; ¥c«¨
�2(t0; 0; y) = 0 ¤«ï ¥ª®â®à®£® y 6= 0, â® j'(t; 0; y)j � 2(y) > 0 ¯à¨ ¢c¥x t � 0;
3. Z �1

0

j'(t0; 0; y)j sign(y)dy = +1;

Z �1
0

j (t0; x; 0)j sign(x)dx = +1:

�®£¤  y«¥¢®¥ à¥è¥¨¥ c¨câ¥¬ë (1) à ¢®¬¥à®  c¨¬¯â®â¨ç¥cª¨ ycâ®©ç¨¢® ¢ æ¥«®¬.

�c«¨ à¥è¥¨ï c¨câ¥¬ë (1) à ¢®¬¥à® ®£à ¨ç¥ë , â® yc«®¢¨¥ 3 ¢ â¥®à¥¬¥ 1 ¬®¦®

®¯ycâ¨âì.

�®ª § â¥«ìcâ¢®. �«ï § ª®¯®câ®ï®©, ¢®®¡é¥ £®¢®àï, äyªæ¨¨

V (t0; x; y) =
Z x

0

j (t0; x; 0)j sign(x)dx+
Z y

0

j'(t0; 0; y)j sign(y)dy � 0

¯à®¨§¢®¤ ï ¢ c¨«y c¨câ¥¬ë (1) ¨¬¥¥â ¢¨¤

_V (t; x; y) = H1jh3jx2 + (h2jh3j+ h3jh2j)xy +H4jh2jy2 ¯à¨ xy 6= 0;

_V (t; x; y) � �1(t0; x; 0)jh3jx2 ¯à¨ x 6= 0; y = 0;

_V (t; x; y) � �2(t0; 0; y)jh2jy2 ¯à¨ x = 0; y 6= 0:

�âcî¤  c yç¥â®¬ yc«®¢¨ï 1 ¨ (2) ¯®«yç ¥¬ _V (t; x; y) � �W (x; y) � 0 ¯à¨ ¢c¥x x; y 2 R, ¯à¨ç¥¬
¬®¦¥câ¢® y«¥© ¯à®¨§¢®¤®© W�1(0) ¬®¦¥â ¡ëâì ¯à¥¤câ ¢«¥® ¢ ¢¨¤¥ W�1(0) = fxy 6= 0 :
h2(t0; y) = 0; h3(t0; x) = 0g [ fx 6= 0; y = 0 : h3(t0; x) = 0g [ fx 6= 0; y = 0 : �1(t0; x; 0) = 0g [ fx =
0; y 6= 0 : h2(t0; y) = 0g[fx = 0; y 6= 0 : �2(t0; 0; y) = 0g[f(0; 0)g =M[My

1 [My
2 [Mx

1 [Mx
2 [f(0; 0)g.

�®¬¯®¥ây c¢ï§®câ¨ ¬®¦¥câ¢  �0 = �[Mx
1 [My

1 [f(0; 0)g, ª®â®à ï c®¤¥à¦¨â  ç «® ª®-
®à¤¨ â, ®¡®§ ç¨¬ �0

0. �ç¥¢¨¤®, çâ® ¬®¦¥câ¢® �
0
0 = V �1(0) ï¢«ï¥âcï ¬®¦¥câ¢®¬ ¯à¥¤¥«ì-

ëx y«¥© äyªæ¨¨ V (t0; x; y) ¨ ¬®¦¥â ¡ëâì â®çª®©, ®âà¥§ª®¬, ¯àï¬®y£®«ì¨ª®¬ ¨«¨ ¤ày£®©
£¥®¬¥âà¨ç¥cª®© ä¨£yà®©, § ¤ ¢ ¥¬®© c®®â®è¥¨ï¬¨ ¢¨¤  M 0

0 = f(x; y) : �1 � a � x � b �
+1; �1 � c � y � d � +1g, £¤¥ ¯ à ¬¥âàë a, b, c, d ï¢«ïîâcï ª®¥çë¬¨ ¨«¨ ¡¥cª®¥çë¬¨
¨ ®¯à¥¤¥«ïîâcï ¯à ¢ë¬¨ ç câï¬¨ c¨câ¥¬ë (1).

�§ yc«®¢¨ï 3 c«¥¤y¥â à ¢®¬¥à ï ¯® ft0; x0; y0g ®£à ¨ç¥®câì ¢c¥x à¥è¥¨© c¨câ¥¬ë (1).
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�  ¬®¦¥câ¢¥ �0 ¡y¤¥¬ ¨¬¥âì

d(x2 + y2)
dt

= 2H1x
2 + 2H4y

2 � 2�1(t0; x; y)x
2 + 2�2(t0; x; y)y

2 < 0; xy 6= 0;

¯®cª®«ìªy ¨§ (2) c«¥¤y¥â, çâ® �1�2 6= 0 ¯à¨ h2h3 = 0;

d(x2 + y2)
dt

� 2H1x
2 � 2�1(t0; x; 0)x

2 < 0 ¯à¨ x 6= 0; y = 0; x =2My
2 ;

d(x2 + y2)
dt

� 2H1x
2 � 2�1(t0; x; 0)x

2 = 0 ¯à¨ x 6= 0; y = 0; x 2My
2 ;

d(x2 + y2)
dt

� 2H4y
2 � 2�2(t0; 0; y)y

2 < 0 ¯à¨ y 6= 0; x = 0; y 62Mx
2 ;

d(x2 + y2)
dt

� 2H4y
2 � 2�2(t0; 0; y)y

2 = 0 ¯à¨ y 6= 0; x = 0; y 2Mx
2 :

�à¨ íâ®¬, ¥c«¨ ¬®¦¥câ¢ M0\My
2 ¨M0\Mx

2 ¥ ¯ycâë, â® ¢c¥ à¥è¥¨ï ¢c¥x ¯à¥¤¥«ìëx c¨câ¥¬
¢c«¥¤câ¢¨¥ yc«®¢¨ï 2 cà §y ¦¥ ¯®ª¨¤ îâ íâ¨ ¬®¦¥câ¢ .

� ª¨¬ ®¡à §®¬,   ¬®¦¥câ¢¥ M0 äyªæ¨ï v(x; y) = x2 + y2 y¤®¢«¥â¢®àï¥â ¢c¥¬ yc«®¢¨ï¬
â¥®à¥¬ë 1 ¨§ [1], ¯®íâ®¬y y«¥¢®¥ à¥è¥¨¥ x = y = 0 c¨câ¥¬ë (1) à ¢®¬¥à®  c¨¬¯â®â¨ç¥cª¨
ycâ®©ç¨¢® ®â®c¨â¥«ì® ¬®¦¥câ¢  �0

0,   ¬®¦¥câ¢® �0n�0
0 ¥ ¡y¤¥â c®¤¥à¦ âì æ¥«ëx âà ¥ª-

â®à¨© ¨ ®¤®© ¯à¥¤¥«ì®© c¨câ¥¬ë.
�  ¬®¦¥câ¢¥ f�y

1nMy
2 gnM 0

0 ¡y¤¥¬ ¨¬¥âì d(x2)=dt = 2x2H1 � 2x2�1(t0; x; 0) < 0, ¯®íâ®¬y ¢
íâ®¬ ¬®¦¥câ¢¥ ¥â æ¥«ëx ¯®«®¦¨â¥«ìëx ¯®«yâà ¥ªâ®à¨© ¯à¥¤¥«ìëx c¨câ¥¬.

�  ¬®¦¥câ¢¥ �y
2 ¢c«¥¤câ¢¨¥ yc«®¢¨ï 2 ¢c¥ à¥è¥¨ï ¢c¥x ¯à¥¤¥«ìëx c¨câ¥¬ ¥ ¡y¤yâ ¨¬¥âì

ª®â ªâ  c íâ¨¬ ¬®¦¥câ¢®¬.
�«ï ¬®¦¥câ¢ Mx

1 ¨ Mx
2 ¢ c¨«y c¨¬¬¥âà¨¨ à ccy¦¤¥¨ï   «®£¨çë.

� ª¨¬ ®¡à §®¬, ¢ë¯®«¥ë ¢c¥ yc«®¢¨ï â¥®à¥¬ë 1 ¨§ [1], ccë«ª    ª®â®àyî § ¢¥àè ¥â
¤®ª § â¥«ìcâ¢® â¥®à¥¬ë.

� ¬¥ç ¨¥. �¥®à¥¬  1 ï¢«ï¥âcï à c¯à®câà ¥¨¥¬ â¥®à¥¬ë 1 ¨§ [6] c ¯¥à¨®¤¨ç¥cª®£®   ¥-
 ¢â®®¬ë© c«yç © c â¥¬ «¨èì ¤®¡ ¢«¥¨¥¬, çâ® ¢ ¥© ¥ ä¨ªc¨à®¢ ® § à ¥¥ t0 = 0. �«¥¤yî-
é ï â¥®à¥¬ , ¢ ª®â®à®© ¢¬¥câ® (2) ®¡®¡é¥ë¥ yc«®¢¨ï � yc -�yà¢¨æ  ¨c¯®«ì§yîâcï ¢ ä®à¬¥
(3), ¯®§¢®«ï¥â ®x¢ âë¢ âì ¨ ¢ ¯¥à¨®¤¨ç¥cª®¬ c«yç ¥ ¥ª®â®àë¥ c¨ây æ¨¨, ¢ ª®â®àëx â¥®à¥¬ 
�.�. �y«£ ª®¢  [6] ¥ à ¡®â ¥â.

�¥®à¥¬  2. �ycâì ¤«ï c¨câ¥¬ë (1) ¢ë¯®«ïîâcï ®¡®¡é¥ë¥ yc«®¢¨ï � yc -�yà¢¨æ  (3)
¨, ªà®¬¥ â®£®, Z �1

0

'0(y) sign(y)dy =
Z �1
0

 0(x) sign(x)dx = +1:

�®£¤  y«¥¢®¥ à¥è¥¨¥ c¨câ¥¬ë (1) à ¢®¬¥à®  c¨¬¯â®â¨ç¥cª¨ ycâ®©ç¨¢® ¢ æ¥«®¬.

�c«¨ ª ª¨¬-«¨¡® ®¡à §®¬ ycâ ®¢«¥  à ¢®¬¥à ï ®£à ¨ç¥®câì à¥è¥¨© c¨câ¥¬ë (1),
â® yc«®¢¨¥ à cx®¤¨¬®câ¨ ¨â¥£à «®¢ ¬®¦® ®¯ycâ¨âì.

�®ª § â¥«ìáâ¢®. �«ï äyªæ¨¨

V (x; y) =
Z x

0

 0(x) sign(x)dx+
Z y

0

'0(y) sign(y)dy � 0
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c yç¥â®¬ (3) ¨¬¥¥¬

_V (t; x; y) � H0

1h
0

3x
2 + 2h02h

0

3jxyj+H0

4h
0

2y
2 ¯à¨ xy 6= 0;

_V (t; x; y) � H0

1
h0
3
x2 ¯à¨ x 6= 0; y = 0;

_V (t; x; y) � H0

4h
0

2y
2 ¯à¨ x = 0; y 6= 0:

�âcî¤    ®c®¢ ¨¨ (3) ¯®«yç ¥¬ _V (t; x; y) � �W (x; y) � 0, ¯à¨ç¥¬ W�1(0) = f(x; y) : h03(x) =
0; h02(y) = 0g [ fx = 0; h02(y) = 0g [ fy = 0; h03(x) = 0g [ f(0; 0)g. �  ¬®¦¥câ¢¥ W�1(0) ¤«ï
äyªæ¨¨ v(x; y) = x2 + y2 ¡y¤¥¬ ¨¬¥âì ®æ¥ªy _v(t; x; y) � 2H0

1x
2 + 2H0

4y
2 < 0 ¯à¨ x2 + y2 6= 0.

� ª¨¬ ®¡à §®¬, ¯à¨ yc«®¢¨ïx â¥®à¥¬ë 2 äyªæ¨¨ V (x; y) ¨ v(x; y) ¡y¤yâ y¤®¢«¥â¢®àïâì ¢c¥¬
yc«®¢¨ï¬ â¥®à¥¬ë 3 ¨§ [1], ccë«ª    ª®â®àyî ¨ § ¢¥àè ¥â ¤®ª § â¥«ìcâ¢®.

� ¬¥ç ¨¥. �c«¨ yc«®¢¨ï (3) ¢ë¯®«ïîâcï ¢ yc¨«¥®¬ ¢¨¤¥

H0

1 (x; y) � ��(x2 + y2) ¯à¨ ¢c¥x x 6= 0; y 2 R;
H0

4 (x; y) � ��(x2 + y2) ¯à¨ ¢c¥x x 2 R; y 6= 0;

£¤¥ äyªæ¨ï �(r) 2 K,   ¯®câ®ï ï �¨¯è¨æ  L(r) â ª®¢ , çâ® (L(r)=(r�(r)))! 0 ¯à¨ r ! +1,
â® yc«®¢¨ï à cx®¤¨¬®câ¨ ¨â¥£à «®¢ ¢ â¥®à¥¬¥ 2 ¬®¦® ®¯ycâ¨âì.

3. �«yç ©  c¨¬¯â®â¨ç¥cª¨  ¢â®®¬®© c¨câ¥¬ë

�ycâì ¯à ¢ë¥ ç câ¨ c¨câ¥¬ë (1) â ª®¢ë, çâ® ¤«ï «î¡ëx (x; y) 2 R2 cyé¥câ¢yîâ ¯à¥¤¥«ë

lim
t!+1

'(t; x; y) = '0(x; y); lim
t!+1

 (t; x; y) =  0(x; y):

� íâ®¬ c«yç ¥ c¨câ¥¬y (1)  §ë¢ îâ  c¨¬¯â®â¨ç¥cª¨  ¢â®®¬®© ([7], c. 22),   c¨câ¥¬ 

_x = '0(x; y); _y =  0(x; y) (4)

¡y¤¥â ¥¤¨câ¢¥®© ¯à¥¤¥«ì®© c¨câ¥¬®© ¤«ï (1). �à ¢ ï ç câì c¨câ¥¬ë (4), ®ç¥¢¨¤®, ¯à¨ ¤-
«¥¦¨â ª« ccy Lip(2; 1), ¯à¨ç¥¬ ¯®câ®ï ï �¨¯è¨æ  L(r) â  ¦¥, çâ® ¨ ¤«ï c¨câ¥¬ë (1).

�¥®à¥¬  3. �«ï â®£® çâ®¡ë y«¥¢®¥ à¥è¥¨¥  c¨¬¯â®â¨ç¥cª¨  ¢â®®¬®© c¨câ¥¬ë (1)
¡ë«® à ¢®¬¥à®  c¨¬¯â®â¨ç¥cª¨ ycâ®©ç¨¢ë¬ ¢ æ¥«®¬, ¥®¡x®¤¨¬® ¨ ¤®câ â®ç® ¢ë¯®«¥¨ï

yc«®¢¨©:

1. y«¥¢®¥ à¥è¥¨¥ c¨câ¥¬ë (4)  c¨¬¯â®â¨ç¥cª¨ ycâ®©ç¨¢® ¯® �ï¯y®¢y («®ª «ì®);
2. ®¡« câì ¯à¨âï¦¥¨ï ([8], c. 34) y«¥¢®£® à¥è¥¨ï c¨câ¥¬ë (4) ¥®£à ¨ç¥ ;
3. c¨câ¥¬  (4) ¨¬¥¥â ¥¤¨câ¢¥®¥ c®câ®ï¨¥ à ¢®¢¥c¨ï x = y = 0;
4. ¢c¥ à¥è¥¨ï c¨câ¥¬ë (1) ®£à ¨ç¥ë ¯à¨ t � t0 à ¢®¬¥à® ¯® ft0; x0; y0g.
�®ª § â¥«ìáâ¢®. �  ®c®¢ ¨¨ c«¥¤câ¢¨ï 1 ¨§ [1] ¤«ï ¤®ª § â¥«ìcâ¢  â¥®à¥¬ë 3  ¤® ycâ -

®¢¨âì â®«ìª®, çâ® ¯à¨ yc«®¢¨ïx 1{4 y«¥¢®¥ à¥è¥¨¥ c¨câ¥¬ë (4) ¡y¤¥â à ¢®¬¥à®  c¨¬¯â®â¨-
ç¥cª¨ ycâ®©ç¨¢ë¬ ¢ æ¥«®¬. �¥®¡x®¤¨¬®câì ª ¦¤®£® ¨§ yc«®¢¨© 1{3 ¤«ï íâ®£® ®ç¥¢¨¤ , ¯®íâ®¬y
¡y¤¥¬ ¤®ª §ë¢ âì â®«ìª® ¤®câ â®ç®câì.

�§ yc«®¢¨ï 4 c«¥¤y¥â ([7], c. 23), çâ® ¢c¥ à¥è¥¨ï c¨câ¥¬ë (4) ®£à ¨ç¥ë ¯à¨ t � t0.
�à¥¤¯®«®¦¨¬ ®â ¯à®â¨¢®£®, çâ® yc«®¢¨ï 1{3 ¢ë¯®«¥ë,   £«®¡ «ì®©  c¨¬¯â®â¨ç¥cª®©

ycâ®©ç¨¢®câ¨ ¢ c¨câ¥¬¥ (4) ¥â. �â® ®§ ç ¥â, çâ® ®¡« câì ¯à¨âï¦¥¨ïA 6= R2 ¨ @A 6= ;. �®§ì¬¥¬
(x0; y0) 2 @A â ª, çâ®¡ë ®  ¡ë«  ¡«¨¦ ©è¥© â®çª®© @A ª  ç «y ª®®à¤¨ â x = y = 0 (¥c«¨
â ª¨x â®ç¥ª ¥cª®«ìª®, â® ¡¥à¥¬ «î¡yî ¨§ ¨x). �§ cª § ®£® ¢ëè¥ c«¥¤y¥â ®£à ¨ç¥®câì
¢ëx®¤ïé¥£® ¨§ íâ®© â®çª¨ à¥è¥¨ï c¨câ¥¬ë (4), ¯®íâ®¬y ¥£® ¬®¦¥câ¢® !-¯à¥¤¥«ìëx â®ç¥ª

(x0; y0) ¥ ¯ycâ® ¨ ¢ c¨«y § ¬ªyâ®câ¨ ¨ ¨¢ à¨ â®câ¨ @A ([8], c. 35) ¡y¤¥â 
(x0; y0) � @A.
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�®£« c® â¥®à¨¨ ¤¨ ¬¨ç¥cª¨x c¨câ¥¬   ¯«®cª®câ¨ ([9], c. 49) 
(x0; y0) «¨¡® c®¤¥à¦¨â â®çªy
¯®ª®ï (�x; �y) c¨câ¥¬ë (4), «¨¡® ï¢«ï¥âcï § ¬ªyâ®© ªà¨¢®©   ¯«®cª®câ¨. �¥à¢ë© c«yç © ®â¯ ¤ ¥â
ª ª ¯à®â¨¢®à¥ç é¨© yc«®¢¨î 3. �® ¢â®à®¬ c«yç ¥ ¨§ yc«®¢¨ï 2 c«¥¤y¥â, çâ® ªà¨¢ ï 
(x0; y0)
¥ ¬®¦¥â ®ªày¦ âì  ç «® ª®®à¤¨ â,   ¯®cª®«ìªy ®  § ¬ªyâ , â® ¢yâà¨ ¥¥ ®¡ï§ â¥«ì®
¨¬¥¥âcï ([9], c. 50) c®câ®ï¨¥ à ¢®¢¥c¨ï (�x; �y) c¨câ¥¬ë (4), ¯à¨ç¥¬ ¯® ¯®câà®¥¨î (�x; �y) 6= (0; 0),
â. ª. �x2 + �y2 � x20 + y20 > 0. �®¢ì ¯®«yç¨«¨ ¯à®â¨¢®à¥ç¨¥ c yc«®¢¨¥¬ 3.

� ¬¥ç ¨¥ 1. �c«¨ ¢c¥ yc«®¢¨ï â¥®à¥¬ë 3 ¢ë¯®«¥ë «¨èì ¢ ¥ª®â®à®© ¯®«®¦¨â¥«ì®
¨¢ à¨ â®© ®¡« câ¨ D � R+�R2, â® íâ  ®¡« câì æ¥«¨ª®¬ c®¤¥à¦¨âcï ¢ ®¡« câ¨ ¯à¨âï¦¥¨ï.

� ¬¥ç ¨¥ 2. �¥®à¥¬  3 ®¡®¡é ¥â   c«yç ©  c¨¬¯â®â¨ç¥cª¨  ¢â®®¬ëx c¨câ¥¬ ªà¨â¥à¨©
£«®¡ «ì®© ycâ®©ç¨¢®câ¨ �.�.�ày£¨  ([10], â¥®à¥¬  8) ¤«ï  ¢â®®¬ëx c¨câ¥¬.

� ¬¥ç ¨¥ 3. � ª ¯®ª §ë¢ ¥â ¯à¨¬¥à âà¥x¬¥à®© c¨câ¥¬ë

_x1 = �x1 + x2 + 2x1(x21 + x22)� x1(x21 + x22)
2;

_x2 = �x1 � x2 + 2x2(x21 + x22)� x2(x21 + x22)
2;

_x3 = �x3;
¤«ï ª®â®à®© yc«®¢¨ï 1{4 ¢ë¯®«¥ë,   £«®¡ «ì®©  c¨¬¯â®â¨ç¥cª®© ycâ®©ç¨¢®câ¨ ¥â |-
®¡« câì ¯à¨âï¦¥¨ï A = f(x1; x2; x3) : x21 + x22 < 1g, â¥®à¥¬  3 ¤«ï c¨câ¥¬ ¢ëè¥ ¢â®à®£® ¯®-
àï¤ª , ¢®®¡é¥ £®¢®àï, ¥c¯à ¢¥¤«¨¢ .

� ¬¥ç ¨¥ 4. �¥c¬®âàï   ª ç¥câ¢¥ë© x à ªâ¥à, â¥®à¥¬  3 ¬®¦¥â ¢ëcây¯ âì ¨ ª ª ¯®-
«¥§ë© ¨câày¬¥â ¤«ï ¨cc«¥¤®¢ ¨ï ª®ªà¥âëx c¨câ¥¬. �â® c¢ï§ ® c â¥¬, çâ® ¥¥ yc«®¢¨ï
¬®£yâ ¢® ¬®£¨x c«yç ïx ¯à®¢¥àïâìcï ¯® ¯à ¢ë¬ ç câï¬ (1) ¨ (4). � ª, yc«®¢¨¥ 1 ¬®¦® ¯à®-
¢¥àïâì ¯® «¨¥©®© ç câ¨ (4), yc«®¢¨¥ 2 â ª¦¥ ¬®¦® ¯à®¢¥à¨âì ¯® ¯à ¢ë¬ ç câï¬ [11], â® ¦¥
¬®¦® cª § âì ¨ ® ¤ày£¨x yc«®¢¨ïx.

4. �à¨¬¥àë

�à¨¬¥à 1. �«ï ¯¥à¨®¤¨ç¥cª®© c¨câ¥¬ë

_x = �x3 + y3 cos t; _y = 2x3 sin t� 3y3

¨¬¥¥¬ H0
1 = �x2, H0

4 = �3y2, h02 = y2, h03 = 2x2, H0
1H

0
4 � h02h

0
3 = x2y2 > 0 ¯à¨ xy 6= 0. �c«®-

¢¨ï â¥®à¥¬ë 2 ¢ë¯®«¥ë, ¯®íâ®¬y y«¥¢®¥ à¥è¥¨¥ íâ®© c¨câ¥¬ë à ¢®¬¥à®  c¨¬¯â®â¨ç¥cª¨
ycâ®©ç¨¢® ¢ æ¥«®¬. �â¬¥â¨¬, çâ® â¥®à¥¬  �.�. �y«£ ª®¢  [6] (  â ª¦¥ â¥®à¥¬  1) §¤¥cì ¥ ¯à¨-
¬¥¨¬ , ¯®cª®«ìªy H1 = (�x3 + y3 cos t � y3)=x ¬®¦¥â ¯à¨¨¬ âì ¯à¨ ¬ «ëx jxj cª®«ì y£®¤®
¡®«ìè¨¥ ¯® ¬®¤y«î § ç¥¨ï à §ëx § ª®¢.

�à¨¬¥à 2. �à ¢¥¨¥ ¢â®à®£® ¯®àï¤ª 

�x+ f(t; x) _x+ g(t; x) = 0 (5)

®¯¨cë¢ ¥â ¤¢¨¦¥¨¥ ¬ â¥à¨ «ì®© â®çª¨ ¯®¤ ¤¥©câ¢¨¥¬ ¥câ æ¨® àëx c¨« c®¯à®â¨¢«¥¨ï â¨-
¯  ¢ï§ª®£® âà¥¨ï ¨ ¥câ æ¨® à®© ¢®ccâ  ¢«¨¢ îé¥© c¨«ë. �à¥¤¯®«®¦¨¬, çâ® ¢ë¯®«ïîâcï
c®®â¢¥âcâ¢yîé¨¥ ä¨§¨ç¥cª®© ¯à¨à®¤¥ c¨« yc«®¢¨ï(

0 < f1 � f(t; x) � f2 < +1 ¯à¨ ¢c¥x t � 0; x 2 R;
0 < g1x

2 � xg(t; x) � g2x
2 ¯à¨ ¢c¥x t � 0; x 6= 0:

(6)

�¤¥cì fi; gi, i = 1; 2, | ¯®«®¦¨â¥«ìë¥ ¯®câ®ïë¥.
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�®§ì¬¥¬ 0 < � < f1 ¨ c¤¥« ¥¬ § ¬¥y ¯¥à¥¬¥ëx x1 = x, x2 = �x+ _x. �®£¤  yà ¢¥¨¥ (5)
§ ¯¨è¥âcï ¢ ¢¨¤¥ c¨câ¥¬ë(

_x1 = ��x1 + x2;

_x2 = [��2 + �f(t; x1)� g(t; x1)=x1]x1 + [�� f(t; x1)]x2:
(7)

�à¨¬¥ïï ª c¨câ¥¬¥ (7) â¥®à¥¬y 2, ¯®«yç ¥¬ c«¥¤yîé¨© à¥§y«ìâ â. �c«¨ ¢ë¯®«¥ë yc«®¢¨ï
(6) ¨ ¯®câ®ïë¥ fi ¨ gi y¤®¢«¥â¢®àïîâ ¯à¨ ¥ª®â®à®¬ 0 < � < f1 ¥à ¢¥câ¢ ¬

�(f2 � f1) < g1 � g2 < 2�(f1 � �); (8)

â® à¥è¥¨¥ x = _x = 0 yà ¢¥¨ï (5) à ¢®¬¥à®  c¨¬¯â®â¨ç¥cª¨ ycâ®©ç¨¢® ¢ æ¥«®¬.
�«ï c«yç ï, ª®£¤  f(t; x) = f1 = const > 0, yc«®¢¨ï (8) c¢®¤ïâcï ª ¥à ¢¥câ¢y 2g2 < f 21 ¨

c®¢¯ ¤ îâ c yc«®¢¨ï¬¨, ¢ëâ¥ª îé¨¬¨ ¨§ â¥®à¥¬ë 1 [12] ¯à¨ ¤®¯®«¨â¥«ì®¬ ¯à¥¤¯®«®¦¥¨¨ ®
¯¥à¨®¤¨ç®câ¨ äyªæ¨¨ g(t; x) ¯® t.

�à ¢¥¨ï â¨¯  (5) ¨cc«¥¤®¢ «¨cì ¢ æ¥«®¬ àï¤¥ à ¡®â, c¬.,  ¯à., [13], £¤¥ ¨¬¥¥âcï ¡¨¡«¨®£à -
ä¨ï ¯® ¤ ®¬y ¢®¯à®cy. �c®¡¥®câì yc«®¢¨© (6), (8) c®câ®¨â ¢ â®¬, çâ® ®¨ ¥  ª« ¤ë¢ îâ
®£à ¨ç¥¨©   ¯à®¨§¢®¤yî äyªæ¨¨ g(t; x) ¯® t, ª®â®àë¥ ®¡ëç® ä¨£yà¨àyîâ ¢ yc«®¢¨ïx
ycâ®©ç¨¢®câ¨ [13].

�â¬¥â¨¬ â ª¦¥, çâ® ¥à ¢¥câ¢  (8) ¥ ï¢«ïîâcï ¥®¡x®¤¨¬ë¬¨ ¤«ï £«®¡ «ì®© ycâ®©ç¨-
¢®câ¨. �c«¨ g(t; x) = g(x) ¥ § ¢¨c¨â ®â t, â®, ¯à¨¬¥ïï ª yà ¢¥¨î (5) â¥®à¥¬y 1,  x®¤¨¬, çâ®
yc«®¢¨ï (6) ®¡¥c¯¥ç¨¢ îâ £«®¡ «ìyî  c¨¬¯â®â¨ç¥cªyî ycâ®©ç¨¢®câì, ®¤ ª® ¢ c«yç ¥ ¥câ -
æ¨® à®© g(t; x) ¢®¯à®c ®câ ¥âcï ®âªàëâë¬.

� «¨â¨ç¥cª¨¥ ¢®§¬®¦®câ¨ â¥®à¥¬ë 3 ¯à®¨««îcâà¨ày¥¬   c«¥¤yîé¥¬ ¯à¨¬¥à¥.

�à¨¬¥à 3. � cc¬®âà¨¬ c¨câ¥¬y(
_x = �ax(1 + y2)�1 + 2by(1 + y2)�2 = f1(x; y);

_y = (cx� (1 + x2)y2m+1) cos2(�x=2) = f2(x; y);
(9)

£¤¥ a, b, c | ¢¥é¥câ¢¥ë¥ ¯ à ¬¥âàë, m � 0 | æ¥«®¥ ç¨c«®. � ¤ ç  c®câ®¨â ¢ c«¥¤yîé¥¬:
¢ ¯à®câà câ¢¥ ¯ à ¬¥âà®¢ R3 = f(a; b; c)g  ©â¨ G | ®¡« câì £«®¡ «ì®©  c¨¬¯â®â¨ç¥cª®©
ycâ®©ç¨¢®câ¨ y«¥¢®£® à¥è¥¨ï c¨câ¥¬ë (9).

�y¤¥¬ ¯®c«¥¤®¢ â¥«ì® ¯à®¢¥àïâì yc«®¢¨ï â¥®à¥¬ë 3.
A1. � à ªâ¥à¨câ¨ç¥cª®¥ yà ¢¥¨¥ ¤«ï «¨¥©®£® ¯à¨¡«¨¦¥¨ï c¨câ¥¬ë (9) ¨¬¥¥â ¢¨¤

�2 + a� � 2bc = 0, ¯®íâ®¬y y«¥¢®¥ à¥è¥¨¥ ¡y¤¥â  c¨¬¯â®â¨ç¥cª¨ ycâ®©ç¨¢ë¬ ¯® «¨¥©®¬y
¯à¨¡«¨¦¥¨î ¯à¨ a > 0, bc < 0:

A2. @f1=@x1+@f2=@x2 = �a(1+y2)�1�y2m(2m+1)(1+x2) cos2(�x=2) � 0, ¯®íâ®¬y   ®c®¢ ¨¨
[11] ®¡« câì ¯à¨âï¦¥¨ï y«¥¢®£® à¥è¥¨ï c¨câ¥¬ë (9) ¥®£à ¨ç¥ .

A3. �®ª ¦¥¬, çâ® ¯à¨ a > 0, bc < 0, jbj < a y c¨câ¥¬ë (9) ¡y¤¥â â®«ìª® ®¤® c®câ®ï¨¥
à ¢®¢¥c¨ï x = y = 0.

�¥©câ¢¨â¥«ì®, ªà¨¢ ï 1 = ff1 = 0g à c¯®«®¦¥  ¯à¨ b > 0 ¢® ¢â®à®¬ ¨ ç¥â¢¥àâ®¬ ª¢ -
¤à â x. � ªc¨¬ «ì®¥ § ç¥¨¥ ª®®à¤¨ âë x   íâ®© ªà¨¢®© ¤®câ¨£ ¥âcï ¯à¨ jyj = 1 ¨ à ¢®
�x = jbj=a. �¥è¥¨ï yà ¢¥¨ï f2(x; y) = 0 ¤ îâcï â®çª ¬¨ ¯àï¬ëx 2k = fx = 1 + 2k; k 2 Zg ¨
ªà¨¢®© 02 = fcx� (1 + x2)y2m+1 = 0g, à c¯®«®¦¥®© ¯à¨ c > 0 ¢ ¯¥à¢®¬ ¨ âà¥âì¥¬ ª¢ ¤à â x,
¯à¨ c < 0 | ¢® ¢â®à®¬ ¨ ç¥â¢¥àâ®¬ ª¢ ¤à â x. �à¨ jbj < a ¡y¤¥â �x < 1, ¯®íâ®¬y ªà¨¢ ï 1
¥ ¯¥à¥c¥ª ¥âcï c ¯àï¬ë¬¨ 2k. � â ª ª ª bc < 0, â® ªà¨¢ë¥ 1 ¨ 02 à c¯®«®¦¥ë ¢ à §ëx
ª¢ ¤à â x ¨ ¯¥à¥c¥ª îâcï â®«ìª® ¢ â®çª¥ x = y = 0.

A4. � cc¬ âà¨¢ ï ¯à®¨§¢®¤ë¥ ®â äyªæ¨© v1 = x2 ¨ v2 = jyj, «¥£ª® ¬®¦® ¯®ª § âì, çâ®
c¨câ¥¬  (9) ycâ®©ç¨¢  ¯® � £à ¦y ¯à¨ t! +1, ¥c«¨ a > 0.
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� ª¨¬ ®¡à §®¬, ¯à¨ a > 0, bc < 0, jbj < a ¢ë¯®«¥ë ¢c¥ yc«®¢¨ï â¥®à¥¬ë 3, ¯®íâ®¬y ¯à¨
¢ë¯®«¥¨¨ íâ¨x ¥à ¢¥câ¢ y«¥¢®¥ à¥è¥¨¥ c¨câ¥¬ë (9) £«®¡ «ì®  c¨¬¯â®â¨ç¥cª¨ ycâ®©ç¨¢®.

� c«yç ¥, ª®£¤  a < 0 ¨«¨ bc > 0, x à ªâ¥à¨câ¨ç¥cª®¥ yà ¢¥¨¥ ¤«ï «¨¥©®£® ¯à¨¡«¨¦¥¨ï
c¨câ¥¬ë (9) ¨¬¥¥â ª®à¨ c ¯®«®¦¨â¥«ì®© ¢¥é¥câ¢¥®© ç câìî, ¯®íâ®¬y ¢ íâ®¬ c«yç ¥ y«¥¢®¥
à¥è¥¨¥ c¨câ¥¬ë (9) ¥ycâ®©ç¨¢®.

�câ «®cì à cc¬®âà¥âì c«yç ¨: 1) a = 0, b, c ¯à®¨§¢®«ìë; 2) a > 0, b = 0, c ¯à®¨§¢®«ì®;
3) a > 0, c = 0, b ¯à®¨§¢®«ì®; 4) a > 0, jbj � a, c ¯à®¨§¢®«ì®.

� c«yç ¥ 1) c¨câ¥¬  (9) ¨¬¥¥â ¥y«¥¢ë¥ c®câ®ï¨ï à ¢®¢¥c¨ï x = 1 + 2k, y = 0, k 2 Z,
¯®íâ®¬y y«¥¢®¥ à¥è¥¨¥ ¥ ï¢«ï¥âcï  c¨¬¯â®â¨ç¥cª¨ ycâ®©ç¨¢ë¬ ¢ æ¥«®¬.

� c«yç ¥ 4) c¨câ¥¬  (9) ¨¬¥¥â ¥y«¥¢ë¥ c®câ®ï¨ï à ¢®¢¥c¨ï   ¯¥à¥c¥ç¥¨¨ ªà¨¢®© 1 ¨
¯àï¬ëx 20 ¨ 2;�1, ¯®íâ®¬y ¢ íâ®¬ c«yç ¥ £«®¡ «ì ï  c¨¬¯â®â¨ç¥cª ï ycâ®©ç¨¢®câì â ª¦¥ ¥
¨¬¥¥â ¬¥câ .

� c«yç ïx 2) ¨ 3) y«¥¢®¥ à¥è¥¨¥ ¡y¤¥â  c¨¬â®â¨ç¥cª¨ ycâ®©ç¨¢® ¢ æ¥«®¬, ¢ ç¥¬ ¥âày¤®
y¡¥¤¨âìcï c ¯®¬®éìî ���� V1 = x2 ¨ V2 = y2 c®®â¢¥âcâ¢¥®, ¨c¯®«ì§yï â¥®à¥¬y 1 ¨§ [1].

�â ª, â¥®à¥¬  3 ¯®§¢®«ï¥â ¢ íâ®¬ ¯à¨¬¥à¥ ¯®«®câìî ®¯¨c âì ®¡« câì £«®¡ «ì®©  c¨¬¯â®-
â¨ç¥cª®© ycâ®©ç¨¢®câ¨ ¢ ¯à®câà câ¢¥ ¯ à ¬¥âà®¢

G = f(a; b; c) : a > 0; bc � 0; jbj < ag: (10)

�â¬¥â¨¬, çâ® ¢ ¤ ®¬ ¯à¨¬¥à¥ ®¡®¡é¥ë¥ yc«®¢¨ï � yc -�yà¢¨æ  H1H4�h2h3 > 0 ¥ ¢ë¯®«-
ïîâcï, ¯®íâ®¬y c®®â¢¥âcâ¢yîé¨¥ â¥®à¥¬ë ¨§ [3]{[6] ¥ ¯à¨¬¥¨¬ë.

�¤®«ì «®¬ ®© l, c®¥¤¨ïîé¥© â®çª¨ (0; 0)�(1; 0)�(1;+1), ¥ ¢ë¯®«ï¥âcï ®æ¥ª  f 21 (x; y)+
f 22 (x; y) � k(x2 + y2), k = const > 0, ¯®íâ®¬y â¥®à¥¬  25.2 �.�.�à c®¢cª®£® [7] â ª¦¥ ¥ ¯à¨¬¥-
¨¬ .

�®cª®«ìªyZ +1

0

fmin
q
f 21 + f 22 :

p
x2 + y2 = �gd� �

�
Z
l

fmin
q
f 21 + f 22 :

p
x2 + y2 = �gd� �

p
a2 + c2 + 0:5 a+ jbj < +1;

â® â¥®à¥¬  �«¥x  ([14], c. 641) §¤¥cì â ª¦¥ ¥ ¯à¨¬¥¨¬ .
�à¨ m = 0 c¨câ¥¬  (14) ï¢«ï¥âcï ¯® â¥à¬¨®«®£¨¨ �.�.�à¥ç¥â®¢  [15] c¨câ¥¬®© 6-£® ª« cc .

�à¥¤«®¦¥ ï ¢ [15] ª®câàyªæ¨ï äyªæ¨¨ �ï¯y®¢  ¤«ï c¨câ¥¬ 6-£® ª« cc  à ¡®â ¥â â®«ìª®
¯à¨ ¢ë¯®«¥¨¨ ®¡®¡é¥ëx yc«®¢¨© � yc -�yà¢¨æ , ¯®íâ®¬y ª c¨câ¥¬¥ (9) ¥ ¯à¨¬¥¨¬ .

� ¬¥ç ¨¥. �c«¨ ¢ c¨câ¥¬¥ (9) a, b ¨ c ï¢«ïîâcï ¥¯à¥àë¢ë¬¨ äyªæ¨ï¬¨ ¢à¥¬¥¨ t,
¨¬¥îé¨¬¨ ª®¥çë¥ ¯à¥¤¥«ë ¯à¨ t ! +1, â® â®ç®¥ ®¯¨c ¨¥ ®¡« câ¨ £«®¡ «ì®©  c¨¬¯â®-
â¨ç¥cª®© ycâ®©ç¨¢®câ¨ ¯®-¯à¥¦¥¬y ¤ ¥âcï c®®â®è¥¨¥¬ (10), ¢ ª®â®à®¥ ¢¬¥câ® a, b, c  ¤®
¯®¤câ ¢¨âì ¨x ¯à¥¤¥«ìë¥ § ç¥¨ï.

�à¨¬¥à 4. �à®¤®«ì®¥ ¢®§¬yé¥®¥ ¤¢¨¦¥¨¥ «¥â â¥«ì®£®  ¯¯ à â  ¢ à¥¦¨¬¥ ¯« ¨à®-
¢ ¨ï c ¡®«ìè¨¬ y£«®¬  â ª¨ ¯à¨ \§ ¦ âëx" ày«ïx ®¯¨cë¢ ¥âcï c¨câ¥¬®© ¤¢yx ¤¨ää¥à¥æ¨-
 «ìëx yà ¢¥¨© [16]8><

>:
_x = a11x+ a12y + b10x

2 + c10x
3 = f1(x; y);

_y = a21x+ a22y +
2P

i=0

b2ix
2�iyi +

3P
i=0

c2ix
3�iyi = f2(x; y);

(11)

£¤¥ x| ¢®§¬yé¥¨¥ ¯® y£«y  â ª¨, y | ¢®§¬yé¥¨¥ ¯® y£«®¢®© cª®à®câ¨ â £ ¦ . � à ¡®â¥ [16]
¯®câ ¢«¥  c«¥¤yîé ï § ¤ ç : ¢ë¤¥«¨âì ¢ ¯à®câà câ¢¥ ª®íää¨æ¨¥â®¢ R13 â ª®¥ ¬®¦¥câ¢®
G0, çâ® G0 � G, â. ¥. ¯®câà®¨âì ¢yâà¥îî ®æ¥ªy ®¡« câ¨ £«®¡ «ì®©  c¨¬¯â®â¨ç¥cª®© ycâ®©-
ç¨¢®câ¨ G ¤«ï c¨câ¥¬ë (11).
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�«ï à¥è¥¨ï íâ®© § ¤ ç¨ ¢ [16] ¡ë«® ¯à¥¤«®¦¥® câà®¨âì äyªæ¨¨ �ï¯y®¢  ¢ ª« cc¥ ª¢ -
¤à â¨çëx ä®à¬ ¨ ¯®«yç âì ®æ¥ª¨ G0 ¢ ¢¨¤¥ yc«®¢¨© § ª®®¯à¥¤¥«¥®câ¨ ¯à®¨§¢®¤®© íâ®©
äyªæ¨¨ ¢ c¨«y c¨câ¥¬ë (11). � ª®© ¯®¤x®¤ ¯®§¢®«ï¥â ¯à¨ § ¤ ®¬  ¡®à¥ ª®íää¨æ¨¥â®¢ ¯à®-
¢¥àïâì ¥£® ¯à¨ ¤«¥¦®câì ¬®¦¥câ¢y G0,   â ª¦¥  «£®à¨â¬¨ç¥cª¨ câà®¨âì c¥ç¥¨ï ¬®¦¥câ¢ 
G0.

�®ª ¦¥¬, çâ® â¥®à¥¬  3 ¯®§¢®«ï¥â ¯®«yç¨âì   «¨â¨ç¥cªyî ®æ¥ªy G1 � G ¢ ¢¨¤¥ ï¢® § -
¯¨cë¢ ¥¬ëx ¥à ¢¥câ¢   ª®íää¨æ¨¥âë c¨câ¥¬ë (11). �â  ®æ¥ª  ¤®¯®«ï¥â à¥§y«ìâ âë [16]
¢ â®¬ ¯« ¥, çâ® ®¡ê¥¤¨¥¨¥ ®æ¥®ª G0[G1 ¡y¤¥â § ¢¥¤®¬® ¡«¨¦¥ ª â®ç®© ®¡« câ¨ G, ç¥¬ ª -
¦¤ ï ¨§ ®æ¥®ª ¢ ®â¤¥«ì®câ¨ ¨, ªà®¬¥ â®£®,   «¨â¨ç¥cª¨¥ ®æ¥ª¨ ¬®£yâ ®ª § âìcï ¯®«¥§ë¬¨
¯à¨ ¢ë¡®à¥ ª®câàyªâ¨¢ëx ¯ à ¬¥âà®¢ «¥â â¥«ì®£®  ¯¯ à â , ®¯à¥¤¥«ïîé¨x ª®íää¨æ¨¥âë
c¨câ¥¬ë (11).

�«ï ¯®«yç¥¨ï ®æ¥ª¨ G1 ¡y¤¥¬ ¯®c«¥¤®¢ â¥«ì® ¯à®¢¥àïâì yc«®¢¨ï â¥®à¥¬ë 3 ¤«ï c¨câ¥¬ë
(11).

B1. �c«¨ ¢ë¯®«ïîâcï ¥à ¢¥câ¢ 

a11 + a22 < 0; a11a22 + a12a21 > 0; (12)

â® y«¥¢®¥ à¥è¥¨¥ c¨câ¥¬ë (11)  c¨¬¯â®â¨ç¥cª¨ ycâ®©ç¨¢® ¯® «¨¥©®¬y ¯à¨¡«¨¦¥¨î.
B2.

@f1=@x+ @f2=@y = (a11 + a22) + [(2b10 + b21)x+ 2b22y] +

+[(3c10 + c21)x
2 + 2c22xy + 3c23y

2] = L0 + L1(x; y) + L2(x; y): (13)

�¢ ¤à â¨ç ï c®câ ¢«ïîé ï L2(x; y) ¡y¤¥â ®¯à¥¤¥«¥®-®âà¨æ â¥«ì®© ¯à¨ ¢ë¯®«¥¨¨ ¥à -
¢¥câ¢

c23 < 0; � = 3c23(3c10 + c21)� c222 > 0: (14)

�à¨ ¢ë¯®«¥¨¨ (14) ¢ëà ¦¥¨¥ (13) ¤®câ¨£ ¥â c¢®¥£® ¬ ªc¨¬ «ì®£® ¯® (x; y) 2 R2 § ç¥¨ï
�, ¢ëç¨c«ï¥¬®£® ¯® ä®à¬y«¥

� = a11 + a22 +
b222c

2
22(3c10 + c21)

�2
�

�3c23(2b10 + b21)2 � 4c22b22(2b10 + b21) + 4b222(3c10 + c21)
4�

:

� ª¨¬ ®¡à §®¬, ¥c«¨ ¢ë¯®«ïîâcï ¥à ¢¥câ¢  (14) ¨

� � 0; (15)

â® ®¡« câì ¯à¨âï¦¥¨ï y«¥¢®£® à¥è¥¨ï (11) ¥®£à ¨ç¥  [11].
B3. �c«¨ a12 = 0, â®, ¨c¯®«ì§yï äyªæ¨¨ V (t; x; y) = x2 ¨ v(t; x; y) = y2, c ¯®¬®éìî â¥®à¥¬ë

2 ¨§ [1] «¥£ª®  ©¤¥¬ â®çyî ®¡« câì G, ¯®íâ®¬y ¤ «¥¥ à cc¬®âà¨¬ â®«ìª® ¡®«¥¥ ¨â¥à¥cë©
c«yç © a12 6= 0. � íâ®¬ c«yç ¥ ¯® â¥®à¥¬¥ ® ¥ï¢®© äyªæ¨¨ ¢ ®ªà¥câ®câ¨  ç «  ª®®à¤¨ â
yà ¢¥¨¥ f1(x; y) = 0 à §à¥è¨¬® ®â®c¨â¥«ì® y ¨ äyªæ¨ï y = y(x) ¨¬¥¥â ¯à¨ x = 0 ¯à®¨§¢®¤-
yî y0(0) = �a11=a12. � «®£¨çë¬ ®¡à §®¬ ¤«ï ªà¨¢®© f2(x; y) = 0  x®¤¨¬ x0(0) = �a22=a21
¯à¨ a21 6= 0. �®íâ®¬y ¯à¨ ¢ë¯®«¥¨¨ yc«®¢¨©

a11a12a21a22 6= 0; sign(a11a12) 6= sign(a12a22) (16)

ªà¨¢ë¥ f1 = 0 ¨ f2 = 0, ¯¥à¥c¥ª ïcì ¢ â®çª¥ x = y = 0, ¯à®x®¤ïâ ¢ à §ë¥ ª¢ ¤à âë ¯«®cª®câ¨
(x; y). �c«¨ íâ¨ ªà¨¢ë¥ ¥ ¯®ª¨¤ îâ â¥x ª¢ ¤à â®¢, ¢ ª®â®àëx ®¨ à c¯®«®¦¥ë ¢¡«¨§¨  ç « 
ª®®à¤¨ â, â® ¥¤¨câ¢¥®© â®çª®© ¨x ¯¥à¥c¥ç¥¨ï ¡y¤¥â x = y = 0: �®íâ®¬y ¤®câ â®çë¬¨
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yc«®¢¨ï¬¨ ¥¤¨câ¢¥®câ¨ c®câ®ï¨ï à ¢®¢¥c¨ï x = y = 0 c¨câ¥¬ë (11) ¯à¨ ¢ë¯®«¥¨¨ (16)
¡y¤yâ yc«®¢¨ï (

f1(x; 0) 6= 0 ¯à¨ x 6= 0; f1(0; y) 6= 0 ¯à¨ y 6= 0;

f2(x; 0) 6= 0 ¯à¨ x 6= 0; f2(0; y) 6= 0 ¯à¨ y 6= 0:
(17)

�«ï ¢ë¯®«¥¨ï ¯¥à¢®£® ¨§ íâ¨x yc«®¢¨© ¥®¡x®¤¨¬® ¨ ¤®câ â®ç®, çâ®¡ë yà ¢¥¨¥ f1(x; 0) =
a11x+b10x2+c10x3 = 0 ¥ ¨¬¥«® ¥y«¥¢ëx ¢¥é¥câ¢¥ëx ª®à¥©, çâ® íª¢¨¢ «¥â® ¥à ¢¥câ¢y
b2
10
� 4c10a11 < 0. � ccy¦¤ ï   «®£¨çë¬ ®¡à §®¬, c yç¥â®¬ (16) ¯®«yç¨¬, çâ® ¤«ï ®¡¥c¯¥ç¥¨ï

(17) ¥®¡x®¤¨¬® ¨ ¤®câ â®ç® ¢ë¯®«¥¨ï ¥à ¢¥câ¢

b2
10
� 4c10a11 < 0; b2

20
� 4a21c20 < 0; b2

22
� 4a11c23 < 0: (18)

� ª¨¬ ®¡à §®¬, ¥c«¨ ª®íää¨æ¨¥âë c¨câ¥¬ë (11) y¤®¢«¥â¢®àïîâ ¥à ¢¥câ¢ ¬ (16) ¨ (18), â®
®  ¨¬¥¥â ¥¤¨câ¢¥®¥ c®câ®ï¨¥ à ¢®¢¥c¨ï x = y = 0.

B4. � cc¬®âà¨¬ ®¤®à®¤yî c¨câ¥¬y

_x = c10x
3; _y =

3X
i=0

c2ix
3�iyi: (19)

�c«¨ ¢ë¯®«ïîâcï ¥à ¢¥câ¢ 

c10 < 0; c23 < 0; (20)

â®, ¨c¯®«ì§yï äyªæ¨¨ V (t; x; y) = x2 ¨ v(t; x; y) = y2 ¨ ¯à¨¬¥ïï â¥®à¥¬y 2 ¨§ [1], ¯®«yç ¥¬, çâ®
y«¥¢®¥ à¥è¥¨¥ c¨câ¥¬ë (19)  c¨¬¯â®â¨ç¥cª¨ ycâ®©ç¨¢® ¢ æ¥«®¬, ®âªy¤  c«¥¤y¥â ([8], â¥®à¥¬ 
39) ®£à ¨ç¥®câì ¢c¥x à¥è¥¨© c¨câ¥¬ë (11).

�y¬¬¨àyï ¢c¥ cª § ®¥ ¢ëè¥ ¢ B1{B4, ¯®«yç ¥¬ ®æ¥ªy G1 ®¡« câ¨ £«®¡ «ì®©  c¨¬¯â®â¨-
ç¥cª®© ycâ®©ç¨¢®câ¨ G ¢ ¯à®câà câ¢¥ ¯ à ¬¥âà®¢ R13 c¨câ¥¬ë (11) ¢ ¢¨¤¥ c«¥¤yîé¥£® yâ¢¥à-
¦¤¥¨ï.

�â¢¥à¦¤¥¨¥. �c«¨ ª®íää¨æ¨¥âë c¨câ¥¬ë (11) y¤®¢«¥â¢®àïîâ ¥à ¢¥câ¢ ¬ (12), (13),
(16), (18) ¨ (20), â® y«¥¢®¥ à¥è¥¨¥ íâ®© c¨câ¥¬ë £«®¡ «ì®  c¨¬¯â®â¨ç¥cª¨ ycâ®©ç¨¢®.

� ¬¥ç ¨¥. �c«¨ ª®íää¨æ¨¥âë c¨câ¥¬ë (11) ï¢«ïîâcï ¥¯à¥àë¢ë¬¨ äyªæ¨ï¬¨ ¢à¥-
¬¥¨, ¨¬¥îé¨¬¨ ª®¥çë¥ ¯à¥¤¥«ë ¯à¨ t ! +1, â® ®æ¥ªy ®¡« câ¨ G1 ¯®«yç¨¬, ¨c¯®«ì§yï ¢
¥à ¢¥câ¢ x ¢¬¥câ® ª®íää¨æ¨¥â®¢ ¨x ¯à¥¤¥«ìë¥ § ç¥¨ï.
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